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ANCIENT SOLUTIONS TO THE RICCI FLOW WITH
PINCHED CURVATURE
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1. INTRODUCTION

In this note, we study ancient solutions to the Ricci flow on compact
manifolds. Recall that a one-parameter family of metrics g(t) on a compact
manifold M evolves by the Ricci flow if

0

at’
A solution to the Ricci flow is called ancient if it is defined on a time interval
(—00,T). Ancient solutions typically arise in the study of singularities to
the Ricci flow (see e.g. [12], [13], [15], [16]).

P. Daskalopoulos, R. Hamilton, and N. Sesum [8] have recently obtained a
complete classification of all ancient solutions to the Ricci flow in dimension
2. (See also [7], where the analogous question for the curve shortening flow is
studied.) V. Fateev [9] has constructed an interesting example of an ancient
solution in dimension 3. L. Ni [14] showed that any ancient solution to the
Ricci flow which is of Type I, k-noncollapsed, and has nonnegative curvature
operator has constant sectional curvature.

In this note, we show that any ancient solution to the Ricci flow in dimen-
sion n > 3 which satisfies a suitable curvature pinching condition must have
constant sectional curvature. In dimension 3, we require a uniform lower
bound for the Ricci tensor:

= -2 Rng(t) .

Theorem 1. Let M be a compact three-manifold, and let g(t), t € (—o0,0),
be an ancient solution to the Ricci flow on M. Moreover, suppose that there
exists a uniform constant p > 0 such that

Ricy(y > pscalyy g(t) >0

for all t € (—00,0). Then the manifold (M,g(t)) has constant sectional
curvature for each t € (—00,0).

Fateev’s example shows that the pinching condition for the Ricci tensor
cannot be removed. The proof of Theorem [l relies on a new interior estimate
for the Ricci flow in dimension 3. This estimate is proved using the maximum
principle, and will be presented in Section 21

In dimension n > 4, we prove the following result:
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Theorem 2. Let M be a compact manifold of dimension n > 4, and let
g(t), t € (—00,0), be an ancient solution to the Ricci flow on M. More-
over, suppose that there exists a uniform constant p > 0 with the following
property: for each t € (—00,0), the curvature tensor of (M, g(t)) satisfies

Rywyler, es,en,e3) + X Ryy(er, ea, ex, eq)
+ Ry (e2, e3,€2,€3) + A° Ry (€2, eq, €2, €4)
— 2 Rg(t) (61, €9, €3, 64) > pSC&lg(t) > 0

for all orthonormal four-frames {e1, ez, e3,e4} and all X € [0,1]. Then the
manifold (M, g(t)) has constant sectional curvature for each t € (—o0,0).

Theorem [ again follows from pointwise curvature estimates which are
established using the maximum principle. In dimension n > 4, the evolu-
tion equation for the curvature tensor is much more complicated, and our
estimates are not as explicit as in the three-dimensional case. In order to
handle the higher dimensional case, we use the invariant curvature condi-
tions introduced in [3] and [5]. These ideas also play a key role in the proof
of the Differentiable Sphere Theorem (cf. [5]).

2. PROOF oF THEOREM [I]

Proposition 3. Let M be a compact three-manifold, and let g(t), t € [0,T),
be a solution to the Ricci flow on M. Moreover, suppose that there exists a
uniform constant p € (0,1) such that

Ricy(y > pscalyy g(t) >0
for each t € [0,T). Then, for each t € (0,T), the curvature tensor of
(M, g(t)) satisfies the pointwise estimate

[¢) 3\C
. 2 2—0
[Ricg|® < (§> scal_ .,

where o = p?.

Proof. The assertion is trivial if (M, g(0)) is Ricci flat. Hence, it suffices
to consider the case that (M,¢(0)) is not Ricci flat. By the maximum
principle, the manifold (M, ¢g(t)) has strictly positive scalar curvature for all
te(0,7).

We next define a function f: M x (0,7) — R by

o
f = scal” % |Ric/|?,

where o = p?. It is easy to see that f < scal®. Moreover, it follows from

Lemma 10.5 in [I0] that
0 2(1 -o)
<A A7)

o =T T

sca

o)
Opscal 9% f + 2scal” 3 | o |Ric|? |Ric|? — 2P|,
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where P is a polynomial expression in the eigenvalues of the Ricci tensor.
By assumption, we have Ric > pscal g. Hence, it follows from Lemma 10.7
in [10] that

o
P > o |Ric|? |Ric|?.
This implies
o ()
2P — o |Ric|? [Ric|? > o |Ric|? [Ric|?

()
o scal® |Ric|?

v

Wl Wl Wl

oscal*™? f

v

Putting these facts together, we conclude that
0 2(1 — 2
—f<Af+ M@;@scalakf — o fits.
ot scal 3

Using the maximum principle, we obtain

3\
<(—) .
1< (z)
This completes the proof.

Corollary 4. Let M be a compact three-manifold, and let g(t), t € (—o0,0),
be an ancient solution to the Ricci flow on M. Moreover, suppose that there
exists a uniform constant p € (0,1) such that

Ricy) > pscalyyy g(t) >0

for each t € (—00,0). Then the manifold (M, g(t)) has constant sectional
curvature for each t € (—00,0).

Proof. It follows from Proposition B that ]ROicg(t)]z = 0 for each t €
(—00,0). Therefore, the manifold (M, g(¢)) has constant sectional curvature
for each t € (—00,0).

3. THE HIGHER DIMENSIONAIL CASE

In this section, we develop some general tools that will be used in proof
of Theorem 2l To that end, we fix an integer n > 4. Moreover, we denote
by €5(R™) the space of algebraic curvature tensors on R". Given any alge-
braic curvature tensor R € ¢(R"), we define an algebraic curvature tensor
Q(R) € €5(R") by

Q(R)ijkl = Z Rijpq Riipg + 2 Z (Ripkq Rijplq = Ripiq ijkq)-

p,q=1 p,q=1
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The expression Q(R) arises naturally in the evolution equation for the curva-
ture tensor under Ricci flow (cf. [I1]; see also [4], Section 2.3). The ordinary
differential equation %R = Q(R) on the space €5(R") will be referred to as
the Hamilton ODE.
We next consider a cone C C ¢p(R"). We say that the cone C has
property (%) if the following conditions are met:
(i) C is closed, convex, and O(n)-invariant.
(ii) C is transversally invariant under the Hamilton ODE 4R = Q(R).
(iii) Every algebraic curvature tensor R € C\ {0} has positive scalar
curvature.
(iv) The curvature tensor I;jr = 0;x 0, — 94 0 lies in the interior of C.
In the remainder of this section, we assume that C C €5(R") is a cone
satisfying (*). Then Q(R) lies in the interior of the tangent cone TrC for
all R € C'\ {0}. By continuity, we can find a real number g > 0 such that

Q(R + ascal(R)I) — adscal(R)* I € TrC

for all R € C'\ {0} and all « € [0, ovp]. Moreover, there exists a real number
A > 0 such that [Ric(R)| < Ascal(R) for all R € C. Let

1 2
0 = min { on(n — 1)’ % A(1 J(:O2A2)} > 0.
For each t € [0, 9], we define a subset F(t) C €5(R™) by
Ft)={ReC:R+ (1 —tscal(R))I € C}.
Clearly, F'(t) is closed, convex, and O(n)-invariant. Moreover, F'(0) = C.

Lemma 5. Suppose that R is an algebraic curvature tensor on R™ such that
ReC and R+ (1 —tscal(R))I € C for some t € [0,0]. Then

Q(R) —scal(R) I — 2t|Ric(R)|* T
lies in the interior of the tangent cone to C' at the point R+ (1 —tscal(R))I.

Proof. If tscal(R) < 1, then the sum R + (1 — tscal(R)) I lies in the
interior of C. In this case, the assertion is trivial.
Hence, it suffices to consider the case tscal(R) > 1. For abbreviation, let

S=R+ (1 —tscal(R))I € C.
Since t € [0, 6], we have

scal(S) > (1 — n(n — 1)t)scal(R) > %seal(R).

Hence, if we put
_ tscal(R) -1
~ scal(S)
then we have 0 < o < 2t < . Since S € C'\ {0}, it follows that

Q(S + ascal(S)I) — a2scal(S)* I € TsC



ANCIENT SOLUTIONS TO THE RICCI FLOW WITH PINCHED CURVATURE 5

by definition of ag. We next observe that
S+ ascal(S)I =R

and

2
ad scal(S)? > % scal(R)? > (1 4+ 2A2) tscal(R)? > scal(R) + 2t |Ric(R)|%.

Putting these facts together, we conclude that
Q(R) —scal(R) I — 2t|Ric(R)|* T

lies in the interior of the tangent cone TgC'. This completes the proof.

Proposition 6. Suppose that R(t) is a solution of the Hamilton ODE
%R(t) = Q(R(t)) which is defined on some time interval [to,t1] C [0,4].
If R(tg) € F(tg), then R(t) € F(t) for all t € [to,t1].

Proof. By assumption, we have R(tg) € C. Since C is invariant under
the Hamilton ODE, we conclude that R(t) € C for all ¢ € [to,t1]. Hence, it
suffices to show that R(t) 4+ (1 — tscal(R(t))) I € C for all t € [tg, t4].

For abbreviation, let

S(t)=R(t) + (1 —tscal(R(t))) I
for all ¢t € [to,t1]. Since R(t) is a solution of the Hamilton ODE, we have

%S(t) — Q(R(1)) — scal(R()) I — 2t [Ric(R(t))2 T

for all t € [to,t1]. We claim that S(t) € C for all t € [tg,t1]. Suppose this
false. We define a real number 7 by

T =inf{t € [to,t1] : S(t) & C}.

By definition of 7, we have 7 € [0,d] and S(7) € C. Furthermore, we have
R(7) € C. Hence, Lemma[Blimplies that the derivative %S ®)] ., lies in the
interior of the tangent cone T C. By Proposition 5.4 in [4], there exists a
real number € > 0 such that S(t) € C for all t € [r, 7 + ). This contradicts
the definition of 7.

Corollary 7. Let 6 be defined as above. Moreover, let g(t), t € [0,0], be a
solution to the Ricci flow on a compact n-dimensional manifold M. Finally,
we assume that the curvature tensor of (M, g(0)) lies in the cone C for all
points p € M. Then

Ry + (1 —tscalyyy) I € C
for all points (p,t) € M x [0, 4].
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Proof. By assumption, the curvature tensor of (M, g(0)) lies in the set
F(0) for all points p € M. Using Proposition [0 and the maximum princi-
ple (cf. [6], Theorem 3), we conclude that the curvature tensor of (M, g(t))
lies in the set F'(t) for all points (p,t) € M x [0, d]. This proves the assertion.

Corollary 8. Let g(t), t € (—00,0), be an ancient solution to the Ricci
flow on a compact n-dimensional manifold M. Moreover, suppose that the
curvature tensor of (M, g(t)) lies in the cone C for allt € (—o0,0). Then

Ry — dscalyy I € C
for all points (p,t) € M x (—00,0).

Proof. Fix a time 7 € (—00,0) and a real number o > 0. We define a
one-parameter family of metrics g(t), t € [0,0], by

g(t) = 09(? +7’>.

Clearly, the metrics g(t), ¢t € [0,0], form a solution to the Ricci flow. By
assumption, the curvature tensor of (M, g(0)) lies in the cone C for all points
p € M. Hence, it follows from Corollary [ that

Rgs) + (1 = dscalys)) I € C
for all points p € M. This implies
Ry + (0 —dscalyy) I € C
for all points p € M. Taking the limit as ¢ — 0, we conclude that
Rz

for all points p € M. Since 7 € (—00,0) is arbitrary, the assertion follows.

—dscaly [ €C

Theorem 9. Let C(s), s € [0,1], be a family of cones in €(R™) satisfying
property (x). Moreover, suppose that the cones C(s) vary continuously in s.
Finally, let g(t), t € (—00,0), be an ancient solution to the Ricci flow on
a compact n-dimensional manifold M such that Ry € C(0) for all points
(p,t) € M x (=00,0). Then Ry € C(1) for all (p,t) € M x (—00,0).

Proof. Let . denote the set of all real numbers s € [0,1] with the
property that Ry € C(s) for all points (p,t) € M x (—o0,0). We claim
that . = [0,1].

Clearly, . is closed and non-empty. We next show that .# is an open
subset of [0,1]. To that end, we fix a real number s € .. Then Ry €
C(sp) for all points (p,t) € M x (—00,0). By Corollary [§ there exists a real
number § > 0 such that

Ry — dscalyyy I € C(s0)

for all points (p,t) € M x (—o00,0). Since the cones C(s) vary continuously
in s, there exists a real number ¢ > 0 such that Ry, € C(s) for all points
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(p,t) € M x (—00,0) and all s € [sg —¢,s0 + €] N [0,1]. Consequently, we
have [sg — ,50 + €] N [0,1] C .. This shows that .¥ is an open subset of
[0,1]. Thus, we conclude that ./ = [0, 1], as claimed.

4. PROOF OF THEOREM

We now describe the proof of Theorem 2l As in the previous section, we
fix an integer n > 4. We denote by C' and C the cones introduced in [3]
and [5]. The cone C consists of all algebraic curvature tensors R € €5(R")
satisfying

Rley,es,e1,e3) + A2 R(ey, ey, €1, €4)

+ R(ea, e3,€2,e3) + A\? R(ea, e4, €2, €4)
—2A R(ela €2, €3, 64) > 0

for all orthonormal four-frames {e1, ez, e3,e4} C R™ and all A € [0,1]. Sim-

ilarly, the cone C consists of all algebraic curvature tensors R € €p(R"™)
satisfying

R(el7 €3,€1, 63) + )‘2 R(el7 €4, €1, 64)

+ u? R(ea, e3, €2, €3) + A2u? R(ea, eq, €9, €4)
— 2\ R(ey,ez,e3,e4) >0

for all orthonormal four-frames {e1, 3, e3,e4} C R™ and all A\, i € [0,1]. The
cones C' and C are both invariant under the Hamilton ODE %R = Q(R).
A detailed discussion of these cones can be found in [4], Chapter 7.

We next describe a family of invariant curvature cones interpolating be-
tween the cone € and the cone C. For each s € (0,00), we denote by C(s)
the set of all algebraic curvature tensors R € ¢p(R"™) such that

R(ela €3,€1, 63) + )\2 R(el7 €4,€1, 64)

+ 11 R(ea, €3, €2, e3) + \u® R(ea, eq, €2, €4)
1
— 2 \u R(ey, ez, €e3,€4) + B (1 =M (1 — p?)scal(R) >0

for all orthonormal four-frames {e1,e2,e3,e4} C R™ and all A\, € [0,1].
Clearly, C(s) is a closed, convex cone, which is invariant under the natural
action of O(n). Moreover, we have C' C C(s) C C for each s € (0,00). The

following result is an immediate consequence of Proposition 10 in [3]:

Proposition 10. For each s € (0,00), the cone C(s) is invariant under the
Hamilton ODE 4R = Q(R).

Proof. Let us fix a real number s € (0, 00). Moreover, let R(t), t € [0,T),
be a solution of the Hamilton ODE such that R(0) € C(s). We claim that
R(t) € C(s) for all t € [0,7). Without loss of generality, we may assume
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that scal(R(0)) = s. This implies
R(0)(e1, e3,e1,e3) + A2 R(0)(e1, eq, €1, €4)
+ 12 R(0)(ez, e3, €2, e3) + A2u® R(0)(eg, e4, 2, €4)
— 20\ R(0) (e, e, e3,e4) + (1 — A3 (1 — %) >0

for all orthonormal four-frames {ej,es,e3,e4} C R™ and all A\, u € [0,1].
Hence, Proposition 10 in [3] implies that

R(t)(e1,e3,e1,e3) + A2 R(t)(e1,eq,e1,e4)
+ u? R(t)(e2,€e3,€2,€3) + 22 R(t)(e2, eq,e2,e4)
— 2\ R(t)(e1, e, e3,e4) + (1 = A (1 — p?) >0

for all orthonormal four-frames {e1, e, e3,e4} CR™ all A\, u € [0, 1], and all
t €[0,T). Since scal(R(t)) > scal(R(0)) = s, we conclude that R(t) € C(s)
for all t € [0,T).

After these preparations, we now present the proof of Theorem 2l

Theorem 11. Assume that g(t), t € (—00,0), is an ancient solution to the
Ricci flow on a compact n-dimensional manifold M. Moreover, we assume
that there exists a uniform constant p > 0 such that

Rg(t) - pSC&lg(t) Ie C'

for all points (p,t) € M x(—00,0). Then the manifold (M, g(t)) has constant
sectional curvature for each t € (—o0,0).

Proof. Consider the one-parameter family of cones C(s), s € (0,00),
defined in [5]. It is shown in [5] that the cone C(s) has property (x) for each

s € (0,00). Furthermore, the cones C(s) vary continuously in s.
By assumption, there exists a real number sy € (0,00) such that Ry €

C(so) for all points (p,t) € M x (—00,0). Using Theorem [ we conclude
that Ry € C(s) for all points (p,t) € M x (—00,0) and all s € (0,00).
Consequently, the manifold (M, g(t)) has constant sectional curvature for
each t € (—00,0). This completes the proof of Theorem [T1]

Theorem 12. Assume that g(t), t € (—o00,0), is an ancient solution to the
Ricci flow on a compact n-dimensional manifold M. Moreover, we assume
that there exists a uniform constant p > 0 such that

Rg(t) - pSC&lg(t) Ie C'

for all points (p,t) € M x(—00,0). Then the manifold (M, g(t)) has constant
sectional curvature for each t € (—o0,0).

Proof. By assumption, we have

Ry — pscalyy I € C
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for all points (p,t) € M x (—o0,0). Hence, we can find a real number
so € (0,00) such that

1
Rg(t) — 5 pSC&lg(t) Ie C(So)

for all points (p,t) € M x (—00,0).
We next consider a pair of real numbers a, b such that 2a = 2b+ (n — 2)b?

and b € (0, %] Following [2], we define a linear transformation

lap : €(R™) — €B(R") by
1
lyp(R) = R+ bRic(R) ®id + - (a — b)scal(R)id O id,

where @® denotes the Kulkarni-Nomizu product; see e.g. [I], Definition 1.110.

If we choose b € (O, %] sufficiently small, then

Rty € Lap(C(50))

for all points (p,t) € M x (—00,0).
By Proposition[I0 the cone C(s) is invariant under the Hamilton ODE for

each s € (0,00). Consequently, the cone £,(C(s)) is transversally invariant
under the Hamilton ODE for each s € (0,00) (cf. [2], Proposition 3.2).

Therefore, the cone ¢, ,(C(s)) has property (x) for each s € (0,00). Using

Theorem [IL we conclude that Ry € £q5(C(s)) for all points (p,t) € M x
(—00,0) and all s € (0,00). Taking the limit as s — oo, we obtain Ry €

~

Lo p(C) for all points (p,t) € M x (—o0,0). Hence, it follows from Theorem
[Tl that (M, g(t)) has constant sectional curvature for each ¢ € (—o0,0).
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