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Rate coefficients for capture of H2( j = 0,1) by H2
+ are calculated in perturbed rotor approximation,

i.e., at collision energies considerably lower than Bhc (where B denotes the rotational constant of
H2). The results are compared with the results from an axially nonadiabatic channel (ANC) approach,
the latter providing a very good approximation from the low-temperature Bethe-Wigner to the high
temperature Langevin limit. The classical ANC approximation performs satisfactorily at temperatures
above 0.1 K. At 0.1 K, the rate coefficient for j = 1 is about 25% higher than that for j = 0 while
the latter is close to the Langevin rate coefficient. The Bethe-Wigner limit of the rate coefficient for
j = 1 is about twice that for j = 0. The analysis of the relocking of the intrinsic angular momentum of
H2 during the course of the collision illustrates the significance of relocking in capture dynamics in
general. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4972129]

I. INTRODUCTION

The capture of a diatom in a closed electronic and an
adiabatically isolated vibrational state by an ion, after separat-
ing the center-of-mass (CM) motion and taking into account
the conservation of total angular momentum, is described by
four variables: the CM distance radial coordinate R of relative
motion of the fragments, the absolute value j of the intrinsic
angular momentum j of the diatom, its angle of precession φ
about R, and its angle of nutation βwith respect to R. The anal-
ysis of the dynamics can be simplified in the perturbed rotor
approximation where the coupling between different j states
is ignored, and each j state is handled independently under
the assumption that the absolute value of j is conserved (this
requires low collision energies, E� ∆Erot where∆Erot denotes
the energy for rotational excitation). The classical version of
this approximation (with two coordinates R,φ and two conju-
gate momenta PR, Pφ, the latter being related to the nutation
angle β) was elaborated in Refs. 1 and 2 for charge-induced
dipole and charge-permanent quadrupole interactions. It was
found that, in the course of the capture process, the projec-
tion of the intrinsic angular momentum onto the collision axis
changes noticeably. This is an effect of nutation which, due
to its coupling to the relative motion, occurs in a non-periodic
manner and in the course of the collision noticeably changes
the projection of j onto the collision axis R.

The change of the rotational polarization of the diatom,
i.e., the relocking of the projection of j onto the collision axis,
results in the following properties of capture:

(i) The conventional adiabatic channel (AC) model, such
as, e.g., described in Ref. 3, provides a fair approx-
imation for j-specific cross sections of unpolarized
diatoms, although this approach ignores radial and

a)Email: jtroe@mpibpc.mpg.de

rotational (Coriolis) nonadiabatic effects. This is a con-
sequence of the fact that, for large values of the total
angular momentum (quantum number J), the locking
(which causes transitions between different AC states)
occurs at larger distances than the effective capture
distances so that, on average, the neglect of Coriolis
coupling does not affect the population of the initially
unpolarized AC states in the region of the centrifugal
barriers.

(ii) The j-specific capture cross sections for rotationally
polarized diatoms show a marked dependence on the
polarization state which is not accounted for in the AC
model. Because of incomplete locking, the passage over
the centrifugal barriers is accompanied by considerable
gyroscopic effects. A similar effect is well known for
atomic collisions.4

(iii) As discussed in Refs. 5–7, the relocking of the intrin-
sic angular momentum with respect to the collision
axis can be taken into account within an axially nona-
diabatic channel (ANC) approach which diagonalizes
the Coriolis coupling at fixed interfragment distances.
However, the incorporation of Coriolis effects into the
ANC potentials generates new regions of radial nona-
diabatic coupling (in comparison to those of an AC
approach) which cannot be ignored and thus requires
further investigation.

We expect that the results described in (i) and (iii) will be
substantially modified when the condition J � 1 is not valid,
such that the discrete character of angular momenta and the
quantum character of the relative motion become important.
Therefore, the aim of the present work is twofold. First, we
study various decoupling phenomena at low energies where
the condition of a perturbed rotor approximation is fulfilled.
Second, we present accurate rate coefficients within a coupled-
state approach. We consider the capture of H2( j = 0,1) by
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H2
+ as an example which represents one of the most promis-

ing systems for an experimental study of quantum effects in
the capture (see, e.g., the recent Refs. 8–10). For this sys-
tem, the condition of low collision energies takes the form
E << 6Bhc where B = 60.85 cm�1 is the rotational con-
stant of H2. Accordingly, the article is organized as follows.
Section II describes a choice of basis sets for the descrip-
tion of capture in the perturbed rotor states j = 0 and
j = 1, taking into account the charge-induced dipole and charge-
permanent quadrupole interactions. It also provides a general
description of the potentials, which are characterized by two
dimensionless parameters. Section III considers the change of
rotational polarization of the diatom in the capture event, i.e.,
the relocking. Section IV provides numerical results for the
energy-dependent capture rate coefficients in the capture of
H2( j = 0,1) by H2

+. Section V concludes the article. A more
detailed analysis of the energy dependence of the rate coef-
ficients in terms of decoupling within the ANC approach is
given in the Appendix. This analysis permits a deeper insight
into capture dynamics in general.

II. INTERACTION POTENTIALS, BASIS FUNCTIONS
AND THE HAMILTONIANS

The ion-diatom interaction energy is written as a sum of
the isotropic and anisotropic ion-induced dipole and the ion-
quadrupole interactions

V (R, ϑ) = −
q2α

2R4
+

(
−

q2∆α

3R4
+

qQ

R3

)
(3 cos2 ϑ − 1)

2
, (2.1)

where q is the charge of the ion, α is the mean polarizabil-
ity, α = (α | | + 2α⊥)/3, ∆α = α | | − α⊥, Q is the quadrupole
moment of the molecule, andϑ is the angle between the molec-
ular and the collision axis. The Hamiltonian Ĥ of the system
is restricted to the sum of V (R, ϑ), the relative radial kinetic

energy P̂2
R

/
2µ, the relative rotational energy l̂

2/
2µR2, and the

rotational energy of the diatom Erot( j ),

Ĥ = P̂2
R

/
2µ + l̂

2/
2µR2 + V (R, ϑ) + Erot( j ). (2.2)

Here P̂R is the radial momentum of relative motion, µ is the

reduced mass of the collision partners, and l̂
2

can be expressed
through the total (J) and intrinsic ( j) angular momenta as

l̂
2
= (Ĵ − ĵ)2. In the following, we use the scaled vari-

ables for the distance R, ρ = R/RL, for the wave vector k,
κ = kRL, and for the energy E, ε=E/EL (where RL =

√
µq2α/~

and EL = ~
2/µR2

L); the scaled parameters of the interaction
potential are a = 2∆α

/
15α, b =2µqQ/5RL~

2. We note in
passing that the Langevin rate coefficient (for a = b = 0)

kL = 2π
√

q2α
/
µ is related to RL by kL = 2π~RL/µ.

The classical perturbed rotor (PRCl) Hamiltonian, HPRCl,
is obtained from Eq. (2.2) by averaging H over the angle of
proper rotation of the diatom in a state with fixed j.1,2 Then,
HPRCl depends on the conjugate dynamical variables (R, PR)
and (ϕ, pϕ) where ϕ denotes the precession angle of the vector
j about the collision axis and pϕ is the projection of j onto the
collision axis. In addition, HPRCl depends parametrically on
the total and intrinsic angular momenta J and j.

The quantum perturbed rotor (PRQ) Hamiltonian Ĥ
PRQ

is
obtained by projecting Ĥ onto the manifold of states ��J , M, j, γ

〉
each labeled by the quantum numbers J, M, j (corresponding to
the total angular momentum, its Z-projection in a space-fixed
(SF) frame and the intrinsic angular momentum of the diatom)
as well as by an additional quantum number γ that defines the
choice of the basis. The wave functions ��J, M, j, γ

〉
depend on

the set of angular variablesΞ that describe the orientation of the
collision axis in a SF frame and the orientation of the rotor axis
either in the SF or in the body-fixed (BF) frame. In addition,

these functions may also depend on ρ. The Hamiltonian Ĥ
PRQ

describes the radial motion of the partners and it depends on
the quantum number γ of a chosen representation. In scaled
variables and using Eq. (2.2) this Hamiltonian is represented
by a matrix η̂ with the elements ηJj

γγ ′
in the form

η
Jj
γγ ′
= −δγγ ′d

2
/
2dρ2 + υ

Jj
γγ ′

(ρ). (2.3)

Here, the first term of the r.h.s. represents the diagonal radial
kinetic energy operator and the second term results from the
effective interaction potential and the interchannel coupling.
In what follows, we refer to four different bases: basis of
free states (FS), standard adiabatic channel (AC) basis, parity-
adopted AC basis PAAC, and the axially nonadiabatic (ANC)
basis. The respective quantum numbers γ for these bases
are: relative angular momentum ` (i.e., γ≡ ` for FS with the
ρ-independent functions | J, M, j, `; FS〉), projection of j onto
the collision axisω for AC (i.e., γ ≡ ωwith the ρ-independent
functions | J, M, j,ω; AC〉), absolute value of the projection of
j onto the collision axis |ω| labeled by the parity quantum
numbers ± for PAAC (i.e., γ = |ω|± with the ρ-independent
functions ��J , M, j, |ω|± ; ANC

〉
), and the quantum number s

for the ANC, asymptotically related to the FS quantum num-
ber ` (i.e., γ = s, s = J − ` with the ρ-dependent functions
| J, M, j, s; ANC〉) by the relation | J, M, j, s; ANC〉|ρ→∞ →
| J , M, j, `; FS〉. The off-diagonal matrix elements in Eq. (2.3)
originate from the anisotropic interaction (in the FS basis),
the Coriolis interaction (in the AC basis), the reduced Coriolis
interaction (in the PAAC basis), and the radial nonadiabatic
interaction (in the ANC basis).

Of course, the AC, PAAC, and ANC functions can be
expressed through the FS functions. For instance, the FS-AC
relation reads

| J, M, j, `; FS〉 =
∑
ω

(−1) j−ωC`0
Jω; j−ω | J , M, j,ω; AC〉 , (2.4)

where C`0
Jω; j−ω stand for the Clebsch-Gordan coefficients. Here

the FS states are given by a standard Clebsch-Gordan contrac-
tion of two linear rotor functions in the SF frame, (one for
the collision axis and another for the diatom and AC states).
The AC states are expressed through the symmetric top (ST)
functions (with vanishing third angle) in the SF frame and
the linear rotor function in the BF frame (the former for the
collision axis, and the latter for the diatom).

Passing now to the cases j = 0 and j = 1, we note that, for
j = 0, the matrix υJj

γγ ′
consists of a single element with J = `,

υ
Jj=0
γγ ′

���J=` = `(` + 1)
/
2ρ2 − 1

/
2ρ4. (2.5)
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For j = 1, the expression for υJj
γγ ′

depends on the represen-
tation. In the following, we suppress the quantum numbers M
(which does not enter into the Hamiltonian η̂) and j (which
is fixed to j = 1) and consider the AC, PAAC, and ANC
representations:

In the AC basis | J ,ω; AC〉, the quantum numbers are
ω = −1, 0, 1 and the matrix υJ , j=1

γγ ′
���AC
≡ ACυJ

ωω ′
assumes the

form

AC
υ

J , j=1
ωω =

J( J + 1) + 2 − 2ω2

2ρ2
−

1

2ρ4

+
2 − 3ω2

2

(
a

ρ4
+

b

ρ3

)
, ω = −1, 0, 1,

AC
υ

J , j=1
0,±1 = i

√
J( J + 1)

/√
2ρ2.

(2.6)

In the PAAC basis ��J,|ω|± ; PAAC
〉

of definite parity
P, the quantum numbers |ω|± = 0+, 1+, 1− correspond to linear
combinations of AC functions given by

��J , 1±; PAAC
〉
= (1/

√
2) (| J , 1; AC〉 ∓ | J ,−1; AC〉) ,

P = ±(−1)J ,

��J , 0+; PAAC)
〉
= | J , 0; AC〉 , P = (−1)J .

(2.7)

The matrix υJ , j=1
γγ ′

���PAAC
≡ PAACυ

J , j=1
γγ ′

here reads

PAAC
υ

J , j=1
|ω |±, |ω |±

= AC
υ

J , j=1
ω,ω ,

PAAC
υ

J1
0+,1+ = i

√
J( J + 1)

/
ρ

2.
(2.8)

In the ANC basis | J, s; ANC〉, the quantum numbers
s = �1, 0, 1 correspond to (ρ, J )-dependent linear combi-
nations of PAAC functions given by

|J , s; ANC〉=



∑
|ω |±=0+,1+

Rs, |ω |± (Θ)��J , ��ω��±; PAAC
〉
, s=−1, 1,

��J , |ω|± ; PAAC
〉�� |ω |±=1− , s = 0.

(2.9)

Here R(Θ) is a standard 2× 2 rotation matrix with the rotational
angle Θ = Θ( J, ρ),

Θ( J , ρ) = (1/2) arctan

(
2
√

J(J + 1)

1 + 3b/2ρ + 3a/2ρ2

)
. (2.10)

The matrix υJ , j=1
γγ ′

���ANC
≡ ANCυ

J , j=1
ss′ reads

ANC
υ

J , j=1
ss′ = ANCA

υ
J , j=1
ss′ + ANC

∆υ
J , j=1
ss′ , (2.11)

where

ANCA
υ

J , j=1
ss =

J(J + 1) + s2

2ρ2
−

1

2ρ4
−

(
b

ρ3
+

a

ρ4

)
2 − 3s2

4

+
s
2

√(
3a

2ρ4
+

3b

2ρ3
+

1

ρ2

)2

+
4J( J + 1)

ρ4
,

(2.12)

ANC
∆υ

J , j=1
ss =

s2

2

(
∂Θ

∂ρ

)2

and

ANC
υ

J , j=1
1,−1 = −

∂Θ

∂ρ

d
dρ
+

1
2
∂2Θ

∂ρ2
. (2.13)

Here ANCAυ
J , j=1
ss results from the interaction potential and

the relative rotation, while ANC∆υ
J , j=1
ss results from the diag-

onal correction of the radial nonadiabatic coupling. Note
that ANCυ

J , j=1
ss differs from the ANC potentials introduced in

Refs. 6 and 7, since the latter do not include the diagonal
nonadiabatic correction and are identical to our ANCA poten-
tials. Due to the centrifugal repulsion, all ANC and ANCA
potentials (except those with J = 1, s = �1) exhibit an asymp-
toticalρ−2 dependence. Superimposed on this areρ−3- (charge-
quadrupole interaction) andρ−4-dependences (charge-induced
dipole interaction and diagonal nonadiabatic corrections). For
the J = 1, s = �1 state, only the former survives such that
asymptotically, at ρ� 3��b��

/
(2 J + 1)2, the ANC and ANCA

potentials read

ANCA
υ

J , j=1
ss

���J=1,s=−1
= −

1

2ρ4

(
1 + b2/3

)
,

ANC
υ

J , j=1
ss

���J=1,s=−1
= −

1

2ρ4

(
1 + 5b2/18

)
.

(2.14)

The correction in the parentheses of the ANCA potential can
be calculated in second order with respect to the charge-
quadrupole interaction in the FS basis, while this correction
to the ANC potential arises from the second order charge-
quadrupole interaction, being modified by the diagonal nona-
diabatic corrections. Note that the matrix η̂ in the AC basis
contains four off-diagonal elements (from Coriolis coupling);
in the PAAC basis there are two off-diagonal elements (from
Coriolis coupling) and in the ANC basis there are two off-
diagonal elements (from the radial coupling). In the two limits
ρ → 0 and ρ → ∞, the ANC states coincide with the PAAC
states and the FS states. This correlation is summarized in
Table I.

The wave functions in the asymptotic regions are most
clearly visualized in the J-helicity representation for J � 1
(with ` = J − jJ , see Ref. 11) which implies a passage to
the semiclassical approximation. With the classical vector J
taken as the polar axis, and the vector ρ taken as the zero line
for the azimuth of the rotor, the rotor wave functions in polar
coordinates ϑJ ,ϕρ in the BF frame are given in Table II.

We finally note that the ρ-dependence of the rotor func-
tions | J , s; ANC〉 implies a change of the locking (i.e., a
relocking) of j with respect to ρ. The relocking decreases the
effective potentials in the set of channels with s =�1. An exam-
ple of this decrease is given in Eq. (2.12) where the potential
is purely attractive notwithstanding the nonzero value of the
total angular momentum J = 1. This lowering of the potentials
has the following consequence. At low energies, the main con-
tribution to the capture comes from those channels of the set
s = �1 for which the motion is classically allowed. This motion

TABLE I. Adiabatic correlation of ANC states with PAAC and FS states
for j = 1.

|J , s; ANC〉|ρ→0 |J , s; ANC〉|ρ→∞
= ��J , |ω |± ; PAAC

〉
|J , s; ANC〉 = |J , `; FS〉 Parity P

|ω|± = 1+ s =�1 ` = J − 1 P = (�1)J

|ω|± = 1− s = 0 ` = J P =�(�1)J

|ω|± = 0+ s = 1 ` = J + 1 P = (�1)J
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TABLE II. Asymptotic rotor functions in the J-helicity representation for b > 0 in polar coordinates ϑJ ,φρ ((X)
means degenerate states).

Non-normalized rotor Non-normalized rotor | J , s; ANC〉 |ρ→∞
functions at ρ→ 0 | J , s; ANC〉 functions at ρ→ ∞ = | J , `; FS〉

sin ϑ sinϕ (X) s = �1 sin ϑJ exp(iφρ) (X) ` = J − 1
cos ϑ (X) s = 0 cos ϑJ (X) ` = J
sin ϑ cosϕ s = 1 sin ϑJ exp(−iφρ) (X) ` = J + 1

is coupled to the classically forbidden motion in the set of chan-
nels s = 1. Since the latter do not contribute substantially to the
capture, one can neglect the coupling as given by Eq. (2.11) and
describe the capture dynamics in the decoupling approxima-
tion. This approximation is discussed in detail in the Appendix.
It is also used in Section III for a description of relocking.

III. ROTATIONAL POLARIZATION OF THE DIATOM
IN THE CAPTURE EVENT

The locking of the intrinsic angular momentum to the
collision axis is described by theρ-dependent matrix of a polar-
ization operator in the chosen basis of the rotational functions
(AC, PAAC, or ANC). The polarization matrix, together with
the wave function as represented in the form of an expansion in
rotational functions, allows one to determine the evolution of
the expectation value of a locking feature as a function of the
distance ρ between the collision partners only. A limited infor-
mation on the change of the locking (i.e., relocking) along ρ is
provided by the diagonal elements of the polarization matrix.
But this information is sufficient for the description of relock-
ing in the decoupling approximation which is used for the
general analysis of the energy dependence of capture cross
sections in the Appendix.

Since a definite orientation of j with respect to the colli-
sion axis is not compatible with the conservation of the total
parity (see above), we characterize the polarization by an align-
ment index that is defined as the expectation value 〈Â〉 of the
R−component of the alignment operator Â = 2 − 3ĵ2

R (being
proportional to the expectation value of the charge-quadrupole
interaction). Since relocking is due to the interplay of electro-
static and Coriolis interactions and since the latter is ignored in
the AC and PAAC basis functions, neither of them can be used
for a description of the relocking. Therefore, the expectation
values of A do not depend on ρ and are given by

〈J, M,ω| Â | J , M,ω〉 =
〈
J , M, |ω|p�� Â ��J , M, |ω|p

〉
=

{
2 for ω = 0,
−1 for ω = ±1.

(3.1)

On the other hand, the three ANC alignment indices are

A−1(J , ρ) ≡ 〈J , M, s| Â |J , M, s〉s=−1 = 3 sin2 Θ − 1,

A0(J , ρ) ≡ 〈J , M, s| Â | J , M, s〉s=0 = −1,

A1(J , ρ) ≡ 〈J , M, s| Â | J , M, s〉s=1 = 3 cos2 Θ − 1,

(3.2)

where Θ ≡ Θ(J ,ρ) is defined by Eq. (2.10).

The limiting, AC and FS, expressions, AAC
s (J)

= lim
ρ→0

As(J , ρ) and AFS
s (J) = lim

ρ→∞
As(J , ρ) respectively, are

AAC
−1 = −1; AFS

−1 = ( J − 1)/(2J + 1),

AAC
0 = −1; AFS

0 = −1,

AAC
1 = 2; AFS

−1 = ( J + 2)/(2J + 1).

(3.3)

Nonvanishing asymptotic alignment AFS
s (at ρ→ ∞) is termed

as “kinematic polarization,”12 and it arises from the restric-
tions imposed by the conservation of total angular momentum
and the normal orientation of the relative angular momentum
with respect to the collision axis. This kind of polarization was
extensively discussed in Ref. 13. Complementary to it, one can
also understand the dynamic polarization that arises from the
interplay of the anisotropic electrostatic and the Coriolis inter-
action at finite values ofρ, i.e., from the locking.14 For instance,
the transformation of the rotor functions with decreasing ρ for
s = 1, s = �1 from the limit of kinematic polarization to the AC
limit of tight locking (see Table II) is the quantum counterpart
of the precession/nutation motion of the rotor in the classical
picture of capture.

We characterize the change of the alignment resulting
from relocking, by a relocking index rs(J, ρ), defined as

rs(J , ρ) = s
As − AFS

s

AAC
s − AFS

s
. (3.4)

For s = 0, Eq. (3.4) yields r0(J, ρ) = 0. This accounts for the fact
that, with the potential ANCυ

J , j=1
0 (ρ), the alignment index does

not depend on ρ, and the vanishing value of r0(J , ρ) implies
that the capture in this potential is not associated with a change
of the locking. For s = ±1 and fixed values of J, the functions
r±1(J , ρ) characterize the extent of locking as a function of
the distance. If the term with the parameter a in Eq. (2.9) can
be neglected (which is often the case), the function rs( J, ρ)
shows a universal behavior when expressed in terms of the
scaled variable ρ/b. If capture is associated to the attaining

of a certain distance ρ j=1
J ,s , then the locking index rs(J, ρj=1

J ,s )
can be considered as a characteristic polarization property in
the capture event. Fig. 1 shows the plots of rs(J, ρ) vs ρ for
various values of J, taking the capture of H2( j = 1) by H2

+

as an example. The symbols here mark the distances ρj=1
J ,s at

which the effective potentials assume their maximum values.
These distances therefore denote effective capture distances,
see below.

Two features deserve special notice. First, the lowest curve
(J = 1, s = �1) is not associated with a well-defined capture
distance, there is thus no symbol on this curve. Second, the state
(J = 0, s = 1) is not associated with a change of polarization,
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FIG. 1. Dependence of the relocking index rs of Eq. (3.4) on the scaled dis-
tance ρ between the collision partners for different ANCυ

J , j=1
s potentials. The

symbols refer to the capture distances ρ j
Js

(see text; filled circles, open circles,
and triangles for s = �1, 0, 1; the horizontal line rs = 0 corresponds to r1(0, ρ)
and r0( J , ρ); calculations are for capture of H2( j = 1) by H2

+).

since for this case ` becomes an exact quantum number, and
the intrinsic momentum has a well-defined projection onto the
vector ρ. Therefore, the alignment index r1(0, ρ) is represented
by a horizontal line superimposed onto the set of horizontal
lines for r0( J , ρ).

IV. CAPTURE RATE COEFFICIENTS

The capture problem with the PR Hamiltonian can be
solved in any of the above representations by integrating the
coupled equations with incoming boundary conditions for each
state and outgoing boundary conditions for all other states at
large ρ and for incoming boundary conditions toward the cap-
ture center at smallρ. In the latter case, the boundary conditions
are specified by representing the solution of capture equations
by a superposition of analytical WKB waves that travel to the
capture center. With the Hamiltonian matrix ηJj

γγ ′
in the basis

��J , j, γ; ρ,Ξ
〉

and the boundary conditions specified by a set of
quantum numbers Γ at ρ → ∞, this solution leads to a wave
function of the form

Ψ
Jj
Γ

(ρ,Ξ) =
∑
γ

XJj
γ;Γ(ρ) ��J , j, γ; ρ,Ξ

〉
. (4.1)

The radial functions XJj
γ;Γ(ρ) are calculated from a set of

coupled equations ∑
γ′

η
Jj
γγ ′

XJj
γ;Γ = EXJj

γ;Γ. (4.2)

The wave functions ΨJj
Γ

(ρ,Ξ) and XJj
γ;Γ(ρ) in Eqs. (4.1) and

(4.2), in addition to J, j, γ, are also parameterized by an asymp-
totic channel quantum number Γ that specifies the boundary
conditions. The asymptotic behavior of the wave functions is
described by a non-unitary scattering matrix SJj

Γ′,Γ which, in

turn, defines the capture probability PJj
Γ

in the channel Γ as

PJj
Γ
= P j

J ,Γ = 1 −
∑
Γ′

���S
Jj
Γ′,Γ

���
2
. (4.3)

TABLE III. Qualitative character of capture rate coefficients for j = 1 in terms
of scaled wave vectors κ and scaled quadrupole moment b (small anisotropic
polarizability ignored).

κ, b relation Characteristic features of the capture

κ → 0 Bethe-Wigner limit of the rate coefficient, χ j=1 → χ
j=1
BW√

2κ < b Prevailing effect of charge-quadrupole interaction
√

2κ > b Prevailing effect of charge-induced dipole
interaction, χ j=1 → χL = 1

√
2κ � 1 WKB character of capture

For j = 0, the asymptotic quantum number corresponds to the
conserved quantum number ` = J , and thus Γ is redundant.
For j = 1, the asymptotic quantum numbers Γ of different
channels correspond either to the k-helicity quantum number
Ω (the counterpart of ω in the AC basis at ρ → ∞), or to the
k-helicity quantum number |Ω|± (the counterpart of |ω|± in
the PAAC basis at ρ → ∞), or to the quantum number S (the
counterpart to s in the ANC basis at ρ → ∞, i.e., S = �1, 0, 1
for ` = J − 1, J , J + 1).

The capture probabilities PJj
Γ

define the rate coefficients
kj for capture of rotationally unpolarized rotors. Written
in reduced form as χ j = kj/kL with the energy-independent

Langevin rate coefficient kL = 2π
√

q2α
/
µ (which, for H2 +

H2
+ capture, is equal to 2.10 · 10�9 cm3/s or 0.342 a.u.), they

read

χ
j=0(κ) =

1
2κ

∑
`

(2` + 1)P `, j=0(κ), (4.4)

χ
j=1(κ) =

1
6κ

∑
J ,Γ

(2J + 1)PJ , j=1
Γ

(κ), (4.5)

where the scaled wave vector κ is defined in Sec. II. The high-
energy limits of χ j=0(κ) and χ j=1(κ) are the Langevin rate
coefficient, i.e., χL = 1. The zero-energy value of χ j=0(κ)
is the Bethe-Wigner rate coefficient15,16 calculated for the
charge-induced dipole interaction by Vogt and Wannier,17

χ j=0(κ)���κ→0
≡ χ

j=0
BW = 2. The zero-energy value of χ j=1(κ) is

expected to be close to the estimates obtained from Eq. (2.14)
by rescaling the Vogt-Wannier value either for ANCA or ANC
asymptotics (see the Appendix): χ j=1(κ)���κ→0

≈ ANCAχ
j=1
BW

= 2
√

1 + b2/3 or χ j=1(κ)���κ→0
≈ ANCχ

j=1
BW = 2

√
1 + 5b2/18.

Increasing κ from κ = 0 to κ > > 1, the rate coefficients χ j=1

decrease from χ
j=1
BW to χL = 1 in an undulating manner which

is due to the successive opening of the capture channels. For
j = 0, the undulations were analyzed in detail in Ref. 18. For
j = 1, they were discussed in Ref. 6 in connection with the
anisotropy of the potential. A useful variable to describe the
energy dependence of χ is the quantity

√
2κwhich, when equal

TABLE IV. Parameters for H2 +H+2 collisions.

µ Q α =
α| |+2α⊥

3 ∆α = α| | − α⊥

1836 me 0.474 a.u. 5.437 a.u. 2.12 a.u.
1.0075 amu 0.637 · 10−26 0.8057 Å3 0.314 Å3

esu · cm2 8.057 · 10�25 cm3 3.14 · 10�25 cm3
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TABLE V. Scaling coefficients and scaled parameters for H2+H+2 collisions.

RL =

√
µq2α
~ EL =

~2

µR2
L

a = − 2
15

∆α
α

b = 2
5

qQµ
~2RL

100.2 a.u. 5.450 · 10−8 a.u.
52.9 Å 1.72 · 10−2 K −0.052 3.48

1.20 · 10−2 cm−1

to
√
`(` + 1) =

√
2κ` , corresponds to the classical opening of

the capture channel with the respective ` in the case of pure
charge-induced dipole interaction. The interfragment distance
that corresponds to the maximum of the effective potential
(the capture distance ρ` ) is then equal to κ−1/2

`
; the ratio of

the charge-quadrupole interaction to the charge-induced dipole
interaction at this distance, |b| ρ` = |b| κ

−1/2
`

, characterizes the
effect of the former in comparison to that of the latter. If, in
addition, one ignores the small effect of the anisotropic polar-
izability, one obtains the data of Table III which describes the
qualitative properties of the rate coefficients in different energy
regimes and for different values of the charge-quadrupole
interaction.

The described approach in the following is used for the
numerical calculation of the rate coefficients for capture of
H2( j = 0,1) by H2

+. The latter event represents an inter-
mediate (and irreversible) stage of the exothermal reaction
H2 + H2

+→ H3
+ + H. The lifetime of the intermediate com-

plex H4
+ is believed to be long enough to lead to statistical

behaviour of the complex and its decay into the product chan-
nels. Thus the capture rate can be identified with the reaction
rate that can be directly measured.

Our previous approximate results for H2( j = 1) + H2
+ cap-

ture (see Fig. 7 of Ref. 7) were presented as scaled temperature-
dependent rate coefficients vs. scaled temperatures kBT /EL.
Different from this, we now use scaled energy-dependent rate
coefficients which appear more appropriate for a detailed anal-
ysis of the capture dynamics (see the Appendix) since the

FIG. 2. Scaled rate coefficients for capture of H2( j = 0,1) by H2
+ (χ j=0, χ j=1)

and mean rate coefficients for a para-ortho mixture χ̄ = (1/4)χ j=0+(3/4)χ j=1

(values are given relative to the Langevin limit kL ; the classical opening of
successive channels for a charge-induced dipole potential for j = 0 is marked
by arrows (accurate results from the present work; ANC results are presented
in Figs. 4 and 5 in the Appendix).

FIG. 3. As Fig. 2, but for larger energies.

structure then is not lost by thermal averaging. Also, energy-
dependent rate coefficients are needed for experiments with
well-defined collision energies. The relevant parameters of the
calculation are summarized in Tables IV and V.

Figs. 2 and 3 show the resulting χ j=0, χ j=1, and mean
rate coefficients for a para-ortho mixture of χ̄ = (1/4)χ j=0

+ (3/4)χ j=1.
The scale of the lower horizontal axis is chosen according

to the condition that the undulations of χ j=0 are evenly spaced.
The upper horizontal axis corresponds to collision energies in
K. Compared to Fig. 2, the vertical axis in Fig. 3 is expanded
in order to show more details close to the Langevin limit. One
notices a smaller amplitude of the undulations for χ j=1 and χ̄
than for χ j=0 which is due to a more efficient quenching of
the interferences for j = 1 by the larger number of contributing
channels. The general pattern of the energy dependence of the
rate coefficients can be understood in terms of the above dis-
cussion such as summarized in Table III. More details can be
learned from an inspection of the decoupling ANC approxima-
tions (such as given in the Appendix). Here we only mention
that the decoupling ANC approximation yields a total rate
coefficient ANCχ j=1 that is very close to its accurate counterpart
χ j=1 such as determined here and illustrated in Figs. 2 and 3.
We also find that the classical ANC rate coefficient (ACNCl),
ANCClχ j=1, well approximates ANCχ j=1 for collision energies
above 5 · 10�2 K. At this energy, χ j=1 is about 40% higher
than χ j=0.

V. CONCLUSIONS

The capture of a quadrupolar diatom by an ion, during
the course of the collision, is accompanied by a change of the
rotational polarization of the molecule with respect to the col-
lision axis. The classical explanation of this effect corresponds
to the precession and nutation of the intrinsic angular momen-
tum and its coupling to the radial motion of collision partners.
The quantum counterpart of this behavior is expressed by a
set of coupled radial wave equations. For low collision ener-
gies, these equations can be partially decoupled within the
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perturbed rotor approximation which assumes that the intrin-
sic angular momentum j is a good quantum number. Within
this approximation, we have calculated rate coefficients for
capture of H2( j = 0,1) by H2

+ from ultra-low energies (few
classically open channels) up to energies where many channels
are classically open and the capture rate coefficients converge
to their Langevin limit. We also analyzed the axially nonadia-
batic channel approximation (ANC) which diagonalizes the
Coriolis interaction at fixed radial coordinates and ignores
the radial nonadiabatic coupling between ANC channels. The
comparison with the accurate results shows a very good per-
formance of the ANC approximation, from the classical down
to the Bethe-Wigner limit. In the latter range, we found a
non-negligible effect of the diagonal non-adiabatic correction
incorporated into the ANC potential. The main reason for the
adequacy of the ANC approximation is the correct descrip-
tion of the relocking of the intrinsic angular momentum of
H2, which significantly affects the ANC potentials. In this
respect, the standard AC approximation fails badly at ultra-low
energies. Rather unexpectedly, we have found that the classi-
cal ANC approximation well reproduces the quantal results
already at energies when only 5 or 6 capture channels are clas-
sically open, i.e., at an energy corresponding to 0.1 K. At this
energy, the capture rate coefficient for j = 1 is about 25% higher
than that for j = 0. For a standard ortho-para mixture of H2, the
mean capture rate coefficient at 0.1 K is expected to be about
20% higher than that for para-hydrogen.

We close by mentioning that experimental studies of the
reaction H2 + H2

+→ H + H3
+ are being conducted now down

to temperatures such as considered in the present work.19 The
lowest temperature attained so far is about 300 mK.19 At this
temperature, the rate coefficient for j = 0 is dominated by four
channels, ` = 0, 1, 2, 3 (see Figs. 2 and 3, blue line). For
j = 1 it is dominated by eight decoupled channels Js = 1

�1, 10,
2
�1, 20, 3

�1, 30, 4
�1, 40 (arrows in Figs. 4 and 5), with four

channels Js = 1
�1, 2

�1, 3
�1, 4

�1 from the s = �1 manifold and

FIG. 4. Total and partial scaled rate coefficients for capture of H2( j = 1)
by H2

+ in different approximations across the ultra-low (two classically open
channels) and very-low (several classically open channels) energy range. (The
classical opening of successive channels for ANC potentials is marked by Js
symbols and arrows. BW = Bethe-Wigner limits.)

FIG. 5. As Fig. 4, but for larger energies.

four channels Js = 10, 20, 30, 40 from the s = 0 manifold. These
two manifolds are contributing almost equally (two blue lines
in Fig. 4 and two upper blue lines in Fig. 5). All channels J+1

from s = 1 manifold are closed for the capture at this temper-
ature and their contribution becomes noticeable only above
5 K (the lowest blue line in Fig. 5). The agreement between
the experiment and theory for the mean rate coefficients for a
para-ortho mixture of H2 is then within experimental error.
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APPENDIX: CAPTURE DYNAMICS FOR H2( j = 1) + H2
+

IN THE DECOUPLING ANC APPROXIMATION

In a decoupling approximation, the sum in Eq. (4.1) is
simplified to a single term. Since then Γ is redundant, we write

Ψ
Jj
γ;Γ(ρ,Ξ)���Γ=γ ≡ Ψ

Jj
γ (ρ,Ξ) = χ Jj

γ (ρ) ��J , j, γ; ρ,Ξ
〉

, (A1)

with χ Jj
γ;Γ(ρ) following from the wave equation

η
Jj
γγχ

Jj
γ = Eχ Jj

γ . (A2)

In the application to the decoupling ANC approximation dis-
cussed below, we put γ = s and consider the diagonal elements
of the Hamiltonian matrices ANCυ

J , j=1
ss in Eqs. (2.11) and

(2.12) as independent potentials that lead to capture. The cap-
ture in the field of these potentials is characterized by the
probabilities ANCP J , j=1

s . The latter define partial and total rate
coefficients as

ANC
χ

j=1 =
∑

s

ANC
χ

j=1
s ,

ANC
χ

j=1
s =

1
6κ

∑
J

(2J + 1)ANCP J , j=1
s .

(A3)

In the following, we use ANCP J , j=1
s for the definition of char-

acteristic energies and threshold values Js for capture in indi-
vidual channels, as well as for the calculation of ANCχ

j=1
s and
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ANCχ j=1 in order to interpret numerically calculated χ j=1 (for
simplicity, later we suppress the superscript ANC).

We define the characteristic energies ε j=1
J ,s as heights of

the barriers for J , 1, s , −1 and put εj=1
J ,s = 0 for J = 1,

s = −1. In the former case, the capture probabilities
P J , j=1

s (ε)���ε=εj=1
J ,s

are approximately equal to 1/2, while for the

latter case the probability vanishes but the partial rate coeffi-
cient equals its BW limit, ANCχ

j=1
BW = 2

√
1 + 5b2/18.

The values of
√

2κ j=1
J ,s that correspond to εj=1

J ,s are shown
on the horizontal axis in Fig. 4 (non-WKB energy range)
and Fig. 5 (WKB energy range) by vertical arrows labeled
by Js. This is similar to Figs. 2 and 3. Also shown are the
partial decoupled rate coefficients ANCχ

j=1
s , the total rate coef-

ficients ANCAχ j=1 in the ANCA approach, and the classical rate

coefficients ANCClχ j=1.
The following features deserve mentioning:

(1) The ANC results are very close to the accurate results.
This implies that the radial nonadiabatic coupling
between ANC channels is nearly negligible.

(2) The influence of the radial nonadiabatic correction on
the ANC potentials is demonstrated by a comparison of
the accurate and the ANC and ANCA rate coefficients.
The difference between ANC and ANCA rate coeffi-
cients, which is due to the diagonal nonadiabatic cor-
rection, is discernable only at ultra-low energies where
the rate is determined by the capture in the first channel
J = 1, s = �1.

(3) The result of the discrete nature of the quantum angular
momentum is demonstrated by a comparison of the clas-
sical ANCCl and the quantum ANC rate coefficients.
The divergence of ANCClχ in the limit of low ener-
gies arises from the continuous distribution of the total
angular momentum. The latter approximation becomes
acceptable for energies at which channels with J > 3
classically open (with quantum/classical deviations less
than 10% for energies above 5 · 10�2 K).

(4) The result of relocking is demonstrated by the sequence
of the alignment indices at the opening of channels. This
sequence can be read from the ordinate of the labeled
points in Fig. 1 corresponding to specific values of J,s.

(5) The effect of nutations is demonstrated by a comparison
of ANC and AC rate coefficients. We see that the AC
approximation (where nutation is ignored) fails at low
energies (below 5 · 10�2 K). At higher energies, the
quantum AC approximation performs even worse than
the classical ANC approximation.

(6) The partial contributions ANCAχ
j=1

s=−1, ANCAχ
j=1

s=0 , and
ANCAχ

j=1
s=1 follow the expected relation ANCAχ

j=1
s=−1

> ANCAχ
j=1

s=−0>
ANCAχ

j=1
s=+1. The late appearance of the

contribution ANCAχ
j=1

s=+1 is responsible for the drop of
the total rate ANCAχ j=1 below the Langevin limit before
this is finally reached after passing through a shallow
minimum.

(7) The late appearance of the contribution ANCAχ
j=1

s=+1, aris-
ing from the asymptotically strongly repulsive ANC

potential, suggests that the state Ω = 0 in the k-helicity
basis also does not contribute substantially to χ j=1 at
low energies. Then writing χ j=1 = (1/3)

∑
Ω=±1

χ
j=1
Ω

and

taking into account the relation χ j=1
Ω=1 = χ

j=1
Ω=−1, we get

a capture rate coefficient for the k-helicity rotationally
polarized rotor of χ j=1

Ω=1 = (3/2)χ j=1.
(8) The relation between different partial rate coefficients

follows the predictions from the corresponding expres-
sions for AC and ANC potentials

AC
χ

j=1
1 = AC

χ
j=1
−1 > AC

χ
j=1

0 ,

ANC
χ

j=1
−1 > ANC

χ
j=1

0 > ANC
χ

j=1
1 ,

(A4)

ANC
χ

j=1
−1 > AC

χ
j=1
−1 =

AC
χ

j=1
1 ,

ANC
χ

j=1
0 = AC

χ
j=1
−1 =

AC
χ

j=1
1 ,

ANC
χ

j=1
1 < AC

χ
j=1
0 .

(A5)

In the limit ε→ 0, all rate coefficients ACχ
j=1
ω as well as

ANCχ
j=1
s=0 , ANCχ

j=1
s=1 disappear. The remaining partial ANC con-

tribution ANCχ
j=1
−1 is expressed through the respective Bethe-

Wigner radius as

lim
ε→0

ANC
χ

j=1(ε) = lim
ε→0

ANC
χ

j=1
−1 (ε) = ANC

ρ
j=1

BW

= 2
√

1 + 5b2/18 = 4.18. (A6)

The corresponding expression for j = 0 reads18

lim
ε→0

χ
j=0(ε) = ρj=0

BW = 2. (A7)

It appears also of interest that, at the energy when χ̄ notice-
ably exceeds its Langevin limit (e.g., by 20% at 0.1 K, see
Fig. 4), the classical ANC approach provides a reasonable
approximation.

The decoupling approximation allows one to estimate pos-
sible effects of additional interactions between H2 and H2

+

neglected in the present treatment: the quadrupole-quadrupole
(qq) interaction and the molecular orbital (MO) overlap
(Franck-Condon, FC) interaction responsible for the symmet-
ric charge transfer. The relative correction of the qq interaction
to the cq interaction is in the order of Q/eR2 ≈ r2

e /R
2 where

r2
e is the equilibrium distance between the protons in H2 or

H2
+. This correction makes a negligible contribution to the

capture in all channels that become open below the energy
ε

j=1
J ,s . For the channel Js, the relative qq correction amounts

to about r2
e /R

2
J ,s. This ratio, for r2

e of about 1 a.u., reads

r2
e /R

2
J ,s ≈ 1/R2

L(a.u.)ρ2
J ,s. With RL(a.u.) ≈ 102 (see Tables IV

and V), the relative correction of the qq interaction to the cq
interaction at the characteristic capture distance ρJ ,s amounts
to 10−4/ρ2

J ,s. Reading the values of ρJ ,s from Fig. 1 (symbols
on the lines), we find that this correction is negligible for all
the channels shown in this figure (J ≤ 10) and while refer-
ring to Fig. 5, we see that qq interaction can be certainly
neglected for collision energies E/kB < 5 K. An estimation of
the MOFC interaction, by referring to the asymptotic theory of
the exchange interaction,20 indicates that the Franck-Condon
overlap of MO on two centers (that could lead to the symmetric
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charge transfer) does not show up in the capture dynamics. We
also mention that there are no other nuclear spin restrictions
in the capture beside those related to the mean rate coeffi-
cient for the equilibrium para-ortho mixture of H2(see Figs. 2
and 3).

Summarizing, we note again the very good performance of
the uncoupled ANC approximation across the low-temperature
range (T << Bhc/kB). At least this applies to the H2( j = 1)
+ H2

+ capture. Deficiencies of the uncoupled ANC approx-
imation may show up at higher energies, but this would not
change the rate coefficient since the latter is already close to
its Langevin counterpart.
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