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On instability of Rubakov-Shaposhnikov model
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Instability of 6 dimensional Rubakov-Shaposhnikov model is reinvestigated. It is shown that the
model is unstable in scalar perturbations sector with very particular instability pattern: there are
no unstable modes for the first two lowest angular harmonics, m = 0 and m = 1, whereas there is a
single negative mode for each higher m.

PACS numbers: 04.50.+h, 11.25.Mj, 99.10.Jk

I. INTRODUCTION

In the beginning of 80th two very important papers by Rubakov and Shaposhnikov were published in the same
issue of Physics Letter B [1], [2]. The first one [1] was discussing possibility that (in modern language) we live on a
brane in higher dimensional space and in the second one [2] the warped compactification was introduced in order to
attack cosmological constant problem. These ideas created basis for “extra dimensional revolution” which happen 15
years later [3], [4], [5], [6], [7], [8].
The stability of the Rubakov-Shaposhnikov model with warped compactification [2] was questioned [9] soon after

the model was suggested. It was found that the model is stable under tensor and vector perturbations, but has
unstable modes in scalar perturbations sector. Recently we became aware [14] that there is an algebraic error in the
prove namely in the Eq.(23) of [9]. The aim of present note is to to correct this error and reinvestigate the stability
of the Rubakov-Shaposhnikov model. Since in addition there are numerous misprints in the most of equations in the
journal version of [9], first we repeat here derivation of Schröedinger equations and then give direct numerical proof
of existence of an unstable modes in scalar perturbations sector.

II. SPONTANEOUS COMPACTIFICATION WITH ZERO COSMOLOGICAL CONSTANT

The solution, leading to zero four dimensional cosmological constant, proposed in [2] looks as follows. We consider
gravity in d+N−dimensional space-time with the metric ĝAB (signature +− ...−). The Einstein equations is written
with the cosmological constant:

R̂AB − 1

2
ĝABR̂ = ΛĝAB . (1)

It is assumed that Λ > 0. With the warped ansatz for the metric

ĝAB =

(

σ(xa)gµν(x
λ) 0

0 g̃ab(x
a)

)

, (2)

the Eq. (1) reduces to the system of equations

Rµν − 1

2
gµνR = Λphysgµν , (3)

R̃ab = − 2

N + d− 2
Λg̃ab + d(

∇̃a∇̃bσ

2σ
− ∇̃aσ∇̃bσ

4σ2
) , (4)

1

2
∇̃a∇̃aσ + (d− 2)

∇̃aσ∇̃aσ

4σ
− 2Λ

N + d− 2
σ = −2Λphys

d− 2
. (5)

∗ lavrela@itp.unibe.ch

http://arxiv.org/abs/1002.4566v1


2

the hats and tildas respectively denote d+N -dimensional and N -dimensional quantities, µ, ν, ... = 0, 1, ..., d− 1, and
a, b, ... = d, ..., d+N − 1.
In these equations Λphys is an arbitrary parameter arising from the separation of variables, Rµν is constructed from

gµν and and R̃ab and ∇̃a are constructed from g̃ab according to the usual rules. The Latin indices a, b, ... are raised
and lowered with the metric g̃ab. Note that, in contrast to the standard approach to spontaneous compactification,
the space defined by the metric ĝAB is not the direct product of the d- and N -dimensional spaces. This difference is
related to the presence of a warped factor σ(xa) in front of gµν(x) and is critical future in the entire discussion.
The Eq. (3) is the Einstein equation for the d-dimensional metric gµν with the cosmological constant Λphys. For

Λphys = 0 it has a solution corresponding to a flat space. Assuming d = 4 and N = 2, the equations (4) and (5) can
be solved with the result:

g̃ab =

(

−1 0
0 f(ρ)

)

, (6)

f(ρ) = − 8

5Λ

[

tg(

√

5Λ

8
ρ)

]2 [

cos(

√

5Λ

8
ρ)

]4/5

(7)

σ(ρ) =

[

cos(

√

5Λ

8
ρ)

]4/5

, (8)

where Λphys = 0, x4 ≡ ρ, ρ ∈ [0, ρmax], x
5 ≡ θ, θ ∈ [0, 2π].

In spite the fact that this solution is noncompact in the usual sense (the circumference xµ = const, ρ = const can
be arbitrarily large, l = 2π

√
−f → ∞ as ρ → ρmax), it can be shown that the presence of the two extra dimensions

is unobservable at low energies [2].

III. STABILITY ANALYSIS

A. The equations of motion

Let us find the equations of motion for a small fluctuations about the solution ĝ0AB. For this we substitute ĝAB →
ĝ0AB + ǫAB into the Einstein equations Eq. (1). Neglecting all terms with powers higher than first in ǫAB, we find

∇̂C∇̂AǫB
C + ∇̂C∇̂BǫA

C − ∇̂C∇̂CǫAB − ∇̂A∇̂BǫC
C =

4Λ

2−N − d
ǫAB , (9)

where the covariant derivatives ∇̂A are calculated using the background metric ĝ0AB. In what follows we set d = 4 and
N = 2. Next we use the fact that ĝ0AB is independent of xµ and go to the momentum representation in xµ. Denoting

ǫµν = σhµν , ǫµ
ν = hµ

ν , ǫµν = σ−1hµν ,

ǫaµ = Aaµ, ǫa
µ = σ−1Aa

µ, ǫab = ϕab , (10)

and substituting the decomposition of hµν and Aaµ into components with spin 0, 1 and 2

hµν(k, x
a) = lµν + kµfν + kνfµ +

kµkν
k2

P + (ηµν − kµkν
k2

)S ,

Aaµ(k, x
a) = raµ + kµΦa , (11)

where

kµlµν = 0, kµraµ = 0, kµfµ = 0, lµ
µ = 0 , (12)

from the Eq.(9) we obtain seven separate equations for tensor, vector and scalar (under rotations of xµ) perturbations:

k2σ−1lµν − (∇̃a∇̃a + 2πa∇̃a)lµν = 0 ; (13)

i(∇̃a + πa)raν − σ(∇̃a∇̃a + 2πa∇̃a)fν = 0 , (14a)

k2σ−1raµ + ik2∇̃afµ − (∇̃b∇̃b + πb∇̃b − Λ)raµ + (∇̃b∇̃a − πa∇̃b + 2πb∇̃a − ∇̃bπa − 2πaπb)rµ
b = 0 ; (14b)
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k2σ−1S + ik2σ−1πaΦ
a − 1

2
πa∇̃a(P + 3S + ϕb

b) + (2πaπb + ∇̃aπb + πb∇̃a)ϕab − (∇̃a∇̃a + 2πa∇̃a)S = 0 , (15a)

2ik2σ−1(∇̃a + πa)Φa + k2σ−1(2S + ϕb
b)− (∇̃a∇̃a + 2πa∇̃a)(P − S) = 0 , (15b)

i(∇̃bϕa
b − ∇̃a(3S + ϕb

b) +
1

2
πaϕb

b + πbϕa
b)− (∇̃b∇̃b + 2πb∇̃b − Λ)Φa

+(∇̃b∇̃a − πa∇̃b + 2πb∇̃a − ∇̃bπa − 2πaπb)Φ
b = 0 , (15c)

k2σ−1ϕab + ik2σ−1(∇̃aΦb + ∇̃bΦa)−
1

2
(πb∇̃a + πa∇̃b)(P + 3S)− ∇̃a∇̃b(P + 3S)

−∇̃a∇̃bϕc
c + (∇̃c + 2πc)(∇̃aϕb

c + ∇̃bϕa
c) + (Λ − ∇̃c∇̃c − 2πc∇̃c)ϕab = 0 , (15d)

where πa = (∂/∂xa)lnσ.
The system of equations (13-15) is a system of eigenvalue equations with the role of the unknown eigenvalue played

by k2. If a system (for example, (15)) is consistent, there will be at least one equation of the form

LΨ(k, xa) = k2Ψ(k, xa) , (16)

for some Ψ(k, xa), where L is a differential operator acting on xa. The question of stability of the solution ĝ0AB now
reduces to the question of the possible values of k2. The solution will be linearly stable if k2 has no negative values
and solution is unstable if k2 can take negative values.
Note that in this problem there is gauge invariance related to the invariance of the equation (1) under general

coordinate transformations xA → x′A = xA−∆xA. In terms of variables Eq. (10) and Eq. (11), gauge transformations
with the parameters ∆xA = [σ−1(ωµ + kµη), χa] looks like

δlµν = 0, δraµ = (
∂

∂xa
− πa)ωµ, δfµ = iσ−1ωµ, δΦa = (

∂

∂xa
− πa)η + iχa,

δS = πaχ
a, δP = 2ik2σ−1η + πaχ

a, δϕab = (
∂g̃ab
∂xc

+ g̃ac
∂

∂xb
+ g̃bc

∂

∂xa
)χc. (17)

B. The mass spectrum

It follows directly from the Eq. (13) for tensor perturbations that k2 is non-negative for this sector. In order to see
this, we set µ, ν = 0 in this equation, multiply both sides by σ2

√−fl00(−k) = [−det(ĝ0AB)]
1/2l00(−k), and integrate

over dx4dx5 ≡ dx̃. Integrating the right hand side by parts (the correctness of this procedure can be rigorously
justified), we obtain the equation

k2
∫

σ
√

−fdx̃|l00(k)|2 = −
∫

σ2
√

−fdx̃[∇̃al00(k)]
∗ [∇̃al00(k)] , (18)

from which it follows that k2 ≥ 0.
For vector perturbations first we have to fix the gauge. We choose the gauge conditions as

fµ = 0 . (19)

Furthermore, we set µ = 0 in the second of equations (14), multiply by σ
√
−fra0(−k), sum over a, and integrate over

dx̃. Then with the help of gauge condition Eq. (19) and use of the first of equation (14) after some transformations
we find

k2
∫

√

−fdx̃ra0ra0 =

∫

σ
√

−fdx̃(−∇̃arb0∇̃arb0 − 1

2
πaπbr

a0rb0 −
3

4
πcπ

cra0ra0) . (20)

The integral multiplying k2 and the right hand side are both non-positive. Therefore, for the vector perturbations
also k2 ≥ 0.
Let us now turn to equations Eq. (15) for scalar perturbations. We choose the gauge condition in the form

Φa = 0, P − S = 0 . (21)

We shall assume that k2 6= 0. Then equation (15a) is a consequence of the three other equations and can be omitted.
From Eq. (15b) we obtain

S = −1

2
ϕb

b , (22)
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which can be taken as a definition of S in terms of ϕa
b. Using this equation and the gauge condition Eq. (21), the

two remaining equations can be written in terms of ϕa
b:

(∇̃a + πa)ϕb
b = −2(∇̃b + πb)ϕa

b , (23a)

k2σ−1ϕab = −(∇̃a∇̃b + πa∇̃b + πb∇̃a)ϕc
c − (∇̃c + 2πc)(∇̃aϕb

c + ∇̃bϕa
c) + (∇̃c∇̃c + 2πc∇̃c − Λ)ϕab . (23b)

Equation (23a) gives two relations between three variables ϕab, so a single independent variable remains. Three
equations (23b) are equivalent to each other and determine the spectrum of k2. The problem is to solve the constraint
(23a), that is, to express all the in terms of a single independent variable ξ and its derivatives. Then from (23b) we
find following equation for ξ:

k2ξ = Mξ , (24)

where M is a differential operator acting on xa.
Let us expand ϕab(k, ρ, θ) in a Fourier series in θ

ϕab(ρ, θ) =

∞
∑

m=−∞

eimθϕabm(ρ) , (25)

and consider cases m = 0 and m 6= 0 separately.
For m = 0 the Eq. (23a) gives:

(∂ρ + Γ+ π4)ϕ5
4 = 0 , (26a)

(∂ρ + π4)(3ϕ4
4 + ϕ5

5) = −2Γ(ϕ4
4 − ϕ5

5) , (26b)

where Γ = Γ̃5
45 = 1

2
∂ρlnf . The first of these equations has no regular solutions except for zero, so it gives ϕ5

4 = 0.

Using this condition, the Eq. (26b), the background equation (5) and denoting 3ϕ4
4 + ϕ5

5 ≡ ξ0, we find

k2σ−1ξ0 = −∂2
ρξ0 + (2

∂ρΓ

Γ
− Γ− π4)∂ρξ0 + (2π4

∂ρΓ

Γ
− 2π4Γ− π2

4)ξ0 . (27)

Multiplying this equation by ξ0 and integrating over ρ from zero to ρmax with the weight W (ρ) given by the expression

W (ρ) = exp

(

−
∫

dρ(2
∂ρΓ

Γ
− Γ− π4)

)

≥ 0 , (28)

after integration by parts we obtain

k2
∫

σ−1Wξ20dρ =

∫

Wdρ

[

(∂ρξ0)
2 + (2π4

∂ρΓ

Γ
− 2π4Γ− π2

4)ξ
2
0

]

. (29)

The positivity of the last term in the integrand follows from the explicit form of background solution, (7) and (8).
Therefore, k2 ≥ 0 for m = 0.
In the m 6= 0 case we denote ϕ̃ 4

5 m(ρ) = 1
imϕ 4

5 m(ρ). Dropping the index m on the fields ϕab, we rewrite Eq. (23a)
as

(∂ρ + π4)(3ϕ4
4 + ϕ5

5) = 2µϕ̃ 4
5 − 2Γ(ϕ4

4 − ϕ5
5) , (30a)

ϕ4
4 + 3ϕ5

5 = −2(∂ρ + Γ+ π4)ϕ̃
4
5 , (30b)

where µ = −m2/f . The solution of this system has the form:

ξ ≡ 3ϕ4
4 + ϕ5

5 + 2Γϕ̃ 4
5 , G ≡ µ+ ∂ρΓ ,

ϕ̃ 4
5 =

(∂ρ + Γ + π4)ξ

2G
, 3ϕ4

4 + ϕ5
5 = ξ − Γ

(∂ρ + Γ + π4)ξ

G
, (31)

ϕ4
4 − ϕ5

5 =
1

2Γ
(2µϕ̃ 4

5 − (∂ρ + π4)(3ϕ4
4 + ϕ5

5)) .

After some awkward algebra, the Eq. (23b) gives following for ξ:

k2σ−1ξ = −∂2
ρξ +A(ρ)∂ρξ +B(ρ)ξ , (32)

A(ρ) = 2
∂ρG

G
− Γ , B(ρ) = µ+

1

2
π2
4 + 2π4Γ + 2(Γ + π4)

∂ρG

G
. (33)
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It is convenient to change to the dimensionless variable x =
√

5Λ
8
ρ, x ∈ [0, π/2], in the Eqs. (32, 33).

Now we bring Schrödinger Eq.(32) into standard form in two steps. First we change independent variable from x
to τ according to dτ = dx/

√
σ. When x ∈ [0, π/2] variable τ is changing from 0 to τmax,

τmax =

∫ π/2

0

dx

[cos(x)]2/5
=

π3/2csc(3π
10
)

2Γ( 7
10
)Γ(4

5
)
≈ 2.27221542 . (34)

This way we get rid of factor σ in the l.h.s. of Eq. (32) and coefficients A and B are changed to

Aτ =
√
σA+

1

2

√
σπ4 , Bτ = σB . (35)

Next with the transformation ξ = exp(1
2

∫

Aτdτ)χ we get rid of the first derivative term and arrive at

(− d2

dτ2
+ U)χ = k2χ , with U = Bτ +

1

4
A2

τ − 1

2
∂τAτ . (36)

Potential U close to τ → 0 behaves as

U =
35

4τ2
+O(τ2) for m = 1 , (37)

and

U =
m2 − 1

4

τ2
+

56− 8m2

15
+O(τ2) for m ≥ 2 , (38)

and close to τmax as

U = − 1

4(τmax − τ)2
. (39)

Note that quantum mechanical potential U = −γ/x2 for γ > γcr = 1/4 corresponds to unstable situation (”falling”
to the center, see e.g. [10]). So, in Eq. (36, 39) exactly critical case is realized, which is on a border between stability
and instability. Another observation is that the m = 1 case is distinguished, because potential U is not negative in
the inner region, while starting from m = 2 it is negative not only asymptotically τ → τmax, Eq. (39), but also in the
inner region, Fig. 1.
The regular branch of the wave function χ close to τ → 0 behaves as

χ ∝ τ7/2 − k2

16
τ11/2 for m = 1 , (40)

and

χ ∝ τm+1/2 +
56− 8m2 − 15k2

60(m+ 1)
τm+5/2 for m ≥ 2 , (41)

and close to τ → τmax as

χ ∝ (τmax − τ)1/2 . (42)

To determine the number of bound states of Schrödinger equation in a given potential we investigated the zero energy
wave function. According to known theorems (see e.g. [11]) the number of nodes of zero energy wave function exactly
counts the number of negative energy states. Solving numerically Schrödinger Eq.(36) with above boundary conditions
we found that there are no negative modes in m = 1 case, whereas there is single negative mode for each higher m.
We checked this statement up to m = 10.

IV. CONCLUDING REMARKS

We have shown that the solution described by Eqs. (2,6,7,8) and corresponding to the Λphys = 0 is linearly unstable.
The instability is related to θ-dependant perturbations, which are scalars under rotation of the four dimensional
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coordinates xµ. We found that a single unstable mode appears in spectrum of linear perturbations for each angular
harmonic with m ≥ 2. A similar situation can be expected to arise for small Λphys. Even if the solution is stable
starting from some Λ0

phys 6= 0, it is quite improbable that the value of Λ0
phys will be ∼ 10−56cm−2, in agreement with

current observations [12], [13].
Although the Rubakov-Shaposhnikov solution is found to be classically unstable, knowledge of unstable modes

can be useful, since it suggests the form of the stable solution to be sought. Since the perturbations leading to
instability are asymmetric under θ-rotations, it is clear that the initially symmetric state of the system tends to the
more favored asymmetric state. Lorentz invariance is not violated in the development of the instability, as it would
be if the instability were related to the vector perturbations. So, it is quite possible that the Eqs. (4,5) for N = 2
have asymmetric, θ-dependent solution, which might be stable.
Since Rubakov-Shaposhnikov model is basic ingredient for many modern higher dimensional setups it is natural to

ask whether the instability disappears by adding extra fields. So, question of stability should be carefully checked in
each case.
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FIG. 1: Shape of the potential U(τ ) for m = 1, 2 and 5.
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