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We provide a detailed formulation of the recently proposed variational approach [Y. Ashida et al.,
Phys. Rev. Lett. 121, 026805 (2018)] to study ground-state properties and out-of-equilibrium dynamics for
generic quantum spin-impurity systems. Motivated by the original ideas by Tomonaga, Lee, Low, and Pines, we
construct a canonical transformation that completely decouples the impurity from the bath degrees of freedom.
By combining this transformation with a Gaussian ansatz for the fermionic bath, we obtain a family of varia-
tional many-body states that can efficiently encode the strong entanglement between the impurity and fermions
of the bath. We give a detailed derivation of equations of motions in the imaginary- and real-time evolutions on
the variational manifold. We benchmark our approach by applying it to investigate ground-state and dynamical
properties of the anisotropic Kondo model and compare results with those obtained using matrix-product state
(MPS) ansatz. We show that our approach can achieve an accuracy comparable to MPS-based methods with
several orders of magnitude fewer variational parameters than the corresponding MPS ansatz. Comparisons
to the Yosida ansatz and the exact solution from the Bethe ansatz are also discussed. We use our approach to
investigate the two-lead Kondo model and analyze its long-time spatiotemporal behavior and the conductance
behavior at finite bias and magnetic fields. The obtained results are consistent with the previous findings in the
Anderson model and the exact solutions at the Toulouse point.

I. INTRODUCTION

Out-of-equilibrium phenomena in quantum many-body
systems are an active area of research in both ultracold gases
[1–5] and traditional solid-state physics [6–10]. A broad class
of problems that correspond to a quantum impurity coupled
to the many-body environment are particularly important and
have been at the forefront of condesned matter physics starting
with the pioneering paper by Kondo [11]. They have proven
crucial to the understanding of thermodynamic properties in
strongly correlated materials [12–16], transport phenomena
[17–28] and decoherence [29–31] in nanodevices, and lie at
the heart of formulating dynamical mean-field theory [32]
(DMFT).

A variational approach is one of the most successful and
powerful approaches for solving many-body problems. Its
guiding principle is to design a family of variational states
that can efficiently capture essential physics of the quantum
many-body system while avoiding the exponential complex-
ity of the exact wavefunction. In quantum impurity problems,
such variational studies date back to Tomonaga’s treatment
[33] of the coupling between mesons and a single nucleon.
Soon after that, Lee, Low and Pines [34] (LLP) applied simi-
lar approach to the problem of a polaron, a mobile spinless im-
purity interacting with phonons. Their key idea is to take ad-
vantage of the total-momentum conservation by transforming
to the comoving frame of the impurity via the unitary trans-
formation

ÛLLP = e−ix̂·P̂b , (1)
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where x̂ is the position operator of the impurity and P̂b is
the total momentum operator of bath phonons. After employ-
ing the transformation, the conserved quantity becomes the
momentum operator p̂ of the impurity as inferred from the
relation:

Û†LLP(p̂ + P̂b)ÛLLP = p̂. (2)

In the transformed frame, p̂ can be taken as a classical vari-
able and thus, the impurity is decoupled from the bath de-

(a)

(b)

FIG. 1. Schematic illustration of the canonical transformation in-
troduced in our variational approach. (a) In the original frame, the
localized impurity spin can interact with mobile bath particles in an
arbitrary manner, generating strong entanglement between the impu-
rity spin and bath. (b) After employing the canonical transformation,
we can move to the “corotating” frame of the impurity in which the
impurity dynamics can be made frozen at the expense of introducing
an interaction among bath particles.
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grees of freedom, or said differently, its dynamics is com-
pletely frozen. This observation naturally motivates the fol-
lowing family of variational states:

|Ψtot(ξ)〉 = ÛLLP|p〉|Ψb(ξ)〉, (3)

where |p〉 is a single-particle state of the impurity having
eigenmomentum p, and |Ψb(ξ)〉 is a bath wavefunction char-
acterized by a set of variational parameters ξ. For example,
when the bath is given by an ensemble of bosonic excitations,
|Ψb〉 can be chosen as a factorizable coherent state, as has
been suggested in the original papers by Tomonaga [33] and
Lee, Low and Pines [34]. Variational approach combining the
transformation (1) with a variety of efficiently parametrizable
wavefunctions has been very successful in solving both in-
and out-of-equilibrium problems and thus laid the cornerstone
of successive studies in polaron physics [35–54].

Our aim is to generalize this variational approach to yet
another important paradigm in many-body physics: local-
ized spin-impurity models (SIM) (Fig. 1). The most fun-
damental problem in SIM is the Kondo model [11], a lo-
calized spin-1/2 impurity interacting with a fermionic bath.
Its equilibrium properties are now theoretically well under-
stood based on the results of the perturbative renormaliza-
tion group (RG) [55], Wilson’s numerical renormalization
group (NRG) [56–62] and the exact solution via the Bethe
ansatz [63–68]. Yet, its out-of-equilibrium dynamics is still
an area of active experimental [5–10] and theoretical research
[69–110] with many open questions. Earlier works include
real-time Monte Carlo [69–73], perturbative RG [74–79] and
Hamiltonian RG method [80–82], coherent-state expansion
[83–85], density-matrix renormalization group (DMRG) [86–
93], time-dependent NRG (TD-NRG) [94–100], time evolv-
ing decimation (TEBD) [101, 102], and analytical solutions
[103–110].

In spite of the rich theoretical toolbox for studying the
quantum impurity systems, analysis of the long-time dynam-
ics remains very challenging. Most theoretical approaches
suffer from the same fundamental limitation: they become in-
creasingly costly in terms of computational resources at long
times. For example, it has been pointed out in TD-NRG that
the logarithmic discretization may cause artifacts in predict-
ing long-time dynamics [111], and calculations based on the
matrix-product states (MPS) are known to be extremely chal-
lenging in the long-time regimes because the large amount of
entanglement forces one to use an exponentially large bond
dimension [112]. Another difficulty intrinsic to some of the
methods is to understand spatiotemporal dynamics of the bath
degrees of freedom since the latter are often integrated out
or represented as a simplified effective bath, in which details
of the microscopic eigenstates are omitted. Furthemore, the
currently available methods have been constructed for a spe-
cific class of the Kondo impurity model, in which electrons
move ballistically and interaction between the impurity spin
and fermions is local. Extending these techniques to the case
of electrons strongly scattered by disorder and nonlocal in-
teractions with the impurity spin is not obvious. These chal-
lenges motivate us to develop a new theoretical approach to

quantum impurity systems. In the accompanying paper [113],
we introduce a new canonical transformation that is the core
of the proposed variational approach and provide strong evi-
dence for the validity of our approach to correctly describe in-
and out-of-equilibrium properties of SIM.

In this paper, we present comprehensive details of the pro-
posed variational approach. For the sake of completeness,
we first provide the construction of the new transformation
that generates the entanglement between the impurity and the
bath. In contrast to the LLP transformation (1) of going into
the comoving frame of the mobile spinless impurity, such a
construction of the canonical transformation in SIM is not ob-
vious due to the SU(2)-commutation relation of the impurity
spin operators. We discuss a general approach to construct-
ing such transformations in this paper. We then combine the
transformation with Gaussian states to obtain a family of vari-
ational states that can efficiently capture the impurity-bath en-
tanglement. We provide a set of nonlinear equations of mo-
tions for the covariance matrix to study ground-state and out-
of-equilibrium properties of generic SIM. We benchmark our
approach by applying it to the anisotropic Kondo model and
compare results with those obtained using MPS ansatz. We
also compare our results to the ones obtained from the Yosida
ansatz and the exact solution via the Bethe ansatz. We ana-
lyze out-of-equilibrium dynamics and transport properties in
the two-lead Kondo model and demonstrate that our approach
can be used to compute the long-time spatiotemporal dynam-
ics and the conductance at finite bias and magnetic field. The
obtained results are consistent with the previous studies in the
Anderson model [88, 99, 114] and the exact solutions at the
Toulouse point [110].

This paper is organized as follows. In Sec. II, we present a
general concept of our variational approach to SIM. In par-
ticular, we discuss the canonical transformation introduced
in Ref. [113] that decouples the impurity from the bath de-
grees of freedom. We then derive the equations of motions for
the covariance matrix of fermionic Gaussian states that de-
scribe the ground-state properties and real-time evolutions of
SIM. In Sec. III, we apply our theory to the anisotropic Kondo
model and benchmark it with MPS-based calculations and the
exact solution via the Bethe ansatz. In Sec. IV, we analyze
transport dynamics in the two-lead Kondo model in further
detail and reveal long-time spatiotemporal dynamics and the
conductance behavior at finite bias and magnetic fields. Fi-
nally, we summarize the results in Sec. V.

II. GENERAL FORMALISM

A. Canonical transformation

We first formulate our variational approach to SIM in a gen-
eral way. The key idea is to introduce a new canonical trans-
formation that completely decouples the impurity and the bath
degrees of freedom for a generic spin-1/2 impurity Hamilto-
nian Ĥ by employing its parity symmetry P̂, i.e., [Ĥ, P̂] = 0

with P̂2 = 1. Specifically, we aim to find a unitary trans-
formation Û that maps this parity operator P̂ to an impurity
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operator as (c.f. Eq. (2))

Û†P̂Û = n · σ̂imp, (4)

where σ̂imp = (σ̂ximp, σ̂
y
imp, σ̂

z
imp)T is a vector of the impu-

rity spin-1/2 operator and n is some specific direction defined
by a three dimensional real vector. It then follows that in the
transformed frame the Hamiltonian commutes with the impu-
rity operator [Û†ĤÛ ,n · σ̂imp] = 0 such that the impurity
dynamics is frozen, i.e., the transformed Hamiltonian condi-
tioned on a classical variable n · σ̂imp = ±1 only contains
the bath degrees of freedom. The price that one pays for de-
coupling the impurity spin is the appearance of nonlocal mul-
tiparticle interactions between the bath degrees of freedom.
In spite of the seeming complexity of the fermionic interac-
tions in the decoupled frame, we show that their dynamics
can be efficiently described using Gaussian variational wave-
functions, which require the number of parameters that grows
at most polynomially with the system size.

In this paper, we apply this approach to a spin-1/2 impurity
interacting with a fermionic bath:

Ĥ =
∑
lmα

hlmΨ̂†lαΨ̂mα − hz ŝzimp + ŝimp · Σ̂, (5)

where Ψ̂†lα (Ψ̂lα) is a fermionic creation (annihiliation) opera-
tor corresponding to a bath mode l = 1, 2, . . . , Nf and spin-z
component α =↑, ↓, hlm is an arbitrary Nf × Nf Hermitian
matrix describing a single-particle Hamiltonian of a bath, and
hz is a magnetic field acting on the impurity. We define the
impurity spin operator ŝimp = σ̂imp/2 and introduce the bath-
spin density operator including couplings as

Σ̂γ =
1

2

∑
lmαβ

gγlmΨ̂†lασ
γ
αβΨ̂mβ , (6)

where γ = x, y, z. The first term in Eq. (5) describes a non-
interacting bath, the second term describes a local magnetic
effect acting on the impurity, and the third term character-
izes the interaction between the impurity and the bath. The
impurity-bath couplings in Eq. (6) are determined byNf×Nf
Hermitian matrices gγlm labeled by γ = x, y, z and can in gen-
eral be anisotropic and long-range. While the interaction leads
to strong impurity-bath entanglement, we note that it can also
generate entanglement between bath modes since the ones that
interact with the impurity are not diagonal with respect to the
eigenbasis of bath Hamiltonian hlm in general. The magnetic-
field term acting on the bath can be also included; we omit that
for simplicity.

Our canonical transformation relies on the parity symme-
try hidden in the Hamiltonian (5). To unveil this symmetry,
we introduce the operator P̂ = σ̂zimpP̂bath with a bath parity
operator

P̂bath = e(iπ/2)(
∑

l σ̂
z
l +N̂) = eiπN̂↑ , (7)

where N̂ is the total particle number in the bath, σ̂γl =∑
αβ Ψ̂†lασ

γ
αβΨ̂lβ (γ = x, y, z) is a spin-density operator with

a bath mode l, and N̂↑ is the number of spin-up fermions.
These operators satisfy P̂2

bath = P̂2 = 1. We observe that
the Hamiltonian (5) conserves P̂, i.e., [Ĥ, P̂] = 0. This corre-
sponds to the symmetry under the rotation of the entire system
around z axis by π, which maps both impurity and bath spins
as P̂−1σ̂x,yP̂ = −σ̂x,y while it keeps P̂−1σ̂zP̂ = σ̂z .

We employ this parity conservation to construct the disen-
tangling transformation Û satisfying

Û†P̂Û = σ̂ximp (8)

such that the impurity spin turns out to be a conserved quantity
in the transformed frame. Here we choose n = (1, 0, 0)T in
Eq. (4); other choices will lead to the same class of variational
states. We define a unitary transformation Û as

Û = exp

[
iπ

4
σ̂yimpP̂bath

]
=

1√
2

(
1 + iσ̂yimpP̂bath

)
. (9)

Employing this transformation, we arrive at the following
transformed Hamiltonian ˆ̃H= Û†ĤÛ :

ˆ̃H=
∑
lmα

hlmΨ̂†lαΨ̂mα − hz ŝximpP̂bath

+ŝximpΣ̂x + P̂bath

(
− iΣ̂

y

2
+ ŝximpΣ̂z

)
. (10)

As expected from the construction, the impurity spin com-
mutes with the Hamiltonian [ ˆ̃H, ŝximp] = 0, and thus we can
take the impurity operator as a conserved number σximp =
2sximp = ±1 in the transformed frame. Decoupling of the im-
purity spin came at the cost of introducing interactions among
the bath particles. Note that these interactions are multiparti-
cle and nonlocal, as can be seen from the form of the operator
P̂bath. The appearance of the bath interaction can be inter-
preted as spin exchange between fermions via the impurity
spin. This is analogous to the case of the mobile spinless im-
purity [34], where a nonlocal phonon-phonon interaction is
introduced after transforming to the comoving frame of the
impurity via the LLP transformation. We emphasize that the
elimination of the impurity relies only on the elemental parity
symmetry in the original Hamiltonian and thus should have a
wide applicability. The construction of Û holds true for arbi-
trary conserved parity, and can be also applied to two-impurity
systems [115].

It follows from Eq. (10) that for the even bath-particle
number N and the zero magnetic field hz = 0, the Hamil-
tonian has two degenerate equivalent energy sectors corre-
sponding to the conserved quantity σximp = ±1 in the trans-
formed frame. This is because the two sectors in Eq. (10)
can be exactly related via the additional unitary transforma-
tion Ûybath = e(iπ/2)

∑
l σ̂

y
l , which maps the bath spins as

σ̂x,zl → −σ̂x,zl . To our knowledge, such an exact spectrum
degeneracy hidden in generic SIM has not been pointed out
except for some specific cases that are exactly solvable via the
Bethe ansatz [63–68] or at the Toulouse point [116].
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The explicit form of variational states is (c.f. Eq. (3))

|Ψ〉 = Û |±x〉imp|Ψb〉
= |↑ 〉impP̂±|Ψb〉 ± |↓ 〉impP̂∓|Ψb〉, (11)

where |±x〉imp represents the eigenstate of σ̂ximp with eigen-
value ±1, |Ψb〉 represents a bath wavefunction, and P̂± =

(1 ± P̂bath)/2 is the projection onto the subspace with even
or odd number of spin-up fermions. As we will see later,
this form of variational wavefunction can naturally capture the
strong impurity-bath entanglement, which is an essential fea-
ture of, for example, the formation of the Kondo singlet.

We stress that our variational approach is unbiased in the
sense that the variational states (11) are constructed without
any particular a priori knowledge about the underlying impu-
rity physics such as the Kondo physics. The canonical trans-
formation Û includes neither parameters in the Hamiltonian
(e.g., Kondo coupling) nor any variational parameters. While
we will choose |Ψb〉 as the Gaussian states in the next subsec-
tion, the variational states (11) are still unbiased because the
Gaussian states take into account all the two-particle excita-
tions in an unbiased manner.

B. Variational time-evolution equations

1. Fermionic Gaussian states

To solve SIM efficiently, we have to introduce a family
of variational bath wavefunctions that can approximate the
ground state and real-time evolutions governed by the Hamil-
tonian (10) while they are simple enough so that calcula-
tions can be done in a tractable manner. In the decoupled
frame, we choose variational many-body states for the bath
as fermionic Gaussian states [117–119]. It is convenient to
introduce the Majorana operators ψ̂1,lα = Ψ̂†lα + Ψ̂lα and
ψ̂2,lα = i(Ψ̂†lα − Ψ̂lα) satisfying the anticommutation rela-
tion {ψ̂ξ,lα, ψ̂η,mβ} = 2δξηδlmδαβ with ξ, η = 1, 2. We de-
scribe the bath by a pure fermionic Gaussian state |ΨG〉 that
is fully characterized by its 4Nf ×4Nf covariance matrix Γ
[117–119]:

Γ =
i

2

〈
[ψ̂, ψ̂

T
]
〉

G
, (12)

where (Γ)ij = −(Γ)ji ∈ R is real antisymmetric and Γ2 =
−I4Nf

for pure states with Id being the d × d unit matrix.
Here, 〈· · · 〉G denotes an expectation value with respect to the
Gaussian state |ΨG〉, and we introduced the Majorana opera-
tors ψ̂ = (ψ̂1, ψ̂2)T, where we choose the ordering of a row
vector ψ̂ξ with ξ = 1, 2 as

ψ̂ξ = (ψ̂ξ,1↑, . . . , ψ̂ξ,Nf↑, ψ̂ξ,1↓, . . . , ψ̂ξ,Nf↓). (13)

We can explicitly write the bath state as

|ΨG〉 = e
1
4 ψ̂

T
Xψ̂|0〉 ≡ ÛG|0〉, (14)

where we define the Gaussian unitary operator by ÛG and in-
troduce a real-antisymmetric matrix (X)ij = −(X)ji ∈ R.
The latter can be related to Γ via

Γ = −Ξσ (Ξ)
T
, (15)

where Ξ = eX and σ = iσy ⊗ I2Nf
. It will be also useful to

define the 2Nf×2Nf correlation matrix:

Γf = 〈Ψ̂
†
Ψ̂〉G (16)

in terms of Dirac fermions

Ψ̂ = (Ψ̂1↑, . . . , Ψ̂Nf↑, Ψ̂1↓, . . . , Ψ̂Nf↓). (17)

2. Imaginary- and real-time evolutions

We approximate the exact time evolution of a bath wave-
function |Ψb〉 by projecting it onto the manifold spanned by
the family of variational states. This can be done by employ-
ing the time-dependent variational principle [119–122], which
allows us to study ground-state properties via the imaginary-
time evolution and also out-of-equilibrium dynamics via the
real-time evolution. Let us first formulate the former one.

The imaginary-time evolution

|Ψb(τ)〉 =
e−

ˆ̃Hτ |Ψb(0)〉∥∥∥e− ˆ̃Hτ |Ψb(0)〉
∥∥∥ (18)

gives the ground state in the asymptotic limit τ → ∞ if
the initial seed state |Ψb(0)〉 has a non-zero overlap with the
ground state. Differentiating Eq. (18), we obtain the equation
of motion

d

dτ
|Ψb(τ)〉 = −( ˆ̃H − E)|Ψb(τ)〉, (19)

where E = 〈Ψb(τ)| ˆ̃H|Ψb(τ)〉 represents the mean energy.
If we consider the covariance matrix Γ of the Gaussian state
|ΨG〉 to be the time-dependent variational parameters, their
imaginary-time evolution equation can be obtained by mini-
mizing its deviation ε from the exact imaginary-time evolu-
tion:

ε =

∥∥∥∥ ddτ |ΨG(τ)〉+ ( ˆ̃H − Evar)|ΨG(τ)〉
∥∥∥∥2

,

(20)

where Evar = 〈ΨG(τ)| ˆ̃H|ΨG(τ)〉 is the variational energy.
This is formally equivalent to solving the projected differen-
tial equation:

d

dτ
|ΨG(τ)〉 = −P̂∂Γ( ˆ̃H − Evar)|ΨG(τ)〉, (21)

where P̂∂Γ is the projector onto the subspace spanned by tan-
gent vectors of the variational manifold. On one hand, the
left-hand side of Eq. (21) gives
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d

dτ
|ΨG(τ)〉= ÛG

(
1

4
: ψ̂

T
ΞT dΞ

dτ
ψ̂ :+

i

4
Tr

[
ΞT dΞ

dτ
Γ

])
|0〉,

(22)

where : : represents taking the normal order of the Dirac op-
erators Ψ̂ and Ψ̂†. On the other hand, we can write the right-
hand side of Eq. (21) as:

−( ˆ̃H − Evar)|ΨG(τ)〉 = −
(
i

4
: ψ̂

T
ΞTHΞψ̂ : +δÔ

)
|0〉,

(23)

whereH = 4δEvar/δΓ is the functional derivative of the vari-
ational energy [122] and δÔ denotes the cubic and higher or-
der contributions of ψ̂ that are orthogonal to the tangential
space and thus will be projected out by P̂∂Γ in Eq. (21). Com-
paring Eqs. (22) and (23), and using Eq. (15), we can uniquely
determine the imaginary time-evolution equation of the co-
variance matrix Γ as [119, 122]

dΓ

dτ
= −H− ΓHΓ, (24)

which guarantees that the variational energy Evar monotoni-
cally decreases and the variational ground state is achieved in
the limit τ →∞. In this limit, the error ε in Eq. (20) is equiv-
alent to the variance of the energy in the reached ground state
and can be used as an indicator to check the accuracy of the
variational state.

In the similar way, we can derive the equation of motion for
Γ in the real-time evolution

|Ψb(t)〉 = e−i
ˆ̃Ht|Ψb(0)〉. (25)

The projection

d

dt
|ΨG(t)〉 = −iP̂∂Γ

ˆ̃H|ΨG(t)〉 (26)

of the Schrödinger equation on the variational manifold leads
to the following real-time evolution equation of the covariance
matrix Γ [119, 122]:

dΓ

dt
= HΓ− ΓH. (27)

C. Functional derivative of variational energy

To analytically establish the variational time-evolution
equations (24) and (27) of the covariance matrix Γ, we have to
obtain the functional derivative H = 4δEvar/δΓ of the vari-
ational energy. In this subsection, we give its explicit analyt-
ical expression. First of all, we write the expectation value
Evar = 〈 ˆ̃H〉G of the Hamiltonian (10) with respect to the
fermionic Gaussian state as

Evar =
∑
lmα

hlm(Γf )lα,mα −
hz
2
σximp〈P̂bath〉G

+
1

4

∑
lmαβ

gxlmσ
x
impσ

x
αβ(Γf )lα,mβ

+
1

4

∑
lmαβ

(
−igylmσ

y+ gzlmσ
x
impσ

z
)
αβ

(ΓP
f )lα,mβ ,(28)

where we condition the impurity operator on a classical num-
ber σximp = ±1 and introduce the 2Nf×2Nf matrix contain-

ing the parity operator as ΓP
f = 〈P̂bathΨ̂

†
Ψ̂〉G. The values of

〈P̂bath〉G and ΓP
f can be obtained as

〈P̂bath〉G = (−1)Nf Pf

[
ΓF
2

]
, (29)

and

ΓP
f=

1

4
〈P̂bath〉G

×Σz(I2Nf
,−iI2Nf

)Υ−1
(
Γσ − I4Nf

)( I2Nf

iI2Nf

)
, (30)

where Pf denotes the Pfaffian and the matrices

ΓF =
√

I4Nf
+ Λ Γ

√
I4Nf

+ Λ− (I4Nf
− Λ)σ, (31)

Υ = I4Nf
+

1

2

(
Γσ − I4Nf

) (
I4Nf

+ Λ
)
, (32)

are defined by Λ = I2 ⊗ Σz and Σz = σz ⊗ INf
. We recall

that the matrix σ is defined below Eq. (15).
Since the first and third terms in the Hamiltonian (10) are

quadratic, we can write them exactly in the Majorana basis as
iψ̂

T
H0ψ̂/4 with

H0 = iσy ⊗ [I2 ⊗ hlm + (σximp/4)σx ⊗ gxlm], (33)

where hlm and gxlm are understood to beNf×Nf real matrices.
Thus, the functional derivative H = 4δEvar/δΓ of the mean
energy (28) is given by

H=H0 +
δ

δΓ

[
−2hzσ

x
imp〈P̂bath〉G + Tr(STΓP

f )
]
, (34)

where we introduce the matrix

S = −iσy ⊗ gylm + σximpσ
z ⊗ gzlm. (35)

Taking the derivatives of 〈P̂bath〉G and ΓP
f with respect to the

covariance matrix Γ in Eq. (34), we finally obtain the analyti-
cal expression of the functional derivativeH:

H=H0+

[
hzσ

x
imp〈P̂bath〉G−

1

2
Tr(STΓP

f )

]
P

− i
4
〈P̂bath〉G A

[
VSTΣzV†

]
, (36)
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where A[M ] = (M −MT)/2 denotes the matrix antisym-
metrization and we introduce the matrices

P =
√

I4Nf
+ ΛΓ−1

F

√
I4Nf

+ Λ, (37)

V = (ΥT)−1

(
I2Nf

iI2Nf

)
. (38)

Integrating Eqs. (24) and (27) with the general form (36) of the
functional derivative, one can study ground-state properties
and out-of-equilibrium dynamics of SIM on demand.

III. APPLICATION TO THE ANISOTROPIC KONDO
MODEL

A. Model

We benchmark our general variational approach by apply-
ing it to the anisotropic Kondo model and comparing the re-
sults with those obtained using matrix-product state (MPS)
[123]. We also compare our results to the Yosida ansatz [124]
and the exact solution via the Bethe ansatz [63–68]. The one-
dimensional Kondo Hamiltonian is given by

ĤK =−th
L∑

l=−L

(
ĉ†lαĉl+1α+h.c.

)
+

1

4

∑
γ

Jγ σ̂
γ
impĉ

†
0ασ

γ
αβ ĉ0β ,

(39)

where ĉ†lα (ĉlα) creates (annhilates) a fermion with position l
and spin α. The spin-1/2 impurity σ̂γimp locally interacts with
particles at the impurity site l = 0 via the anisotropic cou-
plings Jx,y = J⊥ and Jz = J‖. We choose the unit th = 1
and the summations over α, β are understood to be contracted
hereafter. This model shows a quantum phase transition [29]
between an antiferromagnetic (AFM) phase and a ferromag-
netic (FM) phase. The former leads to the formation of the
singlet state between the impurity and bath spins, leading to
the vanishing impurity magnetization 〈σ̂zimp〉 = 0. The latter
exhibits the triplet formation and the impurity magnetization
takes a non-zero, finite value in general.

We remark that, employing the infinite-bandwidth approxi-
mation and the bosonization, the Kondo model can be mapped
to the spin-boson model [29]. Within this treatment, the im-
purity magnetization and the spatiotemporal dynamics have
been previously studied by TD-NRG method [95, 100] and
also by the bosonic Gaussian states combined with a unitary
transformation [122]. In the latter, the unitary transformation
was specifically designed to the spin-boson model and one had
to choose a specific symmetry sector to obtain meaningful re-
sults. In contrast, we here construct a completely different,
general family of variational states by introducing the new de-
coupling transformation Û . The transformation Û specifies
no specific conditions on a physical system as far as it con-
tains (arbitrary) parity symmetry P̂ and a spin-1/2 operator. In
view of this strong versatility, our approach can be applied to
a much wider class of problems than the previous work [122].
Moreover, we apply this general approach to analyze in and
out of equilibrium problems of the fermonic Kondo models

on the lattice, which are more challenging problems than the
bosonized version due to their intrinsically finite bandwidth.

To apply our general formalism in Sec. II, we note that in
the Hamiltonian (39) only the symmetric bath modes couple to
the impurity spin. We thus identify the fermionic bath modes
Ψ̂ as

Ψ̂0α = ĉ0α, Ψ̂lα =
1√
2

(ĉlα + ĉ−lα) (40)

with l = 1, 2, . . . , L. The corresponding bath Hamiltonian
hlm is given by the following (L+1)×(L+1) hopping matrix
h1 of the single lead:

h1 = (−th)



0
√

2 0 · · · 0
√

2 0 1 0
...

0 1 0 1
...

... 0 1
. . . 1

0 · · · · · · 1 0


. (41)

The couplings gγlm are identified as the local Kondo interac-
tion Jγδl0δm0. In this section, we set the magnetic field to be
zero hz = 0 for simplicity.

Solving Eqs. (24) and (27) with the functional deriva-
tive (36), we obtain the covariance matrix Γ corresponding
to the ground state and the real-time dynamics. The associ-
ated observables can be efficiently calculated in terms of the
covariance matrix. For example, the impurity-bath spin corre-
lations for each direction are obtained from

χxl =
1

4
〈σ̂ximpσ̂

x
l 〉 =

1

4
σximpσ

x
αβ(Γf )lα,lβ , (42)

χyl =
1

4
〈σ̂yimpσ̂

y
l 〉 =

1

4
(−iσyαβ)(ΓP

f )lα,lβ , (43)

and

χzl =
1

4
〈σ̂zimpσ̂

z
l 〉 =

1

4
σximpσ

z
αβ(ΓP

f )lα,lβ , (44)

where 〈· · · 〉 denotes an expectation value with respect to
wavefuntion in the original frame. The impurity magnetiza-
tion can be obtained from

〈σ̂zimp〉 = σximp〈P̂bath〉G = σximp(−1)Nf Pf

[
ΓF
2

]
, (45)

where we use Eq. (29) in the second equality.

B. Structure of variational ground state

In this subsection, we discuss how the entanglement in the
Kondo-singlet state is naturally encoded in our variational
ground state. It is useful to choose a correct sector of varia-
tional manifold by specifying an appropriate conserved quan-
tum number. In particular, if the initial seed state is an eigen-
state of the total spin-z component σ̂ztot = σ̂zimp + σ̂zbath with
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σ̂zbath =
∑L
l=0 σ̂

z
l , its value σztot is conserved through the

imaginary-time evolution due to [σ̂ztot, H] = 0.
To show the singlet behavior explicitly, we investigate the

variational ground state by choosing the initial seed state in
the sector σztot = 0. As inferred from the definition of the
bath parity (7) and the variational ansatz (11) conditioned on
the sector σximp = 1, in the original frame the spin-up im-
purity | ↑〉 is coupled to the bath with even number of spin-
up fermions N↑ (correspondingly, odd number of spin-down
fermions N↓ = N↑ + 1), while the spin-down impurity |↓〉
is coupled to the bath having odd (even) number of spin-up
(-down) fermions N↑ (N↓ = N↑ − 1). It then follows that the
projected states |Ψ±〉 = P̂±|Ψb〉, which couple with the im-
purity spin-up and -down states, respectively (c.f. Eq. (11)),
are eigenstates of σ̂zbath as follows:

σ̂zbath|Ψ±〉 = ∓|Ψ±〉. (46)

In the deep AFM phase with σztot = 0, one can numerically
verify that the projected states |Ψ±〉 satisfy the following re-
lations:

|||Ψ±〉|| = 1/2, 〈Ψ−| σ̂+
bath |Ψ+〉 = −1/2. (47)

This automatically results in the vanishing of the impurity
magnetization 〈σ̂zimp〉 = 0 and underscores that the variational
ground state is indeed the singlet state between the impurity
and the bath spins:

|ΨAFM〉 =
1√
2

(|↑〉imp|Ψ↓〉 − |↓〉imp|Ψ↑〉) , (48)

where we use Eq. (11) and denote the normalized spin-1/2
bath states as |Ψ↓〉 =

√
2|Ψ+〉 and |Ψ↑〉 = −

√
2|Ψ−〉.

It is worthwhile to mention that, if we choose |Ψb〉 in
Eq. (11) as a single-particle excitation on top of the Fermi
sea, Eq. (48) reproduces the variational ansatz that has been
originally suggested by Yosida [124] and then later gener-
alized to the Anderson model [125] and resonant-state ap-
proach [126]. This variational state has been recently revis-
ited [127] and shown to contain the majority of the entangle-
ment in the ground state of the Kondo model, indicating the
ability of our variational states to encode the most significant
part of the impurity-bath entanglement. Yet, we emphasize
that our variational ansatz goes beyond such a simple ansatz
since we consider the general Gaussian state that takes into
account all the correlations between two fermionic operators.
Such a flexibility beyond single-particle excitations becomes
crucially important when we do quantitative analyses on the
Kondo physics as we will demonstrate later.

In practice, we also monitor the formation of the Kondo-
singlet formation by testing the sum rule [58] of the impurity-
bath spin correlation χl = 〈σ̂imp · σ̂l〉/4:

L∑
l=0

χl =
1

8
〈σ̂2

tot − σ̂
2
imp − σ̂

2
bath〉 = −3

4
. (49)

In the discussions below, we checked that this sum rule has
been satisfied with an error below 0.5% in AFM regime with
J‖ > 0. These observations clearly show that our varia-
tional states successfully capture the most important feature

of Kondo physics in an efficient manner, i.e., with a number
of variational parameters growing only quadratically with the
system size L.

C. Comparisons with matrix-product states and Yosida ansatz

1. Matrix-product states

To further test the accuracy of our approach, we compare
our variational results with those obtained using a MPS ansatz.
For the sake of completeness, here we describe the MPS-
based method applied to the Kondo model. The MPS ansatz
for a generic N -body quantum system takes the form

|ΨD〉=
∑
{ik}

Tr
(
A[0]i0A[1]i1 · · ·A[N − 1]iN−1

)
|i0i1 · · · iN−1〉,

(50)

where for each site k, {|ik〉} represents a finite basis of the
corresponding Hilbert space, and A[k]ik is a D × D matrix
labelled by an index ik. We note that, with open boundary
conditions, the first and last matrices reduce toD-dimensional
vectors. The parameter D is known as bond dimension, and
determines the number of variational parameters in the ansatz.
The MPS ansatz can be used to approximate ground states and
low lying excitations of strongly correlated quantum many-
body systems. It can also be employed to simulate real-time
dynamics and lies at the basis of the DMRG method [112,
123, 128–132].

In order to find a MPS approximation to the ground state
of Hamiltonian (39), we express the Hamiltonian as a ma-
trix product operator (MPO) [133]. For the sake of con-
venience, we actually work in terms of the bath modes in
Eq. (40) and map them to spins using a Jordan-Wigner trans-
formation such that Ψ̂l↑ = Πk<l(σ̂

z
2kσ̂

z
2k+1)σ̂−2l and Ψ̂l↓ =

Πk<l(σ̂
z
2kσ̂

z
2k+1)σ̂z2lσ̂

−
2l+1. A MPS approximation to the

ground state is found by variational minimization of the en-
ergy over the family of MPS with fixed bond dimension D,

|Ψ0〉 = argmin
〈ΨD|H|ΨD〉
〈ΨD|ΨD〉

. (51)

To solve the minimization, an alternating least squares strat-
egy is applied, where all tensors but one are fixed, and the
problem is transformed in the optimization for a single local
tensor. Once the local problem is solved, the optimization is
repeated with respect to the next site in the chain and so on
until the end of the chain is reached. The sweeping is iterated
back and forth over the chain until the energy of the ground
state is converged to the desired precision level (see e.g., Refs.
[112, 123] for details of technical details). The algorithm pro-
duces a MPS candidate for the ground state, and local expec-
tation values and correlations can be efficiently evaluated. To
improve the precision, the procedure can be repeated with in-
creasing bond dimension using the previously found state as
the initial guess. Also the convergence criterion can be re-
fined for more accurate results. For our comparisons we set a
convergence cutoff of 10−8-10−6.
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FIG. 2. Comparisons of ground-state impurity-bath spin correlations χz
l = 〈σ̂z

impσ̂
z
l 〉/4 calculated from our non-Gaussian variational state

(NGS, blue circles) and (a-d) the matrix-product state (MPS, red crosses), and (e,f) the Yosida ansatz (green triangulars). The inset panels
show the absolute values of the difference between the correlations calculated from each method. The dimensionless Kondo couplings (j‖, j⊥)
are set to be (a) (−0.1, 0.4), (b) (0.1,0.4), (c,e) (-0.4,0.1) and (d,f) (0.4,0.1) as indicated in the left inset panel of (a). System size is L = 100
and the bond dimension of MPS is D = 260.

We can also use the MPS ansatz for a time-evolved state
after the quench protocol considered in this paper (see expla-
nations in the next subsection). Although the initial state, i.e.,
the Fermi sea of the bath (c.f. Eq. (56) below), is not an ex-
act MPS, we can find a good approximation to it by running
the ground state algorithm described above in the absence of
the impurity. Then, the full initial state obtained by a ten-
sor product with the polarized impurity is evolved with the
full Hamiltonian. To this end, the evolution operator is ap-
proximated by a Suzuki-Trotter decomposition [134, 135] as
a product of small discrete time steps, each of which can be
written as a product of MPO [131, 133, 136]. The action of
the latter on the state is then approximated by a new MPS
that represents the evolved state. This is achieved again by
an alternating least squares algorithm and minimizing the dis-
tance between the MPS and the result of each evolution step

(c.f. Refs. [112, 123]). In general, real-time evolutions may
quickly increase the entanglement in the state, and to main-
tain an accurate MPS approximation the bond dimension of
the ansatz will need to grow with time. In order to keep track
of the accuracy of the simulations, we check convergence of
the results at different times when we repeat the simulations
with increasing bond dimension.

2. Yosida ansatz

To highlight the importance of taking into account contri-
butions beyond a single-particle excitation, we also compare
our results to the much simpler ansatz originally suggested by
Kei Yosida [124]. This ansatz assumes a single-particle exci-
tation on top of the half-filled Fermi sea |FS〉. To deal with the
anisotropic Kondo model, we consider the following ansatz:

|ΨYosida〉 =

{
1√
2

∑
n>nF

dn

(
|↑〉impĉ

†
n↓ − |↓〉impĉ

†
n↑

)
|FS〉 (−J‖ ≤ J⊥),∑

n>nF
dn|↑〉impĉ

†
n↑|FS〉 (−J‖ > J⊥),

(52)

where n denotes the bath mode in the energy basis and the
summation over n > nF indicates the contributions from
the bath modes above the Fermi surface. The former (latter)
ansatz in Eq. (52) approximates the singlet (triplet) state in the
AFM (FM) regime. We minimize the mean energy 〈Ĥ〉Yosida

with respect to amplitudes {dn} and obtain the following vari-
ational equation:

εndn −
1

4
Jeffψ

∗
0n

∑
m>nF

ψ0mdm = EGSdn, (53)
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FIG. 3. Comparison of (a) the ground-state energy and (b) im-
purity magnetization across the phase boundary of the anisotropic
Kondo model calculated from the Yosida ansatz (green dotted line),
the matrix-product state (MPS, red dashed line with crosses) and our
non-Gaussian variational state (NGS, blue solid line with circles). In
(a), we plot the variational energies Evar −Ef relative to a constant
ground-state energy Ef of free fermions on the lattice. The left and
right insets magnify the ground-state energies in the FM phase and
close to the phase boundary, respectively. We choose the dimension-
less Kondo coupling j⊥ = 0.5 and vary j‖ from−1 to 1 as schemat-
ically illustrated in the inset of (b). The calculations are done in the
sector σz

tot = 0. System size is L = 200 and the bond dimension of
MPS is D = 280.

where εn denotes a bath energy, ψln’s are expansion coeffi-
cients in terms of the lattice basis, ĉl =

∑
n ψlnĉn, and EGS

is the variational ground-state energy. We define Jeff as the
effective Kondo coupling as follows:

Jeff =

{
2J⊥ + J‖ (−J‖ ≤ J⊥),

−J‖ (−J‖ > J⊥).
(54)

We solve the eigenvalue equation (53) and determineEGS and
the wavefunction dn from which the impurity-bath correlation
can be calculated. It is worthwhile to mention that the Yosida
ansatz is naturally included in our family of variational states.
For instance, in the AFM regime the singlet entanglement can

be decoupled in the transformed frame as

Û−1|ΨYosida〉 = |+x〉
∑
n>nF

dn√
2

(
ĉ†n↓ − ĉ

†
n↑

)
|FS〉. (55)

Here, the bath wavefunction in the transformed frame just cor-
responds to a single-particle excitation on top of the Fermi
sea, which is a very special subclass of the whole fermionic
Gaussian states.

3. Benchmark results

We plot in Fig. 2 the ground-state impurity-bath spin cor-
relations χzl = 〈σ̂zimpσ̂

z
l 〉/4 of the anisotropic Kondo model

in four different regimes of the phase diagram (see the left in-
set of Fig. 2(a)). We use the dimensionless Kondo couplings
j‖,⊥ = ρFJ‖,⊥ with ρF = 1/(2πth) being the density of
states at the Fermi energy. Our variational results not only
correctly reproduce the formations of the singlet (triplet) pair
between the impurity and bath spins in the AFM (FM) phase,
but they also show quantitative agreement with MPS results
with a deviation which is at most a few percent of the value
at the impurity site. We find that the agreement is particularly
good in the deep FM and AFM regimes (see Figs. 2(c) and
(d)), where the difference is below 1%. We note that while the
Yosida ansatz qualitatively captures the correct AFM and FM
correlations in each regime, it fails to agree with our varia-
tional results and MPS ones quantitatively (Figs. 2(e) and (f)).

We also compare the ground-state energy Evar (Fig. 3(a))
and the corresponding magnetization 〈σ̂zimp〉 (Fig. 3(b)) across
the phase transition line (see the inset of Fig. 3(b)). In the
FM phase, we observe that our variational results agree very
well with the MPS results, with an error below 0.5%. Re-
markably, our ansatz achieves slightly lower energies deep
in the phase (the left inset of Fig. 3(a)). Close to the phase
boundary, we observe the largest deviation with respect to the
MPS ansatz both in energy (the right inset of Fig. 3(a)) and
magnetization (Fig. 3(b)), with our ansatz showing a resid-
ual magnetization close to the transition. Finally, in the deep
AFM phase (j‖ > 0), the ground-state energies calculated
from both methods again agree well with an error typically
below 0.5%. In this regime, the corresponding residual mag-
netization is 〈σ̂zimp〉 ' O(10−4) in MPS and O(10−5) in our
variational method. We note that the Yosida ansatz gives sig-
nificantly higher ground-state energies than our results and
MPS ones over the whole phase diagram. We attribute the
small discrepancies between our results and the MPS ones to
the finite values of the system size L and the bond dimension
D. A relatively large difference in the AFM phase close to the
phase boundary should be attributed to the large entanglement
present in this regime. This fact can be inferred from the non-
monotonic RG flows, which show that the Kondo couplings
can take very small values corresponding to the generation of
the large Kondo cloud during the flows. As our calculations
are carried out in the real-space basis, this fact implies that
our variational states must encode such a large entanglement,
which can be beyond the amount that is generated by the uni-
tary transformation Û .
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FIG. 4. Comparisons of dynamics of the impurity magnetization
calculated from the matrix-product state (MPS, red chain curve) and
our non-Gaussian variational state (NGS, blue solid curve) at (a)
SU(2)-symmetric points and (b) strongly anisotropic regimes. The
dimensionless Kondo couplings are (a) j‖ = j⊥ = ±0.35 in the
SU(2)-symmetric antiferromagnetic (AFM) and ferromagnetic (FM)
phases, respectively, and (b) (j‖, j⊥) = (0.1, 0.4) and (−0.4, 0.1)
in the anisotropic AFM and FM phases, respectively. The inset in
(b) magnifies the dynamics in FM phase. System size is L = 100
and the bond dimension of the MPS for the different cases varies in
D ∈ [220, 260], for which we checked that the results are converged
within the time window shown in the plots.

The comparisons to the MPS results show the great effi-
ciency of our variational approach. The number of variational
parameters in MPS is approximately 4LD2 with D being the
bond dimension, while that of our variational ansatz is 4L2.
Since the bond dimension D in the calculations is typically
taken to be 200-300, our variational approach can achieve the
accuracy comparable to MPS with two or three orders of mag-
nitude fewer variational parameters, and shorter CPU time ac-
cordingly, than the corresponding MPS ansatz. This indicates
that our variational ansatz successfully represents the ground-
state wavefunction of SIM in a very compact way. Mean-
while, the comparison to the Yosida ansatz clearly demon-
strates the importance of considering contributions beyond the
single-particle excitations. Equivalently, it indicates that one
can dramatically improve the variational calculations by just
taking into account up to two-fermionic excitations. This sig-
nificant simplification of the original many-body problems is
made possible through the decoupling transformation that can
efficiently encode the impurity-bath entanglement.

Finally, to complete the benchmark test in the anisotropic

Kondo model, we compare the real-time dynamics of the im-
purity magnetization calculated with a MPS algorithm and our
variational method. We consider the initial state

|Ψ(0)〉 = |↑〉imp|FS〉, (56)

where |FS〉 is the half-filled Fermi sea of the lead. At time
t = 0, we then drive the system by suddenly coupling the
impurity to the lead.

First, we show the results at the SU(2)-symmetric points of
AFM and FM phases (Fig. 4(a)), which are usually of interest
in condensed matter systems. The magnetization eventually
relaxes to zero in the AFM phase as a result of the Kondo-
singlet formation, while it remains nonvanishing and exhibits
oscillations in the FM phase. The long-lasting fast oscillation
found in the FM phase comes from a high-energy excitation of
a fermion from the bottom of the band and its period 2π~/D is
characterized by the bandwidthD = 4th (note that we choose
the unit ~ = 1 and th = 1 in the plots). Since the impurity spin
will be decoupled from the bath degrees of freedom in the low-
energy limit in the FM phase (see RG flows in Fig. 3(b) inset),
the oscillation can survive even in the long-time limit. The
MPS and our variational results show quantitative agreement
with an error that is at most O(10−2). Second, we compare
the results in the strongly anisotropic AFM and FM regimes
(Fig. 4(b)). In the short and intermediate time regimes, the
results obtained using MPS and our variational states exhibit
a good agreement. In the long-time regime (t & 10), the two
methods show a small discrepancy that is about O(6× 10−2)
in the AFM phase andO(1×10−2) in the FM phase. Yet, they
still share the qualitatively same features such as the exponen-
tial relaxation in the AFM regime and long-lasting oscillations
characterized by the bandwidth in the FM regime.

D. Comparison with the Bethe ansatz solution

As a further test of the validity of the present approach, we
compare our approach to the exact solution obtained via the
Bethe ansatz with the infinite-bandwidth assumption [63–68].
When all the physical parameters are smaller than the band-
width D = 4th, our approach should reproduce the universal
prediction from the Bethe ansatz. To be specific, we calcu-
late the zero-temperature magnetization m = 〈σ̂zimp〉/2 under
a finite magnetic field hz and compare the results to the one
predicted from the Bethe ansatz (BA) solution [65]:

mBA =


1

4
√
π3

∑∞
k=0

(−1)k

k!

(
π
2

)2k+1
(
k+1/2

2π

)k− 1
2
(
hz

TK

)2k+1

(hz/TK ≤
√

8/(πe)),

1
2

{
1− 1

π3/2

∫∞
0
dt sin(πt)

t

[
8
πe

(
TK

hz

)2
]
e−t(ln t−1)Γ

(
t+ 1

2

)}
(hz/TK >

√
8/(πe)).

(57)

Here, we note that the Kondo temperature TK is determined
from the magnetic susceptibility χ ≡ ∂m/∂hz = 1/(4TK)
at the zero field hz = 0. Figure 5 shows the comparison be-

tween the magnetization obtained from our variational method
for different Kondo couplings j and the Bethe ansatz solution
mBA (dashed black line). The numerical results agree with
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FIG. 5. Comparison of the zero-temperature magnetization m =
〈σ̂z

imp〉/2 calculated from our approach for different Kondo cou-
plings j with the Bethe ansatz solution (dashed black line), which
is exact under the infinite-bandwidth assumption. The deviation at a
large hz/TK from the Bethe ansatz solution originates from a finite
bandwidth. The deviations begin at smaller hz/TK for a larger cou-
pling j since the latter leads to a larger Kondo temperature TK. The
Kondo temperature is extracted from the magnetic susceptibility at
the zero field χ = 1/(4TK).

mBA with at most a few percent deviation at small magnetic
field hz/TK . 1. As we increase the magnetic field hz/TK,
the deviation from mBA becomes more significant. In partic-
ular, the deviation starts at smaller hz/TK for a larger Kondo
coupling j. These features should be attributed to a finite-
bandwidth effect intrinsic to the lattice model. Indeed, at the
largest value of hz/TK ' 3 the value of magnetic field hz
itself can be an order of the bandwidth D = 4th. The larger
Kondo coupling j corresponds to the larger Kondo tempera-
ture TK, thus leading to the smaller threshold value of hz/TK

at which the finite-bandwidth effect begins to take place.

IV. APPLICATION TO THE TWO-LEAD KONDO MODEL

A. Model

We next apply our approach to investigate out-of-
equilibrium dynamics and transport properties in the two-lead
Kondo model [75] (Fig. 6), where the localized spin impu-
rity is coupled to the centers of the left and right leads via the
isotropic Kondo coupling. The Hamiltonian is

Ĥtwo =
∑
lη

[
−th

(
ĉ†lηαĉl+1ηα+h.c.

)
+ eVη ĉ

†
lηαĉlηα

]
+
J

4

∑
ηη′

σ̂imp · ĉ†0ηασαβ ĉ0η′β −
hz
2
σ̂zimp, (58)

where ĉ†lηα (ĉlηα) creates (annihilates) a fermion with position
l and spin α on the left (η = L) or right (η = R) lead, the
hopping th = 1 sets the energy unit, J is an isotropic Kondo
coupling strength, and eVη are chemical potentials for each

lead. The spin indices α, β are understood to be contracted as
usual.

In the same manner as in the single-lead case in the previous
section, only the following symmetric modes are coupled to
the impurity:

Ψ̂0η,α = ĉ0ηα, Ψ̂lη,α =
1√
2

(ĉlαη + ĉ−lηα) (59)

with l = 1, 2, . . . , L. Our formalism in Sec. II can be applied
by identifying the bath Hamiltonian hlm as the following two-
lead matrix h2:

h2 =

(
h1 + eVLIL+1 0

0 h1 + eVRIL+1

)
, (60)

where we recall that h1 is the single-lead hopping matrix
given in Eq. (41). The coupling matrix gγlm is given by the
local two-lead Kondo coupling:

gγ = J

(
1 1
1 1

)
⊗ diagL+1(1, 0, ..., 0), (61)

where diagd(v) denotes a d×d diagonal matrix with elements
v. Using Eqs. (60) and (61), together with the general expres-
sion of the functional derivative (36), we solve the variational
real-time evolution (27) to study the out-of-equilibrium dy-
namics and transport properties.

B. Quench dynamics

To analyze transport phenomena, we prepare the initial
state

|Ψ(0)〉 = | ↑〉imp|FS〉L|FS〉R, (62)

where |FS〉L,R are the half-filled Fermi sea of each lead and,
at time t = 0, we drive the system to out of equilibrium by
suddenly coupling the impurity and applying bias potentials

FIG. 6. Schematic figure of the two-lead Kondo model. The local-
ized spin-1/2 impurity is coupled with the centers of the left (L) and
right (R) leads via an isotropic Kondo coupling J . The bath fermions
can move within each lead with a hopping th. The bias potentials
VL,R are applied to the left and right leads. The time evolutions of
the current I(t) between the two leads, the impurity magnetization
〈σ̂z

imp(t)〉, and spatially resolved bath properties can be efficiently
calculated by our variational method.
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FIG. 7. Out-of-equilibrium dynamics in the two-lead Kondo model. (a) The time evolutions of the current I(t) (black solid curve) and the
impurity magnetization 〈σ̂z

imp(t)〉 (blue chain curve). The current is plotted in unit of eth/h. After the quench of the chemical potentials and
the Kondo coupling at t = 0, the current quickly reaches a steady value and exhibits the plateau, while the impurity magnetization quickly
decays to zero, indicating the Kondo-singlet formation. The current suddenly flips its sign in the middle of the time evolution at which the
density wave returns to the impurity site after reflecting at the end of each lead. In this regime, the magnetization passingly takes a large
non-zero value. (b) and (c) Spatiotemporal dynamics of (b) the impurity-bath spin correlation function χz

l (t) and (c) the relative changes of
density in the left and right lead. At t ' 50/th, the density waves reach the ends of each lead. They return to the impurity site l = 0 at
t ' 100/th, where the spin correlations passingly become ferromagnetic. When the density waves return to the impurity site at t ' 200/th
after the second reflection at the lead ends at t ' 150/th, the density reproduces the initial homogeneous profile. The parameters are j = 0.4,
VL = −VR = 0.25th. System size if L = 100 for each lead.

VL = V/2 and VR = −V/2. We then calculate the real-time
evolution by integrating Eq. (27). Without loss of generality,
we choose a bias V > 0 so that the current initially takes a
positive value (particles flow from the the left to right lead).

The black solid curve in Fig. 7(a) shows the time evolution
of the current I(t) flowing between the two leads:

I(t)= i
eJ

4~

[
〈σ̂imp · ĉ†0Lασαβ ĉ0Rβ〉 − h.c.

]
= −eJ

2~
Im

[
σximpσ

x
αβ(Γf )0Lα,0Rβ

+(−iσy + σximpσ
z)αβ(ΓP

f )0Lα,0Rβ

]
,(63)
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FIG. 8. Time evolutions of the current I(t) after the quench for
various bias potentials V . After transient dynamics, all the currents
reach their steady values that are shown as the black dashed lines.
The current is plotted in unit of eth/h. The dimensionless Kondo
coupling is j = 0.4 and we set a bias potential V = V0+∆V/2 with
∆V = 0.01th and vary V0 = 0, 0.1, · · · , 1.1th from the bottom to
top. System size is L = 100 for each lead.

where we recall that 〈· · · 〉 is an expectation value with respect
to wavefunction in the original frame, and we put back ~ when
the current and conductance are under consideration. After a
short transient dynamics, the current quickly reaches a steady
value and forms a plateau in the time evolution. The relaxation
time here is characterized by the time scale of the Kondo-
singlet formation, which is roughly equal to the decaying time
of the magnetization (blue chain curve in Fig. 7(a)). Figures 8
and 9(b) demonstrate that these time scales are characterized
by the inverse of the Kondo temperature 1/TK with TK being
extracted from the magnetic susceptibility at the zero field as
we discussed before. The stability of the reached steady state
can be checked by adding a small perturbation on the dynam-
ics and observing the response of physical observables; if they
return back to the original steady values, we can conclude that
the reached state is actually stable.

Figure 7(b) shows the spatiotemporal development of the
impurity-bath spin correlation χzl (t), which clearly indicates
the formation of the Kondo cloud. Figure 7(c) shows the cor-
responding spatiotemporal dynamics of the changes in density
relative to the initial value. After the quench, density waves
propagate ballistically and eventually reach the ends of leads.
Then, the reflected waves come back to the impurity site at
the middle of the time evolution. This associates with the
sudden flip of the current and recurrence of the magnetiza-
tion (Fig. 7(a)). Also, the spin correlation passingly becomes
ferromagnetic at this moment (Fig. 7(b)). After the second
reflections at the ends of leads, the density in both leads turn
back to the initial value as shown in Fig. 7(c). These results
demonstrate the ability of our variational method to accurately
calculate long-time spatiotemporal dynamics, which is chal-
lenging to obtain in the previous approaches. As we consider
the global quench protocol, the system acquires an extensive



13

amount of energy relative to the ground state and thus the
amount of entanglement can grow significantly in time. This
severely limits the applicability of, e.g., DMRG calculations
in the long-time regime [91]. The predicted spatiotemporal
dynamics can be readily tested with site-resolved measure-
ments by quantum gas microscopy [1–4, 137–139].

We remark that all the results are converged against a sys-
tem size L up to the time L/th at which the density waves
come back to the impurity site and the finite-size effects take
place. To avoid a finite-size effect, we also recall that the
Kondo coupling J should be large enough such that the Kondo
length satisfies ξK � L (see also discussions in Ref. [113]).

C. Conductance at finite bias and magnetic field

It has been known that the conductance can exhibit the uni-
versal scaling behavior against external parameters such as the
magnetic field, bias potential and temperature [27, 140–148].
In the accompanying paper [113], we have checked that our
approach reproduced the correct low- and high-magnetic-field
dependence at the zero bias. To further check that our ap-
proach captures the essential feature of the transport phenom-
ena in the two-lead Kondo model, we study the conductance
behavior at finite bias and magnetic field. For a given bias
V0, we calculate the current I(t) and its time-averaged steady
value Ī . We then determine the differential conductance G by
calculating I for slightly modulated biases V = V0 ±∆V as
follows:

G(V0) ' Ī(V0 + ∆V )− Ī(V0 −∆V )

2∆V
. (64)

We plot the typical time-evolutions of the currents relaxing
to their steady values for various bias potentials V in Fig. 8.
Figure 9(a) shows the conductance behavior against magnetic
field hz for zero and finite bias potentials. In the absence
of bias, applying a magnetic field hz larger than the Kondo
temperature TK eventually destroys the Kondo singlet and
monotonically diminishes the conductance (black circles). In
contrast, with a finite bias potential V , it has a peak around
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FIG. 9. (a) The differential conductance G (in unit of e2/h) is
plotted against a magnetic field hz for different bias potentials V .
(b) Time evolution of the impurity magnetization 〈σ̂z

imp(t)〉 after the
quench at finite bias V and magnetic field hz . System size is L =
100 for each lead and we use j = 0.35, V = 0.8th in (b).
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FIG. 10. (Top panel) The current-bias characteristics with differ-
ent strengths of magnetic field hz . The dashed black line indicates
the perfect conductance with I/V = 2e2/h. The current is plot-
ted in unit of eth/h. (Bottom panel) The corresponding plot of the
nonlinear differential conductance G = dI/dV against the bias po-
tential V for different magnetic fields hz . System size is L = 100
for each lead and we use j = 0.35 for which the Kondo tempera-
ture is obtained as TK = 0.4414th from the magnetic susceptibility
χ = 1/(4TK).

hz = V at which the level matching between the fermi sur-
faces in the two leads occurs. Importantly, peak values of the
conductance are less than the unitarity limit 2e2/h since the
magnetic field partially destroys the Kondo singlet as inferred
from nonzero impurity magnetizations shown in Fig. 9(b).

We also plot the current-bias characteristics for different
strengths of applied magnetic field in the top panel in Fig. 10.
As we increase the magnetic field, the current-bias curve devi-
ates from the perfect linear characteristics (black dashed line)
due to the partial breaking of the Kondo singlet. At finite bias
and fixed hz , the slope of the current-bias curve becomes in-
creasingly sharper as we increase the bias V as long as the
magnetic field remains below the resonance hz < V . Equiv-
alently, this behavior manifests itself as the peak in the differ-
ential conductance around hz ∼ V (c.f. the red curve in the
bottom panel of Fig. 10). These characteristic features of the
conductance under finite bias and magnetic field are consistent
with previous findings in the Anderson model [88, 99, 114]
and analytical results at the Toulouse point [110].

Several remarks are in order. Firstly, in real-space calcula-
tions [88, 99] as performed in the present implementation, it is
known that the bias potential V should be kept small because
of the finite bandwidth intrinsic to the lattice model. If one
chooses V to be a very large value comparable to the band-
width, the bias becomes an order of the Fermi energy and the
calculations of the current and the conductance can no longer
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be faithful. For the parameters used in Fig. 10, we find that
the results faithfully converge to steady-state values as long
as the bias is small enough to satisfy V . th. Beyond that
value, the current often does not reach to a steady value in the
available time scale. Secondly, we remark that, in the pertur-
bative regime V . 0.1th in Fig. 10, very small deviations of
the conductance from the perfect value G0 = 2 can be easily
masked by numerical errors caused by time-dependent current
fluctuations in the steady-state regime (see e.g., Fig. 8). This
made it somewhat difficult to test the perturbative scaling of
G in the limit of V → 0 [27, 140, 141, 143–148]. Thirdly,
as mentioned above, we found that several important features
in our results are consistent with the analytical results at the
Toulouse point. These include the appearance of the peak in
the differential conductance around hz ∼ V and the asymme-
try between the conductance behavior at V = 0 with varying
hz and the one at hz = 0 with varying V . In particular, it has
been argued that this asymmetry is an important feature which
is absent in the “conventional” bosonization treatment [110].
Yet, there seem to be differences between the asymmetric be-
havior found in our results and that found in the above refer-
ence. For instance, while our results (c.f. the hz = 0 curve in
Fig. 10) indicate the negative curvature d2G/dV 2 < 0 in the
intermediate regime V ∼ TK ' 0.44th, Ref. [110] has pre-
dicted the opposite sign of the curvature with a strong linear
V dependence in a rather broad regime of small V (c.f. the
blue dashed curve in Fig. 6 in the reference). We leave the
observed discrepancy between the lattice Kondo results pre-
sented here and the analytical results at the Toulouse point as
an interesting open question.

V. CONCLUSIONS AND OUTLOOK

Motivated by the original ideas by Tomonaga [33] and
Lee, Low and Pines [34], we have developed an efficient and
versatile theoretical approach for analyzing the ground-state
properties and out-of-equilibrium dynamics of quantum spin-
impurity systems. A key idea of this approach is to introduce
a canonical transformation that decouples the impurity from
the bath degrees of freedom such that the impurity dynam-
ics is completely frozen in the transformed frame. We ob-
tain this transformation using the conserved parity operator
corresponding to the discrete symmetry of the spin-impurity
Hamiltonians. By combining the canonical transformation
with Gaussian wavefunctions for the fermionic bath, we ob-
tain a family of variational states that can represent nontrivial
correlations between the impurity spin and the bath. In the ac-
companying paper [113], we have presented the unitary trans-
formation decoupling the spin-1/2 operator and the bath, and
provided strong evidence that our approach correctly captures
the nontrivial ground-state and out-of-equilibrium properties
in spin-impurity problems. In this paper, we presented the
complete details of our variational method and benchmarked
its accuracy by comparing to the results obtained with the
MPS approach and the exact solution via the Bethe ansatz.
Furthermore, we have analyzed out-of-equilibrium dynamics
of the two-lead Kondo model in further detail by calculating

its long-time spatiotemporal dynamics and studying the con-
ductance behavior at finite bias and magnetic fields.

Let us summarize the key advantages of the proposed the-
oretical approach. Firstly, this approach is versatile and can
be applied to generic spin-impurity models, including sys-
tems with long-range spin-bath interactions and disorder. The
canonical transformation that we used relies only on the ex-
istence of the elemental parity symmetry, and Gaussian states
can be used to describe both the fermionic and bosonic baths.
The simplicity of our variational approach can provide new
physical insight into fundamental properties of challenging
impurity problems. Secondly, our method can be used to
predict spatiotemporal dynamics of the total system includ-
ing both impurity and bath in long-time regimes, which were
challenging (if not impossible) to explore in the previous ap-
proaches [111, 112]. This capability allows us to reveal new
types of out-of-equilibrium phenomena in SIM, e.g., non-
trivial crossovers in the long-time dynamics which originate
from the nonmonotonic RG flows of equilibrium systems as
found in the accompanying paper [113]. Thirdly, we note re-
markable efficiency of our approach, as we achieve accuracy
comparable to the MPS-based method using several orders of
magnitude fewer variational parameters. This suggests that
our variational states can represent nontrivial impurity-bath
correlations in a very compact way. Finally, in contrast to
several previous methods, our approach can be used without
relying on the bosonization, which requires introducing a cut-
off energy and using a strictly linear dispersion. This advan-
tage is particularly important in view of recent developments
of simulating quantum dynamics such as in ultracold atoms
[1–5, 137–139, 149–157] and quantum dots [6–10], which al-
low quantitative comparisons between theory and experiments
on both short and long time scales.

Our variational approach can be generalized in several
ways. Owing to its versatility, the proposed approach can
be straightforwardly generalized to multi-channel systems
[9, 26, 158–161], disordered systems [162], interacting bath
such as the Kondo-Hubbard models [163], and long-range in-
teracting systems [164, 165] as typified by the central spin
problem [31] that is relevant to nano-electronic devices such
as quantum dots [30]. Another promising directions are gener-
alizations to bosonic systems [166–169], the Anderson model
and two-impurity systems [115], which will be published else-
where. Extending the present approach, it is also possible to
calculate the frequency-domain quantities such as the spec-
tral function [76, 90]. Our approach can be also extended to
study driven systems and quantum pumping. Most of the pre-
vious works in this direction were restricted to noninteracting
electrons [170–173]. Our approach will allow for studying
full distribution function in charge transport; previous stud-
ies have been mainly limited to either noninteracting models
[174, 175] or one dimensional systems that allow bosonization
[176, 177]. In this paper, we focused on the pure Gaussian
state to represent coherent dynamics of an isolated system at
the zero temperature. Generalizing our method to Gaussian
density matrices will make it possible to explore finite tem-
perature systems [178–180] and, together with the variational
principle for master equations [181, 182], to study Marko-
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vian open quantum systems subject to dissipation [183–186]
or continuous measurements [187–191]. Extending our ap-
proach to multiple impurities [115, 192–195] would allow
for studying the most challenging problems in many-body
physics like competing orders in strongly correlated fermions
[196] and confinement in lattice gauge theories [197, 198].
We hope that our work stimulates further studies in these di-
rections.
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[169] T. Flottat, F. Hébert, V. G. Rousseau, R. T. Scalettar, and G. G.

Batrouni, Phys. Rev. B 92, 035101 (2015).
[170] F. Romeo and R. Citro, Phys. Rev. B 80, 165311 (2009).
[171] R. Citro, F. Romeo, and N. Andrei, Phys. Rev. B 84, 161301

(2011).
[172] M. Diez, A. M. R. V. L. Monteiro, G. Mattoni, E. Cobanera,

T. Hyart, E. Mulazimoglu, N. Bovenzi, C. W. J. Beenakker,
and A. D. Caviglia, Phys. Rev. Lett. 115, 016803 (2015).

[173] Y. Peng, Y. Vinkler-Aviv, P. W. Brouwer, L. I. Glazman, and
F. von Oppen, Phys. Rev. Lett. 117, 267001 (2016).

[174] L. S. Levitov, H. Lee, and G. B. Lesovik, J. Math. Phys. 37,
4845 (1996).

[175] Y. V. Nazarov and D. A. Bagrets, Phys. Rev. Lett. 88, 196801
(2002).

[176] D. B. Gutman, Y. Gefen, and A. D. Mirlin, Phys. Rev. B 81,
085436 (2010).

[177] D. B. Gutman, Y. Gefen, and A. D. Mirlin, Phys. Rev. Lett.
105, 256802 (2010).

[178] T. A. Costi, Phys. Rev. Lett. 85, 1504 (2000).
[179] R. Bulla, T. A. Costi, and D. Vollhardt, Phys. Rev. B 64,

045103 (2001).
[180] P.-H. Chou, L.-J. Zhai, C.-H. Chung, C.-Y. Mou, and T.-K.

Lee, Phys. Rev. Lett. 116, 177002 (2016).
[181] J. Cui, J. I. Cirac, and M. C. Bañuls, Phys. Rev. Lett. 114,
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