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Abstract

We construct explicit consistent Kaluza—Klein reductions of type IIB su-
pergravity on HK, x S, where HK, is an arbitrary four-dimensional
hyper-Kahler manifold, and on SEj5, an arbitrary five-dimensional Sasaki—
Einstein manifold. In the former case we obtain the bosonic action of
D =5 N = 4 (ungauged) supergravity coupled to two vector multiplets.

For the SFEs5 case we extend a known reduction, which leads to minimal
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D =5 N = 2 gauged supergravity, to also include a multiplet of mas-
sive fields, containing the breathing mode of the SE;. We show that the
resulting D = 5 action is also consistent with N = 4 gauged supergrav-
ity coupled to two vector multiplets. This theory has a supersymmetric
AdSs vacuum, which uplifts to the class of supersymmetric AdSs x SEj
solutions, that spontaneously breaks N = 4 to N = 2, and also a non-
supersymmetric AdS5 vacuum which uplifts to a class of solutions first

found by Romans.
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1 Introduction

Consistent Kaluza-Klein (KK) reductions provide a powerful tool to construct exact
solutions of D = 10 and D = 11 supergravity. For example, it has been shown, at
the level of the bosonic fields, that there is a consistent KK reduction of type I1B
supergravity on an arbitrary five-dimensional Sasaki-Einstein space, SFEj5, to minimal
N = 2 gauged supergravity in D =5 [I]. By definition, this means that any solution
of the D = 5 gauged supergravity can be uplifted on an arbitrary SFEs space to
obtain an infinite class of exact solutions of type II1B supergravity, one for each choice
of SE5. In particular, the supersymmetric AdSs; vacuum solution uplifts to the class
of supersymmetric AdSs x SFE5 solutions which are dual to N =1 SCFTs in d = 4.
There is a similar consistent KK reduction of D = 11 supergravity on an arbitrary
seven dimensional Sasaki-Einstein space, S E-, to minimal N = 2 gauged supergravity
in D =4 [2]. In this case the supersymmetric AdS, vacuum solution of this theory
uplifts to the class of supersymmetric AdS,; x SFE; solutions dual to N = 2 SCFTs
ind=3.

These two examples form part of a more general story. For any supersymmetric
solution of D = 10 or D = 11 supergravity consisting of a warped product of an
AdS4.1 space with an internal manifold M and fluxes preserving the symmetries of
AdSg41, it is expected [2] that there is always a consistent KK reduction on M to a
D = d + 1 gauged supergravity theory where one only keeps the fields of the super-
multiplet containing the metric. In the d dimensional SCFT dual to the supergravity
solution, these fields are dual to the superconformal current multiplet. In the above
SFE examples, the bosonic field content of the D = 5,4 minimal supergravities consist
of a metric and a single gauge-field which are indeed dual to the energy-momentum
tensor and the abelian R-symmetry current of the superconformal current multiplet
in the dual SCFTs. Other examples include the N = 8 SO(8) gauged supergravity
arising from the KK reduction of D = 11 supergravity on S” and the N = 8 SO(6)
gauged supergravity arising from type IIB supergravity on S°, where the consistency
has been partially demonstrated in [3] and [4] [5 6] [7] , respectively, and also examples
discussed in [8 9]. It is worth noting that almost all work on consistent KK reductions
works at the level of the bosonic fields, with the expectation that the fermions will
come along for the ride. A notable exception is [I0} [I1] where a complete reduction
of D = 11 supergravity on S* to maximal D = 7 SO(5) gauged supergravity was car-
ried out. Also, in some cases [I} 8, 2] the fermions have been taken into consideration

to the extent that one can show that any bosonic solution of the lower dimensional



gauged supergravity that preserves supersymmetry will uplift to a bosonic solution
of D =10 or D = 11 supergravity that also preserves supersymmetry.

It has recently been shown that the consistent KK reduction of D = 11 super-
gravity on an arbitrary SFE; space to minimal D = 4 N = 2 gauged supergravity
that we mentioned above can be generalised [12]. At the level of bosonic fields it
can be shown that in addition to the massless graviton supermultiplet one can also
include the massive supermultiplet that contains the breathing mode. The resulting
consistent KK reduction gives a D = 4 N = 2 gauged supergravity coupled to a
vector multiplet and a tensor multiplet. This matter content and the supersymmetry
can be understood in the following way. First recall that one can consistently KK
reduce type ITA supergravity on an arbitrary Calabi-Yau three-fold to obtain a uni-
versal D = 4 N = 2 (ungauged) supergravity coupled to universal tensor multiplet
and a universal hypermultiplet. The details of this reduction utilise the fact that
the Calabi-Yau three-fold has an SU(3) structure, specified by the Kéhler form and
the (3,0) form, both of which are closed. Returning to the reduction of D = 11
supergravity on the SFE; we next recall that it also has a globally defined SU(3)
structure which implies that, locally, the SE; space can be viewed as a U(1) fibration
over a six-dimensional Kéhler-Einstein space K Eg. Thus, after first reducing on the
U(1), the reduction has the structure of a type IIA reduction on an SU(3) manifold
[13], the K Eg space. Thus one expects the same field content and the same off-shell
supersymmetry as in the universal sector of the reduction of type IIA on the CY;
space, but the twisting of the U(1) fibration, the fact that the (3,0) form on the K Eg
is not closed and the presence of the background four-form flux lead to a gauging of
the D = 4 N = 2 supergravity theory. See [14] for a related reduction of D = 11
supergravity in a non-supersymmetric context.

In this paper we will show that there is an analogous generalisation of the KK
reduction of type IIB supergravity on SFE5. We will show that the consistent KK
reduction to minimal D =5 N = 2 gauged supergravity of [I] can also be extended
to include the massive supermultiplet containing the breathing mode. We will show
that the reduction is consistent with D =5 N = 4 gauged supergravity coupled to
two vector multiplets with a gauging as described in [I5][I6]. To understand this
matter content, and the origin of the increased supersymmetry, we now view, locally,
the SEj space as a U(1) fibration over a four-dimensional Kéhler-Einstein space,
K FE,. The previous discussion suggests that we should expect a gauged supergravity
with the same field content and supersymmetry as that arising in the universal sector

of the reduction of type IIB supergravity on HK, x S*, where HK, is an arbitrary



four-dimensional hyper-Kéhler space (not necessarily compact). In fact this reduction
has not yet been analyse, so in this paper we will show that there is a consistent
KK reduction of type IIB on HK, x S* to a universal sector that is consistent with
N = 4 (ungauged) supergravity coupled to two vector multiplets. For the reduction
on SEj the twisting of the U(1) fibration, the fact that the (2,0) form on the K Ej
is not closed and the presence of the background five-form flux lead to a gauging
of the D = 5 N = 4 supergravity theory. We show that the gauging is given by a
H; x U(1) € SO(5,2) subgroup of the duality symmetry group SO(1,1) x SO(5,2)
of the ungauged theory, where Hj is the three-dimensional Heisenberg group.

The D =5 N = 4 gauged supergravity that we obtain from the reduction on an
SE5 space admits a supersymmetric AdS; vacuum which uplifts to the supersym-
metric AdS5 x SFEs5 solutions of type IIB. An interesting feature is that this AdSs
vacuum spontaneously partiallyH breaks the N = 4 supersymmetry down to N = 2.
There is also another AdSs; vacuum that doesn’t preserve any supersymmetry which
uplifts to the type IIB solutions found by Romans [19] generalising those found in
D =11 by Pope and Warner [20][21]. Without supersymmetry, the stability of these
type IIB solutions should be investigated; for the special case that the SFEj5 space is
the round S° it is expected that they are not stable [22].

The plan of the rest of the paper is as follows. The reduction of type IIB super-
gravity on HK, x S* is analysed in section 2 and the reduction on SEj is analysed in
section 3. We have included some details of our calculations, which are rather long,
in an appendix. Section 4 concludes with some brief final comments concerning how
our results might be generalised for the special case of S°. We also briefly comment
on the consistent KK reduction of D = 11 supergravity on tri-Sasaki manifolds and
argue that it will lead to an N = 4 gauged supergravity in D = 4 with an AdS,

vacuum that spontaneously breaks N =4 to N = 3.

Note Added

When we were writing this work up we became aware of [23] with which there is

considerable overlap.

For related work, see [17].
2Note that a general analysis of such partial supersymmetry breaking has recently been carried

out for general N =2 D = 4 gauged supergravities in [18] .



2 Type IIB reduced on HK, x S!

Our starting point is the class of RM x HK, x S! solutions of type IIB supergravity.
Recall that the bosonic fields of type IIB supergravity [24][25] consist of the metric,
the dilaton ® and the NS three-form field strength H(s), and the RR form field-
strengths F{1y = dC(y), F(3), and F(5). The equations of motion and Bianchi identities
are given in appendix [Al The R x HK, x S! solution is given by

dsi, = ds*(R") +ds*(HK,) +n®n (2.1)

with Fsy = Fi3) = H(3) = 0 and has constant dilaton and constant axion (F(;) = 0).
The hyper-Kéhler space H K, has a Kéhler two-form J and a (2,0) form ) that
satisfy algebraic conditions that are given in appendix [Bl They are both closed as is

the one-form 7 on the S* factor:
dJ =dQ=dn=0 (2.2)

This solution generically preserves N = 4 supersymmetry. Note that if HK, is
compact then it is either K3 or 7% and in the latter case all N = 8 supersymmetry is

preserved.

2.1 The consistent Kaluza-Klein reduction on HK, x S!

Our KK ansatz for the metric of type IIB supergravity is given by
dsty = e 3 Vds? ) 4 eV ds*(HEY) + Y (n+ Ay) @ (n+ Ay) (2.3)

where ds%E) is an arbitrary metric on an external five-dimensional space-time (it will
turn out to be in the Einstein frame and hence the subscript F), U and V are scalar
fields and A; is a one-form defined on the external five-dimensional space. Following

[12], the ansatz for the form field strengths is constructed using the two-forms .J, Q2



and 7, and is given by

Foy=e 3V s Ky N T+ K AT AT
+ [ 26« Ky + Ky A J] A (n+ Ay)
. [e_g(UJrV) * Lo AQ+ Ly AQA (n+ Ay) + cc.

Fisy=G3+GoN(n+ A1) + G AN T+ (N AQ+c.c.)
Hgy=Hs+HyAN(n+ A)+ Hi AT+ (My AQ+c.c.)
Coy=a

®=¢ (2.4)

Here, % is the Hodge dual corresponding to the five-dimensional metric ds%E) in (2.3]),
with volume form VolgE); a, ¢, are real scalars, G3, Hs, Go, Hy, Ky, K7 real forms,
and Lo, M7, Ny, complex forms, all of them defined on the external five-dimensional
spacetime. Note that we have ensured that the five-form F{s) is self-dual with respect
to the metric (23). Also note that we can add the terms (GoJ + NoQ) A (n+ A;) to
Fgy and (HoJ + M) A (n+ Ay) to Hz), where Gy, H, are real scalars and Ny, M are
complex scalars. However, an analysis of the type IIB supergravity equations imply
that they can be set to zero. Similarly we have also set to zero a possible factor eZ,
where Z is a scalar, that would multiply VolgE) and J A J A (n+ A;) terms in Fis).
We now substitute into the equations of motion and Bianchi identities of type
IIB supergravity that are given in appendix [Al The calculations are rather involved,
so we will simply summarise the main results here, referring to appendix [Bl for some
details. We find that the physical degrees of freedom are 7 real scalars U, V. ¢, a, b, ¢, h;
2 complex scalars &, x; 4 real one-form potentials A;, By, Ci, Eq; 1 complex one-form

potential D; and 2 real two-form potentials By, Cs with

HgIng—Bl/\Fg

H2 - dBl
Hl = db
M, =d¢ (2.5)



where Fy, = dA;,

G3:d02 —Cl /\Fg —ang+aBl /\FQ

G2 :d01 — CLdBl
G{=dc— adb
Ny =dyx — ad¢ (2.6)

and

K2 = dEl - CdBl + del
L2 = le - XdBl + de’l
Ki=dh+ §(bdc — cdb) + £*dy + &dx* — xdE" — x*d¢ (2.7)

We also find that the equations of motion for all of the fields can be obtained by

varying a D = 5 action with Lagrangian given by
LB =L 1 Loy (2.8)
where the kinetic term is given by

L) = RP) voll? — BU A xdU — 3dU A +dV — 2dV A +dV — Le*da A xda
—1do N xdp — 4e "V TOMy A M — 4eT VTN A« NT — 267V K A %K
—e =g, AxHy — e VTG A Gy — %eg(UJ’V)Fé A % F
—e UG, A %Ky — 4¢3V Ly A x L — 163UV [, A % H,
—%e%(zU_V)WGg A xGy — %e%(4U+V)_¢H3 N xHgy — %e%(4U+V)+¢G3 A xG5

(2.9)
and the topological term is given by

Liop =A1 N | — Ko N Ky — 4Ly A Ly 4+ 2K1 A (Cy AdBy — By A dCh)
20 A (By Ade— Cy Adb) = [4L3 A (By Ady = Cy A dg) + e |
—2dCy A Xy + 2dBy A Y (2.10)

where

Xo=(h+bc+ & x +£xY) dBy — (30 +2/¢]?) dCy — bdEy — 2£*dDy — 2£dD;
Yo=(h — $bc — & x — £x7) dCy + (3% + 2|x|*) dBy — cdEy — 2x*dDy — 2xdDj
(2.11)



To summarise, by explicit construction, we have shown that any solution of the
equations of motion arising from this D = 5 action can be uplifted on an arbitrary
HEK, xSt space via (223) and (Z.4)) to obtain exact solutions of type IIB supergravity.
In other words we have identified the consistent KK reduction of type II1B supergravity
on HK, x S* to a universal D = 5 theory. In the next subsection we will argue that
this D = 5 theory is consistent with the bosonic sector of N = 4 supergravity coupled

to two vector multiplets.

2.2 N =4 ungauged supergravity

We first recall some aspects of N = 4 ungauged supergravity coupled to n vector
multiplets [26] (see also [I5][16] ). The global symmetry group of the theory is given
by SO(1,1) x SO(5,n). The bosonic content includes a metric and 6 + n vector
fields, B, BM with M = 1,...5 + n transforming in the (—1,1) and (+1/2,5+ n)
representation, where the first entry indicates the SO(1, 1) charge. In addition there
are 1 + 5n scalar fields which parametrise the coset SO(1,1) x SO(5,n)/SO(5) x
SO(n). The scalar corresponding to the SO(1, 1) factor is described by a real scalar
field ¥ which is a singlet under SO(5,n) and carries SO(1,1) charge —1/2. The
remaining 5n scalars are described by a coset representative V of SO(5,n)/SO(5) x
SO(n) with zero SO(1, 1) charge. The bosonic action of D =5 N = 4 supergravity

can be written

L=t = RvoléE) — 2MpynHM A s HY — SO A 5O
— 35 72dE A %dY + 2tr(dM A xdM)
+ V2B A HM AHY (2.12)

where M = VIV, H° = dB°, HM = dB™ and ny;y is the invariant tensor of SO(5,n).

On quite general grounds we can argue that our consistent truncation on H K, x S*
should be consistent with N = 4 supersymmetry. Firstly, we recall that the uplifted
vacuum solution preserves N = 4 supersymmetry of the type IIB supergravity. Fur-
thermore, the SU(2) structure of the H K, x S* factor, specified by the forms J,Q,n
that we used in our KK reduction, can be constructed from the type IIB Killing
spinors. Now our KK reduction ansatz that we considered was the most general uni-
versal ansatz using just J, €2, n. Thus, given that we have shown that our ansatz was
a consistent KK reduction we expect it to be the bosonic part of an N = 4 theory
in D = 5. An immediate check of this logic is provided by counting the degrees of

freedom. In addition to the metric, our D = 5 theory has eleven real scalar degrees of



freedom, six real vectors and two real two-forms. Since we can dualise the two-forms
to vectors we have the bosonic matter content of N = 4 supergravity coupled to
n = 2 vector multiplets.

In order to make the supersymmetry structure of our theory manifest, we now
dualise the two-forms By and Cj into two vectors Cf and Bj by defining H; = dB,
and G5 = dC5, and adding the term

L' =C) NdH; + By A dGY (2.13)

to the Lagrangian £) in ([ZJ)). Integrating out Hj and GY%, we find that Hs and G

are now given by

Hy = _e—§(4U+V)+¢ * G;

Gy=—e 3WU+V)=¢ , gt (2.14)
where we have defined
Hy,=dB' —2X,
L =dC} +2Ys + aH} — 20X, (2.15)

and Xy, Yy are given in ([ZII)). Substituting Hj, G4 back into £(®) + £’ we obtain
a dual Lagrangian £ which contains eight vector fields. With a little further
effort we can show that the topological Lagrangian simplifies considerably and in
particular all dependence on the scalar fields drops out. Before writing this action
we first introduce new scalar fields given by

2
S=e 3 o= (0 —4U), pr=—d5(6+4U). (2.16)

S

The dual Lagrangian can then be written as

ﬁdual = R(E)VOLE—’E) + £scalars + ﬁvectors + £dual (217)

top

where the scalar kinetic terms are given by

Lcatars = =35 725 A #d% — Ldpy A xdpy — $dips A xdips
—%eﬁ(wl_m)da A sda — 26V A« K
—e‘@olGl A G — 4€ﬂ¢1N1 A x N7
—eV222 Hy A wHy — 4eV?22 My A\ =M (2.18)



the kinetic terms for the vectors are given by

Loectors = =557 Fy N xFy — X2 | Ky A #FKy + 4Ly A %L + 1eY2%2 Hy A < H

F1eVPG A %Gl + eV Hy Ak Hy + LeV22 Gy A *Gg} (2.19)
and the topological term is

top

cdual — A A [dE1 A dEy +4dDy A dD* — dBy A dC!, — dCy A dBi} (2.20)

We can now identify with the degrees of freedom of N = 4 supergravity. For the
scalars we see that 3 corresponds to the R ~ SO(1,1) factor in the scalar manifold.
The remaining dilatons, ¢1, @9, and the axions a, b, ¢, h, &, x, therefore parametrise
the homogeneous space SO(5,2)/(SO(5) x SO(2)). To make this manifest we find
it convenient to resort to the solvable Lie algebra approach [27, 28]. According
to this method, a parametrisation of the supergravity scalar manifold G/H can be
obtained via the exponentiation of a suitable solvable subalgebra of the Lie algebra
of GG, including as many Cartan generators as dilatons, and as many positive root
generators as axions that are contained in G/H. For SO(5,2)/(SO(5) x SO(2)), the
relevant ten-dimensional subalgebra of so(7) is accordingly spanned by two Cartan
generators H', H?, and eight positive root generators T, i = 1,...,8, which, in the
fundamental of so(7), can be taken to bai [17]

H' = V2(Ey — Er), T'=Eg—Eyn, T'=Ey+Ey, T =Ey+ B,
H? = V2(Ei1 — Ees), T°=Ei; —FEo, T’ =Eu+ Eis, T° = Ey+ Esy,
T° = B3 + Ess, T° = Ei5+ Exg,
(2.21)
where FEj;; denotes the 7 x 7 matrix with 1 in the i-th row and j-th column and 0

elsewhere.
We find the coset representative of SO(5,2)/(SO(5) x SO(2)) to be given by

1 1 2 1 b AfF N *) T2 3 4 5 6
Y = ez (P1H HpaH?) aT! [(2h—be—dg" x—4Ex") T? [bV2T? ev/2TH 2v2Re(€)T° ,2V2Im() T

X€2\/§Re(x)T7e2\/§Im(X)T8 ) (2.22)

Note that in this basis we have VInY = n with n = Es3 + Ey + Ess — Eig — Eg1 —

3These generators close into the (solvable) Lie algebra with commutators specified in (3.12) of
[I7). With N = 3 there, we identify the positive root generators as T' = %, T? = V2, T3 = U2,
T =U} T°=U3, T = U2, T" = U3, T® = UJ. Our explicit realisation (ZZI)) of these generators
follows from (3.31) of [17].



Ey; — Er7s. The Maurer-Cartan form dVV ! takes values in the solvable Lie algebra,

AVV = Lo H! + Ldp,H? + % e daT! 4 265 CrHe [ T2 4 V202 9 1, TP
V2RO G T+ 2026 9 Re(M,) TP + 2126 592 Im(M; ) TS
+2V2e F P Re(N) T + 2v2e 29 Tm (V) TS | (2.23)

with coefficients along the generators (2.21]) corresponding to the axion one-form field
strengths defined in (2Z.5)—(2.7). Note that the transgression terms in these one-forms

arise as a consequence of the non-trivial commutation relations among the positive

root generators. Finally, we can construct the quadratic form
M=V'V, (2.24)
to bring the scalar kinetic terms (ZI8)) to the form

Localars = —3X2dE A #d% + étl"(dM_l A xdM) . (2.25)

exactly as in (Z12).

For the vectors we identify

B? - —%Al
B ={5C1, 75B1, Er, 2Re(Dy), 2Im(Dy), 5B, 55C1} (2.26)
In particular, for our Chern-Simons term we then have
L0 =2y BY ANHY AHY (2.27)

and we have verified that the kinetic terms for the vectors given in (2I9) can be

written as

»Cvectors = _EzMMNHM AN *HN — 2_4?'[0 AN *HO (228)

as in (2I2). This completes our demonstration that we indeed have the bosonic

action of N = 4 supergravity coupled to two vector multiplets.

3 Type IIB reduced on SFE;

We now turn our attention to reductions on SFEj5 spaces. We begin by recalling the

class of AdS5 x SFEs5 solutions of type IIB supergravity given by

ds3y = ds*(AdSs) + ds*(SFEs)
F(5) = 4V01(SE5) + 4V01(Ad55) (31)

10



with F(3y = Hsy = 0 and constant dilaton and constant axion (F{;) = 0). Generically
these solutions preserve N = 2 supersymmetry (i.e. dual to N =1 SCFTs in d = 4).
Now any SFEs5 space has a globally defined one-form 7, that is dual to the Reeb

Killing vector, and so locally we can always write the metric on the SFEs5 space as
ds*(SEs) = ds*(KEy) +n®n

where ds?( K Ey) is a local Kéhler-Einstein metric with positive curvature, normalised
so that the Ricci tensor is six times the metric. On SFEj5 there is also a globally defined
two form J and a (2,0) form 2 that locally define the Ké&hler and complex structures
on ds*(K E,) respectively. Note that they satisfy the same algebraic conditions as
those associated with the H K, x S! solution (2.I]) and are given in appendix B. By

contrast, however, they are no longer closed and instead satisfy
dn=2J
dQ2=3in A Q (3.2)

The fact that H K, x S* and SEs5 have globally defined SU(2) structures specified
by the forms J,§2,n implies that the universal KK reduction on these spaces are
very similar, as we shall see. For the SEj case the conditions ([B.2]) as well as the
background five-form flux appearing in ([B.I]) will lead to a gauging of the N = 4
supergravity coupled to two vector multiplets that we saw for the HK, x S! case in

the last section.

3.1 The consistent Kaluza-Klein reduction on SFEj;

Our KK ansatz for the metric of type IIB supergravity is given by
dsi, = e_§(4U+V)ds%E) + eVds*(KEy) + e* (n+ A) @ (n + A)) (3.3)

where again ds%E) is an arbitrary metric on an external five-dimensional space-time, U

and V are scalar fields and A; is a one-form defined on the external five-dimensional

11



space. The ansatz for the form field strengths is given by

Fis) :46_%(4U+V)V012E) b e iU W Ko NT+ K AT AT
+ [2eZJ/\J—26_8U*K1+K2/\J} A(n+ A1)

4

+ [e‘ﬁ(U“’) Lo ANQ4+ Ly AQA (74 Ay) —l—c.c.}
Figy=Gs+GoAN(n+ A1) + G AT+ [Nt AQ+ NQ A (n+ Ay) + c.c]
Hagy=Hs+Hy AN(n+ A1)+ Hi AT+ [My AQ+ MoQUA (n+ Ay) + c.c.]
Coy=a

d=0¢ (3.4)

Here, VOléE) and x are the volume form and Hodge dual corresponding to the five-
dimensional metric ds%E) in B3), Z, a, ¢, are real scalars, My, Ny complex scalars,
Gs, Hz, Go, Hy, Ky, K real forms, and Ls, My, Ny, complex forms, all of them
defined on the external five-dimensional spacetime. We have also ensured the self
duality of the five-form F{s) with respect to the metric (3.3). Note that we can also
add the terms GoJ A (n+ A;) to F(3) and HoJ A (n+ Aq) to Hz), where G and H,
are real scalars, but the type IIB equations imply that Gy = Hy = 0. This is as in
the HK, x S! case, but, by contrast, note that we now must include the scalar fields
My, Ny and Z.

We now substitute into the equations of motion and Bianchi identities of type I1B
supergravity that we have given in appendix[Al The calculations are rather involved,
so we will simply summarise the main results here, referring to appendix [Bl for some
details. We find that the physical degrees of freedom are 7 real scalars U, V. ¢, a, b, c, h
and 2 complex scalars &, y; 4 one-form potentials Ay, By, C1, Ey; 2 two-form potentials
Bs, C5 plus the complex two-form Ly. This is exactly the same field content that arose
in the reduction on HK, x S*. In particular, the extra scalars My, Ny and Z that we
introduced in ([34]) are not independent degrees of freedom as we shall see in detail
below. Furthermore, the field L, should also be regarded as a potential, satisfying a

first-order, self-duality-type equation of motion (see the second equation in (B.H).

12



In more detail we find that

H3 :dBQ + %(db - 231) N F2

H,=dB,

o, =db— 2B,

M, = 3i¢

M, = D¢ (3.5)

and

Gg :dCQ - ad32 + %(dc - 201 — adb + 2aBl) N F2

Go=dC; — adB,

Gi=dc—2C; — adb+ 2aB;

No=3i(x — ag)

Ny =Dy — aD¢ (3.6)

where Fy = dA;, D = d§ — 3iA;x and Dy = dyxy — 3iA;x. This gauging can be
traced back to the fact that these scalar fields enter the KK ansatz ([B.4]) with 2 and
that d€2 = 3in A €2. In addition, after fixing an integration constant, we find that the
scalar field Z is fixed by the scalars y;, &:

¢/ =1+ 3i(Ex — £X°) (3.7)
and that
Ky=dE, + £(db—2By) A (de — 2C4)
Ki=dh —2FE; —2A, + & Dx + DY — xDE — x*DE (3.8)
We also find that the equations of motion for all of the fields can be obtained by
varying a D = 5 action with Lagrangian given by
L = Liin + Lpot + Liop (3.9)
where the kinetic and scalar potential terms are given by
L) = RE voll — BU A xdU — 3dU A +dV — 2dV A +dV — Le¥da A xda
—1do N xdp — 4e™ UMy A M — 4eT VTN A« NT — 267V K A * K
—e W= H AxH, — e UG A xGy — %eg(UJ’V)Fé A %
—e 3G, A %Ky — 4¢3V Ly A x Ly — 1e3@VVIZ0 [, A % H,
—%e%(QU_V)WGg N %Gy — %e%(w*v)_‘ng N xHs — %e%(w*VH‘Z’G;}, A *G3

(3.10)
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and

c) [246—%<7U+V> — 43 BUHY) _gem SV [1  L(MEN, — MoNG)]”

— i
pot 3

_4e—§(5U+2V)—¢|M0|2 _ 46—§(5U+2V)+¢|N0|2}VoléE) ’ (3.11)
while the topological terms are given by the intimidating expression

Liop=—A1 N Ky AN Ky — (dh — 2E) — 2A;) A [dBy A (de — 2C1) + (db — 2By) A dCY)
+A; A (dh —2E1) A[(db — 2B,) AdCy — dB; A (de — 2C4)]
+2A; A (dEy) A (db — 2By) A (de — 2C4)
+A; A (db—2By) A (de — 2C)) A Fy
+4+ Ay A (Mg Ny — MoNY — NoM; + Ny M) A (Hy A Gy + Gy A Hy)
+Z A A (NoNT — Ny Ni) A Hy A Hy + 2 A1 A (MoMf — MgMy) AGy A Gy

+[4( = 35 A DLy + NoLy A Hy — MyL A Gy — L A Ny A Hy + L A My A Gy) + e

—4Cy A dBy — %Cy A Gy A (MyM; — M M)

~20y A Hy A (MGNy — MyN; — NoM + Ny M)

—2 By A (Ga — aHy) A (Mg Ny — MoNT — NoM; + NjMy)
—% By A [Hy A (NoNy — Ny N1) — aGa A (MoM; — Mg My))]
+3 A1 A (MoGa — NoHa) N (M§Gs — Ny Ha)

+[2(My A Gy — Ny A Hy) A (MiGa — NJHy) + c.c] .

3.2 N =4 gauged supergravity

Our KK reduction of type IIB supergravity was based on the most general ansatz
using the SU(2) structure (J,Q,7n) on the SE5 space. For reasons similar to that
discussed in section 3.2 for the universal KK reduction on HK4 x S' we expect to
obtain a supersymmetric theory. Indeed we have already noted that the field content
of our KK reduction on SFEs is identical to that of the universal KK reduction on
HEK, x S' and hence to that of N = 4 supergravity coupled to two vector multiplets.
A key difference with the HK, x S* case is that the SU(2) structure forms are no
longer closed ([B2]). This difference can be viewed as the addition of “geometric
fluxes”. Another difference is the extra five-form flux that we have in (8.4 compared
with (24). On rather general grounds [13] it is expected that these flux contributions
lead to a gauging of the N = 4 supergravity theory.

A general description of N = 4 gauged supergravity coupled to vector multiplets

is presented in [I6], which uses the embedding tensor formalism of [29] (for a re-
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view see [30]). The gauging is described by promoting a subgroup Gy C G of the
global non-abelian duality symmetry group of the ungauged theory, G (in our case
SO(1,1) x SO(5,2)), to a local symmetry. This requires that the ordinary derivatives

get replaced by covariant derivatives via
d—d—gB"Xy =d— gBMON ", (3.13)

where ¢ is the gauge coupling constant, B = (BY, BM) are the vector gauge fields,
to are the generators of G and the explicit embedding of Gy in G is given by an
embedding tensor O“. In addition to the vector gauge fields it is necessary to
also include two-form gauge fields By! as off-shell degrees of freedom. As usual, the

gauging leads to a scalar potential that is determined by the embedding tensor.
We now return to our D = 5 theory ([33)-(B12) obtained from KK reduction on
SE5. By again introducing

£=e 50 g = 2(p—4U), 3= —L(¢p+4U). (3.14)
we find that the Lagrangian can be written as

L5 = ROV + Locatars + Lucctons/atorms + Licr + Liop (3.15)
where the scalar kinetic terms are given by

Lcatars = =357 2dS A #dE — Ldipy A xdpy — Ldips N xdips
—%e‘/i(“”_“”)da A sda — 2eV2O1T02) [0 A KK
—e\/%lGl A G — 46\/%1]\71 A %N
—eV22 [ A wHy — 4eV?2 My A M (3.16)

the kinetic terms for the vectors and two-forms are given by
Loectors2torms = — 557 Fy A xFy — 322 [Kz N#Ey + ALy A+ L + LeV2 Hy A+ Hy
FL1eV2 Gy A Gy + Le VRO HY A Hy + LemV22 Gy A *Gg} (3.17)
and the potential (BI1) can be rewritten as
L0 = [2ame B lerten _ gz-2evorten

At [26\/§(<p1+<p2)(1 + 3i(§*x . gX*))2 1 96\/5301|X _ a€|2 + 96\/§<p2|€|2HVOIéE) ’
(3.18)
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We observe that the general structure of all these terms is consistent with the
general form of the corresponding terms in the N = 4 gauged supergravity action
given in [16]. Furthermore, noting that the covariant derivative acting on X in (3.16]) is
simply the ordinary covariant derivative, and comparing with (3I3]) we immediately
conclude that the gauging does not lie within the SO(1, 1) factor but just within the
SO(5,2) factor (and hence is in the class considered by [15]).

By analysing the way in which the vector fields are entering the scalar derivatives
in ), B8 and (B.8) and comparing with (BI13)) it is straightforward to deduce
the precise gauged subgroup of SO(5,2). We find that

B° Xy + BM X = —v2BY(3R + 25%) 4 283 S 4 2B8% S3 4 2187 S*
=A1(3R+25%) + 2F; S2+ V2B, S* +v2C, St (3.19)

where S = [T')T,i = 1,...,8, and R = Ey5 — Es4 are generators of SO(5,2) supple-
menting those in (Z2I). The only non-vanishing commutators among the generators
of the gauge algebra is [S*,S*] = —S? and hence we see that our D = 5 theory
corresponds to a gauging of an Hs x U(1) subgroup of SO(5,2), where Hj is the
three-dimensional Heisenberg group.

It would be satisfying to see that the rest of our Lagrangian is in accord with
[15][16], especially our Chern-Simons terms ([B.12]), but we leave that to future work.

3.3 AdSs; vacua

By analysing the scalar potential (.I1]) appearing in our D = 5 N = 4 gauge super-
gravity theory we find that there are both supersymmetric and non-supersymmetric
AdSs vacua. We first discuss the former and then the latter.

3.3.1 The supersymmetric AdS; vacuum

Setting U =V = ¢ = x = 0 and allowing for arbitrary constant axion a and dilaton
¢ we obtain an AdSs; vacuum solution with unit radius (and all other fields trivial).
This solution uplifts to the class of supersymmetric AdSs x SFE5 solutions of type
IIB given in ([BI]). As a ten-dimensional solution this preserves eight supercharges
and hence as a five dimensional solution it spontaneously partially breaks the N = 4
supersymmetry to N = 2.

We can determine the masses of the different fields in this vacuum. For the scalars
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¢7 a’? U? V’ 67 X? we employ

U= %u + %v
V=-2u+3v. (3.20)
and
= ~+ 5%
X =i+ ¥ . (3.21)
to obtain the masses:
mg =0, myg=0, mg=12, my =32, mi=-3, m;=21, (3.22)

Observe that v is a breathing mode which controls the overall volume of the SFjs
space in (3.3)), while u is a volume preserving squashing mode.
Turning now to the contributions from the vectors Ay, £, By, C; and the scalars

h, b, ¢, we find that the transformation

Al = 1211 + 2E~I1

B =—-A +FE (3.23)
leads to the following terms in the Lagrangian

£2 = —%d/ll N *d/ll — BdEl A *dE~I1 - Q(dh — 6E1) A *(dh — 6E1)
—(dc —2C) A x(de —2CY) . (3.24)

We now see that fll, El, By and C; are massive vectors with masses given by
m3 =0, mi =24, mp =mg =38, (3.25)

and that the scalars h, b and ¢ are just the associated Stiickelberg fields.
Next consider the two-forms B, and (5, whose relevant contributions are given
by
L5 = —3dBy A #dBy — $dC5 N\ xdCy — 4C5 N dBs | (3.26)

they combine to describe a massive two-form with mass

m¢, = 16 , (3.27)
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(see e.g. [31]). Finally, from the contribution

Lo=—3L5NdLy+ 2Ly AdLy — 4Ly A %L (3.28)

we see that Ly is a complex two-form satisfying a self-duality equation [32] has the

same degrees of freedom as a massive real two—formH with
m%Q =9 (3.29)

To conclude, we quote here the scaling dimensions of the operators dual to the

supergravity fields. Using the expressions

A =24 3/(4—2p)2+4m?, (3.30)

for four-dimensional operators dual to supergravity p-forms (subject to second-order
equations of motion), and
A =2+ |m)| (3.31)

for the operator dual to a first-order two-form, we find
Ap=4, Ay=4, A,=6, A =8, As=3, Ay=T, (3.32)
for the operators dual to the scalars,
Az =3, Ap =T, Ap, =Ag, =5, (3.33)
for the operators dual to the vectors, and
A, =6, A, =5 (3.34)

for the operators dual to the two-forms.

These modes should form the bosonic fields of unitary irreducible representations
of SU(2,2|1). The KK modes we have kept are present for any SFEs space and
so, in particular, we can consider the special case T! for which the supermultiplet
structure was analysed in detail in [33] 34]. We deduce that the metric and the vector
A; form a massless graviton multiplet, the fields E;, u, v and ¥ fill out a long vector
multiplet, the fields £, a, ¢ form a hypermultiplet and finally, By, C, C5 and L, form
a semi-long massive gravitino multiplet.

It is also interesting to consider the special case of S°. The N = 8 KK spectrum

was computed in [35] and the modes were arranged in supermultiplets of SU(2,2|4),

4To see this simply write Ly as a real and an imaginary two form an observe that either one can
be considered a Lagrange multiplier and eliminated.
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in [36]. The various fields of our D = 5 theory can be identified with those presented
in figures 1, 2 and 3 of [35]. Specifically, the metric, the scalars ¢, a, é and the
vector A; belong to the supermultiplet with p = 2 (following the notation of [36]),
namely, the N = 8 SO(6) gauged supergravity multiplet. Similarly the vectors By,
C1, the two-forms Cy, Lo belong to the supermultiplet with p = 3 and the scalars
v, u, X, the vector E, belong to the supermultiplet with p = 4 (the breathing mode

supermultiplet).

3.3.2 The Romans AdS; vacuum

The theory admits another AdS5 vacuum solution where

2 1 .
V= =2 = __——e?  y—af =ie% (3.35)

V12

with arbitrary axion a and dilaton ¢ and @ is an arbitrary constant phase. The AdSs
radius is 21/2/3. This solution can be uplifted to a class of solutions that were first
found by Romans in [19], generalising analogous solutions constructed in D = 11
supergravity in [20][21]. For the special case when the SE5 = S® it is expected that
this solution is unstable [22].

3.4 Further truncations

There are various additional truncations of the fields appearing in the ansatz ([B.3)),
([B4) that are consistent with the type IIB equations of motion. Let us discuss several
of them and in particular make contact with some other works in the literature. In
particular we will recover the truncations of [37] which helped to motivate the work of
[12] and of this paper. Note that some cases that we discuss below can be combined.
It is notationally convenient to label some of the forms as G;, H;, with ¢ = 1,2, 3 and
M,, N, with a =0, 1.

3.4.1 Self-dual five-form, dilaton and axion

It is consistent to truncate IIB supergravity itself to just the ten-dimensional metric,
self-dual five-form F(s), dilaton ® and axion C|g), by setting Hy = F3) = 0. It is
also consistent to further truncate to just the ten-dimensional metric and self-dual
five-form by further setting ® = C(g) = 0. Accordingly, it is consistent to truncate
all of the modes coming from Hs), F3) by setting H; = G; = M, = N, = 0. It is

also then consistent to further set ¢ = a = 0.
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3.4.2 NS sector

It is also consistent with the type IIB equations of motion to set all of the Ramond-
Ramond fields to zero, F(5y = Fi3) = F(1) = 0. We can therefore set e/ = K| =
Ky =Ly =G; = N, = a = 0. Since this would be a universal reduction of type I
supergravity on S Ej5 incorporating the breathing mode, it seems quite plausible that
the resulting theory should be the bosonic part of an N = 2 gauged supergravity
theory. Indeed the truncated theory contains a metric, two vectors A, B, a two-
form B, and four real scalars U, V, ¢, b, and a complex scalar £ which could comprise
the bosonic part of a gravity multiplet, one vector multiplet, one tensor mutliplet and
a single hypermultiplet. Note that this truncated D = 5 theory will no longer have

an AdSs vacuum solution.

3.4.3 No R-charged fields

It is consistent to set all of the fields carrying non-zero R-charge to zero: Ly, = M, =
N, = 0. Recall that these are the fields appearing with 2 in (3.4)).

3.4.4 Minimal N = 2 gauged supergravity in D =5

We can recover the KK reduction to minimal D = 5 N = 2 gauge supergravity of
[1] (see also [38]) by setting U =V =¢? = Ky = Ly =G; = H, = M, = N, =0
and Ky = —Fy. In fact our equations of motion reduce to (2.15), (2.16) of [I] with
Fhere — (1/3) Fthere,

3.4.5 The truncations of [37]

Two consistent truncations of type IIB supergravity on SFEj5 spaces were studied in
[37 and both can be simply obtained from our results.

Firstly, if we set ¢ = Ly = K1 = Ko = Hy; =G, =M, =N, = A, =a =0
we obtain the the truncation discussed in appendix D.1 of [37]. (We can identify
Hy = Fihere and H, = —2Athere,

Secondly, we can also set ¢ = Ly = G; = H; = M, = N, = a = ¢ = 0 to obtain
the truncation discussed appendix D.2 of [37]. (We can identify Fy, = F = dA,
K, = 2A, Ky = —F = —F — dA to find agreement after taking into account a

different convention for the D =5 orientation.)
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3.4.6 Gravity and scalars

It is also consistent toset Ay = Ky = Ky =Ly =H, =G, =e? =M, =N, =0
leaving only the metric and the scalars U, V', ¢, a. It is consistent to then further
set = a = 0 and then U = V. The latter truncation was discussed in [39] [40] in

the context of IIB reductions on S® (who also considered the addition of some other
fields).

3.4.7 No p = 3 sector

At the end of section 3.3.1, for the special case when SEs = S°, we argued that the
modes we have kept arise from the p = 2,3 and p = 4 sectors in the notation of
[36]. Interestingly, for any SFEj5, it is possible to set all of the fields corresponding
to the p = 3 sector to zero, namely H; = G; = Ly = 0, leaving only the p = 2
and p = 4 sectors. Along with the metric, this truncated theory contains five real
scalars U, V, ¢, a, h, two complex scalars £, y and two one-forms Ay, F;. It would be
interesting to know if this theory is the bosonic part of an N = 2 gauged supergravity
coupled to a vector multiplet and two hypermultiplets.

Having truncated out the p = 3 sector for general SFEj5, it is consistent to further
set a = ¢ = 0 while setting one of the scalars to be proportional to the other: y = €.
(From (B2I) we see that this is tantamount to truncating the p = 4 charged scalar
X with mass mfz = 21). Along with the metric, this truncated theory contains three
real scalars U, V, h, one complex scalar £ and two one-forms Ay, ;. This theory has
a chance to be the bosonic part an N = 2 gauged supergravity coupled to a vector

multiplet and a single hypermultiplet.

3.4.8 The truncation of [41]

For a general SFs5, having truncated out the p = 3 sector (H; = G; = Ly = 0),
the dilaton and axion (a = ¢ = 0), and one of the complex scalars (x = &), it is
consistent to further set

etV =V =14 (3.36)

while also truncating the massive vector E; defined in B23) by setting Ky = —Fy
and h = 0. The resulting theory contains the metric, a massless vector A;, and a
charged scalar £ with mass mg = —3 in the supersymmetric AdSs vacuum. In fact we
precisely recover the truncation first discussed in [41] in the context of holographic
superconductivity (we should set A"re = 2Athere  [there — 7 and ¢ = Ze® tanh 7).

2
Note that for the special case when SE5 = S° the fields kept in this truncation all
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arise in the p = 2 sector and hence can be obtained as a truncation of N =8 D =5
SO(6) gauged supergravity.

This Type IIB truncation has a direct analogue in D = 11 supergravity reduced
on SE7 which was presented in [42] building on [12][43].

4 Final Comments

We conclude with some comments on type IIB reductions for the special case when
SFEs; = S° and then on D = 11 reductions on seven-dimensional tri-Sasaki manifolds.
The spectrum of type IIB supergravity on S® was computed in [35] and the modes
were arranged in supermultiplets of SU(2,2[4) in [36]. We have already noted at the
end of section 3.3.1 that the modes that we have kept in our consistent KK reduction
belong to the supermultiplets with p = 2,3 and 4 (following the notation of [36]). We
have also seen in section 3.4.7 that is possible to truncate out the modes arising in
the p = 3 sector consistently and possibly consistent with N = 2 supersymmetry.

In [I2] it was conjectured that there might be a consistent truncation of type
IIB on S® to the full massless graviton multiplet of the p = 2 sector combined with
the full breathing mode multiplet of the p = 4 sector and consistent with N = 8
supersymmetry. The bosonic fields of the p = 2 multiplet consist of the metric,
scalars in the 1¢, 10¢, 20, vectors in the 15 and a two-form in the 6¢ of the SO(6) R-
symmetry group, and correspond to the fields of maximal SO(6) gauged supergravity.
On the other hand the p = 4 multiplet has bosonic field content consisting of a massive
graviton in the 20, scalars in the 105, 126¢, 20¢, 84, 10¢, 1, vectors in the 175,
64c, 15 and two-forms in the 50¢, 45¢, 6¢. Note that the massive complex two-
forms satisfy self-duality equations and hence have six real degrees of freedom [32]
and also that the singlet scalar corresponds to the breathing mode.

In light of the results presented in this paper, where for the special case of SE5 =
S5 we included modes in the p = 3 sector, we might expect that there is a truncation
of type IIB on S° to an N = 8 theory that keeps the p = 2,4 and also the p = 3
multiplet, whose bosonic content consists of a massive graviton in 6, scalars in the 50,
45, 6¢, vectors in the 64, 15¢ and two-forms in the 20¢, 10¢, 1¢. Going further
one might conjecture that one could truncate the p = 3 sector of this conjectured
theory to obtain the conjectured theory of [I2] with the p = 2 and p = 4 sectors.
The existence of both massive and massless gravitons combined with the N = 8
supersymmetry in these conjectured theories necessarily means that they would have

to be very exotic.
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Consistent KK reductions of D = 11 supergravity on SE7 spaces, corresponding
to AdSy x SE; solutions preserving N = 2 supersymmetry, were presented in [I2] and
it was shown that the D = 4 reduced theory also preserves N = 2 supersymmetry.
Similar reductions on manifolds with weak G5 holonomy, M7, corresponding to AdSy X
M solutions preserving N = 1 supersymmetry, were also found and it was shown
that the D = 4 reduced theory preserves N = 1 supersymmetry. It was conjectured
in [12] that the analogous reduction on seven dimensional tri-Sasaki manifolds, 7%,
corresponding to AdSy x T solutions preserving N = 3 supersymmetry, would give
rise to a D = 4 reduced theory preserving N = 3 supersymmetry. However, in
light of the results presented in this paper, we expect that this K K reduction will
give rise to a gauged supergravity theory with N = 4 supersymmetry], with an
AdS, vacuum solution that will spontaneously partially break the supersymmetry
from N = 4 to N = 3. To see this, recall [45] that the tri-Sasaki space T; has a
globally defined SU(2) structure, specified by three two-forms, J%, and three one-
forms, n?, satisfying dn® = 2(J* — e®n® A n°) (locally T7 is an S* bundle over a
four-dimensional quaternionic Kéhler space). The supersymmetry and field content
of the consistent K K reduction of D = 11 supergravity on 77 will therefore be the
same as the universal KK reduction of D = 11 on HK, x T®. Hence the consistent
KK reduction on 7% should lead to a D = 4 N = 4 gauged supergravity coupled
to three vector multiplets. In particular, the scalars should parametrise the coset
SL(2)/S0O(2) x SO(6,3)/(SO(6) x SO(3)). As in the examples studied in [12], there
should also be a skew-whiffed version of this N = 4 gauged supergravity theory where

the basic AdS; vacuum will break all of the supersymmetry.
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A Type 1IB supergravity conventions

The bosonic sector of IIB supergravity contains the RR forms F{y, Fi3), F(5), the NS
form Hs), the dilaton ® and the metric. The forms satisfy the Bianchi identities

dF) + Fgy NH) =0 (A1)
dF() + Fay N Heg) =0 (A.2)
dF) = 0 (A3)
dH s = 0 (A.4)

which can be solved by introducing potentials as F(5) = dCy) — Cy A Hs), F(z) =
dCo) = CroydB(a), Fuy = dC0), Hz) = dB(a).-

The equations of motion read:

*F(5) = F(5) (A.5)
d(e® x Fz)) — F5) A Hzy = 0 (A.6)
d(e*® x Fy)) + e Hzy) A Fz) =0 (A7)
d(e™® * Hz)) — e*Fuy A xFz) — Fz) A Fiz) =0 (A.8)

d*xdd — 62¢F(1) A *F(l) + %6_¢H(3) A *H(g) - %eq)F(g) A *F(g) =0 (Ag)

Rux = 5¢**VuCo)VnCio) + 5 VuPVN® + 55 Farpppp By 0
+ie”® (Hu"" Hypp, — 159unH " Hp,p,p,)

+1e® (Fu™ Fxp p, — 59unE 25 Fpopp,) (A.10)

B Details on the KK reduction

Here we shall provide some details of the KK reduction on SEs5. The calculations for
the HK, x S! case are very similar and we omit the details.

We first record some useful algebraic conditions satisfied by the globally defined
forms (J,€2,n) that specify the SU(2) structure on the SEs space. We have 2 A
Q= 2JANJ, vol(SEs) = S ANJ An, ] = JAn, #Q = QAn We also have
Jip % = 67, Q% = 0, Q9% = 267 — 2iJ7 and J, Q% = —iQ7. In addition,
Jiitmn) JIET ™ = Jjipe Sy JIE T = 261

The KK ansatz for the metric can be written as

dsly = ds: + e*Vds*(KEy) +e*V(n+ A) @ (n+ Ay) (B.1)
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where here ds? is the line element of the external five-dimensional metric. At the end
we will convert our results to the Einstein-frame metric ds%E) that we used in the

main text. The ansatz for the form field-strengths can be written as
Fisy=4e V"V 0l + eV s Ko NJ+ K1 AT A J
+ 267 T AT =27 VTV Ky + Ko A J] A (n+ Ad)
+ (e Rk Ly AQ+ Ly AQA (n+ Ar) + cc.)

F(g):Gg—l-Gg/\(77+A1)+G1/\J+[Nl/\Q+NOQ/\(77+A1)+C.C.]
Hgy=Hs+ Hy AN(n+ A1) + Hi AT+ [My AQ+ MoQUA (n+ Ay) + c.c.]
C(O):a

>=¢ (B.2)

Here, vol; and * are the volume form and Hodge dual corresponding to the five-

dimensional metric ds? in ([3:3). We use a mostly plus metric convention both in D =

10 and in D = 5 and the D = 10 volume form is give by €19 = ¢*U+Vvol5 A vol(SEs).
We now substitute the KK ansatz (B.I]), (B.2)) into the type IIB Bianchi equations

and equations of motion given in (A J)-(AI0). We first observe that the ansatz for

the five-form has been constructed to be self dual and thus (A.H]) is satisified.
Equation ([A.4]) gives:

dHs + Hy N Fy =0

dHy =0

dH, +2H, = 0

DM, + MyFy =0

DMy — 3iM; =0 (B.3)

where DM1 = dM1 — 37,141 VAN M1 and DMO = dMO — BZAlMO

Equation ([A.2)) gives
dGs+ Go N Fy+daNHs=0
dGy+da N Hy =0
dGi 4+ 2Gy+daNH; =0
DNy + NoFs +da N My =0
DNy — 3iN; + Myda = 0 (B.4)
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where DNl = le — 32141 N Nl and DN() = dNO — BZAlN()

Equation ([AT]) gives:
dKy — Hi NGy + Hy NGy =0
DLy —3ie™" % Ly — H3Ny + MoGs + Hy ANy — My AGy =0
dK, + 2Ky +2e?F, — Hi NGy —2M; A Nf —2M; ANy =0
de? — MyN§ — M Ny + MoNy + MiN, =0
dle™ * Ky) —4e UV s K| + Ky ANFy — Hs NGy — Hy AGs =0
D(e™V % Ly) + Ly N Fy — Hy ANy — My AGs =0
d(e™ "V« K1) + $H3 A Gy — $Hy NG5 = 0 (B.5)

where DLy = dLy — 3iA; A Ly

Equation (A.G]) gives:

d(€4U+V+¢> %« Gly) — 4e? Hy + 2Hy N Ky — 2Hy A Ko — 4M; A Ly —4AM{ A Ly
+de™V Mo+ Ly + 4™V Mg * Ly = 0

d(€4U_V+¢ * Gg) — 46V+¢ * Gl — €4U+V+¢ * Gg N F2 -+ 2H3 N Kl + 26_VH1 A *KQ
+de™V My A %Ly + 4™ My A %Ly =0

d(ev+¢ xG1) — H3 N Ky + eV Hy A Ky +2e "V TV H A kK =0

D(e" %« N1) — Hy A Ly + eV Hy A Lo + 27UV M A K
+e=V (47U My + 3iNge?) vols = 0 (B.6)
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Equation (A.8)) gives:

d(e*V V=% x H3) + 4e?Gy — 2Go AN Ky +2G1 A Ky + 4N, A Ly +4N7 A Ly
—4e V' Nox Ly — 47V N; % Ly — VTV da A Gy = 0

d(€4U_V_¢ * Hg) — 4€V_¢ * H1 — €4U+V_d) * H3 A F2 — 2G3 AN K1 — 2€_VG1 N *Kg
—4e V' Ny ALy — 47V NF A %Ly — e*U"VHda A Gy = 0

d(e" %% Hy) + G3 AN Ky — eV Gy A Ky — 2TV Gy A %Ky — e da A %Gy = 0

D(ev_d’ * Ml) -+ Gg VAN L2 — €_VG2 VAN *L2 — 26_4U+VN1 VAN *K1
—e™ " (47T Ny — 3iMoe™?) vols — € ¢da A Ny = 0 (B.7)

Equation (A7) gives:

d(e*"V T wda) + e TV H A xGy + VTV Hy A %Gy + 2¢V T H A %Gy
+4eVTOMy A xNT + e TP MY A Ny + de” "+ (MoNg + Mg No) vol; = 0
(B.8)

Equation ([A.9) gives:

d(e'tV xdo) — VTV da A xda + L'V TOH A xHy — Le'VTVTOGS A xGy
—I—%e‘lU_V_d’HQ A xHy — %64U_V+¢G2 AxGy+ eV PHy AN xHy — " Gy A %Gy
+4e¥ O My A x M} — 4V TNy A xNj + 4e™ (6_¢|M0|2 — e¢|No|2) vols =0

(B.9)

Finally, we need to impose the Einstein equation (AI0). To calculate the Ricci

tensor we use the orthonormal frame

et =e", a=0,...,4
e =ele | 1=1,...,4
e =e"e’=e"(n+ A). (B.10)
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We find the spin connection is given by

G = o 12V pedes

0 = —eo*Ue (B.11)
0 = —e"0"Ve® — teV Fge”

Dl — i _ o2V —2U Jijgh

W ="V el (B.12)

and the Riemann tensor, ©4% = dwA? + w4 A wE, by:

O =8 _ i62v [FQBF)\M + FQ[AFBM} €

A [%Q_VV)\(€2VFQB) + eV (F[a)\vﬁ]vﬂ é)\S

0% = — [(VAV U + VAUVOU)5 + Le 2042V gi o] &b
+ [6—2U+Vvo¢(v _ U)JZ] — %evFOWV,YU(Sﬂ e

(:)a5 = —% [V)\(evFa“) + €VVQVF)\“] éAu

—e VYNV — U)JyeY

— [VaVoV + VAV VeV + LV PR, e

Qi — @i _ %6_2U+2VFagJijéaﬁ _ €—2U+Vva(v _ U)Jijéaf)
| (T T T )+ VL UNIUS, S| @ - e ik

0P = [—e TV (V = U)J'; + 3V F,,VUS e + [e7 VY — v UVV] §iel

(B.13)

Finally the Ricci tensor, R4z = ©4¢ 54, is given by

Rop = Rap — 4(VVoU + 0,U03U) — (VsV,aV + 0,VO3V) — 2e*V F,, F?

Rai =

RaS — —%6_2V_4UV»Y (63V+4UF’ya)

Rij = 6;; [6e7*Y —2¢V Y — V. VU — 40,U0"U — 0,UD"V |

Ris =0

Rss =4V =V VWV — 40UV — O, VOV + eV F g P (B.14)

The Einstein equations ([A.10) now reduce to the following four equations in D =
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Rag =4 (VBVQU + &angU) + (VBVQV + &XV@gV) + %e2¢8aa85a + %aa¢ag¢
—6_4U_2V (46—4U+2Z + e—¢|MO|2 + 6¢|N0|2) Nos
+2e 7 (KoK — Inag Ko KY) + eV (Kn K — 2nag Ky, K™M)
+1e?V Fo Fg" 4 e 7% (—L,\(QL;)’\ — 1Nap L}, L)
16 (Hona Hs™ = 570 o HY) + 56727 (HonHg™ — gilap Ho )
+e V0 (HoHp — SnapHAH) + 4e7*77 (Mo M) — $nas M3 M?)
+56% (GarsGs™ = f30apGrn GMY) + 56721 (GarGs™ = §apGrnGM)
+e VT (GaGp — InapGrGH) + 4e VT2 (NaNNG) — asNIN?) (B.15)

d(€4U+3V " Fg) + K2 A Kg +4L2 A L; . 86_4U+V+Z % Kl o 64U+V—¢H2 A *H3
— UGy A Gy — eV (MG % My + My * M)
—4eV (NG % Ny + Ny NJ) =0 (B.16)

A"V x dU) + e VTV Ky A Ky — L VTV IO H A sHy — LUV HOG A xG
— 1TV Hy A xHy — LtV V+¢G A Gy + LeV'™ ¢H1/\>1<H + VTG A Gy
eV My A * M+ eV+¢N1 A %N}
+ (=6€*VTY 426 4 4e7 TV 4 eV M [P 4 VTN [?) vols = 0
(B.17)

ATV xdV) — LTV O Hy Ak Hy — 2tV TG A kG — 1TV Ry A x By
e VK AR K+ eV Ky A *KQ +2¢7V Ly ALy + §e4U V= Hy A *H,
—|-364U VHeGy A %Gy — —eV SHy A xHy — V+¢G A Gy — eV My A x M
—eV TNy AN + (—4€® + 4TV 4 37V 0 Mo + 3em VTP NG |?) vol; = 0
(B.18)

All the dependence on the internal SE5 has dropped out from the type IIB equa-
tions of motion. This proves the consistency of the KK ansatz (BI)), (B:2). The

Lagrangian that gives rise to the above equations of motion is given by

;C - ‘Ckin ‘l— 'Cpot + ‘Ctop (Blg)
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with

Lign ="V R voly + 'V (12dU A #dU + 8dU A #dV') — 2e*V+VH20dq A xda
—l AVTVdg A xdp — 4eV =My A+ M — 4eVTON A *Nf — 27TV K A %K,
eV PH A xHy — "Gy A %Gy — : AUV B Ak Fy
e VEy NxKy —4e”V Ly ANxLj — 2V V0 I, A < H,
—LeVHOG, A %Gy — VTV ¢H AxHy — 2eVTVHG A %Gy (B.20)
and

Lyo = 2462V — 46" — 8707V (14 § (M Ny — My Ng))*

e_v_¢|M0|2 - 4€_V+¢‘N0|2:| V015
= [2462U+V — 4e® —8e V(1 4 3i(¢"x — £x7))”

—36eY ]2 — 36V x — a§|2] vols (B.21)

and Lyop is given in (312). The Einstein frame Lagrangian can be obtained by the

change of metric gff) = 3(4U+Y) Juv, to obtain
£ = L5+ Lyl + Luop (B.22)

where El((i) and £§)§2 are given in (B.I0) and (B.I1]), respectively, and Ly, is un-
changed.

References

[1] A. Buchel and J. T. Liu, “Gauged supergravity from type IIB string theory on
Y (p,q) manifolds,” Nucl. Phys. B 771 (2007) 93 [arXiv:hep-th/0608002].

2] J. P. Gauntlett and O. Varela, “Consistent Kaluza-Klein Reductions for
General Supersymmetric AdS Solutions,” Phys. Rev. D 76 (2007) 126007
larXiv:0707.2315 [hep-th]].

[3] B. de Wit and H. Nicolai, “The Consistency of the S**7 Truncation in D=11
Supergravity,” Nucl. Phys. B 281 (1987) 211.

[4] M. Cvetic et al., “Embedding AdS black holes in ten and eleven dimensions,”
Nucl. Phys. B 558 (1999) 96 [arXiv:hep-th/9903214].

30


http://arxiv.org/abs/hep-th/0608002
http://arxiv.org/abs/0707.2315
http://arxiv.org/abs/hep-th/9903214

[5]

[10]

[11]

[13]

[14]

[15]

[16]

H. Lu, C. N. Pope and T. A. Tran, “Five-dimensional N = 4, SU(2) x
U(1) gauged supergravity from type IIB,” Phys. Lett. B 475 (2000) 261
larXiv:hep-th/9909203].

M. Cvetic, H. Lu, C. N. Pope, A. Sadrzadeh and T. A. Tran, “Consistent SO(6)
reduction of type IIB supergravity on S(5),” Nucl. Phys. B 586 (2000) 275
larXiv:hep-th/0003103].

A. Khavaev, K. Pilch and N. P. Warner, ‘New vacua of gauged N = 8 supergravity
in five dimensions,” Phys. Lett. B 487 (2000) 14 [arXiv:hep-th/9812035].

J. P. Gauntlett, E. O Colgain and O. Varela, “Properties of some conformal field
theories with M-theory duals,” JHEP 0702 (2007) 049 |arXiv:hep-th/0611219].

J. P. Gauntlett and O. Varela, “D=5 SU(2)xU(1) Gauged Supergravity from
D=11 Supergravity,” JHEP 0802 (2008) 083 [arXiv:0712.3560/ [hep-th]].

H. Nastase, D. Vaman and P. van Nieuwenhuizen, “Consistent nonlinear K K
reduction of 11d supergravity on AdS(7) x S(4) and self-duality in odd dimen-
sions,” Phys. Lett. B 469 (1999) 96 |arXiv:hep-th/9905075].

H. Nastase, D. Vaman and P. van Nieuwenhuizen, “Consistency of the AdS(7) x
S(4) reduction and the origin of self-duality in odd dimensions,” Nucl. Phys. B
581 (2000) 179 |arXiv:hep-th/991123§].

J. P. Gauntlett, S. Kim, O. Varela and D. Waldram, “Consistent supersym-
metric Kaluza—Klein truncations with massive modes,” JHEP 0904 (2009) 102
larXiv:0901.0676/ [hep-th]].

For a review see M. Grana, “Flux compactifications in string theory: A compre-
hensive review,” Phys. Rept. 423, 91 (2006) [arXiv:hep-th/0509003].

E. O’ Colgain, O. Varela and H. Yavartanoo, JHEP 0907, 081 (2009)
larXiv:0906.0261 [hep-th]].

G. Dall’Agata, C. Herrmann and M. Zagermann, “General matter coupled N
= 4 gauged supergravity in five dimensions,” Nucl. Phys. B 612 (2001) 123
larXiv:hep-th/0103106].

J. Schon and M. Weidner, “Gauged N = 4 supergravities,” JHEP 0605 (2006)
034 |arXiv:hep-th/0602024].

31


http://arxiv.org/abs/hep-th/9909203
http://arxiv.org/abs/hep-th/0003103
http://arxiv.org/abs/hep-th/9812035
http://arxiv.org/abs/hep-th/0611219
http://arxiv.org/abs/0712.3560
http://arxiv.org/abs/hep-th/9905075
http://arxiv.org/abs/hep-th/9911238
http://arxiv.org/abs/0901.0676
http://arxiv.org/abs/hep-th/0509003
http://arxiv.org/abs/0906.0261
http://arxiv.org/abs/hep-th/0103106
http://arxiv.org/abs/hep-th/0602024

[17]

[18]

28]

[29]

H. Lu, C. N. Pope and K. S. Stelle, “M-theory /heterotic duality: A Kaluza-Klein
perspective,” Nucl. Phys. B 548 (1999) 87 [arXiv:hep-th/9810159].

J. Louis, P. Smyth and H. Triendl, “Spontaneous N=2 to N=1 Supersymmetry
Breaking in Supergravity and Type II String Theory,” JHEP 1002 (2010) 103
larXiv:0911.5077 [Unknown]].

L. J. Romans, “New Compactifications Of Chiral N=2 D = 10 Supergravity,”
Phys. Lett. B 153 (1985) 392.

C. N. Pope and N. P. Warner, “An SU(4) Invariant Compactification Of D = 11
Supergravity On A Stretched Seven Sphere,” Phys. Lett. B 150, 352 (1985).

C. N. Pope and N. P. Warner, “Two New Classes Of Compactifications Of D =
11 Supergravity,” Class. Quant. Grav. 2, L1 (1985).

N. Halmagyi, K. Pilch and N. Warner, private communication.

D. Cassani, G. Dall’Agata and A. F. Faedo, “Type IIB supergravity on squashed
Sasaki-Einstein manifolds,” larXiv:1003.4283 [Unknown)].

J. H. Schwarz, “Covariant Field Equations Of Chiral N=2 D=10 Supergravity,”
Nucl. Phys. B 226 (1983) 269.

P. S. Howe and P. C. West, “The Complete N=2, D=10 Supergravity,” Nucl.
Phys. B 238 (1984) 181.

M. Awada and P. K. Townsend, “N=4 Maxwell-Einstein Supergravity In Five-
Dimensions And Its SU(2) Gauging,” Nucl. Phys. B 255 (1985) 617.

L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fre and M. Trigiante, “R-R
scalars, U-duality and solvable Lie algebras,” Nucl. Phys. B 496 (1997) 617
larXiv:hep-th/9611014].

L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fre, R. Minasian and M. Trigiante,
“Solvable Lie algebras in type IIA, type IIB and M theories,” Nucl. Phys. B 493
(1997) 249 [arXiv:hep-th/9612202].

B. de Wit, H. Samtleben and M. Trigiante, “On Lagrangians and gaugings of
maximal supergravities,” Nucl. Phys. B 655 (2003) 93 [arXiv:hep-th/0212239].

32


http://arxiv.org/abs/hep-th/9810159
http://arxiv.org/abs/0911.5077
http://arxiv.org/abs/1003.4283
http://arxiv.org/abs/hep-th/9611014
http://arxiv.org/abs/hep-th/9612202
http://arxiv.org/abs/hep-th/0212239

[30]

[31]

[32]

[34]

[35]

[36]

[37]

[38]

[39]

H. Samtleben, “Lectures on Gauged Supergravity and Flux Compactifications,”
Class. Quant. Grav. 25 (2008) 214002 [arXiv:0808.4076/ [hep-th]].

J. A. Minahan and R. C. Warner, “Stuckelberg Revisited,” UFIFT Preprint
HEP-89-15, 1989.

P. K. Townsend, K. Pilch and P. van Nieuwenhuizen, “Selfduality In Odd Di-
mensions,” Phys. Lett. 136B (1984) 38 [Addendum-ibid. 137B (1984) 443].

A. Ceresole, G. Dall’Agata, R. D’Auria and S. Ferrara, “Spectrum of type I1B
supergravity on AdS(5) x T(11): Predictions on N = 1 SCFT’s,” Phys. Rev. D
61 (2000) 066001 [arXiv:hep-th/9905226].

A. Ceresole, G. Dall’Agata and R. D’Auria, “KK spectroscopy of type IIB su-
pergravity on AdS(5) x T(11),” JHEP 9911 (1999) 009 [arXiv:hep-th/9907216].

H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, “The Mass Spectrum Of
Chiral N =2 D = 10 Supergravity On S°,” Phys. Rev. D 32 (1985) 389.

M. Gunaydin and N. Marcus, “The Spectrum Of The S**5 Compactification Of
The Chiral N=2, D=10 Supergravity And The Unitary Supermultiplets Of U(2,
2/4),” Class. Quant. Grav. 2 (1985) L11.

J. Maldacena, D. Martelli and Y. Tachikawa, “Comments on string theory back-
grounds with non-relativistic conformal symmetry,” JHEP 0810 (2008) 072
larXiv:0807.1100 [hep-th]].

T. T. Tsikas, “Consistent Truncations Of Chiral N=2 D = 10 Supergravity On
The Round Five Sphere,” Class. Quant. Grav. 3 (1986) 733.

M. S. Bremer, M. J. Duff, H. Lu, C. N. Pope and K. S. Stelle, Nucl. Phys. B
543 (1999) 321 [arXiv:hep-th/9807051].

J. T. Liu and H. Sati, “Breathing mode compactifications and supersymmetry
of the brane-world,” Nucl. Phys. B 605 (2001) 116 [arXiv:hep-th/0009184].

S. S. Gubser, C. P. Herzog, S. S. Pufu and T. Tesileanu, “Superconductors from
Superstrings,” larXiv:0907.3510 [hep-th].

J. P. Gauntlett, J. Sonner and T. Wiseman, “Quantum Criticality and Holo-
graphic Superconductors in M-theory,” JHEP 1002 (2010) 060 [arXiv:0912.0512
[Unknownl]|.

33


http://arxiv.org/abs/0808.4076
http://arxiv.org/abs/hep-th/9905226
http://arxiv.org/abs/hep-th/9907216
http://arxiv.org/abs/0807.1100
http://arxiv.org/abs/hep-th/9807051
http://arxiv.org/abs/hep-th/0009184
http://arxiv.org/abs/0907.3510
http://arxiv.org/abs/0912.0512

[43] J. P. Gauntlett, J. Sonner and T. Wiseman, “Holographic superconductivity in
M-Theory,” Phys. Rev. Lett. 103 (2009) 151601 [arXiv:0907.3796/ [hep-th]].

[44] M. Billo, D. Fabbri, P. Fre, P. Merlatti and A. Zaffaroni, “Shadow multiplets
in AdS(4)/CFT(3) and the super-Higgs mechanism,” Nucl. Phys. B 591 (2000)
139 [arXiv:hep-th/0005220).

[45] C. P. Boyer and K. Galicki, “3-Sasakian Manifolds,” Surveys Diff. Geom. 7
(1999) 123 [arXiv:hep-th/9810250].

34


http://arxiv.org/abs/0907.3796
http://arxiv.org/abs/hep-th/0005220
http://arxiv.org/abs/hep-th/9810250

	1 Introduction
	2 Type IIB reduced on HK4S1 
	2.1 The consistent Kaluza-Klein reduction on HK4S1
	2.2 N=4 ungauged supergravity

	3 Type IIB reduced on SE5
	3.1 The consistent Kaluza-Klein reduction on SE5
	3.2 N=4 gauged supergravity
	3.3 AdS5 vacua
	3.3.1 The supersymmetric AdS5 vacuum
	3.3.2 The Romans AdS5 vacuum

	3.4 Further truncations
	3.4.1 Self-dual five-form, dilaton and axion
	3.4.2 NS sector
	3.4.3 No R-charged fields
	3.4.4 Minimal N=2 gauged supergravity in D=5
	3.4.5 The truncations of Maldacena:2008wh
	3.4.6 Gravity and scalars
	3.4.7 No p=3 sector
	3.4.8 The truncation of Gubser:2009qm


	4 Final Comments
	A Type IIB supergravity conventions
	B Details on the KK reduction

