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ON THE CLASSICAL GEOMETRY OF EMBEDDED
MANIFOLDS IN TERMS OF NAMBU BRACKETS

JOAKIM ARNLIND, JENS HOPPE, AND GERHARD HUISKEN

ABSTRACT. We prove that many aspects of the differential geometry of em-
bedded Riemannian manifolds can be formulated in terms of a multi-linear
algebraic structure on the space of smooth functions. In particular, we find
algebraic expressions for Weingarten’s formula, the Ricci curvature and the
Codazzi-Mainardi equations.

1. INTRODUCTION

Given a manifold X, it is interesting to study in what ways information about the
geometry of ¥ can be extracted as algebraic properties of the algebra of smooth
functions C*°(X). In case ¥ is a Poisson manifold, this algebra has a second (apart
from the commutative multiplication of functions) bilinear (non-associative) alge-
bra structure realized as the Poisson bracket. The bracket is compatible with the
commutative multiplication via Leibniz rule, thus carrying the basic properties of
a derivation.
On a surface ¥, with local coordinates u' and u?, one may define
1 < af oh oh Of >

[/ ey
{f.n} VI \oult 0u?  Ou! ou?

where g is the determinant of the induced metric tensor, and one can readily check
that (C°° (2),{- }) is a Poisson algebra. Having only this very particular combina-
tion of derivatives at hand, it seems at first unlikely that one can encode geometric
information of ¥ in Poisson algebraic expressions. Surprisingly, it turns out that
many differential geometric quantities can be computed in a completely algebraic
way, cp. Theorem and Theorem For instance, the Gaussian curvature of a
surface embedded in R? can be written as

1 g N R I
K= _5 Z {ZE anj}{xjvn }7
7,j=1

where z¢(u!, u?) are the embedding coordinates and n*(u',u?) are the components
of a unit normal vector at each point of X.

For a general n-dimensional manifold 3, we are led to consider Nambu brackets
[Nam73], i.e. multi-linear n-ary maps from C°(X) x - - - x C*°(3) to C*°(X), defined
by

i fud = %a (s f1) - (Bar f).

Our initial motivation for studying this problem came from matrix regulariza-
tions of Membrane Theory. Classical solutions in Membrane Theory are 3-manifolds
with vanishing mean curvature in R"?. Considering one of the coordinates to be
time, the problem can also be formulated in a dynamical way as surfaces sweeping
out volumes of vanishing mean curvature. In this context, a regularization was
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introduced replacing the infinite dimensional function algebra on the surface by an
algebra of N x N matrices [Hop82]. If we let T") be a linear map from smooth
functions to hermitian N x N matrices, the regularization is required to fulfill

Jim |[7O ()TN (g) = T (£g)]| =0,

lim || NITO (), T ) = TN ({f,0))|| = 0,

N—o00

where || - || denotes the operator norm, and therefore it is natural to regular-
ize the system by replacing (commutative) multiplication of functions by (non-
commutative) multiplication of matrices and Poisson brackets of functions by com-
mutators of matrices.

Although we may very well consider TV )(%), its relation to T™N)(f) is in gen-
eral not simple. However, the particular combination of derivatives in T™)({ f, h})
is expressed in terms of a commutator of TN)(f) and TW)(h). In the context
of Membrane Theory, it is desirable to have geometrical quantities in a form that
can easily be regularized, which is the case for any expression constructed out of
multiplications and Poisson brackets.

The paper is organized as follows: In Section[2lwe introduce the relevant notation
by recalling some basic facts about submanifolds. In Section [3] we formulate several
basic differential geometric objects in terms of Nambu brackets, and in Section [4]
we provide a construction of a set of orthonormal basis vectors of the normal space.
Section [{] is devoted to the study of the Codazzi-Mainardi equations and how one
can rewrite them in terms of Nambu brackets. Finally, in Section [0l we study the
particular case of surfaces, for which many of the introduced formulas and concepts
are particularly nice and in which case one can construct the complex structure in
terms of Poisson brackets.

2. PRELIMINARIES

To introduce the relevant notations, we shall recall some basic facts about submani-
folds, in particular Gauss’ and Weingarten’s equations (see e.g. [KN96al, [KN96b| for
details). For n > 2, let ¥ be a n-dimensional manifold embedded in a Riemannian
manifold M with dim M = n + p = m. Local coordinates on M will be denoted by
x', ..., 2™, local coordinates on ¥ by u!, ..., u", and we regard x!, ..., 2™ as being
functions of u!, ..., u" providing the embedding of ¥ in M. The metric tensor on
M is denoted by g;; and the induced metric on X by gqp; indices 4, j, k, [, n run from
1 to m, indices a,b, c,d, p,q run from 1 to n and indices A, B, C, D run from 1 to
p. Furthermore, the covariant derivative and the Christoffel symbols in M will be
denoted by V and T, respectively.

The tangent space T is regarded as a subspace of the tangent space TM and
at each point of ¥ one can choose e, = (8a:1:i)81- as basis vectors in T3, and in this
basis we define go» = g(eq,ep). Moreover, we choose a set of normal vectors Ny,
for A=1,...,p, such that §(Na, Ng) = 0ap and G(Na,e,) = 0.

The formulas of Gauss and Weingarten split the covariant derivative in M into
tangential and normal components as

(2.1) VxY =VxY +a(X,Y)
(2.2) vaA:—WA(X)-l-DxNA
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where X,Y € TY and VxY, W4(X) € TY and a(X,Y), DxN4 € TS+, By
expanding a(X,Y) in the basis {N1, ..., N,} one can write [2.1I) as

p
(2.3) VxY =VxY + > ha(X,Y)Ny,
A=1

and we set ha,qb = ha(eq,ep). From the above equations one derives the relation

(2.4) haas = —g(€a, VoNa),
as well as Weingarten’s equation
(2.5) ha(X,Y) = g(Wa(X),Y),

which implies that (Wa)§ = ¢°°ha b, where g® denotes the inverse of ggp.
From formulas (ZI)) and ([2.2) one obtains Gauss’ equation, i.e. an expression
for the curvature R of ¥ in terms of the curvature R of M, as

g(RX,Y)Z,V) = g(R(X,Y)Z,V) — g(a(X, Z), (Y, V))
+g(a(Y, 2),a(X,V)),

where XY, Z,V € TY. As we shall later on consider the Ricci curvature, let us
note that ([2:6) implies

(2.6)

(2.7) RY = g"g*G(R(ec, eq)en, €q) + Z {(WA)Z(WA)f - (W3)P
A=1

where R is the Ricci curvature of ¥ considered as a map T — TY. We also recall
the mean curvature vector, defined as

i (tI"WA)NA.

A=1

(2.8) H =

SN

3. ALGEBRAIC FORMULATION

In this section we will prove that one can express many aspects of the differential
geometry of an embedded manifold ¥ in terms of a Nambu bracket introduced on
C>*(%). Let p: ¥ — R be an arbitrary non-vanishing density and define

(3'1) {fla cees fn} = %Ealman (alllfl) e (8anfn)

for all f1,..., fn € C°°(X), where €' is the totally antisymmetric Levi-Civita

symbol with 2" = 1. Together with this multi-linear map, ¥ is a Nambu-Poisson
manifold.

The above Nambu bracket arises from the choice of a volume form on . Namely,
let w be a volume form and define {f1,..., f,} via the formula
(32) {fl,...,fn}w:dfl/\---/\dfn.

Writing w = pdu! A --- A du™ in local coordinates, and evaluating both sides of
B2) on the tangent vectors 9,1, ..., gives

1 (fiy.. fn 1 e
{fl,...,fn}_;det(H)——a @ar 1) -~ (9 fr)-

p

To define the objects which we will consider, it is convenient to introduce some

notation. Let x'(ul,... ,u"),...,2™(u',...,u"™) be the embedding coordinates of
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¥ into M, and let n’y (u', ..., u™) denote the components of the orthonormal vectors
Ny, normal to T'X.. Using multi-indices I =41 - +i,—1 and @ = ay - - - a,—1 we define

{f,8={f,a" 2=, . a1}
{f,iia} = {f,nfi,nij,...,nf:’l},
together with
9z = ((?alxil) (3a2:1:i2) e (3%7117%71)
(Vaiia)' = (Vo Na)" (Vay Na) -+ (Va,  Na)™
Jry = giljlg’inQ .. .gin—ljn—l'

We now introduce the main objects of our study

iJ __ 1 Ii f‘] — 1 i{i Ii ﬂ,f']
(3.3) pi = 7@_1)!{ 77} N (0aa’) (0a”)
o (_1)11 Eaﬂ i - 7
(3.4) Sy = WT(%»@ ) (Varia)
ijﬂg 21 (T J
(3.5) Ty = N = (9a%") (VaNa)
from which we construct
(3.6) (7’2)ik =PIP g,
(3.7) (Ba)™ =PI(Ta)""g,,
(3.8) (5A7:4)ik = (Sa)"(Ta)* 314

By lowering the second index with the metric g, we will also consider P2, B4 and
TaSa as maps TM — T M. Note that both S4 and T4 can be written in terms of
Nambu brackets, e.g.

, 1) , .
7i = [ )+ 0y Ty
v/ (n—1)!
Let us now investigate some properties of the maps defined above. As it will appear
frequently, we define

(3.9) V9

v =

p
It is useful to note that (cp. Proposition B3]
— 1
,72 _ Z a{l’l,fl}{fl,l'l},
i,I=1

and to recall the cofactor expansion of the inverse of matrix:

Lemma 3.1. Let g®° denote the inverse of gap and g = det(gap). Then
1

(310) ggba — (n — 1)'aa‘“"'“"”abbl"'b"”galblg@bz “Ga,_1by_q-
Proposition 3.2. For X € TM it holds that

(3.11) PA(X) = 73(X, ea)g™es

(3.12) Ba(X) = =7°G(X,VaNa)g*es

(3.13) SATA(X) = ~7%(det W4)G(X, Vo Na)hey,
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and for' Y € TY one obtains

(3.14) PAY) =~%Y
(3.15) Ba(Y) = *Wa(Y)
(3.16) SaTa(Y) = —~7*(det Wa)Y.

Proof. Let us provide a proof for equations (BII) and BI4); the other formulas
can be proven analogously.

X - B EUJIECC
PA(X) = PZIPJJQIJijXkai =

m (a‘lxi) (85551) (6ij) (ang)gngijkai

EaEEcE

= e oo

= 729“0(3a3:i) (8cxj)§ijk8i = 72§(X, ec)geq.

Bair’) (8027 ;. X "0,

Choosing a tangent vector Y = Y e, gives immediately that P?(Y) = 42Y. (I

For a map B : TM — TM we denote the trace by TrB = B! and for a map
W : T — TY we denote the trace by tr W = W2,

Proposition 3.3. It holds that

1
(3.17) E’I‘rPQ =2

(3.18) TrBa =2 tr Wy
(3.19) %Tfs,g;, = —*(det W).

A direct consequence of Propositions3.2land [3.3]is that one can write the projection
onto T'X, as well as the mean curvature vector, in terms of Nambu brackets.

Proposition 3.4. The map

(3.20) P2 = P2:TM - TX

n
Tr P?
is the orthogonal projection of TM onto TY. Furthermore, the mean curvature
vector can be written as

1 p

Proposition B2 tells us that v~284 equals the Weingarten map W, when restricted
to T'Y. What is the geometrical meaning of B4 acting on a normal vector? It turns
out that the maps B4 also provide information about the covariant derivative in
the normal space. If one defines (Dx)ap through

p

DxN, = Z (Dx)aBNB
B=1

for X € TY, then one can prove the following relation to the maps B 4.
Proposition 3.5. For X € TY it holds that
(3.21) G(Bs(Na),X) =~*(Dx) ,p-
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Proof. For a vector X = X%¢,, it follows from Weingarten’s formula 2.2)) that
(Dx)ap =3(VxNa,Ng).
On the other hand, with the formula from Proposition [3.2] one computes
§(Bp(Na), X) = —2G(Na, VaNB)g*g0c X = —*G(Na, Vx Np)
=—*(Dx)Ba =7*(Dx)as.
The last equality is due to the fact that D is a covariant derivative, which implies

thatOZDXg(NA,NB):g(DxNA,NB)—Fg(NA,DxNB). O

Thus, one can write Weingarten’s formula as
P
(3.22) 0 VxNA——BA +Z BB NA )NB,
B=1
and since ha(X,Y) = 77 2g(Ba(X),Y) Gauss’ formula becomes
(3.23) VxY = VxY t5 Z (Ba(X

Let us now turn our attention to the curvature of ¥. Since Nambu brackets involve
sums over all vectors in the basis of T3, one can not expect to find expressions
for quantities that involve a choice of tangent plane, e.g. the sectional curvature
(unless ¥ is a surface). However, it turns out that one can write the Ricci curvature
as an expression involving Nambu brackets.

Theorem 3.6. Let R be the Ricci curvature of 3, considered as a map TY — T'X.
For any X € T'Y it holds that

1 p
R(X) = 155 (Rlec. ea)en.ea) X'y + = 7 [(TrBu)BA(X) = BL(X)).
A=1

where R is the curvature tensor of M.

Proof. The Ricci curvature of ¥ is defined as

ac . pd

Ry = 9*g"g(R(ec, ea)ey, €a)

and from Gauss’ equation (26 it follows that

P
RY = g"'g*g (R(ec, ea)en, eq) + g*°g" Z (hA,bdhA,ac - hA,bchA,ad)-
A=1
Since (W4)§ = g?“ha e one obtains

p

R _gacgpdg(R(ec,ed eb,ea Z [ tI’WA ) — (Wi)g},

and as B4 (X) =v2W4(X) for any X € TS, and Tr B4 = +? tr W4, one has

1 &2
R(X)7gacgpdg(R(ec,ed)eb,ea Xx? ep + —Z [ TrBA Ba(X) — Bi(X)] O

4
v A=1
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4. CONSTRUCTION OF NORMAL VECTORS

The results in Section B involve Nambu brackets of the embedding coordinates and
the components of the normal vectors. In this section we will prove that one can
replace sums over normal vectors by sums of Nambu brackets of the embedding
coordinates, thus providing expressions that do not involve normal vectors.

It will be convenient to introduce yet another multi-index; namely, we let o =
i1...1p—1 consist of p — 1 indices all taking values between 1 and m.

Proposition 4.1. For any value of the multi-index o, the vector

1 3
(4.1) A — L N £ R o8

v(nly/(p— 1))

where €, ...;,, is the Levi-Civita tensor of M, is normal to TE, i.e. §(Zq,eq) =0 for
a=1,2,...,n. For hypersurfaces (p = 1), equation (4.1)) defines a unique normal
vector of unit length.

Proof. To prove that Z, are normal vectors, one simply notes that

1 )
*y(n!\/ (p— 1)!)g‘(Za, €q) = ;aal“'ansjkl...kna(&laﬂ) (&llxkl) ce (&lnxk") =0,

since the n 4+ 1 indices a,aq,...,a, can only take on n different values and since
(0a@7)(Dgya®1) -+ (8a, %) is contracted with €k, ...k, o Which is completely anti-
symtIIElnetric in j,k1,...,kn,. Let us now calculate |Z|? = §(Z, Z) when p = 1. Using
tha

iyl sl In
one obtains
1 —_ — y . ’ ’
|Z2 = o "'glnl;laikl---knfm bnfgke gk gl gt
1 o = l In k k U 1
= eprzdnn "'anl;ﬁ[[,; "'51%]]{“7 Lot a2ty
1 l In = _ I %
= 7gn,{ﬂ? 1,---,17"}9111; g {2t}
= L(n —D)ITrP? = L (n—1Dny* =1
~ 2n! ’ ~ 42n! =4
which proves that Z has unit length. (Il

If the codimension is greater than one, Z, defines more than p non-zero normal
vectors that do not in general fulfill any orthonormality conditions. In principle,
one can now apply the Gram-Schmidt orthonormalization procedure to obtain a set
of p orthonormal vectors. However, it turns out that one can use Z, to construct
another set of normal vectors, avoiding explicit use of the Gram-Schmidt procedure;
namely, introduce

2} = §(Za, 2°%),
and consider it as a matrix over multi-indices o and . As such, the matrix is
symmetric (with respect to g,5 = Girjr 'gipfljpfl) and we let F,, o denote or-
thonormal eigenvectors (i.e. g(;aEgEg = o) and their corresponding eigenvalues.

1n our convention, no combinatorial factor is included in the antisymmetrization; for instance,

o5 = oi8) — o6,
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Using these eigenvectors to define
N, = E°Zz,
one finds that §(Ng, Nﬁ) = labagp, 1.e. the vectors are orthogonal.
Proposition 4.2. For 28 = g‘ijZéZjB it holds that
(4.2) 2020 = 28
(4.3) Z8 =p.
Proof. Both statements can be easily proven once one has the following result
ZéZja _ g—ij _ %(Pz)ij,
which is obtained by using that
ot pae™ 7 = (p = 11007 o)),

Formula (@3] is now immediate, and to obtain ({ZL2)) one notes that since Z, € TX+
it holds that P?(Z,) = 0, due to the fact that P? is proportional to the projection
onto T'X. O

From Proposition it follows that an eigenvalue of Z is either 0 or 1, which
implies that N, = 0 or g‘(Na, Na) =1, and that the number of non-zero vectors is
Tr Z = Z& = p. Hence, the p non-zero vectors among N, constitute an orthonormal
basis of T¥1, and it follows that one can replace any sum over normal vectors N4
by a sum over the multi-index of N,. As an example, let us work out some explicit
expressions in the case when M = R™.

Proposition 4.3. Assume that M = R™ and that all repeated indices are summed
over. For any X € TY one has

(Tx Ba)Ba(X)' = L8 (o) @ (& (o, # P o' 2@ (o 7 )y X

p
Az::l v*c(n, p)

i B3(X)' = ﬁ{w}{ {a7 # VM o?, & W@ {at, # ) X"
A:l ’ .

S (TeBa)Na = S St 1 ) (a1, (o 55 )0,
here

e(n,p) =nl(n—1)1/(p— 1)L

Proof. Let us prove the formula involving (Tr B4)B.4(X); the other formulas can
be proven analogously. For R™ one has

S (TeBA)BA(X)' = sy S " Wl M H? ) X
A A

and since the non-zero vectors in the set {Na} consist of exactly p orthonormal
vectors one can write

ZA: (TrBa)Ba(X)' = ﬁ za:{xj,ff}{ff,Ng}{xi,fJ}{fJ,Ni}Xk

1 . . .
CEDE >t W F BLZ et 7 HE B2 X
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Now, one notes that

> Aot @& Bz} = B« 3 &, 7))
. :

J
S et @ Ha ESzRyxt =3 B {ed ! ZE XE

since the terms with Zé and ZF outside the Poisson bracket vanish due to the
appearance of a scalar product with a tangent vector. Thus, one obtains

i 1 O B T S0 RSy Ay
S (TeBA)BARY) = oo D0 EAEL (o7, 2} (& 23} (o' 7} (& 28} X
A ’ a

and since Y EFES = §%¢ the result is

S (TeBA)BAX) = sy S " W Z M W ZE) X
A T«

from which the statement follows by inserting the definition of Z,. O

For hypersurfaces in R™t!, the “Theorema Egregium” states that the determinant
of the Weingarten map, i.e the “Gaussian curvature”, is an invariant (up to a
sign when ¥ is odd-dimensional) under isometries (this is in fact also true for
hypersurfaces in a manifold of constant sectional curvature). From Proposition [3.3]
we know that one can express det W4 in terms of TrSa74.

Proposition 4.4. Let & be a hypersurface in R™! and let W denote the Wein-
garten map with respect to the unit normal

1 . .
7 = WQZ]EJ*;CK{,TIC,LL'K}.

Then one can write det W as

1
det W = Ty ()t Z CilLEj1ki Ky """ Ejn1kn 1Kn 1

X {ZCi, {xkl,le}, A {xk"*l,fK”*l}}{f‘], {xl, fL}}

In fact, one can express all the elementary symmetric functions of the principle
curvatures in terms of Nambu brackets as follows: The k’th elementary symmetric
function of the eigenvalues of W is given as the coefficient of t* in det(W — ¢1).
Since B(X) = 0 for all X € TS+ and B(X) = v?W(X) for all X € TY, it holds
that

det(B — ty*1,,41)

1
—tdet(W —t1,,) = det(y 2B — tlp41) = ———
+ A 2(nt1)

which implies that the k’th symmetric function is given by the coefficient of ¢*+1
in —det(B — ty21)y2(=k),

5. THE CODAZZI-MAINARDI EQUATIONS

When studying the geometry of embedded manifolds, the Codazzi-Mainardi equa-
tions are very useful. In this section we reformulate these equations in terms of
Nambu brackets.
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The Codazzi-Mainardi equations express the normal component of R(X,Y)Z in
terms of the second fundamental forms; namely

(5.1)
+ Z [ (DxNp, NaYhp(Y; Z) - g(Dy N, Na)hp (X, 2)],
for X,Y,Ze€T¥ and A=1,...,p. Defining
Wa(X,Y) = (VxWa)(Y) = (Vy Wa)(X)
(5.2) )
+ Z |9(Dx N, Na)Ws (Y) = §(Dy Ni, Na)Wi (X))
one can rewrite the Codazzi-Mainardi equations as follows.

Proposition 5.1. Let II denote the projection onto TX . Then the Codazzi-
Mainardi equations are equivalent to

(5.3) Wa(X,Y)=—-(1 —H)(R(X, Y)NA)

for X, Y eTY and A=1,...,p

Proof. Since ha(X,Y) = g(Wa(X),Y) (by Weingarten’s equation) one can rewrite
EI) as

(5.4) Q(WA(X,Y),Z) :g(R(X,Y)Z,NA),

and since G(R(X,Y)Z,Na) = —G(R(X,Y)Na, Z) this becomes

(5.5) GgWa(X,Y)+ R(X,Y)Na, Z) = 0.

That this holds for all Z € T'Y is equivalent to saying that

(5.6) (1 —I)(Wa(X,Y)+ R(X,Y)Na) =0

from which (B.3)) follows since W4 (X,Y) € TX. O
Note that since v~2P? is the projection onto T'Y one can write (5.3) as

(5.7) VWa(X,Y) = —P?(R(X,Y)Ny).

Since both W4 and Dx can be expressed in terms of 4, one obtains the following
expression for Wy:

Proposition 5.2. For X, Y € TY one has
VWa(X,Y) =(VxBa)(Y) — (VyBa)(X)

~ 3 [(Vx92)Ba) = (V7% Ba()

i2 Z [ (Ba(Ng), X)Bp(Y) _g-(BA(NB),Y)BB(X)]

As the aim is to express the Codazzi-Mainardi equations in terms of Nambu brack-
ets, we will introduce maps C4 that is defined in terms of W4 and can be written
as expressions involving Nambu brackets.

Definition 5.3. The maps C4 : C®°(X) X --- x C®°(X) — TX are defined as

(5.8) Calfis o fn2) = 2—1p<€abal"'a"’2WA(€a,eb)(aalfl) c+ (Bay_ fr—2)
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for A=1,...,pand n > 3. When n =2, C4 is defined as

1
Ca= 2—paabWA(ea, €p)-

Proposition 5.4. Let {g1,92}r = {91,92, f1,- -, fan—2}. Then
Lo i i
Callis o fn-a)' = {2 Bk} + o5 {0}, [Fi(Ba)f — (Ba)iT ]

1
7

— Z {{nlz,xl}f(BB)li—Ff‘fj {xl,xm}fni‘(BB)in} (nB)k-

B=1
Remark 5.5. In case ¥ is a hypersurface, the expression for C = C; simplifies to
i —213i 1 j =i i
C(fh SR fn—?) = {7 2Bk7xk}f + ? {x]VTl}f |:1—‘]k8lk - Bkl—‘fl} )
since Dx N = 0.

It follows from Proposition[5.1] that we can reformulate the Codazzi-Mainardi equa-
tions in terms of Cy:

Theorem 5.6. For all f1,..., fn—2 € C°°(X) it holds that

(5:9)  FCalfie o faz) = (PR [{ah T, )y = {a*,0'} T DL, | nho,

for A= 17 N 2 where {glagQ}f = {917927 f17 ceey fn—2}-

Proof. As noted previously, one can write the Codazzi-Mainardi equations as
VWa(X,Y) = —P*(R(X,Y)Ny).

That the above equation holds for all X,Y € TY is equivalent to saying that

1
2 —gabaran-2)), (e, ) = ——¢

2p 2p abay »»»an72’])2 (R(eau eb)NA)

for all values of ay,...,an—2 € {1,...,n}; furthermore, this is equivalent to

VCA(fr, s fu2) = =52 P?(R(eq, )N a) (Oay f1) -+ (Day_» fr—2)

2p
for all f1,..., fn—2 € C°°(X). It is now straightforward to show that
1 = i
_2_p€aba1~»an,1 (R(ea, eb)NA) (Qay f1) =+ (Oap 5 fr—2)
= ({"Tiyds = {ob, 2"} TET ),
which proves the statement. (|

If M is a space of constant curvature (in which case g(R(X,Y)Z, N4) = 0), then
Theorem [£.0] states that

(510) CA(fl;---;fn72):O

for all f1,..., fn—2 € C*°(X). Furthermore, if M = R™, then (5.9) becomes
P

G1) Bk - D [ {nhat), Be)i] (ms)k =0

B=1
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6. EMBEDDED SURFACES

Let us now turn to the special case when ¥ is a surface. For surfaces, the tensors
P, Sa and T4 are themselves maps from T'M to TM, and S coincides with T4.
Moreover, since the second fundamental forms can be considered as 2 x 2 matrices,
one has the identity

2det Wa = (trWa)® — tr W3,
which implies that the scalar curvature can be written as

P
R = g*g"g(Rec, ea)ep, ea) +2 > det Wy
A=1

_ 2g(R(€1; ez)ea, €1)

p
42 Z det Wa.
A=1

Thus, defining the Gaussian curvature K to be one half of the above expression
(which also coincides with the sectional curvature), one obtains

g(R(er, , 1
(6.1) K — g( (e1,e2)e2 61) _ 2_72 Z TrS2,
A=1

9

which in the case when M = R™ becomes

(62) K=t S ol i

A=114,5=1
and by using the normal vectors Z, the expression for K can be written as
1
(63) K = 8’7 ' ngkllalmnl{x {I € }}{IJ {I }}
To every Riemannian metric on ¥ one can associate an almost complex structure
J through the formula

1
J(X) = %‘SacgcbXbeaa

and since on a two dimensional manifold any almost complex structure is integrable,
J is a complex structure on . For X € T'M one has

6.4 P(X)= ——g X,eq)e beb,
(6.4 () = =5=0(X )
and it follows that one can express the complex structure in terms of P.

Theorem 6.1. Defining T (X) = yP(X) for all X € TM it holds that Ty (Y) =
J(Y) for allY € TX. That is, vP defines a complex structure on TX.

Let us now turn to the Codazzi-Mainardi equations for surfaces. In this case, the
map C4 becomes a tangent vector and one can easily see in Proposition [5.4] that
the sum in the expression for C4 can be written in a slightly more compact form,
namely

= (32 Ba)f o} 0+ {0 ) [B) — (Ba)ilh ]

1 p
5 > BpSa(Na).
B=1
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Thus, for surfaces embedded in R™ the Codazzi-Mainardi equations become
Z {7 2{:1: ,IJ}{:L‘J nA} (gk}a—k ZBBSA Np) =0,
Jok=1 s B=1
and in R?® one has
3
(6.5) DO R R A T EER Wy )
Jk=1
Let us note that one can rewrite these equations using the following result:
Proposition 6.2. For M =R™ and i =1,...,m it holds that
(6.6) > {Ha T H{ad kY = Y {27 e 2, 0"}
J,k=1 j,k=1
for any normal vector N = n'0; and any f € C>=(X).

Proof. We start by recalling that for any g € C*°(X) it holds that > ;- {g,z}n’ =
0, since it involves the scalar product g(eq, N). Moreover, one also has

m
St
k=1

m

b(ax 8bn Z “b(ab kaaxk)—nkagbxk)

I
WMS

1
p
which implies that Z;n:l{xk,gnk} = 0 for all g € C*°(¥). By using the above
identities together with the Jacobi identity, one obtains

{f{xi,xj}{xj,nk},xk} = f{xi,xj}{{:zrj,nk},:zrk} + {:zrj,nk}{f{xi,:zrj},:zrk}
= —f{xi,xj}{{xk,xj},nk} —nk{xj,{f{xi,:zrj},xk}}
= —f{xi,:vj}{{:vk,xj},nk}+nk{f{xi,xj},{xk,:vj}}
= —f{xi,:vj}{{xk,xj},nk} — {:vk,xj}{f{:vi,xj},nk}
= {f{xi,xj}{xj,xk},nk}. O

ab ka2 k __
n 8(1{7:1: —0,

bl»—‘

Hence, one can rewrite the Codazzi-Mainardi equations for a surface in R? as

3
(6.7) > {r AP k) =0,

k=1

and it is straight-forward to show that

3
ST (0a") (7P * 0P} = —a‘“’v B,

i,5,k=1

thus reproducing the classical form of the Codazzi-Mainardi equations.

Is it possible to verify (G1) directly using only Poisson algebraic manipula-
tions? It turns out that that the Codazzi-Mainardi equations in R? is an identity
for arbitrary Poisson algebras, if one assumes that a normal vector is given by
%Eijk{,fj, x’“}@z
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Proposition 6.3. Let {-,-} be an arbitrary Poisson structure on C*(X). Gliven
2l 22 23 € C°°(X) it holds that
3501 S
Z Egkln{7_2{xlvx]}{xjvxk}v'7_l{xlvxn}} =0
j,k,l,m=1
fori=1,2,3, where
72 — {I1,$2}2 4 {I2,IE3}2 4 {I37$1}2'

Proof. Let u,v,w be a cyclic permutation of 1,2,3. In the following we do not
sum over repeated indices u,v,w. Denoting by CM’ the i’th component of the
Codazzi-Mainardi equation, one has

CMY = _{7—2({$u,xv}2 + {:Ew,:EU}Q),"y_l{IU,IEw}}
R e G SEARE) St CAN S B Gl A S PP Rt A
= _{1 _ 7_2{.’5”, xw}2,7_1{$v,xw}} + ’y_l{xu, !Ev}{’}/_l{.’ﬂv,.’l]w},’y_l{{[]u, xv}}
4 "yil{Iu,IEw}{’yil{ZEw,xv},’yil{xw, :Eu}}
= %{’7_1{96”,;6“’},’7_2(72—{x”,xw}z)} —0. 0

Let us end by noting that these results generalize to arbitrary hypersurfaces in
R"*!. Namely,

(v o' @ @ by 2k = (e @ 2 et
; i 1
(0u) {772 (P2) "ty = = e (Vahae) (Dun f2) - (Baau-2).

and
5le{FYi2{Ii7 f(]}{f(% xk}a 771{Il5 fL}}f =0

for arbitrary z!,... 2"t € C(%).
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