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We explore new regimes of laser interferometric gravitational-wave detectors with multiple optical
carriers which allow to reduce the quantum noise of these detectors. In particular, we show that
using two carriers with the opposite detunings, homodyne angles, and squeezing angles, but identical
other parameters (the antisymmetric carriers), one can suppress the quantum noise in such a way
that its spectrum follows the Standard Quantum Limit (SQL) at low frequencies. Relaxing this
antisymmetry condition, it is also possible to slightly overcome the SQL in broadband. Combining
several such pairs in the xylophone configuration, it is possible to shape the quantum noise spectrum
flexibly.

I. INTRODUCTION

Currently, the second generation large-scale laser inter-
ferometric gravitational-wave (GW) detectors: Advanced
LIGO [1, 2], Advanced VIRGO [3, 4], and KAGRA [5, 6]
are under construction. In particular, construction of two
Advanced LIGO interferometers is almost complete and
they will start to gather scientific data soon. Sensitivities
of these detectors are expected to be limited by the quan-
tum noise. Namely, at higher frequencies the shot noise
will dominate, originating from quantum fluctuation of
the phase of the optical field inside the interferometer.
At lower frequencies, the radiation pressure noise created
by the amplitude fluctuations will constitute the major
part of the noise budget. The shot noise is inversely
proportional to the optical power circulating inside the
interferometer, while the radiation pressure noise is pro-
portional to it [7] — the optimal point where these two
noises are equal to each other is known as the Standard
Quantum Limit (SQL) [8].

It has to be emphasized that the SQL represents an
ultimate sensitivity limit only for a simplest class of posi-
tion measurement schemes, which, however, encompasses
the baseline design of all second generation GW detectors
(see details below in Sec. II). Several methods of overcom-
ing this limit suitable for the laser GW detectors were
proposed (see e.g. the review paper [9]; we discuss briefly
two most well known ones in Sec. II). In most cases, they
require significant modifications in the interferometer de-
sign; and in order to take full advantage of these methods,
the other noise sources of non-quantum origin (so-called
technical noise) have to be suppressed correspondingly.
Due to the these reasons, these configurations typically
are considered as possible candidates for implementation
only in the planned third-generation GW detectors [10],
like the Einstein Telescope [11–13] or the LIGO III [14],
where the technical noise will be reduced by about one
order of magnitude (in comparison to the second genera-
tion detectors). In particular, a so-called xylophone con-
figuration is planned for the Einstein Telescope [12, 15],

which consists of two independent interferometers, opti-
mized for low-frequency and high-frequency GW signals,
respectively.

However, in the planned Advanced LIGO noise bud-
get, there is a quite large margin between the quantum
noise and the technical noise in the low-frequency band
10 - 50 Hz [2], opening the opportunity to improve the
sensitivity in this important frequency band by using one
a simplified form of one of the above mentioned meth-
ods. In particular, the injection of frequency-dependent
squeezed light created by means of a single relatively
short (16m) filter cavity (a simplified form of the pre-
filtering topology proposed in [16]) is considered as a very
probable option for upgrading during some later stage of
the Advanced LIGO [17].

Another approach to reducing quantum noise in GW
detectors is modification of the test masses’ dynamics
by means of the optical spring effect which arises in the
detuned interferometers [18–20]. The optical springs con-
vert GW detectors test masses into harmonic oscillators
with eigenfrequencies within the detection band (rigor-
ously speaking, this approach does not allow to overcome
the SQL, but instead reduces the SQL itself around the
eigenfrequency). Unfortunately, the optical springs allow
to improve the sensitivity in a limited frequency band,
while substantially degrading it at other frequencies.

A further development of this method was proposed
in papers [21, 22]. It is based on use of two optical
carriers which create two optical springs of the oppo-
site signs. Provided the appropriate power, detuning and
bandwidth of the carriers, the total effect of the double
optical spring can be described as a negative optical iner-
tia. It cancels the positive inertia of the test masses, thus
increasing their response to gravitational waves and cor-
respondingly reducing the SQL within a broad band from
zero frequency to some upper frequency limited by the
available optical power. Unfortunately, estimates show
that for parameters planned for the Advanced LIGO, this
upper frequency is equal to only ∼ 50 Hz, and scales very

slowly (as I
1/3
c ) with the circulating optical power Ic [22].
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FIG. 1: Scheme of a second generation laser GW detector
with two carriers.

In the articles [23, 24] the double-carrier configura-
tion was proposed as a mean to create a dynamically
stable optical spring [35]. The scheme considered in
[24] is shown in Fig. 1. In essence, this is the standard
Michelson/Fabry-Pérot topology of the second genera-
tion GW detectors, but with two optical pump sources,
which either have to have orthogonal polarizations, or
have to be separated by one or more FSRs of the inter-
ferometer, in order to avoid interference between them.
Each of the two output beams is supposed to be mea-
sured by its own homodyne detector, and their output
signals are combined with the optimal weight functions.

In addition, the so called annihilation regime was con-
sidered in [24], which uses the two carriers with equal
power and opposite detunings; as a result, the optical
springs created by these two carriers completely cancel
each other. Here, we analyze this regime in more detail
and show, that it allows to reduce the radiation pres-
sure noise in the second generation GW detectors down
to the level of their technical noise. We show also, that
using a several such pairs, it is possible to implement the
xylophone configuration within the single interferometer.

We assume in this paper, that the main parameters
of the interferometer correspond to the ones planned for
the Advanced LIGO [2], see Table I. In particular, we
suppose, that the total circulating optical power of the
all carriers is limited to 840 kW, which corresponds to
the normalized power J = (2π × 100)3 s−3 (the main
notations used throughout this paper are listed in Ta-
ble I). We suppose also that for each carrier, a frequency-
independent squeezed light can be injected into the dark
port of the interferometer as it was proposed by C. Caves

Quantity Description

c Speed of light

~ Reduced Plank constants

M = 40 kg Mass of each of the arm cavities mirrors

L = 4 km Length of the interferometer arm cavities

ωp = 2πc/1.064µm Optical pump frequency

ωo Resonance frequency of the interferometer

γ Half-bandwidth of the interferometer

δ = ωp − ωo Detuning

Γ =
√
γ2 + δ2 Effective half-bandwidth

β = arctan
δ

γ
Normalized detuning

Ω Audio sideband frequency of the GW signal

Ic Optical power circulating in the arm cavities

J =
4ωpIc
MLc

Normalized optical power

ζ Homodyne angle

e2r Squeezing power

θ Squeezing angle

η Unified quantum efficiency

TABLE I: Main notations used in this paper.

in [7].
This paper is organized as follows. In the next section

we briefly review the main features of quantum noise in
the GW detectors. In Sec. III we analyze the main fea-
tures of the multi-carrier quantum noise. In Sec. IV, we
present the results of the numerical optimization of this
noise. In Sec. V, we discuss the main advantages and dis-
advantages of the proposed method and the prospects of
its use in future GW detectors. In the Appendix, the
effective quantum noise spectral densities for the multi-
carrier configuration are calculated.

II. GENERAL STRUCTURE OF QUANTUM
NOISE

In the particular case of the unmodified free mass me-
chanical dynamics (without the optical springs), which
we consider in this paper, spectral density of quantum
noise of the laser interferometric GW detectors, normal-
ized to GW strain, is equal to (see e.g. [9]):

Ssum(Ω) =
8

L2

[
Sxx(Ω)− 2 ReSxF (Ω)

MΩ2
+
SFF (Ω)

M2Ω4

]
, (1)

where Sxx(Ω), SFF (Ω), and SxF (Ω) are, respectively,
spectral densities of the shot noise, the radiation pres-
sure noise, and the cross-correlation spectral density of
these two noises, which obey the following uncertainty
relation:

Sxx(Ω)SFF (Ω)− |SxF (Ω)|2 =
~2

4η(Ω)
, (2)
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where η ≤ 1 is the quantum efficiency of the detector,
which takes into account both the optical losses and the
photodetector non-unity quantum efficiency. For simplic-
ity, we will assume the ideal case of η = 1 in the rest of
this section (as we show later, the optical losses signifi-
cantly influence the sensitivity of the method which we
consider in this paper; however, they are not important
for understanding of the basic features of the quantum
noise).

Suppose first that the shot noise and the radiation
pressure noise are uncorrelated: SxF (Ω) = 0. In this
case the minimum of (1) is achieved by

SFF (Ω) =
~MΩ2

2
(3)

and is equal to the free mass SQL:

SSQL(Ω) =
8~

L2MΩ2
(4)

In the general case of SxF 6= 0, the minimum of (1)
[with account of the condition (2)] is given by

SxF (Ω) =
SFF (Ω)

MΩ2
, (5)

and is equal to

Sopt(Ω) =
2~2

L2SFF (Ω)
. (6)

Therefore, using the cross-correlation of the shot noise
and the radiation pressure noise, it is possible to achieve
arbitrary high sensitivity, providing SFF is sufficiently
large, that is, the optical power is sufficiently strong.

In the laser interferometric GW detectors, the cross
correlation can be introduced relatively easy by means of
a homodyne detection with an optimized homodyne an-
gle ζ. However, in order to reach or overcome the SQL in
a finite frequency band, the quantum noise components
have to have within this band the proper frequency de-
pendencies dictated by Eqs. (3) or (5), respectively.

Consider the important example of the resonance-
tuned interferometer (δ = 0); it is this case is planned
for the second generation GW detectors. In order to
avoid unnecessary complication, we also suppose here
that squeezed light is not used (however, the squeezing
will be taken into account below in Sections III and IV).

If its shot and radiation pressure noises are uncorre-
lated then the corresponding total quantum noise spec-
tral density is equal to (see [9])

Ssum(Ω) =
SSQL(Ω)

2

[
1

KPM(Ω)
+KPM(Ω)

]
, (7)

where

KPM(Ω) =
2Jγ

Ω2(γ2 + Ω2)
(8)

is the optomechanical coupling factor of the position me-
ter [16]. It is easy to see that the spectral density (7)
reaches the SQL only at one frequency which satisfies
the following equation:

Ω2(γ2 + Ω2) = 2Jγ , (9)

and goes above the SQL at all other frequencies. In the
rest of this paper, this particular case will be referred to
as the baseline interferometer. We will draw this spectral
density as the reference in all plots below, for the partic-
ular case of J = (2π × 100)3 s−3 and γ = 2π × 500 s−1,
which approximately corresponds to the values planned
for the Advanced LIGO [2].

Then consider the case of SxF 6= 0. The structure of
equation (5) suggests that this equation can be fulfilled
in a broad band by making either SFF or SxF frequency
dependent. These two options correspond to two meth-
ods of overcoming the SQL considered as the most proba-
ble candidates for implementation in the third generation
GW detectors. The first one, proposed in the work [16], is
based on use of additional filter cavities, which allow to
create the frequency-dependent cross-correlation of the
quantum noises.

The second method which is more relevant for our
consideration, so-called “quantum speedmeter”, was first
proposed as semi-gedanken scheme in [25] and later devel-
oped into two realistic interferometer topologies (based
on the Sagnac interferometer and on the ordinary Michel-
son one, but with an additional sloshing cavity) in papers
[26–30]. This scheme is sensitive to the velocity of test
masses, instead of their displacement (hence the desig-
nation “speedmeter”). This corresponds to the follow-
ing characteristic frequency dependencies of the quantum
noise spectral densities:

Sxx(Ω) =
Svv

Ω2
, SFF (Ω) = Ω2Spp , (10)

where Svv, Spp are spectral densities of the velocity mea-
surement noise and the momentum perturbation noise,
respectively [36]. Within the bandwidth of the interfer-
ometer, Ω < γ, these spectral densities can be consid-
ered as frequency independent ones, which allows to ful-
fill conditions (3, 5) in broadband by measuring a proper
homodyne angle and without filter cavities.

The explicit equation for the total quantum noise spec-
tral density of the speedmeter is the following [9]:

Ssum(Ω) =
SSQL(Ω)

2

[
1

KSM(Ω) sin2 ζ
− 2 cot ζ

+KSM(Ω)

]
, (11)

where the optomechanical coupling factor of the speed-
meter KSM is equal to

KSM(Ω) =
4Jγ

(γ2 + Ω2)2
(12a)



4

for the Sagnac-type speedmeter and

KSM(Ω) =
4Jγ

4γ4 + Ω4
(12b)

for the speedmeter realized by using an additional slosh-
ing cavity (only the low-frequency optimized case is
shown for brevity, and refer to Ref. [28] for more de-
tails). Note that in both cases (in contrast with KPM),
this factor does not depend on Ω in the asymptotic case
of Ω� γ.

Therefore, if the shot noise and the radiation pressure
noise are not correlated, that is ζ = π/2, then the low-
frequency optimization

KSM(0) = 1 ⇒ J =
γ3

4
(13)

gives the total noise spectral density that asymptotically
follows the SQL within the interferometer bandwidth. In
particular, in the Sagnac speedmeter case, it is equal to

Ssum(Ω) =
SSQL(Ω)

2

[
γ4

(γ2 + Ω2)2
+

(γ2 + Ω2)2

γ4

]
. (14)

In contrast, using the quantum noise cross correlation at
low frequencies by choosing:

cot ζ = KSM(0) =
4J

γ3
(15)

gives the total noise spectral density below the SQL
within the interferometer bandwidth:

Ssum(Ω) =
SSQL(Ω)

2KSM(Ω)

{
1+
[
KSM(0)−KSM(Ω)

]2}
. (16)

These two scenarios are illustrated in Fig. 2, where the
spectral densities (7, 14, 16) are plotted for some charac-
teristic values of γ and J .

Now, having discussed briefly the quantum noise of
the single-carrier interferometers, we are in position to
introduce the quantum noise for multiple carriers.

III. MULTI-CARRIER SHAPING OF
QUANTUM NOISE

A. Speedmeter-like shot noise in
Michelson/Fabry-Perot interferometer

In a general case of an arbitrary detuning δ and ho-
modyne angle ζ, the quantum noise spectral densities of
the ordinary Michelson/Fabry-Pérot interferometer have
sophisticated frequency dependencies, see Eqs. (B1). In
particular if ∣∣∣∣ sin(ζ − β)

sin ζ

∣∣∣∣ Γ � Ω� Γ , (17)
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FIG. 2: Plots of the total noise spectral densities of: the
baseline interferometer (7), at γ = 2π × 500 s−1 (dots);
the Sagnac speedmeter without the quantum noises cross-
correlation (14), at γ = 22/3 × 2π × 100 s−1 (solid); the
Sagnac speedmeter with the cross-correlation (16), at γ =
2π × 100 s−1, cot ζ = 4 (dashes). Thin solid line: the SQL
(4). In all cases, J = (2π × 100)3 s−3 and η = 1 (no losses).

then the shot noise spectral density has a speedmeter-
type frequency dependence:

Sxx(Ω) ∝ 1

Ω2
. (18)

However, frequency dependencies of the other two spec-
tral densities are improper: SFF (Ω) ∝ Ω0 instead of
SFF (Ω) ∝ Ω2 and SxF (Ω) ∝ 1/Ω instead of SxF (Ω) ∝
Ω0. Moreover, while the quantum speedmeter requires
the free mass dynamics, in the detuned interferometer
the dynamics of the test masses is modified by the op-
tical rigidity [31]. Therefore, the frequency dependence
(18) by itself does not allow to realize the speedmeter
type total quantum noise.

However, both the cross-correlation and the optical
spring can be canceled using the annihilation regime dis-
cussed in [24]. Note that: Sxx is an even function of δ, ζ,
θ; SxF is an odd function of these three parameters; and
K is an odd function of δ [see Eqs. (B1, B2)]. Therefore
two carriers with the following parameters:

J1 = J2 , (19a)

r1 = r2 , (19b)

Γ1 = Γ2 , (19c)

β1 = −β2 , (19d)

ζ1 = −ζ2 , (19e)

θ1 = −θ2 (19f)

(the antisymmetric carriers) create the effective position
meter with canceled optical spring and with the quantum
noise spectral densities equal to [see Eqs. (A18) in the
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Appendix]

Seff
xx(Ω) =

Sxx(Ω)

2
, (20a)

Seff
FF (Ω) = η(Ω)

~2

4Seff
xx(Ω)

+ 2[1− η(Ω)]SFF (Ω) , (20b)

Seff
xF (Ω) = 0 . (20c)

where Sxx, SFF describe the individual carriers.
The first (major) term of the back action noise spectral

density (20b), being proportional to Ω2, has the proper
speedmeter-like frequency dependence. The second one
(originating from the optical losses) has the ordinary po-
sition meter spectral dependence (B1b), which degrades
the effect of the described regime.

It is worth noting that the effective back action noise
is smaller, than that just the sum of back action noises
of the individual carriers, Seff

FF < 2SFF . This means that
the effective back action noise actually is a conditional
one, that is, it describes only the residual noise remain-
ing after subtraction of the part known to the observer
due to the cross-correlation of the shot noise and the
radiation pressure noise. Note that while the residual
cross-correlation (20b) is canceled the weight functions
for the individual output signals depend on the cross-
correlation spectral densities of the individual carriers,
see Eq. (A16).

Due to the absence of the residual cross-correlation,
opposite to the “real” speedmeter case of Eq. (16), the
perfectly antisymmetric carriers allow only to reach the
SQL in a broad band, but can not overcome it, like in
[27–30]. However, due to quite moderate margin between
the SQL and the low-frequency technical noise planned
for the second generation GW detectors (most notably,
the mirrors coating and the suspension thermal noise,
and the gravity gradient noise), only very limited low-
frequency sensitivity gain can be provided by the “real”
speedmeter [Eq. (14)], while the use of ζ 6= π/2 noticeably
increases the shot (high-frequency) noise, see Fig. 2.

Relaxing in some extent the anti-symmetry condi-
tion (19) by removing constrains for the homodyne and
squeezing angles ζ and θ, it is possible to create the resid-
ual cross-correlation SxF and overcome the SQL in some
frequency band. We consider this possibility in more de-
tail in Sec. IV.

Examples of the resulting total quantum noise spec-
tral densities, based on the simplified analytical opti-
mization procedure, described in App. C 1, are shown
in Fig. 3. Comparison of Figs. 2 and 3 shows (assum-
ing the Advanced LIGO parameters), that the double-
carrier Michelson/Fabry-Pérot interferometer can pro-
vide the sensitivity comparable with the one of the sim-
plified Sagnac interferometer with uncorrelated quantum
noises described by Eq. (14).

We would like to emphasize also the unusual depen-
dence of the quantum noise on the circulating opti-
cal power and the squeezing power in the double anti-
symmetric carriers regime. Similar to the the ordinary
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FIG. 3: Plots of the total quantum noise spectral density in
the double antisymmetric carriers regime without squeezing
(dashes), with 6 db squeezing (solid), and with 12 db squeez-
ing (dash-dots). The parameters Γ , ζ, β, and θ are given by
Eqs. (C2), (B5), and Table III, respectively. Dots: the base-
line interferometer (7), at γ = 2π×500 s−1 (dots). Thin solid
line: the SQL (4). In all cases, J = (2π×100)3 s−3 and η = 1
(no losses).

single-carrier Michelson/Fabry-Pérot interferometer case
and to the quantum speedmeter one, the high-frequency
noise spectral density decreases with the power and the
squeezing increase, albeit the dependence is different:
(Ice

r)−4/3 [see Eq. (C6)] instead of (Ice
2r)−1. On con-

trary to these cases, the low-frequency noise, after the
proper adjustment of the parameters Γ , ζ, β, and θ, does
not increase. Therefore, the double antisymmetric car-
riers regime does not require the frequency-dependent
squeezing or the variational readout to take full advan-
tage of the stronger optical power and/or squeezing.

B. Single interferometer xylophone

The effective shot noise spectral density in the anti-
symmetric double carrier regime [see Eqs. (20a, B6)] has
one minimum at the frequency Ω0 ∝ Γ [see Eq. (B10)],
with the width depending on β and the squeezing power
e2r, see App. C 3. At lower and at higher frequencies,
this spectral density increases as 1/Ω2 and as Ω2, re-
spectively. The corresponding effective radiation pres-
sure noise spectral density (20b) mirrors this frequency
dependence, having the maximum at Ω0 and decreasing
as Ω2 and as 1/Ω2 at lower and higher frequencies, re-
spectively.

Therefore, several pairs of the antisymmetric (or nearly
antisymmetric) carriers tuned to different values of Ω0

can be combined together to form a xylophone-like con-
figuration, with each of the pairs responsible for its own
frequency band. Varying parameters of the pairs, it is
possible to flexibly shape the resulting total quantum
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FIG. 4: Plots of the total quantum noise spectral densities
of the xylophone configuration with two pairs of antisym-
metric carriers with 6 db (solid) and with 12 db (dash-dots)
squeezing. The values of Γ are given by Eq. (C2) the lows-
frequency pair and Eq. (C8) with Ω0 = 2π × 600 Hz for the
high-frequency pair. The parameters ζ, β, and θ are given
by Eq. (B5), and Table III, respectively. The optical power is
distributed evenly between the all carriers. Dashes: the to-
tal quantum noise spectral densities of the individual pairs.
Dots: the baseline interferometer (7), at γ = 2π × 500 s−1

(dots). Thin solid line: the SQL (4). In all cases, the total
circulating optical power corresponds to J = (2π × 100)3 s−3

and η = 1 (no losses).

noise spectral density, described by Eqs. (1, A18).
In particular, the high-frequency sensitivity of the an-

tisymmetric double carrier regime can be improved by
adding one or more additional pair(s) of carriers tuned
to higher frequencies than the main one. Evidently, in the
scenario with the limited total circulating optical power,
a part of this power has to be relocated from the first pair
to the additional ones, degrading its sensitivity. How-
ever, estimates show, that this degradation is more than
compensated by the additional pairs and the overall sen-
sitivity improves with the increase of the number of pair.

An example of the configuration with two pairs of an-
tisymmetric carriers (four carriers total, with the opti-
cal power evenly distributed among them) is shown in
Fig. 4. Parameters of the low-frequency component are
calculated using the same optimization procedure, that
was used for the previous example (see App. C 1). For
the high-frequency pair, another procedure was used, see
App. C 2, which does not take into consideration the ra-
diation pressure noise, which in this case is negligibly
small, but takes into account instead, that the minimum
of the shot noise spectral density has to correspond to
some given frequency Ω0.

The total noise spectral density of the higher-frequency
pair in this case scales with the optical power and with
the squeezing power as (Ice

r)−1 (a bit weaker, than in
the previous case).

The xylophone configuration can also be used to cre-
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FIG. 5: Solud: plot of the total quantum noise spectral densi-
ties of the xylophone configuration with two broadband pairs
of antisymmetric carriers, with the parameters defined in the
same way as in Fig. 4, and one additional narrow-band pair
with Γ = 4π × 532.7 s−1 (the double frequency of the pulsar
J0034-0534), β = π/2− 0.002, θ = π/2. The optical power is
distributed among the all carriers as 45%:45%:10%, and 6 db
squeezing is used for all carriers. Dashes: the total quan-
tum noise spectral densities of the individual pairs. Dots: the
baseline interferometer (7), at γ = 2π × 500 s−1 (dots). Thin
solid line: the SQL (4). In all cases, the total circulating op-
tical power corresponds to J = (2π× 100)3 s−3 and η = 1 (no
losses).

ate “on demand” some special features of the quantum
noise spectral density, for example, narrow-band minima
at some given frequencies, associated with the known pul-
sars. This possibility is demonstrated in Fig. 5, where the
total quantum noise of a configuration with three anti-
symmetric pairs is shown. The parameters of the first
two (broadband) pairs are optimized in the same way
as in the previous example. However, 10% of the to-
tal optical power is relocated to the third narrow band
pair. Parameters of this pair are calculated using the
optimization procedure described in App. C 3. As an ex-
ample of millisecond pulsars, we have chosen J0034-0534
[32], which has the rotation frequency f0 ≈ 532.7 Hz and
therefore presumably radiates near-monochromatic grav-
itation waves at frequency 2f0 ≈ 1065.4 Hz.

IV. NUMERICAL OPTIMIZATION

It is evident that the rigorous analytical optimiza-
tion of the considered above multi-carrier configurations,
which takes into account optical losses and various tech-
nical noise sources, is impossible. Therefore, here we
perform a numerical optimization. As a figure of merit,
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we use the following cost function [10]:

C(x) =

∫ fmax

fmin

log10

[
Ssum(2πf,x)+Stech(2πf)

]
d(log10f) ,

(21)
where Ssum is the total quantum noise spectral density
defined by Eq. (A17), Stech is the total spectral density
of the technical noise calculated by means of the stan-
dard LSC software tool GWINC [33], fmin = 5Hz and
fmax = 1.5kHz are the minimal and the maximal fre-
quencies of the optimization procedure, and x is the set
of parameters to be optimized. Minimization of this cost
function reduces the quantum noise at all frequencies be-
tween fmin and fmax with respect to the technical noise,
providing a smooth broadband shape of the total noise
spectral density suitable for detection of GW radiation
from various types of sources.

The parameters set x consists of 2P vectors of the form

xj = {Jj , δj , γj , ζj , rj , θj} , (22)

describing the individual carriers, where P is the number
of the carrier pairs. We assume the following relaxed
version of the antisymmetry condition (19):

J2p−1 = J2p , (23a)

r2p−1 = r2p , (23b)

Γ2p−1 = Γ2p , (23c)

β2p−1 = −β2p . (23d)

where p = 1 . . . P is the pair number, varying the ho-
modyne and the squeeze angles ζj , θj independently in
order to introduce some residual cross-correlation of the
shot and the radiation pressure noises. We suppose that
the total circulating power is limited by 840 kW, which is
equivalent to

∑
j Jj ≤ (2π×100)3 s−3, and the squeezing

— by 6 db (e2rj ≤ 4)
The optimized quantum noise spectral densities are

shown in Fig. 6 and the corresponding optimal parame-
ters are listed in Table II. Two main conclusions can be
drawn from these results.

First, comparison of these spectral densities with the
ones of the ideal perfectly antisymmetric regime (see
Figs. 3 and 4) shows, that relaxing in some degree the
conditions (19e, 19f, B5) and creating thus the cross-
correlation of the effective shot noise and the effective
radiations pressure noise, it is possible to push the to-
tal quantum noise below the SQL in low frequency band,
keeping the high-frequency quantum noise virtually un-
changed. The price for this is the quantum noise increase
at very low frequencies f . 10 Hz. Taking into account,
that this frequency band is dominated by the technical
noise anyway, this trade-off could improve the overall sen-
sitivity.

Second, it is easy to see, that the multi-carrier regime
considered here is sensitive to the optical losses. The
reason for this is evident: this regime is heavily relies on
the cross-correlations of the shot and radiation pressure
noises of the individual optical carriers (see Appendix A),
which are vulnerable to the optical losses.
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/
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FIG. 6: Numerically optimized quantum noise spectral den-
sities for one (top) and two (bottom) pairs of carriers, with
η = 1 (solid) and η = 0.95 (dashes). The corresponding op-
timal parameters are listed in Table II. In all cases, the total
circulating optical power corresponds to J = (2π × 100)3 s−3

and 6 db squeezing is used for all carriers. Dashes: the to-
tal quantum noise spectral densities of the individual pairs.
Dots: the baseline interferometer (7), at γ = 2π × 500 s−1

(dots). Thin solid line: the SQL (4). Thin dashed line: the
total technical noise.

V. DISCUSSION

Discussing the advantages and disadvantages of the
proposed scheme, as well as the prospects of its im-
plementation in GW detectors, we use the frequency-
dependent squeezing scheme created by a single relatively
short filter cavity [17, 34] as a reference.

Both schemes promise similar overall sensitivity gain,
but ours is more focused on the low-frequency band dom-
inated by the radiation pressure noise and almost no gain
at high frequencies. Both share the same main shortcom-
ing, namely, the vulnerability to the optical losses, which
is a general feature of methods for overcoming the SQL
based on the quantum noise cross-correlation (which in-
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I1,2 Γ1,2 β1 = −β2 ζ1 ζ2 θ1 θ2 I3,4 Γ3,4 β3 = −β4 ζ3 ζ4 θ3 θ4

1 pair, η = 1 420 kW 550 s−1 -1.0 -1.12 1.14 0.43 -0.58 — — — — — — —

1 pair, η = 0.95 420 kW 820 s−1 -1.13 -1.43 1.57 0.16 -0.15 — — — — — — —

2 pairs, η = 1 140 kW 430 s−1 -1.09 -1.12 1.18 -0.08 -0.65 280 kW 1400 s−1 -0.98 -1.21 1.16 0.49 -0.56

2 pairs, η = 0.95 145 kW 525 s−1 -0.915 -1.41 1.56 0.12 -0.27 265 kW 2100 s−1 -0.98 -1.51 1.62 0.25 -0.20

TABLE II: The optimized parameters for the one and two pairs of carriers. The optimal total circulating power and the optimal
squeezing in all cases are equal to the maximal allowed values of 840 kW and 6 db, respectively.

cludes, in particular, all the filter cavities based schemes,
as well as the quantum speedmeter [9]).

Concerning the complexity of practical implementa-
tion of the multi-carrier scheme, its most sophisticated
element is the output optics which has to spatially sepa-
rate the output beams and to send each of them to the
corresponding homodyne detector. For a single pair, this
separation can be implemented by using two orthogo-
nal polarizations for the two carriers, as it was proposed
in the initial paper [24]. In the case of two and more
pairs, the output beams can be separated by means of
short (table-top scale) filter cavities. Assuming the fol-
lowing parameters: the length lf = 1 m, the losses per
bounce Af ∼ 10−5, and the resulting quantum ineffi-
ciency 1 − ηf ∼ 10−2 [37], the half-bandwidth of such a
cavity can be estimated as

γf =
cAf

4lf (1− ηf )
∼ 2π × 10 kHz . (24)

If detunings between the carriers exceed 100 kHz, which
roughly corresponds to three free spectral ranges of the
Advanced LIGO interferometer, then this bandwidth
gives the separation efficiency better than 99%. In or-
der to implement different values of the interferometer
bandwidth γ for different carriers, the optical outputs
can be equipped by the additional signal recycling mir-
rors, which either supplement the main signal recycling
mirror or completely replace it.

Concerning the advantages of the multi-carrier scheme,
we would like to name two of them. First, simple brute-
force increase of the circulating optical power and/or
the squeezing rate improves high-frequency sensitivity
the multi-carrier scheme without degradation of the low-
frequency one. In the “ordinary” single-carrier Michelson
interferometer, increase of the circulating optical power
and/or the squeezing improve the high-frequency sensi-
tivity, but degrades the low-frequency one. The filter
cavities allow to avoid this degradation, but in this case
increase of the circulating power have to be supplemented
by the proportional increase of the squeezing in order to
keep the low-frequency sensitivity unchanged.

Second, the multi-carrier scheme allows to tune very
flexibly the shape of the quantum noise. In particular,
using additional carriers pairs, it is possible to create
deep minima in the quantum spectral density without
affecting the sensitivity at other frequencies.
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Appendix A: Multi-channel position meter

In order to simplify the equations, we use the two-
sided force normalized spectral density SF

sum of the sum
quantum noise in this Appendix (see details in [9]); the
single-sided GW strain signal normalized spectral density
used in the main text can be obtained from by means of
the following equation:

Ssum(Ω) =
8SF

sum(Ω)

L2M2Ω4
. (A1)

Consider a system consisting of N linear meters mea-
suring position x of a test object. Each of the meters
is described by its measurement noise x̂j and back ac-

tion noise F̂j (i = 1..N), with the spectral densities S
(j)
xx ,

S
(j)
FF , S

(j)
xF . The test object is described by its suscepti-

bility function

χ(Ω) =
1

D(Ω)
, (A2)

with the possible dynamic back action of the meters (the
optical springs) included into it.

In Fourier representation, outputs of these meters are
equal to

Gj(Ω) = G(Ω) +D(Ω)x̂j(Ω) +

N∑
j=1

F̂j(Ω) , (A3)

where G is the signal force. The combined output is equal
to

G(Ω) =

N∑
j=1

αj(Ω)Gj(Ω) = G(Ω) + F̂sum(Ω) , (A4)

where αj(Ω) are weight functions satisfying the normal-
ization condition

N∑
j=1

αj(Ω) = 1 (A5)

and

F̂sum(Ω) =

N∑
j=1

[
D(Ω)αj(Ω)x̂j(Ω) + F̂j(Ω)

]
(A6)

is the total effective noise force with the spectral density
being equal to

SF
sum(Ω) =

N∑
j=1

{
|D(Ω)|2|αj(Ω)|2S(j)

xx (Ω)

+ 2 Re
[
D(Ω)αj(Ω)S

(j)
xF (Ω)

]
+ S

(j)
FF (Ω)

}
. (A7)

Using the vector notation, Eqs. (A5, A7) can be rewrit-
ten as follows:

A†(Ω)1 = 1 , (A8)

SF
sum(Ω) = |D(Ω)|2A†Sxx(Ω)A(Ω)

+ 2 Re
[
D(Ω)A†(Ω)SxF (Ω)

]
+

N∑
j=1

S
(j)
FF (Ω) , (A9)

where

A†(Ω) =
(
α1(Ω) . . . αN (Ω)

)
, (A10)

1 =

1
...

1

 , (A11)

SxF (Ω) =

S
(1)
xF (Ω)

...

S
(N)
xF (Ω)

 , (A12)

Sxx =

S(1)
xx (Ω) 0. . .
0 S

(N)
xx (Ω)

 . (A13)

With account of condition (A8), minimum of (A9) is
given by

A†(Ω) = −λ1
† +D∗(Ω)S†xF (Ω)

|D(Ω)|2 S−1
xx (Ω) . (A14)

where λ is the Lagrange factor defined by (A8):

λ = −|D(Ω)|2 +D∗(Ω)S†xF (Ω)S−1
xx (Ω)1

1†S−1
xx (Ω)1

(A15)

Therefore (returning back to the scalar notation),

αj(Ω) =
1

S
(j)
xx (Ω)

{
Seff
xx(Ω) +

[
Seff
xF (Ω)− S(j)

xF (Ω)
]∗

D(Ω)

}
(A16)

and

SF
sum(Ω) = |D(Ω)|2Seff

xx(Ω) + 2 Re
[
D(Ω)Seff

xF (Ω)
]

+ Seff
FF (Ω) , (A17)

where

Seff
xx(Ω) =

 N∑
j=1

1

S
(j)
xx (Ω)

−1

, (A18a)

Seff
FF (Ω) =

N∑
j=1

[
S

(j)
FF (Ω)− |S

(j)
xF (Ω)|2

S
(j)
xx (Ω)

]
+
|Seff

xF (Ω)|2
Seff
xx(Ω)

,

(A18b)

Seff
xF (Ω) = Seff

xx(Ω)

N∑
j=1

S
(j)
xF (Ω)

S
(j)
xx (Ω)

(A18c)

are the effective quantum noise spectral densities.
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It follows from these equations, that

Seff
xx(Ω)Seff

FF (Ω)− |Seff
xF (Ω)|2

= Seff
xx(Ω)

N∑
j=1

[
S

(j)
FF (Ω)− |S

(j)
xF (Ω)|2

S
(j)
xx (Ω)

]
≥ ~2

4
. (A19)

Therefore, if for all j the exact equality takes place in
the uncertainty relation (2), then the same is valid for
the effective spectral densities:

Seff
xx(Ω)Seff

FF (Ω)− |Seff
xF (Ω)|2 =

~2

4
. (A20)

Appendix B: Quantum noise of the laser
interferometric position meter

In this Appendix, we consider the single carrier fea-
tures and therefore omit for brevity the indices enumer-
ated the carriers.

1. General equations

Neglecting for simplicity the intra-cavity optical losses
in comparison with the optical losses in the output opti-
cal elements and the photodetectors quantum inefficiency
(which can be considered as frequency-independent
ones), the quantum noise spectral densities and the op-
tical rigidity of the laser interferometric position meter
can be presented as follows (derivation of these equations
can be found in [9]):

Sxx =
~

4MJγ

1

Γ 2 sin2(ζ − β) + Ω2 sin2 ζ

×
[
Q2

c(Ω)e2r +Q2
s(Ω)e−2r +

1− η
η
|D(Ω)|2

]
, (B1a)

SFF =
~MJγ

|D(Ω)|2
[
|Pc(Ω)|2e2r + |Ps(Ω)|2e−2r

]
, (B1b)

SxF =
~

2D∗(Ω)

Qc(Ω)Pc(Ω)e2r +Qs(Ω)Ps(Ω)e−2r

Γ sin(ζ − β)− iΩ sin ζ
,

(B1c)

K(Ω) =
MJδ

D(Ω)
, (B2)

where

Qc(Ω) = Γ 2 cos(2β + θ − ζ) + Ω2 cos(θ − ζ) , (B3a)

Qs(Ω) = −Γ 2 sin(2β + θ − ζ)− Ω2 sin(θ − ζ) , (B3b)

Pc(Ω) = Γ cos(θ + β) + iΩ cos θ , (B3c)

Ps(Ω) = −Γ sin(θ + β)− iΩ sin θ , (B3d)

and

D(Ω) = (γ − iΩ)2 + δ2 . (B4)

2. Speedmeter-like frequency dependence of the
shot noise

Consider the ultimate case of the condition (17), as-
suming that

ζ = β . (B5)

This assumption gives the exact speedmeter-like fre-
quency dependence of the shot noise:

Sxx(Ω) =
~

4MJΓ cosβ sin2 β

× AΓ 4 + 2BΓ 2Ω2 + CΩ4

Ω2
, (B6)

where

A = e2r cos2(β + θ) + e−2r sin2(β + θ) , (B7a)

B = e2r cos(β + θ) cos(θ − β)

+ e−2r sin(β + θ) sin(θ − β) , (B7b)

C = e2r cos2(θ − β) + e−2r sin2(θ − β) . (B7c)

The low- and high-frequency asymptotics of (B6) are
equal to

Sxx(Ω→ 0) =
~Γ 3

4MJΩ2 cosβ sin2 β
A , (B8a)

Sxx(Ω→∞) =
~Ω2

4MJΓ cosβ sin2 β
C , (B8b)

The minimum of (B6) is equal to

Sxx(Ω0) =
~Γ

2MJ cosβ sin2 β
(
√
AC +B) , (B9)

where

Ω0 = Γ

(
A

C

)1/4

. (B10)

Appendix C: Sub-optimal regimes of the dual
carrier interferometer

Here we analytically calculate a sub-optimal param-
eters values of the antisymmetric dual-carrier regime
which we use in the plots in Sec. III. We enumerate the
carriers by the index j, assuming the condition (19) for
the odd and the even components.

1. One pair of carriers or low-frequency pair of the
xylophone

Start with requirement, that the low frequency asymp-
totic of the total quantum noise spectral density has to
be equal to the SQL:

Ssum(Ω→ 0) =
~

MΩ2
. (C1)
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e2r Γ/Ω0 β θ

1.0 (0 db) 1.0 − arccos(1/
√

3) —

2.0 (3 db) 0.75 -1.02 0.51

4.0 (6 db) 0.54 -1.04 0.52

10.0 (10 db) 0.34 -1.05 0.52

> 10.0 e−r/ sin 2β -1.047 π/2 + β

TABLE III: Values of Γ , β, and θ which minimize function
(C7)

With account of Eqs. (1, 19, 20, B8a), it gives:

Seff
xx(Ω→ 0) =

S
(j)
xx (Ω→ 0)

2
=

~
2MΩ2

⇒

Γj =

(
4Jj cosβj sin2

j β

Aj

)1/3

, (C2)

where j = 1, 2.
The corresponding high-frequency asymptotic of the

total quantum noise is equal to

Ssum(Ω→∞) ≈ S
(j)
xx (Ω→∞)

2

=
~Ω2

2M(4Jj)4/3
F 1/3(βj , θj) , (C3)

where

F (β, θ) =
AC3

cos4 β sin8 β
. (C4)

The values of β and θ which provide the minimum of this
function are shown in Table III for some characteristic
values of squeezing. Note that in all cases, θ ≈ π/2 + β,
which cancels the term proportional to e2r in A, giving

F (β, θ) ∝ e−4r . (C5)

Therefore, the high-frequency part of the total noise
scales with the power and with the squeezing as follows:

Ssum(Ω→∞) ∝ 1

(Jer)4/3
. (C6)

2. Higher-frequency components of xylophon

At high frequency, the radiation pressure noise can be
neglected. In this case, our goal is to get the most broad-
band shot noise spectral density centered at some given
frequency Ω0. Therefore, we minimize the product of the
low- and high-frequency asymptotics

Sxx(Ω→ 0)eff × Seff
xx(Ω→∞)

=
1

4
S(j)
xx (Ω→ 0)× S(j)

xx (Ω→∞)

=
1

4

(
~

4MJj

)2 Γ 2
j AjCj

cos2 βj sin4 βj
(C7)

where j = {2p + 1, 2p + 2} and p = 2, . . . is the pair
number, in Γj , βj , and θj for a given value of Ω0:

Eq. (B10) gives Γj :

Γj = Ω0

(
Cj

Aj

)1/4

. (C8)

Therefore,

S(j)
xx (Ω→ 0)× S(j)

xx (Ω→∞) =

(
~

4MJj

)2√
F (βj , θj) ,

(C9)
with the same optimal values of βj and θj as for the
low-frequency pair.

In this case, the noise scales with the power and with
the squeezing as follows:

Ssum(Ω→∞) ∝ 1

Jer
. (C10)

3. Narrowband optimization

The minimum of (B9) in θ is provided by

θj =
π

2
. (C11)

In this case,

S(j)
xx (Ω) =

~
4MJjΓjΩ2 cosβj sin2 βj

×
[
(Ω2 − Γ 2

j )2e2r sin2 βj + (Ω2 + Γ 2
j )2e−2r cos2 βj

]
.

(C12)

If ∣∣∣αj =
π

2
− βj

∣∣∣� 1 , (C13)

then this spectral density has a sharp minimum at Ω =
Γj . In this case

S(j)
xx (Ω0 + ν) ≈ ~

MJΓjαj

(
ν2e2rj + Γ 2α2

je
−2rj

)
. (C14)

Therefore, the value of the minimum and its width are
equal to

Sxx(Γ ) ≈ ~Γjαje
−2rj

MJ
, (C15)

∆Ω = 2Γjαje
−2rj . (C16)
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