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We devise a unitary transformation that replaces the fermionic degrees of freedom of lattice gauge
theories by (hard-core) bosonic ones. The resulting theory is local and gauge invariant, with the
same symmetry group. The method works in any spatial dimensions and can be directly applied,
among others, to the gauge groups G = U(N) and SU(2N), where N ∈ N. For SU(2N + 1) one can
also carry out the transformation after introducing an extra idle Z2 gauge field, so that the resulting
symmetry group trivially contains Z2 as a normal subgroup. Those results have implications in the
field of quantum simulations of high-energy physics models.

I. INTRODUCTION

Lattice gauge theories (LGTs) [1, 2] constitute a
powerful way of formulating problems in High Energy
Physics. They typically consist of fermionic and bosonic
degrees of freedom describing the matter and gauge fields,
respectively. The different statistical nature of both de-
grees of freedom is essential to describe most of the fun-
damental phenomena that occur in nature.

That statistical nature reflects itself when one tries
to solve problems in LGTs by means of computers.
Fermionic degrees of freedom (or Grassmann variables)
cannot be dealt with directly in computations. On the
one hand, one has to integrate them out in the path in-
tegral formalism, leading to an action that is non-local
in the time coordinate. This approach is the basis of
Monte-Carlo simulations, the most successful way of solv-
ing LGT problems in the non-perturbative regime. For
exact diagonalizations, on the other hand, one also has
to convert the fermions to spins (hard-core bosons) to
write the wavefunctions in the computational basis. This
is usually done by means of the Jordan-Wigner trans-
formation [3], which produces non-local models in space
(except in 1+1 dimension, where the final theory is local).

In the last few years a growing interest has been built
around quantum computers or analog quantum simula-
tors to address LGT problems. In the first case, one also
has to represent the fermions in terms of spins (qubits)
leading to an overhead in the simulation [4–7]. In the
second, this restricts the physical setup with which such
problems can be addressed. For instance, analog simu-
lators based on ions, superconducting qubits, or photons
cannot deal with fermionic degrees of freedom, since the
simulator itself is built out of bosons. This is why, be-
yond one spatial dimension, cold atoms have so far been
considered as the best candidate for the task of quan-
tum simulation of dynamical gauge fields with dynamical
fermions [8–10] (quantum dots, offering fermionic degrees
of freedom, could be suitable as well [11]). Other sys-
tems could be used for 1 + 1d - such as superconducting
qubits, used, for example, for the quantum simulation of
two-dimensional pure-gauge theory [12], or trapped ions,
using four of which a quantum simulation of a U(1) lat-
tice gauge theory was carried out in 1 + 1d [13] (see,

however, [14]).
Some of the above issues may be circumvented if one

could map the fermionic degrees of freedom into bosons,
while keeping the theory completely local. Apart from
raising fundamental questions, like whether fermions are
really needed to formulate basic theories, this may have
important implications in classical and computational
methods to address LGT. In fact, a technique to elim-
inate the fermionic modes in lattice systems (not neces-
sarily LGT) has already been proposed in [15, 16]. There,
auxiliary fermions are introduced in a way that the non-
local parts of the Jordan-Wigner strings are cancelled out
and, at the same time, a set of local constraints ensure
that the spectrum of the Hamiltonian remains invariant.

In this paper we follow a different approach to re-
place the fermionic by (hard-core) bosonic degrees of free-
dom in LGTs and identify a unitary transformation that
achieves this goal. It rotates the original Hamiltonian
in a way that the fermionic modes can be locally trans-
formed into bosonic ones by explicitly using the gauge
fields. It requires some auxiliary fermionic degrees of
freedom, which we classify into two types, I and II. Type
I are the ones that are finally combined with the orig-
inal ones to build the bosonic modes. Type II act in
a catalytic way; they enable the transformation but re-
main factorized after it, so that they do not appear in
the transformed Hamitonian. Interestingly, the number
of degrees of freedom remains invariant: if we initially
have N fermionic modes per lattice site, after the trans-
formation we end up with N hard-core bosonic modes as
well. Furthermore, the new Hamiltonian is gauge invari-
ant with the same group. This method can be directly
applied to LGT with a gauge group G containing (in its
representation) the group element −11. This is the case
of G = U(N) and SU(2N), in the fundamental repre-
sentations, commonly used in lattice gauge theories. In
order to apply it to the fundamental represenation of
G = SU(2N + 1), inspired by [15, 16] we first intro-
duce an extra Z2 gauge field, which is trivially coupled
to the fermionic matter, so that then we can apply our
approach. In that case, the final theory includes the extra
gauge field and is gauge invariant with a larger symmetry
group.

This paper is organized as follows: We begin with a
review of basic properties of lattice gauge theories in
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the Hamiltonian formulation, discuss the elimination of
fermions for the U(N) and SU(2N) cases and finally the
SU(2N + 1) case, for which the auxiliary Z2 gauge field
is required.

II. LATTICE GAUGE THEORY MODELS

In this section we will introduce the models that we
are going to consider throughout the paper. We will con-
centrate on 2+1 lattice gauge theories with gauge group
G = U(N) or G = SU(N). Models in higher spatial
dimensions or with other gauge groups have analogous
descriptions. In the first subsection we will express the
Hamiltonian describing those models, and in the second
one we will briefly review their local symmetries.

A. Hamiltonians

We consider a 2+1 dimensional lattice gauge theory
in the Hamiltonian formulation. In a square lattice (see
Fig. 1a), fermionic modes are associated to the vertices
(red circles), whereas gauge fields to the links (blue cir-
cles). Denoting by Hm and Hfields the Hilbert spaces
corresponding to the fermions and the bosons, respec-
tively, the physical Hilbert space, Hphys, is a subspace of
Hm ⊗ Hfields, that is determined by the Gauss law (see
below).

We assume there are N fermionic modes at each ver-
tex x, with annihilation operators ψx,m, (m = 1, . . . , N)
fulfilling the canonical anti-commutation relations, and
collected in a spinor ψx. The gauge fields at each link `
are described in terms of a set of operators, L`,α, R`,α,
and a N ×N matrix of operators, U`, which commute at
different links. At the same link, they fulfill[

Lα, Un,m
]

=
∑
n′

(Tα)m,n′Un′,n, (1a)

[
Rα, Un,m

]
=
∑
n′

Um,n′(Tα)n′,n, (1b)

where we have omitted the link index, ` for the sake
of clarity. We will do that in the following wherever it
does not lead to confusion. The matrices Tα are the N -
dimensional representations of the gauge group genera-
tors. As mentioned in the introduction, here we consider
the groups G = U(N) or G = SU(N) in the fundamental
representation (which are used in most physical contexts
and are N dimensional).

The Hamiltonian can be written as

H = HM +HE +HB +HI (2)

Here, HM is the local (mass) part of the matter field,

HM = M
∑
x,m

(−1)|x|ψ†xψx (3)

FIG. 1. General lattice gauge theory settings. (a) The
fermionic fields reside on vertices, while the gauge fields on
the links of a square lattice. Notation conventions for: (b)
the plaquette interaction of HB as used in (5b); (c),(d) the
link interactions of HI (6); (e) Gauss law (7).

where according to the notation introduced above

ψ†xψx =

N∑
m=1

ψ†x,mψx,m =: nx. (4)

(where we have chosen, for convenience, the staggered
fermionic formulation [17, 18]; other formulations of lat-
tice fermions could be used as well). The electric (HE)
and magnetic (HB) parts of the Hamiltonian describe the
gauge fields, and are given by [2]

HE = λE
∑
`

J2
` , (5a)

HB = λB
∑
p

Tr
(
UaUbU

†
cU
†
d

)
+ h.c. (5b)

Here, J2 =
∑
α L

2
α =

∑
αR

2
α is the Casimir operator at

each link, p runs over all plaquettes in the lattice, and
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for each plaquette a, b, c, d are chosen in the order shown
in Fig. 1b. Finally, the gauge-fields-matter interaction is
given by HI = Hhor +Hvert, where

Hhor = ε
∑
h

ψ†xUhψy + h.c., (6a)

Hvert = ε
∑
v

ψ†xUvψy + h.c. (6b)

contain the hopping of matter along the horizontal (Fig.
1c) and vertical (Fig 1d) links, with the sum extended to
all the horizontal (vertical) links, and where x, y are the
left (down) and right (up) vertices with respect to h (v).
We have carried out the separation between horizontal
and vertical interactions since they will have a slightly
different role in the transformation that we will carry
out in the next sections.

B. Gauge invariance

The Hamiltonians appearing in (2) are all invariant un-
der local unitary transformations acting around each ver-
tex, x. The physical space, Hphys, must be an eigenspace
of such operators, which is defined according to the Gauss
law in terms of the corresponding generators

(Gx,α −Qx,α) |Ψ〉 = 0, (7)

for any Ψ ∈ Hphys, x and α, where

Gx,α = Lh,α + Lv,α −Rh′,α −Rv′,α, (8a)

Qx,α = ψ†xTαψx (8b)

and the labeling of the links around x is defined in Fig.
1e (the definition of Qx,α for U(N) is slightly different
and takes different forms on the two sublattices corre-
sponding to particles and anti-particles in the staggered
formulation [17, 18], but this has no relevance to this
work). The states fulfilling (7) span the physical space.

C. Examples: U(1) and SU(2) lattice gauge
theories

Let us first give the simplest example, where G = U(1)
[19]. In that case: (i) G is abelian, so that we can omit
the index α in (1) since it only takes one value. We
have L = R =: E, which plays the role of the electric
field; (ii) Gx = Eh +Ev −Eh′ −Ev′ is just the (discrete)
divergence of the electric field at position x; (iii) N = 1,
so that we have just one fermionic mode per lattice site,
and U is just a unitary operator fulfilling [E,U ] = U .
This automatically implies that

PU + UP = 0 (9)

where P = eiπE . Furthermore,

[P,E] = 0 (10)

follows trivially.
Let us now to move to the case G = SU(2): (i) G is

non-abelian, and there are three generators (α = x, y, z);
(ii) since N = 2, there are two fermionic modes at each
site, and we can take in (1) 2Tα = σα, the Pauli matrices;
(iii) From (1a) it immediately follows that

eiθLαUe−iθLα = eiθσα/2U. (11)

Defining P = ei2πiLz we obtain again (9) since
exp(iπσα) = −11 for any Pauli matrix. This can be easily
obtained by defining fα(q) = exp(iqLz)Lα exp(−iqLz),
taking the derivatives with respect to q, and solving the
resulting differential equations with the help of

[Lα, Lβ ] = −iεα,β,γLγ , (12)

where εα,β,γ is the (Levi-Civita) completely antisymmet-
ric tensor. Thus, again, there exist (in fact, an infinite
number of) operators P fulfilling (9) (since we can choose
any direction in the Bloch sphere for α, or take Rα in-
stead of Lα). Furthermore,

[P,Lα] = [P,Rα] = 0 (13)

for any α, which is the analog of (10). Note that for
G = SU(2), in order to fulfill (9), we must use a half-
integer representation (i.e., the Tα are M ×M matrices
with M even).

The existence of an operator P fulfilling (9) and (10)
will be the basis of the method we introduce in the fol-
lowing in order to transform the fermions in the model
into hard cord bosons. As we will explain in the next
section, this occurs for U(N), as well as for SU(2N) as
long as we deal with the fundamental representation, as
we are considering here.

III. ELIMINATION OF THE FERMIONIC
DEGREES OF FREEDOM: U(N) AND SU(2N)

The objective of this section is to introduce some aux-
iliary degrees of freedom and a unitary transformation
which allows us to map the fermionic modes into bosonic
ones. In the first subsection we will describe the basic
idea behind the method. In the second we will intro-
duce a set of auxiliary fermionic degrees of freedom, and
the unitary operator. In the last one we will show how
the Hamiltonian is transformed under such an operation,
leading to a hard-core boson lattice gauge theory.

A. Method

Let us briefly explain the main idea of the method.
The detailed explanation will be given in the rest of this
section. We introduce in each vertex two kinds of aux-
iliary fermionic modes, which we will call type I and II.
The new physical Hilbert space isHphys⊗ΩI⊗ΩII , where
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ΩO (O = I, II) is a one dimensional space containing the
vacuum space of the auxiliary modes, |ΩO〉. The Hamil-
tonian is the one introduced in the previous section, H
(2), which acts trivially on the auxiliary modes, so that
this model is completely equivalent to the original one.

We will define a unitary transformation, U , and ro-
tate the Hilbert space and the Hamiltonian with it. This
entangles the auxiliary modes with the original ones
and the gauge fields. An important property of U is
that this only occurs locally. We will denote H′phys =

U (Hphys ⊗ ΩI ⊗ ΩII) and H ′ = U(H ⊗ 11I ⊗ 11II)U†. It
turns out that the transformation leaves ΩII invariant,
so that we can write H′phys = H̃phys ⊗ ΩII . Thus, we
can restrict the transformed Hamiltonian to this space
by taking H̃ = 〈ΩII |H ′|ΩII〉, so that we are effectively
left with the original modes and the auxiliary ones of
type I only.

The two main features of the new Hamiltonian are:
(i) each fermionic operator ψx,m will be replaced by
ηx,m := cxψx,m, where cx is a majorana operator of the
type I auxiliary fermions defined at vertex x; (ii) the op-
erators U at each link will be replaced by U times a gauge
field operator involving the fields surrounding the vertices
attached to that link. The first one (i) already implies
that we are left with bosonic operators, since the opera-
tors ηx commute at different sites, [ηx, ηy] =

[
ηx, η

†
y

]
= 0

if x 6= y. Furthermore, since η2
m = 0, we can associate

them to the creation of hard-core bosons. In fact, we can
define a local Hilbert space at each vertex, Hx which is
generated by the action of the η†x on the vacuum (for the
original and type I fermions), and

H̃m = ⊕xHx (14)

The physical space in the rotated frame, spanned by

the rotated states
∣∣∣Ψ̃〉 = 〈ΩII | U |Ψ〉 |ΩI〉 |ΩII〉, will be

Hphys ⊂ H̃m ⊗ H̃fields, defined by the new Gauss law,
which will be the same as in (7) but with the trivial re-
placement of the fermionic charges by the hard-core ones,
i.e.

Qx,α → Q̃x,α = η†xTαηx. (15)

The second feature of the transformation, (ii), will mod-
ify the form in which the gauge fields enter Hhor,Hvert

(6), and HB (5b), by adding some gauge field dependent
signs. Those will still be local, but will break the 90-
degree rotational invariance of the Hamiltonian. They
take care of the signs that are left by the replacement of
the fermions by the bosons.

The spectra of H and H̃ are identical, so that if one
is just interested in the spectral properties of H, one can
equally work with the latter. The physical properties can
be also be computed with it via the Hellmann-Feynman
theorem [20], by applying the unitary transformation to
the extra terms that are introduced for that purpose. In
order to compute expectation values of physical (gauge
invariant) observables, A, one could first compute the

FIG. 2. Notation conventions for the transformation and its
results. (a) Auxiliary fermions of I - cx, and of type II -
αx, βx, γx, δx and E conventions around a single vertex x, for
(20); (b) The fermionic modes along links fh,v are built out of
the Majorana modes associated with the link’s endpoints, (c)

the sign factors ξh,v (21); (d) sign factors for H̃B (27) ; (e) sign

factors ξM for the transformed horizontal meson operator M̃
(30) - links with circles contribute to the sign factor.

state in the original picture |Ψ〉 = 〈ΩII ,ΩI |U†(|Ψ̃〉〉|ΩII〉
and from it the expectation value. One would be tempted
to ignore |ΩII〉 in this computation, since it is invariant.
However, this is not possible since the unitary transfor-
mation involves fermions of type II, it will introduce non-
trivial phases in the wavefunction |Ψ〉. Therefore, it is
more convenient to compute all the expectation values
of observables directly in the transformed picture, i.e. to
determine Ã := 〈ΩII |UAU†|ΩII〉, which will keep the lo-
cality of observables. In this section we will also show
how to compute such transformations.

B. Auxiliary fermions and the transformation

In Section II C we showed that for G = U(1) and G =
SU(2) it is always possible to find an operator E such
that for P = exp (iπE) we have (9,10). In fact, this
construction is always possible for G = U(N) and G =
SU(2N), as shown in App. A (there we also include
other groups). Thus, since we are considering these cases
in this section, we will assume that such an operator E
exists in each link.
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At each vertex x, we define now a fermionic mode of
type I, with annihilation operator χx, and a majorana
operator cx = χx +χ†x. We also introduce four majorana
operators for the fermionic modes of type II, α, β, γ, δ,
as shown in Fig. 2a. We associate each of them to one
link around the vertex x, according to the drawing (Fig.
2b). Thus, for each link we will have two such majorana
operators, each of them defined on a contiguous vertex.
As usual, all the majorana operators anticommute with
each other and square to the identity operator. With
those operators we build a fermionc annihilation operator
on each horizontal, h, and vertical, v, link, as indicated
in the figure:

fh =
1

2
(αh − iγh), fv =

1

2
(βv − iδv). (16)

We also define the vacuum states, |ΩI〉, |ΩII〉, as the ones
annihilated by those operators:

χx|ΩI〉 = 0, (17a)

fh|ΩII〉 = fv|ΩII〉 = 0. (17b)

Now we build the unitary transformation. It is defined
as

U =
∏
x

Ux (18)

where Ux is built out the fermionic operators (of type I
and II) on the vertex x, as well as the operators E cor-
responding to the links connected to that vertex. Specif-
ically,

Ux = Vx,4Vx,3Vx,2Vx,1 (19)

where

V1 = (icα)Eh , V2 = (icβ)Ev ,

V3 = (icγ)Eh′ , V4 = (icδ)Ev′ ,

where the numbering of the operators Vi follows Fig. 2a.

The first thing to notice is that the operator U is uni-
tary. This follows from the fact that the operators Vi
are unitary (note that (icα)2 = 11 and V †i = Vi). Fur-
thermore, [Ux,Uy] = 0 since: (i) regarding the gauge de-
grees of freedom, they only depend only on the operators
E, which commute among themselves; (ii) the fermionic
operators belonging to each vertex only appear at that
vertex and are even in creation and annihilation opera-
tors. This implies that the operator U does not depend
on the order in which we multiply the Ux. However, the
operators Vi at a given vertex do not commute among
themselves, so that the transformed Hamiltonian will de-
pend on the order in which have chosen their product in
Ux.

C. The Transformation

In order to determine the transformed Hamiltonian un-
der U , we just need to know how the different operators
appearing in it transform individually. Since the oper-
ators ψ and Lα and Rα commute with U , we just need
to find out how U transforms. We have to distinguish
between the horizontal and vertical links (see App. B):

UUrU† = iξr
(
1− 2frf

†
r

)
cxUrcy, (20)

where r = h, v, and x, y are the two vertices connected
to r (see Fig. 1c,d). The phase factors ξ are given by
(see Fig. 2c)

ξh = eiπ(Ex,2+Ex,3+Ex,4+Ey,4), (21a)

ξv = eiπ(Ex,3+Ex,4) (21b)

The inclusion of those factors allows us to maintain the
commutation relations between the transformed U ’s at
neighboring sites, as should happen for unitary transfor-
mations.

The emergence of the operators of type II is only in the
form frf

†
r . All those commute among themselves, and

thus they also do with the transformed Hamiltonian. In
fact, in App. B it is shown that

Ufrf†rU† = frf
†
r (22)

This has two consequences: (i) frU(Hphys ⊗ |ΩI〉 ⊗
|ΩII〉) = 0, and thus in the transformed space the state
of the type II fermions is still the vacuum; (ii) we can
replace frf

†
r → 1 in the transformed Hamiltonian if we

project it onto that vacuum, as anticipated in Section
III A.

As advanced, we will define

ηm = cψm (23)

at each lattice site. On the same site, we have

ψ†mψn = η†mηn (24)

For the G = U(1) case we can replace η, η† with Pauli
operators σ±. For N > 1 we can still define the ηm in
terms of such operators for N spins, through a process
that involves a local Jordan-Wigner transformation (see
App. B).

D. Transformed Hamiltonian

The transformed Hamiltonian, once projected onto
ΩII , can be written as H̃ = H̃M + H̃E + H̃B + H̃I. The
first two are unaffected by the transformation, H̃E = HE

and [compare Eq. (3)]

H̃M = M
∑
x,m

(−1)|x|η†xηx (25)



6

The interaction Hamiltonian can be written as a sum
over the horizontal and vertical links (6). According to
the discussion of the previous subsection, they are trans-
formed as

H̃hor = −iε
∑
h

ξhη
†
xUhηy + h.c., (26a)

H̃vert = −iε
∑
v

ξvη
†
xUvηy + h.c. (26b)

Finally, the magnetic part results in (see App. B)

H̃B = λB
∑
p

ξpTr
(
UaUbU

†
cU
†
d

)
+ h.c. (27)

where

ξp = eiπ(Ea+Eb+Ee+Ef ) (28)

and the links a, b, e, f are the ones shown in Fig. 2d. The
transformation of other gauge invariant observables are
given in App. B.

The new Hamiltonian H̃ is gauge invariant with the
same group G as the original Hamiltonian H. The Gauss
law still holds (7) but with the substitution (15). Rele-
vant physical quantities in this transformed picture will
be the transformed operators Ã = 〈ΩII |UAU†|ΩII〉 de-
fined in Sec. III A. These consists of electric field op-
erators (invariant under U), Wilson loops and mesonic
operators, that transform similarly to the plaquette and
link interactions - which are the smallest Wilson loops or
mesons. Thus, for example, the horizontal meson opera-
tor

M = ψ†xU1U2...ULψy (29)

where x, y are two points on the same horizontal line,
such that y is located L links to the right of x, and
U1, U2, ..., UL are defined on these L links, will be trans-
formed to

M̃ = −iLξMη†xU1U2...ULηy (30)

where ξM = (−1)

∑
i
Ei

and Ei that are summed are de-
fined in Fig. 2e.

E. Discussion: U , Statistics and the Unitary Gauge

After having seen the action of the unitary transfor-
mation U , let us explain the physical grounds of that
procedure and describe the different roles of the auxil-
iary fermions of type I and II.
U could be seen as a fermionic version of the uni-

tary gauge of the Brout-Englert-Higgs mechanism [21–
23], [24]. Let us consider, as an example, a case similar
to that discussed in [23], where a U(1) gauge field on the
links (U` = eiφ` , E` as in Sec. II C) is coupled to a com-
plex scalar (bosonic) matter field residing on the vertices,
represented by

Φx = e−iθxρx (31)

Note that Φx is a complex scalar field operator, and
not a mode operator: it contains two bosonic degrees
of freedom, and therefore [θx, ρx] = 0. In the unitary
gauge fixing procedure carried out in [23], the U(1) phase
(Goldstone mode) θx is absorbed by the gauge field, i.e.
φ` → φ` + θy − θx (where x (y) is the beginning (end)
of the link `.) by a transformation which is a product of
the local unitaries

U scalar
x = ei(Eh+Ev−Eh′−Ev′ )θx (32)

defined at each vertex, using the notation introduced in
the current work (see Fig. 2a).

In our case, we have fermions instead of bosons. One
can then invert the definition of ηx,m (23) to a form anal-
ogous to the scalar one (31),

ψx,m = cxηx,m = e−iπ(cx−1)/2ηx,m (33)

Instead of the bosonic U(1) phase operator e−iθx , here we
have a fermionic ”Z2 phase operator”, cx. The analogy of
the U(1) phase θx is the Z2 ”phase” π (cx − 1) /2 (note
that, as in [23], one could also have ZN gauge fields,
including Z2, coupling to Higgs matter of the same group,
but it is always bosonic, even in the Z2 case, unlike here).
One could thus be tempted to eliminate the fermions with
a transformation analogous to (32), i.e.

U fer
x = eiπ(Eh+Ev−Eh′−Ev′ )(1−cx)/2 (34)

The problem is that this transformation does not pre-
serve the fermionic parity; it can be either even or odd,
depending on the divergence Eh+Ev−Eh′−Ev′ . There-
fore, in general different U fer

x transformations on different
vertices do not commute, and for their product some or-
der must be chosen.

This problem is solved by introducing the auxiliary
fermions of type II; in fact, the local transformation Ux
(19) simply satisfies

Ux ∝ U fer
x (35)

the remaining pieces that we did not write here explic-
itly (and could be obtained by bringing (19) to the form
above by re-ordering the fermionic operators) depend on
the E operators and the type II auxiliary modes. They
complete U fer

x to an even Ux, that preserves the par-
ity locally and allows one to perform the transformation
safely. Indeed, the type II modes have no physical role
and they only account for balancing the fermionic parity,
and therefore they can be easily factored out eventually.

Unlike in the bosonic case, here {cx, ηx,m} = 0. In
fact, c is an extra degree of freedom; no symmetry is
broken here, and no degree of freedom is eliminated by
the absorption of c by U in the transformation. On the
contrary, the physical Hilbert space after the transforma-
tions seems to have been enlarged, since now it includes
these type I fermions in a non-trivial way. However, as
shown in App. B, the transformed state obeys the rela-
tion

e
iπ

∑
m
η†x,mηx,m

∣∣∣Ψ̃〉 = eiπχ
†
xχx

∣∣∣Ψ̃〉 (36)



7

for every vertex x. It manifests a local Z2 symmetry,
that connects the statistics, having to do with the local
fermionic parity - now carried by the auxiliary fermions
of type I - with the parity of the total number of physical
excitations, which are not fermionic in the transformed
picture (in App. B we show how to solve this constraint).
The above discussion implies that the method requires
that the gauge group G includes Z2 as a normal subgroup
(this is not a sufficient condition; one also needs to use a
representation that includes −11); indeed, in App. A we
will show that such gauge groups allow for a construction
of a P operator, for particular representations.

IV. ELIMINATION OF THE FERMIONIC
DEGREES OF FREEDOM: OTHER CASES

The fermion elimination procedure described above ap-
plies neither to gauge groups of the form SU(2N + 1)
nor to others that, for instance, do not possess a normal
Z2 subgroup. For such groups, P,E operators satisfying
(9) cannot be defined (see App. A). In this section, we
present a method that is valid for any group. The main
idea is to couple the fermions to an auxiliary gauge field
such that: (i) the operators P,E exist; (ii) the model pos-
sesses an additional gauge invariance; (iii) by including
appropriate Gauss laws, the new Hamiltonian is equiva-
lent to the original one. Once this is done, the method
used in the previous section can be directly applied to
eliminate the fermionic degrees of freedom.

The method can also be applied to local fermionic mod-
els with nearest neighbor hopping that do not include
gauge fields. In fact, it shares certain analogies with those
introduced in Refs. [15, 16] for those purely fermionic
models, and where auxiliary Z2 fields with constraints
were also considered. In both cases, the physical the-
ory is embedded in another that includes auxiliary gauge
fields and an extra local Z2 symmetry, while maintaining
the physical properties of the original model. There are,
however, some significant differences. On the one hand,
in [15, 16] the auxiliary gauge field was constructed out
of fermionic objects on the links that fused with the orig-
inal fermions to form hard-core bosons. In our case, the
auxiliary fermions that fuse to hard-core bosons (type I)
reside on the vertices, and emerge from a unitary trans-
formation that involves the local gauge field, as explained
in the previous section. This enables to fuse the physical
fermions with the auxiliary ones in a way that depends
only on the vertices and not the links, without having
to impose additional constraints as in [15], for example.
On the other hand, as we will see, we impose an extra
Gauss law that includes the fermions and the auxiliary
fields to make the new Hamiltonian unitarily equivalent
to the original one.

FIG. 3. (a) System with open boundary conditions. Apart
from the original gauge field degrees of freedom (blue dots),
there are auxiliary gauge degrees of freedom (green) on the
links; the three kinds of plaquettes are indicated: bulk (blue),
boundary (orange), and corner (green); (b) Loop configura-
tion. Highlighted are the spins in |1〉. All blue loops are closed
and thus they respect that Gauss law (40), whereas the one
in red is open, and thus violates that law at the edges, i.e. in
the plaquettes marked in red.

A. Introducing Auxiliary Z2 Gauge Fields

So far we have not specified what type of boundary
conditions we are considering since this was not required.
In most parts of the present section we will consider open
boundary conditions (OBC) as shown in Fig. 3a. That
is, the lattice ends up with links in which gauge fields
are defined. Later on, we will discuss how to extend the
discussion to periodic boundary conditions (PBC).

In order to proceed, on each link we add an additional
bosonic gauge field (see Fig. 3a) that takes the form
of a qubit, with the orthonormal basis |0〉 and |1〉. We
will denote by X = σx and Z = σz the Pauli operators
acting on the qubit, with the convention Z|0〉 = |0〉 and
X|0〉 = |1〉. We define

H ′hor = ε
∑
h

ψ†xU
′
hψy + h.c., (37a)

H ′vert = ε
∑
v

ψ†xU
′
vψy + h.c. (37b)

where U ′` = Z`U` for every link ` = h, v. The new Hamil-
tonian takes the form H ′ = HM+HE+HB+Haux

hor +Haux
ver .



8

It has many local symmetries, so that we define the new
physical space, H′phys as that obeying the following Gauss

laws: (i) the Gauss law corresponding to the original
Hamiltonian, i.e. (7); (ii) an analogous one, related to
the auxiliary gauge field:

Axe
iπnx |Ψ〉 = |Ψ〉 (38)

where

Ax = XhXvXh′Xv′ (39)

and nx is defined in (4); (iii) finally, one associated with
to the auxiliary gauge field alone (Gauss law on the dual
lattice). In each plaquette p we impose∏

`∈p

Z`|Ψ〉 = |Ψ〉, (40)

There are three kind of plaquettes: at the bulk, at the
boundary, and at the corners. Each of them gives rise
to the product of four, three, and two X operators,
respectively (see Fig. 3a). Note that Z2

` = 11 and
(Axe

iπnx)2 = 11, so that the complete gauge group is
G × Z2 × Z2 (the third is on the dual lattice). We will
denote the new physical Hilbert space by H′phys.

With these definitions, we have that: (i) as we will
show in the next subsection, the Hamiltonian H ′ re-
stricted to the physical space H′phys is unitarily equiv-
alent to the original one, H, restricted to its correspond-
ing one, Hphys; (ii) The operator P ′ = X = eiπE

′
, with

E′ = (1−X)/2 fulfills (9) and (10), i.e., PU ′+U ′P ′ = 0
and [P ′, E′] = 0. Therefore, we can directly apply the
procedure of the previous section to obtain a model where
the fermions are replaced by hard-core bosons, with an
extra gauge field (a qubit per link), and the new Gauss
laws (38) and (40). While (38) remains the same (with
(24)), the other Gauss law constraint (40) becomes, at
the bulk plaquettes

YaYbZcZdXeXf |Ψ̃〉 = −|Ψ̃〉 (41)

with the labels of Fig. 2d, where Y = σy, and similarly
at the other ones (the boundary and the corners). This
is proven in the same way as the transformation rule of
the magnetic Hamiltonian in the previous case, as given
in App. B.

B. H and H ′ are unitarily equivalent on the
physical space

We now first characterize the space H′phys and show
that it is isomorphic to Hphys. Then, we will show that
the Hamiltonians H ′ and H, restricted to those spaces,
are related by a unitary transformation which we will
identify.

Let us denote by Haux the space of all qubit configura-
tions fulfilling the second Gauss law (40). That space is

characterized by the fact that in each plaquette there is
an even number of qubits in state |1〉, as it has been ex-
tensively studied in the literature [25]. This is most easily
characterized if we draw curves that join pairs of qubits
in that state at each plaquette (see Fig. 3b). In that
case, the only allowed curves are closed curves, i.e. loops
[25, 26], and we can thus establish an orthonormal basis
in Haux, {|L〉}L∈Λ, where Λ is the set of all possible loop
patterns. We will call |L = 0〉 that which corresponds to
no loop (i.e. all qubits in |0〉). Notice that each state |L〉
can be created out of |L = 0〉 by acting with the opera-
tors Ax (39) on specific vertices x. This can be seen as
follows: let us take a state with an arbitrary loop pat-
tern and pick a particular loop. If we now apply Ax to
all the vertices enclosed within that loop, we will obtain
a state with the same loop pattern as the original one,
but without that loop. In this way, we can get rid of all
the loops sequentially and end up with the state |L = 0〉
for any |L〉. We denote by AL the operator that maps
AL|L〉 = |L = 0〉. Since A2

L = 11, AL|L = 0〉 = |L〉,
i.e. one can generate any state in the orthonormal basis
out of the state without loops. The total number of such
operators is 2Nv , where Nv is the number of vertices in
the lattice, since for each vertex, x, we can either apply
Ax or not. Accordingly, the dimension of Haux is 2Nv .

Obviously, H′phys ⊂ Hphys ⊗Haux. Thus, for any state

|Ψ′〉 ∈ H′phys we can write

|Ψ′〉 =
1

2Nv/2

∑
L∈L
|ΦL〉 ⊗ |L〉 (42)

where |ΦL〉 ∈ Hphys. The state |Ψ′〉 trivially fulfills the
Gauss laws (7) and (40), so that we just have to impose
(38). For any loop pattern, L ∈ Λ, we define

nL =
∑
x∈L

nx (43)

and the sum is extended to all the vertices that are inside
the loops contained in L. A state fulfilling (38) must be
invariant under ALe

iπnL for all L ∈ Λ. This immediately
implies

|ΦL〉 = eiπnL |ΦL=0〉 (44)

so that

|Ψ′〉 =
1

2Nv/2

∑
L∈L

eiπnL |Ψ〉 ⊗ |L〉. (45)

This establishes an isomorphism W : Hphys → H′phys,

with W : |Ψ〉 → |Ψ′〉. Furthermore,

〈Ψ′1|Ψ′2〉 = 〈Ψ1|W †W |Ψ2〉 = 〈Ψ1|Ψ2〉, (46a)

〈Ψ′1|H ′|Ψ′2〉 = 〈Ψ1|W †H ′W |Ψ2〉 = 〈Ψ1|H|Ψ2〉(46b)

so that, as claimed, H and H ′ are unitarily equivalent
in their physical spaces. Moreover, expectation values
of Z2 gauge-invariant objects (e.g., fermionic operators
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connected with U ′ operators) have the same expectation
values in H′phys as the analogous ones, but now connected
with U operators in the original space Hphys. This im-
plies that the extended theory is completely equivalent
to the original one, so that we can work with H ′ instead
of H.

Let us finish this section with a comment about peri-
odic boundary conditions. In that case, the spaceHaux of
all loops is not fully generated by the AL. One needs to
define Ahor (Avert) which are built by taking a product
of Xv (Xh) along a horizontal (vertical) line wrapping
the torus. The whole space has four sectors, correspond-
ing to acting with AnhhorA

nv
ver on the space generated by

the AL, with nh, nv = 0, 1. They, in fact, correspond to
the four topological sectors that appear in the Toric code
[26]. The Hamiltonian H ′ is only unitarily equivalent to
H only in the sector with nh = nv = 0.

V. CONCLUSION

In this work, we have shown how fermions in lattice
gauge theories whose gauge group is U(N) or SU(N)
may be mapped to hard-core bosonic degrees of freedom
in a local way. This is based on the local Z2 symmetry.

The method presented above is valid, in general, for
lattice gauge theories with dynamical fermions, as well
as to pure fermionic Hamiltonians for which there ex-
ists a well-defined minimal coupling procedure. It sug-
gests a way to explore fermionic theories circumventing
the computational difficulties of anti-commutativity or
fermion-based non-locality, as everything is done in a lo-
cal manner. While the paper was written for SU(N) and
U(N) lattice gauge theories in 2 + 1 dimensions, it can
be generalized in a straightforward manner to other di-
mensions (including, in particular, 1+1 and 3+1, or any
other dimension), as well as other gauge groups.
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Appendix A: Construction of P Operators

In this appendix, we will give the explicit construction
of the operator P satisfying (9) for U(N) and SU(2N),
through its relation to the Z2 subsymmetry.

The relation (9) may be rewritten as PUP = −U ,
which means that the operator P is a group transforma-
tion that multiplies the matrix U by −11. As −11 com-
mutes with any matrix, it is not important if P is realized
as a left or as a right transformation, i.e. generated us-
ing Lα or Rα. We conclude that in order for such an
operator to exist, there must be a group element z ∈ G,

which, in the irreducible representation we work with, is
represented by −11. This is true for U(N) in any rep-
resentation, and in particular the fundamental one that
we would like to use. For SU(N), in the fundamental
representation whose dimension is N , it is true only for
an even N .

This group element z squares to the identity, and
forms, with the identity element e, a normal Z2 subgroup
of G. Thus, we conclude that an operator P satisfying (9)
only exists (and not necessarily uniquely) for groups G
with a normal Z2 subgroup, in representations for which
it is represented as −11.

In the U(1) case we saw how to construct such an op-
erator. In the U(N) case, since U(N) = SU(N)× U(1),
the U(1) which is not contained in SU(N) forms a nor-
mal subgroup of U(N) (as its elements commute with all
the rest of the group’s elements), and thus one can use
the abelian electric field E belonging to that component
and construct P = eiπE out of it as in the U(1) case.

In the case of SU(2N), −112N×2N is the fundamental
representation of the z ∈ SU(2N) we need. In the main
text, its construction for SU(2) was discussed, and it can
be extended to any even N using the generator whose
fundamental representation is

T0 =
1√

2N (N − 1)



1
1

1
. . .

1
−(N − 1)

 (A1)

(for example, in SU(2) this is σz/2). Then, and only for
an even N ,

eiπ
√

2N(2N−1)T0 = −11 (A2)

and one can use either the left generator L0 correspond-
ing to it (or the right one R0), to define and construct P
and E:

P = eiπ
√

2N(2N−1)L0 ≡ eiπE (A3)

giving us the desired result (9) when U is in the funda-
mental representation. This is not the case for any repre-
sentation; for example, as discussed in the main text, in
SU(2) this applies only for representations with an even
dimension (half-integer spins).

The same can be done for the finite groups Z2N as well.
In any ZN model, the link Hilbert space isN dimensional.
In it, one defines two unitary operators Z,X, satisfying
[27]

ZN = XN = 11

XZX† = e2πi/NZ
(A4)

The spectrum of both operators is the set of Nth roots

of unity,
{
e2πim/N

}N−1

m=0
. In ZN lattice gauge theories, Z

takes the role of the U operator.
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For N = 2, we simply get that P = X, and, in general,
for Z2N , agreeing with the main text. In general, for Z2N ,
P = XN/2, as it is responsible, through the ZN relations
(A4), to putting the phase e(2πi/N)×(N/2) = −11 on Z and
hence (9) is satisfied by it.

Appendix B: Properties of U

In this appendix we will discuss some general proper-
ties of the transformation U and derive the transforma-
tion rules of some operators used in the main text.

1. The Transformation’s Building Blocks

The local transformation Ux (19) is constructed out of

the ingredients Vi = (icζi)
Ei (20), where ζi = α, β, γ, δ

is a type II auxiliary majorana mode at the vertex asso-
ciated with some direction, and Ei is the E operator on
the link emanating from the vertex to that direction. We
introduce Ci = icζi, such that Vi = CEii . Since C2

i = 11,
it can be expressed as

Ci = ie−iπCi/2 = eiπ(1−Ci)/2 (B1)

as well as

Vi = CEii = eiπEi(1−Ci)/2 = P
(1−Ci)/2
i (B2)

As the spectrum of Ci is ±1, that of (1− Ci) /2 is 0, 1.
Using (9), (B1) and (B2) we can derive the transfor-

mation properties of U under a single Vi operation -

ViUV
†
i = CiU = icζiU (B3)

- if Vi belongs to one of the edges of the link on which U
resides. Otherwise they commute.

Another relevant transformation is

VicV
†
i = ζEii c2Ei+1ζEii = eiπEic = Pic (B4)

(if Vi and c belong to the same vertex; otherwise they
commute).

Combining the two, we obtain the transformation of U .
For a U operator on the link connecting x, y, only the lo-
cal transformations Ux,Uy contribute, and their order is
not important since they commute. In each of them, the
first Vi that will not commute through U is the one hav-
ing to do with the link’s direction as in (B3), adding, in
particular, a c operator that does not commute with the
remaining Vi operators that will act according to (B4).
As this depends on the ordering of Vi operators in Ux, the

results for horizontal and vertical links will be different,
giving rise to (20) with the sign factors ξr.

The U operators on different links commute, and this
commutation should be preserved by any unitary trans-
formation, in particular U . This is possible thanks to
the ξr factors. Had they not appeared, the transformed
U operators on intersecting links, due to the fermionic
operators that are added to them by the transformation,
would have anti-commuted after the transformation. The
additional ξr factors, introducing P operators on some
neighboring links, convert this anti-commutation to com-
mutation again, thanks to the anticommutativity of (9).

2. Transformation of the Auxiliary Fermions

The auxiliary fermions of type II transform similarly
to the c modes (B4):

UζiU† = cEiζ2Ei+1
i cEi = eiπEiζi = Piζi (B5)

Combining the two type II modes associated with one
particular link - for example, α,γ when it is horizontal,
we obtain the invariance:

Ufhf†hU
† =

1

2
U (1 + iαhγh)U† =

1

2
(1 + iαhγh) = fhf

†
h

(B6)
(using the notation conventions of Fig. 2b). Similarly,
Ufvf†vU† = fvf

†
v for vertical links.

Finally, let us see how the auxiliary vertex modes
transform:

Uχ†xχxU† = c(Eh+Ev−Eh′−Ev′ )
x χ†xχxc

(Eh+Ev−Eh′−Ev′ )
x

=
1

2

(
1− eiπ((Eh+Ev−Eh′−Ev′ )−χ

†
xχx)

)
(B7)

Thus, the initial condition χ†xχx |Ψ〉 = 0 transforms to

eiπ(Eh+Ev−Eh′−Ev′ )
∣∣∣Ψ̃〉 = eiπχ

†
xχx

∣∣∣Ψ̃〉; combining that

with the gauge invariance (7) - or, in particular, its Z2

normal subgroup, we obtain the relation (36) - a con-
straint that reduces the size of the enlarged Hilbert space,
that now, instead of only the physical fermions, involves
the type I auxiliary ones as well. Later in this appendix
we will show how this constraint could be removed (along
with the auxiliary degrees of freedom of type I) using a lo-
cal unitary transformation on top of local Jordan Wigner
transformations.

3. Transformation of the Magnetic Hamiltonian

The remaining transformation left to perform is this
of the magnetic Hamiltonian HB. Using (20), one may
transform the single plaquette operator as
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〈ΩII | UTr
(
U1U2U

†
3U
†
4

)
U† |ΩII〉 = 〈ΩII | i4

(
1− 2faf

†
a

) (
1− 2fbf

†
b

) (
1− 2fcf

†
c

) (
1− 2fdf

†
d

)
|ΩII〉 c2dac2abc2bcc2cd

×
∑

m,n,n′,m′

ξa (Ua)mn ξb (Ub)nn′ ξc
(
U†c
)
n′m′ ξd

(
U†d

)
m′m

(B8)

where the plaquette’s links are labeled by a, b, c, d as in
Fig. 1b, and cij is the type I auxiliary fermion at the
intersection of the i, j vertices.

The contribution of auxiliary fermions is trivial.
The c modes are all squared and give rise to 1, and

〈ΩII | i4
(
1− 2faf

†
a

) (
1− 2fbf

†
b

) (
1− 2fcf

†
c

) (
1− 2fdf

†
d

)
|ΩII〉 =

1 as well. One has to simply collect all the ξr operators
(some do not commute with the U operators on their

sides), to obtain H̃B (27).

4. Representing the Hard-Core Bosons by Spins

The transformation U allows one to replace the
fermions by hard-core bosonic operators, ηx,m (23), N
such operators per vertex. Here we shall show how these
could be represented by N spin operators.

Let us concentrate on a vertex, and define a local
Jordan-Wigner transformation [3] (since the Hamiltonian
and all physical operators we discuss have a local even
fermionic parity, non-local strings do not have to be at-
tached). This requires to numerate the fermionic modes
in the vertex and replace them by spins: we take the log-
ical order assigning m to the fermionic mode associated

to ψm and N + 1 to that of c. Thus we have

ψm ↔ iσ−mΣmΣ1

cx ↔ σxN+1Σ1

(B9)

where σ are Pauli operators,

Σm = σzNσ
Z
N−1 . . . σ

z
m, (B10)

so that

ηm ↔ cψm = −iσxN+1Σm+1σ
−
m (B11)

with ΣN+1 = 11. Now, applying the unitary transforma-
tion

W̃ = eiπσ
x
N+1

∑N
m=1 σ

z
m/4 (B12)

we obtain

η̃m = W̃ηmW̃
† ↔ Σm+1σ

−
m (B13)

so that the auxiliary spin does not appear anymore and
thus can be ignored.

Note that what we have carried out just amounts to
replacingN+1 fermions byN spins, a common procedure
given the fermion parity superselection rule. That is, the
states generated by η†m out of the fermionic vacuum (in
our case, annihilated by ψm and χ) span the subspace
with an even number of fermions, and thus has dimension
2N . The transformation above replaces the auxiliary spin
by the one that accounts for the parity, which can thus
be ignored. Note further that the fermionic vaccum is
transformed to the state with all spins in 0.
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