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We study the general relativistic periastron advance in spinning black hole binaries on quasi-circular orbits,
with spins aligned or anti-aligned with the orbital angular momentum, using numerical-relativity simulations,
the post-Newtonian approximation, and black hole perturbation theory. By imposing a symmetry by exchange
of the bodies’ labels, we devise an improved version of the perturbative result, and use it as the leading term of
a new type of expansion in powers of the symmetric mass ratio. This allows us to measure, for the first time, the
gravitational self-force effect on the periastron advance of a non-spinning particle orbiting a Kerr black hole of
mass M and spin S = −0.5M2, down to separations of order 9M. Comparing the predictions of our improved
perturbative expansion with the exact results from numerical simulations of equal-mass and equal-spin binaries,
we find a remarkable agreement over a wide range of spins and orbital separations.

PACS numbers: 04.25.D-, 04.25.dg, 04.25.Nx, 04.30.-w

I. INTRODUCTION

Accounting for the observed anomalous advance of Mer-
cury’s perihelion was the first successful test of Einstein’s the-
ory of general relativity [1]. More recently, the same effect—
but with a much larger amplitude, of the order a few degrees
per year—has been observed in the orbital motion of binary
pulsars [2, 3]. Today, the prospect of observing gravitational
radiation from binary systems of compact objects (black holes
and neutron stars) is triggering further interest in the relativis-
tic periastron advance. A worldwide effort is currently under-
way to achieve the first direct detection of gravitational waves
by using kilometer-scale, ground-based laser interferometers
such as advanced LIGO [4] and advanced Virgo [5], as well as
future space-based antennas, such as the eLISA mission [6].
The detection and analysis of these signals require very accu-
rate theoretical predictions, for use as template waveforms to
be cross-correlated against the output of the detectors. Hence,
an accurate modeling of the relativistic orbital dynamics of
compact-object binary systems is crucially needed.

For binaries with small orbital velocities/large separations,
but otherwise arbitrary mass ratios, the periastron advance has
been computed to increasingly high orders using the post-
Newtonian (PN) approximation to general relativity [7]. For
non-spinning binaries moving on generic (bound) orbits, the
1PN, 2PN and 3PN results were derived in Refs. [8–10]. Spin-
orbit and spin-spin effects were computed up to 3.5PN order
for aligned or anti-aligned spins [11, 12], as well as for generic
spin orientations in special binary configurations [13, 14]; see
Ref. [9] for earlier references. For binaries with extreme mass
ratios, the orbital motion can be studied using black-hole per-
turbation theory [15–17]. In the test-mass approximation, the
periastron advance of a non-spinning particle on a generic

(bound) geodesic orbit around a Schwarzschild or Kerr black
hole has been computed in Refs. [18, 19]. The corrections lin-
ear and quadratic in the spin of the small body were computed
in the companion paper [20], for nearly circular orbits. The
first-order mass-ratio correction to the geodesic result was ob-
tained in Ref. [21] for a Schwarzschild background, but the
result is still unknown in the Kerr case. Using the effective-
one-body (EOB) formalism [22–25], the periastron advance
has been computed for non-spinning [26] as well as for spin-
ning compact binaries [20] on quasi-circular orbits.

Following the breakthrough in the numerical simulation of
the late inspiral and merger of binary black hole (BBH) sys-
tems [27–29] (see Ref. [30] for a recent review), it has recently
become possible to study the periastron advance using fully
non-linear numerical relativity (NR) simulations. The first NR
results for the periastron advance were presented in Ref. [31]
and an improved analysis using longer and more accurate nu-
merical simulations was done in Ref. [32]. More recently, the
periastron advance has also been measured in a mixed neutron
star/black hole binary [33]. In this paper we extend the earlier
works [31, 32] for non-spinning black hole binaries to spin-
ning systems. We make use of accurate NR simulations of the
late inspiral of spinning BBHs on quasi-circular orbits, with
spins aligned or anti-aligned with the orbital angular momen-
tum. The simulations we analyze have two different origins:
(i) the series of equal-mass, equal-spin binaries presented in
Refs. [34, 35], with a focus on the properties of binaries with
nearly extremal spins, and (ii) the unequal-mass spinning sim-
ulations presented in Ref. [36].

After deriving explicit expressions for the periastron ad-
vance at the highest PN order currently known, we compare
those predictions to the NR data. We then use the mathemat-
ical structure of the PN expansion for the periastron advance,
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together with explicit formulas for the periastron advance of a
non-spinning and spinning particle in Kerr spacetime, to de-
rive an improved version of the perturbative result that is fully
symmetrized by exchange of the bodies’ labels. Indeed, ear-
lier works [32, 37–42] suggested that working with a “sym-
metrized background” can successfully extend the domain of
validity of perturbative calculations. Finally, we show how to
employ the improved, perturbative result to extract the gravi-
tational self-force (GSF) correction to the periastron advance
from NR simulations. As a proof of principle, we first use
the NR simulations of non-spinning BBH systems with mass
ratios 1− 8, extract the GSF correction to the periastron ad-
vance and compare it with the known, exact result from per-
turbative calculations [21]. Then, we consider NR simulations
of single-spin BBH systems with mass ratios 1.5−8 and pre-
dict the GSF correction to the periastron advance for a non-
spinning particle moving on a circular equatorial orbit around
a Kerr black hole of mass M and spin S = −0.5M2. These
results are summarized in Fig. 11 below.

This paper is organized as follows. Section II explains how
the periastron advance is extracted from NR simulations of
binary black holes, and how the error estimates are computed.
In Sec. III we establish the 3.5PN-accurate expression of the
periastron advance for quasi-circular orbits, including all spin-
orbit and spin-spin effects. The perturbative result for a point
mass orbiting a Kerr black hole on a circular equatorial orbit is
obtained in Sec. IV. In Sec. V we impose known symmetries
on the perturbative result, and make use of this expression as a
background to extract GSF information by using NR results in
Sec. VI. We summarize our main findings and discuss future
prospects in Sec. VII. Throughout this paper we set G= c= 1.

II. NUMERICAL RELATIVITY

In this section we provide an in-depth discussion of the
techniques used in Ref. [32] to extract the periastron advance
from BBH simulations, and further refine these techniques.
Henceforth, we use the sum m = m1 +m2 of the irreducible
masses of the black holes to define dimensionless frequencies.

A. Basic procedure

The analysis of the periastron advance is based on the coor-
dinate trajectories of the centers of the apparent horizons, as
computed during BBH evolutions [34, 36, 43–45] using the
Spectral Einstein Code (SpEC) [46]. Let ci(t) denote the co-
ordinates of the center of each black hole, and define their rel-
ative separation r(t) = c1(t)−c2(t). The instantaneous orbital
frequency Ω(t) is computed by

Ω(t)≡ |r(t)× ṙ(t)|
r2(t)

, (1)

where the Euclidean cross product and norm are used, and an
overdot stands for d/dt. The orbital frequency Ω(t) is the sum
of a secular quasi-circular piece [given by the average fre-
quency Ωϕ(t)] and a small oscillatory remainder containing

information about the eccentricity and the radial frequency.
Both components drift slowly in time due to the radiation-
reaction driven inspiral of the black holes. To separate Ω(t)
into these two components, we perform a fit to the model

Ω(t) = p0 [p1− (t−T )]p2

+ p3 cos
[
p4 + p5(t−T )+ p6(t−T )2] . (2)

The pi’s are parameters to be determined by the fit. The first
term in Eq. (2), with fitting parameters (p0, p1, p2), is intended
to capture the monotonic, non-oscillatory inspiral behavior of
a non-eccentric binary. Writing this as a single power-law
term ensures monotonic behavior which would not be guar-
anteed if this term were a polynomial of order 2 or higher.
The second term is designed to capture oscillations in Ω(t)
that arise from orbital eccentricity. The amplitude p3 will be
proportional to the eccentricity. Because Ω is linked to the
radius through angular momentum conservation, the phase of
the oscillations (parameters p4, p5, p6) will give the phase of
the radial motion of the binary.

The model (2) is fitted over an interval t ∈ [T − ∆T
2 ,T + ∆T

2 ]
centered around the time T , with width ∆T = ϖ × 2π/Ω(T )
parametrized by the number ϖ of orbits within this inter-
val. The instantaneous orbital frequency Ωϕ(T ) and the ra-
dial frequency Ωr(T ) at time T are computed by evaluating
the monotonic and oscillatory parts of the fit at t = T :

Ωϕ(T ) = p0 pp2
1 , (3a)

Ωr(T ) = p5 . (3b)

Finally, the periastron advance is given by the ratio

KNR(T ) =
Ωϕ(T )
Ωr(T )

. (4)

Repeating this procedure for many different times T results in
the periastron advance KNR(Ωϕ) as a function of the average
quasi-circular orbital frequency Ωϕ .

Figure 1 shows an example of this procedure, applied to an
equal-mass, non-spinning BBH system. The red-dashed and
blue-dashed curves are the output of Eq. (4) for two different
values of ϖ , normalized by the periastron advance KSch = [1−
6(mΩϕ)

2/3]−1/2 of a test mass orbiting a Schwarzschild black
hole (cf. Sec. IV below) to reduce the dynamical range; note
that the y-scale of Fig. 1 represents only a relative variation
of 8% of KNR. The solid lines represent power-law fits to the
dashed data, with error regions indicated by the dashed black
lines. This is the procedure that was used in the analysis in Le
Tiec, Mroué et al. [32].

B. Systematic effects

The procedure just outlined is subject to three effects which
impact KNR at the 0.1− 1% level. The first of these effects
is already clearly visible in Fig. 1: KNR(Ωϕ) as obtained by
Eq. (4) oscillates around its mean. These oscillations arise
because the fitting function (2) does not perfectly capture the
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FIG. 1. Periastron advance extracted from numerical simulations.
Upper panel: The dashed curves show KNR(Ωϕ )/KSch(Ωϕ ) as com-
puted from Eqs. (3) and (4) using fitting intervals with two different
widths ϖ . The solid lines show polynomial fits to KNR/KSch. Lower
panel: Residuals of the polynomial fits.
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FIG. 2. Relative uncertainty ∆K/K in the numerical-relativity perias-
tron advance as a function of the eccentricity e of the configuration.
Shown are data for four black-hole binaries with different mass ratios
q = m1/m2, one of them with a non-zero spin. Each symbol repre-
sents a separate numerical binary black hole evolution. The results
shown here were computed at the orbital frequency mΩϕ = 0.033.

features of Ω(t): eccentricity-related effects and the radiation-
reaction driven inspiral are more complicated than the rather
simple fitting formula (2) used. Early in the inspiral, these
oscillations are typically of order 0.1− 0.2%, and they grow
during the inspiral. The amplitude of these oscillations is fur-
thermore strongly dependent on the width ϖ of the fitting win-
dow. This dependence arises because a longer fitting interval
includes a larger number of the eccentricity-induced oscilla-
tions in Ω(t) that the fitting function (2) is designed to capture,
and therefore reduces the uncertainty of the fit.
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FIG. 3. Effect of the choice of width ϖ on the measured periastron
advance. Shown are data for the three reference frequencies Ωe/m/l
and for two exemplary runs: (q,χ1,χ2) = (1,0,0) and (q,χ1,χ2) =
(8,0.5,0). The symbols denote KNR/KSch as measured with width
ϖ indicated on the x-axis. The dotted lines denote fits indicating the
extrapolation to zero width, ϖ → 0. The number next to each dotted
line indicates the fractional change in KNR/KSch between ϖ = 1.2
and ϖ→ 0. For ease of plotting, the data for q = 8 and mΩϕ = 0.036
has been shifted up by 0.1.

A second important effect enters through the magnitude of
the eccentricity. The oscillatory term in Eq. (2) will be propor-
tional to the eccentricity of the orbit. With decreasing eccen-
tricity, this oscillatory term will be increasingly hard to isolate
and Ωr will be increasingly difficult to measure. This effect
is illustrated in Fig. 2 which provides a survey of NR sim-
ulations at different eccentricities. An eccentricity e ∼ 0.01
typically allows one to measure K with a relative accuracy of
order 0.1%. For smaller eccentricities, the uncertainty in KNR
increases roughly inversely proportionally to e. For larger ec-
centricities, eventually the eccentricity-dependent corrections
to the periastron advance will become noticeable; the leading
relative correction is proportional to e2, and hence still negli-
gible for e∼ 0.01. Figure 2 shows data obtained at the orbital
frequency mΩϕ = 0.033. As one moves closer to the merger,
the uncertainty ∆K increases.

A third systematic effect arises from the choice of the width
ϖ of the fitting interval. Larger ϖ systematically underesti-
mate KNR because the average radial frequency over the fit-
ting interval is biased toward larger values, as already visi-
ble in Fig. 1. Figure 3 demonstrates this drift more clearly.
As can be seen, KNR drifts by an amount of order 0.1% to
1%; the drift is generally smaller at large separations (where
the inspiral motion is very “small”), and more pronounced at
small separations. This systematic error also gets smaller as
the mass ratio of the binary increases (more unequal masses).

C. Refined procedure

The three effects described in Sec. II B depend strongly on
the eccentricity e of the run being analyzed, on the width ϖ
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of the fitting interval, and on the orbital frequency Ωϕ un-
der consideration for each binary configuration. All three
effects couple non-linearly, and have a large impact on how
accurately KNR can be measured at a given combination of
(e,ϖ ,Ωϕ). Furthermore, we generally do not have control
over the eccentricity e. Numerical-relativity simulations are
computationally costly. To maximize the scientific returns of
these simulations, we extract the periastron advance from sim-
ulations originally performed for other purposes, even if the
eccentricity is smaller than desired for optimal extraction of
KNR. (The data shown in Fig. 2, based on Ref. [36] is excep-
tional, as the goal of these simulations was precisely the study
of eccentricity). Therefore, we proceed as follows for each
BBH configuration (specified by mass ratio and spins):

1. Pick three tentative target frequencies Ωe, Ωm, and Ωl .
These are chosen to fall into the early inspiral, into the
middle of the inspiral, and late in the inspiral, but such
that for all three frequencies we can still obtain good
periastron advance measurements.

2. If simulations with different orbital eccentricities are
available for the considered configuration, perform fits
similar to those shown in Fig. 1 for each available ec-
centricity. Manually assess which eccentricity gives the
most reliable fits (these can be different runs at the vari-
ous frequencies Ωe/m/l). Determine an error bar on KNR
from manual inspection.

3. Consider the dependence on ϖ by using plots similar
to Fig. 3. Take the periastron advance extrapolated to
ϖ → 0 as the final value reported. If the change in KNR
between ϖ = 1.2 and ϖ → 0 is larger than the error bar
determined in step 2, then increase the error bar to this
difference.

4. To obtain convenient analytical approximations of the
behavior of KNR/KSch, fit the values for KNR/KSch at the
three frequencies Ωe/m/l with a quadratic polynomial in
mΩϕ ,

KNR

KSch
= a0 +a1 (mΩϕ)+a2 (mΩϕ)

2. (5)

Because of the variety of simulations to be analyzed, manual
inspection as indicated in the procedure above was crucial to
improve the accuracy of KNR over the earlier, more automatic
procedure used in Ref. [32]. Table I lists the numerical re-
sults for the periastron advance obtained for the simulations
considered here.

III. POST-NEWTONIAN APPROXIMATION

A. Post-Newtonian calculation to 3.5PN order

In the context of the post-Newtonian approximation to gen-
eral relativity, we consider a binary system of spinning point
particles (modeling two rotating black holes) with constant
masses mi (i = 1,2) and canonical spins Si = Si L̂ aligned or
anti-aligned with the orbital angular momentum L= L L̂, with
L̂ the unit vector pointing in the direction of L, such that L> 0
and |Si|< m2

i . In this section, using the results of Ref. [12] we
explicitly write down the PN expression of the periastron ad-
vance for circular orbits, including all spin-independent, spin-
orbit (SO), and spin-spin (SS) contributions up to 3.5PN or-
der included. Higher-order interactions in the spins [47, 48]
will be neglected; hence we do not include the leading-order
3.5PN terms cubic in the spins. We restrict to the conservative
part of the dynamics, neglecting the dissipative effects related
to gravitational-wave emission.

Reference [12] provides an explicit, 3.5PN-accurate solu-
tion of the orbital equations of motion of a binary system of
spinning point particles (at quadratic order in the spins Si), for
a generic bound orbit and aligned or anti-aligned spins, in the
form of a quasi-Keplerian parametrization of the motion.1 The
orbital elements are expressed in terms of the two constants
of the motion: the reduced binding energy ε ≡ |E|/(mν) (re-
call that E < 0 for bound orbits) and the dimensionless angu-
lar momentum h ≡ L/(m2ν), where m = m1 +m2 is the total
mass and ν = m1m2/m2 the symmetric mass ratio, such that
ν = 1/4 for equal masses and ν → 0 in the extreme mass-
ratio limit. The 3.5PN expression of the (reduced) periastron
advance per radial period, K ≡Φ/(2π), reads2

K = 1+
3
h2 − (2+2∆−ν)

χ1

h3 +

(
−15

2
+3ν

)
ε

h2 +

(
105

4
− 15

2
ν

)
1
h4 +

(
3
4
+

3
4

∆− 3
2

ν

)
χ2

1
h4

+
(
12+12∆−16ν−4∆ν +2ν

2)
χ1

ε

h3 +

(
−42−42∆+

147
4

ν +
21
4

∆ν− 3
2

ν
2
)

χ1

h5

+

(
1155

4
−
[

625
2
− 615

128
π

2
]

ν +
105
8

ν
2
)

1
h6 +

(
−315

2
+

[
218− 123

64
π

2
]

ν− 45
2

ν
2
)

ε

h4

+

(
15
4
− 15

4
ν +3ν

2
)

ε2

h2 +

(
105

2
+

105
2

∆−135ν−30∆ν +
45
4

ν
2
)

χ2
1

h6 +

(
−33

2
− 33

2
∆

1 The expressions for the mean motion n and periastron advance per radial
period Φ as functions of |E| and L were not given in Ref. [12]. We thank
M. Tessmer and J. Hartung for making these results available to us.

2 We use the black-hole value CQ = 1 for the constant parameter character-
izing the quadrupolar deformation of a compact object under the effect of
its intrinsic rotation [12].
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K K +∆K K−∆K

q χ1 χ2 104e a0 a1 a2 a0 a1 a2 a0 a1 a2 mΩi mΩ f

1 0.97 0.97 6 1.00764 −3.9948 −70.807 1.0065 −3.9405 −67.121 0.99417 −2.7579 −101.543 0.0169 0.0344

1 0.95 0.95 1 0.98829 −2.2363 −107.11 0.99952 −3.2597 −79.724 0.98340 −1.7802 −122.724 0.0184 0.0318

1 0.9 0.9 5 0.96487 −0.3254 −138.67 0.96828 −0.5883 −130.568 0.99319 −2.6814 −94.833 0.020 0.031

1 0.8 0.8 5 0.98881 −1.8427 −104.636 1.00304 −3.1415 −73.025 0.97868 −0.9218 −127.882 0.0177 0.0317

1 0.6 0.6 4 0.99922 −2.0355 −86.060 1.01226 −3.1796 −56.734 0.97886 −0.2337 −128.612 0.019 0.031

1 −0.9 −0.9 7 0.96721 6.4391 −34.411 1.3842 −38.2326 1175.23 0.68088 37.9372 −908.291 0.0177 0.024

1 −0.95 −0.95 10 1.09949 −7.4342 346.477 1.32874 −33.6076 1099.42 0.78659 26.3466 −570.337 0.0177 0.026

1 0.5 0 3 0.98950 0.2892 −106.77 1.01884 −3.0265 −8.075 0.957 3.8257 −210.184 0.0155 0.025

1 0 0 282 0.99554 0.5048 −76.340 0.99678 0.2800 −62.419 0.99430 0.7296 −90.261 0.012 0.032

1 −0.5 0 4 0.93781 6.5574 −171.793 1.2331 −23.1674 588.235 0.84533 17.1947 −486.223 0.0195 0.0259

1.5 0.5 0 0.6 0.97522 1.4334 −139.448 1.03313 −4.6662 30.686 0.92706 6.5006 −281.776 0.0158 0.0259

1.5 0 0 228 0.99849 0.1745 −66.444 1.00508 −0.6835 −36.986 0.99190 1.0326 −95.902 0.013 0.032

1.5 −0.5 0 25 0.99987 1.0477 −30.021 1.00286 0.6444 −15.295 0.99588 1.5908 −49.195 0.0123 0.0215

3 0.5 0 3 1.00301 −1.7335 −65.616 1.02202 −3.7817 −7.465 0.99159 −0.4448 −105.151 0.0164 0.0287

3 0 0 21 1.00277 −0.0865 −50.201 1.0178 −1.5553 −11.582 0.98773 1.3822 −88.819 0.019 0.029

3 −0.5 0 229 1.00559 0.7584 17.064 1.01162 0.0920 38.352 0.99854 1.5502 −8.129 0.013 0.027

5 0.5 0 356 0.99812 −1.2904 −76.358 0.99779 −1.1426 −79.708 0.99845 −1.4382 −73.008 0.0169 0.0280

5 0 0 367 0.99279 0.7364 −54.033 1.00428 −0.1182 −36.789 0.98130 1.5911 −71.276 0.020 0.041

5 −0.5 0 229 1.02734 −1.3157 101.025 1.03345 −1.9244 117.851 1.02648 −1.2086 95.785 0.0179 0.036

8 0.5 0 37 0.97198 0.7118 −114.923 0.98182 0.0285 −102.411 0.96137 1.4528 −128.537 0.021 0.042

8 0 0 84 0.99868 0.2793 35.300 1.0045 −0.2028 −24.723 0.98878 1.0538 50.982 0.021 0.036

8 −0.5 0 17 1.02556 −1.2577 130.85 1.05938 −4.3455 203.072 0.99952 1.2217 69.698 0.020 0.030

TABLE I. Fitting parameters for the NR data. Here q = m1/m2 is the mass ratio, m = m1 +m2 the total mass, χi = Si/m2
i (with i = 1,2) the

dimensionless spins, and e the eccentricity. The fits are of the form K = [a0 + a1(mΩϕ )+ a2(mΩϕ )
2]/[1− 6(mΩϕ )

2/3]1/2. The estimated
uncertainties K±∆K have a similar format. The fitting parameters (a0,a1,a2) are computed for the restricted frequency range Ωi 6 Ωϕ 6 Ω f .

+
93
2

ν +
27
2

∆ν− 15
2

ν
2
)

ε χ2
1

h4 +

(
−1485

2
− 1485

2
∆+

15165
16

ν +
5265

16
∆ν− 345

2
ν

2

−75
8

∆ν
2 +

15
8

ν
3
)

χ1

h7 +
(
420+420∆−717ν−297∆ν +207ν

2 +21∆ν
2−6ν

3) χ1 ε

h5

+

(
−15−15∆+42ν +

39
2

∆ν−27ν
2−6∆ν

2 +3ν
3
)

χ1 ε2

h3 +1↔ 2+O(c−8) , (6)

where ∆ ≡ (m1−m2)/m =
√

1−4ν is the reduced mass dif-
ference and χ1 ≡ S1/m2

1 the dimensionless spin of particle 1.
(We assume, without any loss of generality, that m1 > m2.)
The symbol 1↔ 2 stands for all the spin-dependent terms with
the particle labels 1 and 2 exchanged (χ1↔ χ2 and ∆→−∆)
that have to be added to the previous expression.

We now restrict to a circular orbit with constant azimuthal
frequency Ωϕ , and make use of the well-known expressions of
ε and h as functions of the usual dimensionless, invariant PN
parameter x ≡ (mΩϕ)

2/3. When including the leading-order
1.5PN and next-to-leading order 2.5PN spin-orbit couplings,
as well as the leading-order 2PN spin-spin couplings, those
expressions read [9, 23, 49, 50]:

ε =
x
2

{
1+
(
−3

4
− ν

12

)
x+
(

4
3
+

4
3

∆− 2
3

ν

)
χ1 x3/2 +

(
−27

8
+

19
8

ν− ν2

24

)
x2− 1

2
(1+∆−2ν)χ

2
1 x2
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−ν χ1χ2 x2 +

(
4+4∆− 121

18
ν− 31

18
∆ν +

ν2

9

)
χ1 x5/2 +1↔ 2+O(x3)

}
, (7a)

h =
1√
x

{
1+
(

3
2
+

ν

6

)
x+
(
−5

3
− 5

3
∆+

5
6

ν

)
χ1 x3/2 +

(
27
8
− 19

8
ν +

ν2

24

)
x2 +

(
1
2
+

∆

2
−ν

)
χ

2
1 x2

+ν χ1χ2 x2 +

(
−7

2
− 7

2
∆+

847
144

ν +
217
144

∆ν− 7
72

ν
2
)

χ1 x5/2 +1↔ 2+O(x3)

}
. (7b)

Note that to control the expansion for K(x) up to 3.5PN order,
we only need the expressions for ε(x) and h(x) at the relative
2.5PN accuracy. The expressions (7) can also be recovered
from the quasi-Keplerian parametrization of Ref. [12], by im-
posing the zero-eccentricity condition et = 0 (or equivalently
er = 0 or eϕ = 0) appropriate for a circular orbit.

Replacing the formulas (7) into Eq. (6), and expanding in
powers of 1/c, we obtain the 3.5PN result for the invariant
relation K(x;ν ,χ1,χ2), which can conveniently be split into
non-spinning, spin-orbit, and spin-spin contributions:

K = KNS +KLO
SO +KLO

SS +KNLO
SO +KNLO

SS +KNNLO
SO +O(c−8) .

(8)
The non-spinning (NS) contribution KNS is accurate to 3.5PN
order. The leading-order (LO), next-to-leading order (NLO),
and next-to-next-to-leading order (NNLO) spin-orbit (SO)
terms KLO

SO , KNLO
SO and KNNLO

SO contribute at 1.5PN, 2.5PN, and
3.5PN order, respectively. The leading-order 2PN and next-
to-leading order 3PN spin-spin (SS) contributions can them-
selves be split into self-spin (S2

1 and S2
2) and cross-spin (S1S2)

interactions: KLO
SS = KLO

S2 +KLO
S1S2

and KNLO
SS = KNLO

S2 +KNLO
S1S2

.
All these contributions explicitly read

KNS = 1+3x+
(

27
2
−7ν

)
x2

+

(
135

2
−
[

649
4
− 123

32
π

2
]

ν +7ν
2
)

x3 , (9a)

KLO
SO = (−2−2∆+ν)χ1 x3/2 +1↔ 2 , (9b)

KLO
S2 =

(
3
4
+

3
4

∆− 3
2

ν

)
χ

2
1 x2 +1↔ 2 , (9c)

KLO
S1S2

= 3ν χ1χ2 x2 , (9d)

KNLO
SO =

(
−17−17∆+

81
4

ν +
17
4

∆ν−ν
2
)

χ1 x5/2

+1↔ 2 , (9e)

KNLO
S2 =

(
67
4

+
67
4

∆− 189
4

ν− 55
4

∆ν +6ν
2
)

χ
2
1 x3

+1↔ 2 , (9f)

KNLO
S1S2

= (45+2ν)ν χ1χ2 x3 , (9g)

KNNLO
SO =

(
−126−126∆+

11581
48

ν +
5317
48

∆ν

−733
12

ν
2− 11

3
∆ν

2 +
ν3

3

)
χ1 x7/2 +1↔ 2 . (9h)

The NS contribution (9a) is a strictly increasing function of
frequency for all mass ratios (0 6 ν 6 1/4). The 2PN and
3PN S2

1 and S2
2 contributions (9c) and (9f) are positive for all

spins and mass ratios, while the S1S2 contributions (9d) and
(9g) are positive if sgn(S1S2)> 0 and negative otherwise. The
1.5PN, 2.5PN and 3.5PN SO contributions (9b), (9e) and (9h)
are all negative (resp. positive) when both spins are aligned
(resp. anti-aligned) with the angular momentum.

To ease the comparison with the perturbative result derived
in Sec. IV below, we also compute the quantity W ≡ 1/K2

introduced in Refs. [26, 51]. The 3.5PN-accurate expression
for W (x;ν ,χ1,χ2) is

W = 1−6x+
[
(4+4∆−2ν)χ1 +(4−4∆−2ν)χ2

]
x3/2 +

[
14ν +

(
−3

2
− 3

2
∆+3ν

)
χ

2
1 −6ν χ1χ2 +

(
−3

2
+

3
2

∆+3ν

)
χ

2
2

]
x2

−
[(

2+2∆+
45
2

ν +
17
2

∆ν−2ν
2
)

χ1 +

(
2−2∆+

45
2

ν− 17
2

∆ν−2ν
2
)

χ2

]
x5/2 +

[(
397
2
− 123

16
π

2
)

ν−14ν
2

+

(
4+4∆+

15
2

ν +
31
2

∆ν−9ν
2
)

χ
2
1 +(36+2ν)ν χ1χ2 +

(
4−4∆+

15
2

ν− 31
2

∆ν−9ν
2
)

χ
2
2

]
x3

−
[(

1465
24

+
1465

24
∆− 373

6
ν− 22

3
∆ν +

2
3

ν
2
)

ν χ1 +

(
1465

24
− 1465

24
∆− 373

6
ν +

22
3

∆ν +
2
3

ν
2
)

ν χ2

]
x7/2 +O(x4) .

(10)

Note that the 3.5PN spin-orbit terms in W vanish in the test- particle limit ν → 0. Recall, however, that we are missing
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FIG. 4. Fractional difference between the NR and PN predictions for
the periastron advance K as a function of spin, at different PN orders,
for equal-mass black-hole binaries. We set mΩϕ = 0.021.
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FIG. 5. Fractional difference between the NR and PN predictions
for K for black-hole binaries with mass ratios q ∈ {1,1.5,3,5,8} and
spins χ ≡ χ1 ∈ {−0.5,0,0.5} and χ2 = 0. We set mΩϕ = 0.021.

some contributions O(S3) at 3.5PN order, which may not van-
ish in that limit. Notice also that Eq. (10) is invariant by ex-
change 1↔ 2 of the bodies’ labels.

B. Comparison to numerical-relativity simulations

We now compare the PN prediction (8)–(9) with the NR
results discussed in Sec. II. In Fig. 4 we show the fractional
difference between the NR and PN predictions for K as a func-
tion of spin, at different PN orders, for equal-mass black-hole
binaries. We compute the periastron advance at the orbital
frequency mΩϕ = 0.021, which is typically in the middle of
the NR frequency range. We indicate with a dot the simula-
tions in which both black holes are spinning and with a square
the simulations in which only one black hole is spinning. For
spins anti-aligned with the orbital angular momentum, the var-
ious contributions (9) are all positive, such that the successive
PN approximations approach the NR results in a monotonic

0.02 0.022 0.024 0.026 0.028 0.03
mΩ

ϕ

1.2

1.25

1.3

1.35

1.4

K

NR
3.5PN nospin

+ 1.5PN SO
+ 2PN SS
+ 2.5PN SO
+ 3PN SS
+ 3.5PN SO

0.018 0.02 0.022 0.024
mΩ

ϕ

1.3

1.4

1.5

1.6

K

NR
3.5PN nospin

+ 1.5PN SO
+ 2PN SS
+ 2.5PN SO
+ 3PN SS
+ 3.5PN SO

FIG. 6. Periastron advance K as a function of the orbital frequency
mΩϕ , for equal-mass binaries with equal spins χ1 = χ2 = 0.9 (top)
and χ1 = χ2 =−0.9 (bottom). The black dashed lines show the esti-
mated numerical-relativity uncertainties.

way. For spins aligned with the orbital angular momentum,
the spin-squared contributions are still positive, but the spin-
orbit ones are negative, such that the successive PN approxi-
mations approach the NR results in a non-monotonic way. At
the moderate orbital frequency mΩϕ = 0.021, the 3.5PN re-
sults are almost within the numerical errors, with a relative
difference of 1% at most (except for large negative spins).

In Fig. 5 we plot the fractional difference between the NR
and 3.5PN predictions for the periastron advance K, for black-
hole binaries with mass ratios q ∈ {1,1.5,3,5,8} and spins
χ1 ∈ {−0.5,0,0.5} and χ2 = 0, still at the orbital frequency
mΩϕ = 0.021. The performance of the PN approximation de-
teriorates as the mass ratio increases (more unequal masses),
consistent with previous findings [32, 52]. This result is robust
to changes in the orbital frequency.

Figure 6 shows the periastron advance K as a function of
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the orbital frequency mΩϕ for equal-mass binaries with equal
spins χ1 = χ2 = 0.9 (top) and χ1 = χ2 = −0.9 (bottom). We
show the NR results (black continuous curves) with their er-
rors (black dashed curves) and the PN results at different PN
orders. In particular, we plot the non-spinning 3.5PN result
and show how the periastron advance varies when PN spin
effects are successively added. The SO terms typically give
larger contributions than the SS terms. Figure 12 shows K as
a function of mΩϕ for other equal-mass, equal-spins configu-
rations. In all cases the 3.5PN approximation underestimates
the exact result, typically by a few percent over our frequency
ranges.

IV. TEST-PARTICLE APPROXIMATION

A. Test mass in a Kerr background

In this section we compute the periastron advance of a test
particle on a circular orbit in the equatorial plane of a Kerr
black hole; see also Refs. [19, 20, 53] for alternative deriva-
tions. Our analysis closely follows that of Ref. [26], in which
the circular-orbit limit of the periastron advance was recently
computed within the (non-spinning) EOB framework. Al-
though the properties of timelike geodesics of the Kerr ge-
ometry were explored in detail long ago [54], we recall some
well-known formulae here for the sake of completeness, in
order to make our perturbative analysis self-contained.

We consider a test particle of mass µ on a bound geodesic
orbit in the equatorial plane of a Kerr black hole of mass M
and spin S ≡ Ma ≡ M2χ . We use Boyer-Lindquist coordi-
nates {t,r,θ ,φ}, defined such that the equatorial plane coin-
cides with the plane θ = π/2. Using the proper time τ to
parametrize the timelike geodesic followed by the particle, the
orbital motion obeys(

dr
dτ

)2

=
(
e2−1

)
+

2M
r
− 1

r2

[
j2 +a2(1− e2)

]
+

2M
r3 ( j−ae)2 , (11a)

r4
(

dϕ

dτ

)2

= j−ae+a
e(r2 +a2)−a j
r2−2Mr+a2 , (11b)

r4
(

dt
dτ

)2

= a( j−ae)+(r2 +a2)
e(r2 +a2)−a j
r2−2Mr+a2 , (11c)

where e and j are the conserved specific energy and angular
momentum of the particle. Introducing the inverse separation
u ≡ 1/r, and parametrizing the orbital motion in terms of the
Mino time parameter λ [55], defined such that dτ/dλ = r2,
the radial first integral of the motion, Eq. (11a), can be rewrit-
ten in the simple form

u̇2 +V (u) = 0 , (12)

where the overdot stands for a derivative with respect to λ ,
and the radial potential V is a third order polynomial in u:

V = 1− e2−2M u+
[

j2 +a2(1− e2)
]

u2−2M ( j−ae)2 u3 .
(13)

To derive the expression of the periastron advance in the
circular-orbit limit, we can restrict to a slightly eccentric or-
bit, treated as a linear perturbation of an exactly circular orbit
with radius r0. To first order in a parameter ε measuring the
deviation from perfect circularity, the radial motion can be
written as

u(λ ) = u0 + ε u1(λ )+O(ε2) , (14)

where u0 = 1/r0 satisfies the circular-orbit conditions V (u0)=
V ′(u0) = 0. The function u1(λ ) encodes the effect of the ec-
centricity perturbation on the radial motion. To first order in
ε , the differential equation (12) reduces to

u̇2
1 +ω

2
r u2

1 = 0 , (15)

where ω2
r (u0)≡ 1

2V ′′(u0) is the radial frequency (squared) as-
sociated with the circular orbit of radius r0. Using the explicit
expression (13) of the radial potential V (u), we have

ω
2
r = j2 +a2(1− e2)−6M ( j−ae)2 u0 . (16)

The solution of the differential equation (15) for the pertur-
bation u1(λ ) depends on the sign of the radial frequency
squared: if ω2

r > 0 then the perturbation is stable, as it obeys
the harmonic evolution u1(λ ) ∝ cos

(
ωrλ +ϕ0

)
, where ϕ0 is

a constant; if ω2
r < 0 then the perturbation is unstable, as it

grows like u1(λ ) ∼ exp
(√
−ω2

r λ
)

as λ → +∞. The bound-
ary case ω2

r = 0 corresponds to a marginally stable circular
orbit, or innermost stable circular orbit (ISCO); its radius is
given by

rISCO =
6M ( j−ae)2

j2 +a2(1− e2)
. (17)

In the limit a→ 0 of vanishing spin, the Boyer-Lindquist ra-
dial coordinate reduces to the usual Schwarzschild radial co-
ordinate, and we recover the well-known location rISCO = 6M
of the Schwarzschild ISCO.

On the other hand, the instantaneous azimuthal frequency
ωϕ ≡ dϕ/dλ of the orbit is given, in Mino time, by Eq. (11b).
In the limit ε → 0, it is constant and reads

ωϕ =
j+2M (ae− j)u0

1−2M u0 +a2u2
0
. (18)

In the circular-orbit limit, the periastron advance is given by
the ratio K ≡ ωϕ/ωr of the two frequencies of the motion.
Following Refs. [26, 51], we find it more convenient to work
with the quantity W ≡ 1/K2 instead. Using Eqs. (16) and (18),
we obtain

W =
[

j2 +a2(1− e2)−6M (ae− j)2 u0
]
×[

1−2M u0 +a2u2
0

j+2M (ae− j)u0

]2

. (19)

Notice that the ratio of frequencies W =
(
ωr/ωϕ

)2 does not
depend on the time parametrization used to describe the mo-
tion; hence the result (19) is valid, e.g., in Mino time λ , in
proper time τ , and in Boyer-Lindquist coordinate time t.
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Next, we use the conditions V (u0) = 0 and V ′(u0) = 0 for a
circular orbit to express the energy e and angular momentum j
as functions of the orbital radius r0. In terms of the coordinate
“velocity” v2 ≡Mu0 = M/r0, this yields [54]

e =
1−2v2 +χv3√
1−3v2 +2χv3

, (20a)

j =
M
v

1−2χv3 +χ2v4√
1−3v2 +2χv3

. (20b)

Replacing these formulas into Eq. (19), the algebra simplifies
considerably, and we are left with the polynomial result

W = 1−6v2 +8χv3−3χ
2v4 . (21)

This simple expression lends itself to a nice (but simplistic)
physical interpretation: the first term in the right-hand side of
Eq. (21) corresponds to the Newtonian result (no periastron
advance), the second term encodes the full general relativis-
tic correction for a Schwarzschild black hole (χ-independent),
the third term is a spin-orbit coupling (linear in χ), and the last
term a spin-spin contribution (quadratic in χ).

Notice that by substituting Eqs. (20) into the expression
(17) previously derived for the coordinate location of the Kerr
ISCO, we obtain an equation for v that can easily be shown to
be equivalent to the vanishing of the polynomial in the right-
hand side of Eq. (21). This is expected because the condition
W = 0 corresponds to a vanishing radial frequency (indepen-
dently of the time parametrization used), which defines the
ISCO [54, 56].

The test-particle result (21) being expressed in terms of the
Boyer-Lindquist coordinate radius r0 of the circular orbit, a
meaningful comparison with the predictions from PN theory
and NR simulations is not obvious. To ease such compar-
isons, we must first relate r0 to the “invariant” circular-orbit
frequency Ωϕ ≡ dϕ/dt, defined in terms of the coordinate
time t that coincides with the proper time of an asymptotic,
inertial observer. By taking the ratio of the first integrals (11b)
and (11c) for dϕ/dτ and dt/dτ , we find

Ωϕ =
u2

0 [ j+2M (ae− j)u0]

e+au2
0 [ae+2M (ae− j)u0]

=

(
a+

M
v3

)−1

, (22)

where we used Eqs. (20) to substitute e and j in favor of v.
Inverting this last result yields the expression of v2 = Mu0 in
terms of the dimensionless product MΩϕ as [54]

v3 =
MΩϕ

1−χ MΩϕ

. (23)

Substituting this expression into Eq. (21), we finally obtain the
desired relationship W (MΩϕ ; χ), valid in the test-mass limit.
In the limit χ → 0 of vanishing spin, the result (21) reduces
to the well-known expression W = 1−6(MΩϕ)

2/3 for the pe-
riastron advance of a test particle on a circular orbit around a
Schwarzschild black hole [9, 18].

A check of the validity of (21) is provided by the results of
Schmidt [19], who performed a thorough analysis of the fun-
damental frequencies of the geodesic motion of a test particle

on a generic (bound) orbit around a Kerr black hole. Com-
bining Eqs. (40)–(42), (51), and (59)–(62) of Ref. [19] with
Eqs. (20) of this paper, the result (21) can easily be recovered.
That expression was also established in Sec. 2.5 of Ref. [53].

B. Test spin in a Kerr background

Before ending this section, we consider the additional ef-
fects on the periastron advance W if the particle has a spin.
Using a pole-dipole-quadrupole model (gravitational skeleton
approach) for the small black hole, the authors of the compan-
ion paper [20] computed the periastron advance for a spinning
particle of mass µ and spin S∗ ≡ µ2 χ∗ orbiting a Kerr black
hole of mass M and spin S = M2χ , for circular equatorial or-
bits and spins aligned or anti-aligned with the orbital angu-
lar momentum. Thereafter, it will prove convenient to intro-
duce the notation q̄≡ 1/q for the inverse mass ratio, such that
0 < q̄ 6 1 and the perturbative limit corresponds to q̄→ 0.
Discarding the terms quadratic in the spin variable χ̄∗ ≡ q̄ χ∗,
the authors of Ref. [20] found

W = 1−6v2 +(8χ +6χ̄∗)v3−
(
3χ

2 +6χχ̄∗
)

v4

−18χ̄∗ v5 +30χχ̄∗ v6−12χ
2
χ̄∗ v7 +O(χ2

∗ ) . (24)

Even when accounting for the terms linear in the spin S∗ of the
small black hole, the result for the coordinate-invariant func-
tion W (MΩϕ ; χ,χ∗) takes the form of a polynomial in the “ve-
locity” v2 = M/r0, given by Eq. (23) above. Note that higher
powers in the spins appear at increasingly higher PN or-
ders: 1.5PN, 2PN, and 3.5PN for linear (spin-orbit), quadratic
(spin-spin), and cubic contributions. Since 0 6 |χ|, |χ∗| < 1,
contributions of high order in the spins are further suppressed
when v . 1.

To make contact with the PN result (10), valid for any mass
ratio, we substitute (23) in the expression (24), and expand
the result in powers of the dimensionless PN parameter y ≡
(MΩϕ)

2/3 in the weak-field/small-velocity limit MΩϕ → 0.
At 3.5PN order, we obtain

W = 1−6y+(8χ +6q̄χ∗)y3/2−
(
3χ

2 +6q̄χ∗χ
)

y2

− (4χ +18q̄χ∗)y5/2 +
(
8χ

2 +36q̄χ∗χ
)

y3

−
(
4χ

3 +20q̄χ∗χ
2)y7/2 +O(y4,χ2

∗ ) . (25)

This expression is in complete agreement with the test-mass
limit (ν → 0 and ∆→ 1) of the PN result (10), as long as the
mass M and spin χ of the Kerr black hole, and the mass µ

and spin χ∗ of the particle, are identified with (m1, χ1) and
(m2, χ2), respectively. In that limit the symmetric mass ratio
reduces to ν = q̄+O(q̄2). Note that we would need to control
the (unknown) contribution O(S3) at 3.5PN order in the PN
result to compare with the term O(y7/2) in Eq. (25).
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V. IMPOSING A KNOWN SYMMETRY ON THE
PERTURBATIVE RESULT

A. Motivation and guidance from post-Newtonian theory

In the general relativistic two-body problem, most quanti-
ties of physical interest are symmetric by exchange of the bod-
ies’ labels. For compact-object binaries on quasi-circular or-
bits, this property is satisfied, e.g., by the periastron advance,
the binding energy, the total angular momentum, the fluxes
of energy and angular momentum, and the gravitational-wave
polarizations themselves, when expressed as functions of the
circular-orbit frequency. This symmetry property can be seen
in explicit PN expansions for these relations, such as Eq. (10)
above, Eqs. (3.13) and (3.15) of Ref. [57], or Eqs. (194), (231)
and (237)–(241) of Ref. [7]. In the context of black hole per-
turbation theory, however, the central Kerr black hole and the
small spinning compact object are, by design, not treated “on
equal footing.” Any quantity of interest is usually computed
as an expansion in powers of the usual mass ratio q̄ = µ/M,
and is therefore not symmetric by exchange of the black hole
and the particle.

One could hardly overstate the major role played by sym-
metries in physics. Symmetry considerations often drastically
simplify the process of solving a given physics problem. Ref-
erences [58, 59] provide an example of the constraining power
of symmetries in the context of the binary black-hole prob-
lem in general relativity. In the present context, enforcing the
symmetry by exchange 1↔ 2 on the perturbative expression
(24) could possibly enlarge the domain of validity of this rela-
tivistic formula. However, starting from Eq. (24), one can de-
vise many ways of imposing this symmetry property. We shall
look for the simplest such “symmetrization,” guided solely by
well-established properties of the PN expansion.

Let us consider two spinning particles with masses mi and
spins Si = m2

i χi, on a quasi-circular orbit with azimuthal fre-
quency Ωϕ . The PN expansion of any function f that is sym-
metric under the exchange 1↔ 2 of the particles’ labels, and
scales like (v/c)0 at Newtonian order, takes the generic form3

f (Ωϕ ;mi,Si) =
N

∑
n=0

an(ν)xn/2

+ x3/2
N−3

∑
n=0

[bn(ν)χs + cn(ν)∆ χa]xn/2

+ x2
N−4

∑
n=0

[
dn(ν)χ

2
s + en(ν)χs ∆ χa + fn(ν)χ

2
a
]

xn/2

+ x7/2
N−7

∑
n=0

[
gn(ν)χ

3
s +hn(ν)χ

2
s ∆ χa + in(ν)χs χ

2
a

+ jn(ν)∆ χ
3
a
]

xn/2 +o(xN/2) , (26)

3 Because of gravitational tail effects, a logarithmic running appears starting
at the relative 4PN order [60]. See, e.g., Ref. [61] and references therein.
We neglect those here to simplify the discussion.

with N > 7 a fixed integer. The coefficients an, bn, cn, · · · are
polynomials in the symmetric mass ratio ν , and we introduced
the half-sum and half-difference of the dimensionless spins,

χs ≡
1
2
(χ1 +χ2) , (27a)

χa ≡
1
2
(χ1−χ2) . (27b)

Note that ∆→−∆ by exchange 1↔ 2 of the particles’ labels,
such that the product ∆ χa appearing in Eq. (26) is indeed sym-
metric. There is, of course, no unique way to write down the
dependence on the spins χ1 and χ2 in the PN expansion (26).
However, given the present emphasis on symmetries, the vari-
ables χs and χa (or rather ∆ χa) provide a natural choice, as
Eq. (10) above suggests.

B. Substitution rules for masses and spins

While the perturbative result (24), or rather its PN expan-
sion (25), is most easily expressed in terms of the variables
(y, q̄,χ,χ∗), the generic PN formula (26) features the variables
(x,ν ,χs,χa). Therefore, to impose the symmetry by exchange
1↔ 2 on the perturbative result (24), the mass M of the Kerr
black hole should be replaced by the sum m = m1 +m2 of the
component masses, and the asymmetric mass ratio q̄ by the
symmetic mass ratio ν :

y = (MΩϕ)
2/3 −→ x = (mΩϕ)

2/3 , (28a)

q̄ = µ/M −→ ν = m1m2/m2 . (28b)

The substitution (28a) is commonly used while comparing re-
sults from perturbative calculations to those of numerical rel-
ativty simulations, the post-Newtonian approximation, or the
EOB model [26, 31, 32, 40, 51, 62]. As was pointed out ear-
lier, the symmetric mass ratio ν = q̄/(1+ q̄)2 appears most
naturally in PN calculations, and for small mass ratios we
have ν = q̄+O(q̄2), or equivalently q̄ = ν +O(ν2). These
considerations motivated Refs. [32, 37, 40, 41] to adopt the
substitution (28b) while comparing the results of perturbative
calculations to those of NR simulations.

Next, we note that in the test-mass limit ν → 0 the spin
χ2 of the lightest body must disappear from Eq. (26), which
can only depend on m2Ωϕ = MΩϕ and χ1 = χ in that limit;
recall e.g. Eq. (21) with (23). This implies that the polyno-
mials bn(ν), cn(ν), dn(ν), fn(ν), gn(ν), jn(ν), · · · in Eq. (26)
must satisfy bn(0) = cn(0), dn(0) = fn(0), gn(0) = jn(0), etc.
This motivates substituting the spin χ of the Kerr black hole
in Eq. (24) by the following symmetric linear combination of
the spin variables χs and χa:

χ −→ χ0 ≡ χs +∆ χa . (29)

This replacement will indeed ensure that all terms O(ν0), in-
cluding the terms O(∆ν0), will be reproduced by the PN ex-
pansion of the symmetric version of the perturbative formula
(24). An immediate consequence of the substitutions (28a)
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and (29) is the following replacement:

v2 =
y

(1−χ y3/2)2/3 −→ u2 ≡ x
(1−χ0 x3/2)2/3 . (30)

Comparing the PN expansion (25) of the formula (24), valid
in the test-particle limit, with the generic PN expansion (26),
valid for any mass ratio, it is clear that the numerical coeffi-
cients in front of the terms O(q̄ χ∗) in (25) come from the sum
of the numerical coefficients in front of the terms O(ν χ2) and
O(∆ν χ2) in Eq. (10), as ∆→ 1 when ν → 0. Hence, follow-
ing the substitution (29) of χ by a linear combination of χs
and ∆ χa, we make the following substitution for the spin χ∗
of the small body:

χ∗ −→ cs χs + ca (∆ χa) , (31)

where cs and ca are a priori unknown coefficients. The spin χ∗
occurs at five different places in (24), each time multiplying a
different power of the velocity v. Importantly, the coefficients
cs and ca need not take the same numerical values in each of
these five terms, contrary to the unique substitution (29) for χ .

Finally, we point out that one could add in Eqs. (29) or (31)
any symmetric function of the masses and spins that vanish in
the limit ν → 0. We refrain from doing so, making only the
simplest substitutions compatible with the structure of the PN
expansion, since we do not have any guiding principle moti-
vating the introduction of additional mass-ratio corrections.

C. Symmetric background

We now need to determine the values of the coefficients cs
and ca in each of the five occurrences of χ∗. This is done
by making the substitutions (28)–(31) into Eq. (24), expand-
ing the result in powers of x up to 3.5PN order, expanding
again in powers of the mass ratio q̄ to first order, and enforc-
ing agreement with the PN expansion (25) of the perturbative
result (24). Doing so and remembering that there can be no
term O(∆ν) or O(ν2) in the 1.5PN SO and 2PN SS contribu-
tions, we obtain the unique solutions (cs,ca) = (−2/3,0) and
(cs,ca) = (0,0) for the terms O(u3) and O(u4). Furthermore,
we find the relationships cs = ca + 28 for the term O(u5),

cs = ca +44 for the term O(u6), and cs = ca−16 for the term
O(u7). Our final formula for the “symmetrized” version of
the perturbative result (24) thus reads

WSB = 1−6u2 +(8χ0−4νχs)u3−3χ
2
0 u4

−ν [(α +28)χs +α ∆ χa]u5

+ν [(β +44)χs +β ∆ χa]χ0 u6

+ν [(γ−16)χs + γ ∆ χa]χ
2
0 u7 . (32)

By construction, Eq. (32) is symmetric by exchange 1↔ 2 of
the bodies’ labels, and it reduces to the known result (24) in
the extreme mass-ratio limit ν � 1. This expression effec-
tively encodes some spin-dependent finite mass-ratio correc-
tions through ν , ∆, and χ0 = χs +∆ χa. Hereafter, we will
refer to Eq. (32) as the symmetric background (SB), and we
will use it in Sec. VI as the zeroth-order approximation, or
background, for a new type of expansion in powers of the
symmetric mass ratio ν .

The numerical values of the coefficients (α,β ,γ) are left
unconstrained by our “symmetrization.” However, by consid-
ering the PN expansion of Eq. (32), and using some informa-
tion from the PN result (10), namely the coefficients 45/2 and
15/2 in front of the terms O(ν x5/2) and O(ν x3), we readily
fix the values of two of the coefficients as

α = 17 , (33a)
β = 11 . (33b)

Unfortunately, we would need to know the contribution O(S3)
at 3.5PN order in Eq. (10) to fix the value of γ . Nevertheless,
we checked that for the range of frequencies, mass ratios and
spins for which we have NR data, any value |γ|6 100 affects
WSB at the relative 0.2% level at most. This is because the term
O(u7) in Eq. (32) is cubic in the spins and contributes at lead-
ing 3.5PN order. Henceforth, we shall thus use (simply out
of convenience) the fiducial value γfid = 0 in Eq. (32). A fu-
ture PN calculation of the leading-order contribution O(S3) in
the periastron advance would immediately provide the unique,
correct value of the coefficient γ .

Hence, in the weak-field/small velocity limit mΩϕ → 0, the
3PN expansion of the symmetric background (32)–(33) reads

WSB = 1−6x+
[
(4+4∆−2ν)χ1 +(4−4∆−2ν)χ2

]
x3/2 +

[(
−3

2
− 3

2
∆+3ν

)
χ

2
1 −6ν χ1χ2 +

(
−3

2
+

3
2

∆+3ν

)
χ

2
2

]
x2

−
[(

2+2∆+
45
2

ν +
17
2

∆ν

)
χ1 +

(
2−2∆+

45
2

ν− 17
2

∆ν

)
χ2

]
x5/2 +

[(
4+4∆+

15
2

ν +
31
2

∆ν−11ν
2
)

χ
2
1

+(36+22ν)ν χ1χ2 +

(
4−4∆+

15
2

ν− 31
2

∆ν−11ν
2
)

χ
2
2

]
x3 +O(x7/2) . (34)

Comparing with the PN result (10), we find that the fully rel-
ativistic, symmetric background (32)–(33) reproduces the ex-

act leading-order 1.5PN spin-orbit and 2PN spin-spin terms,
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which are of course valid for any mass ratio.4 It also re-
produces the next-to-leading order 2.5PN spin-orbit and 3PN
spin-spin terms, except for the contributions O(ν2); these five
quadratic terms could nonetheless be encoded in WSB by im-
posing the symmetry by exchange 1↔ 2 to the known terms
O(χ2

∗ ) [20] in the perturbative result (24). Furthermore, be-
cause the test-spin expression (24) does not include any spin-
independent mass-ratio correction [q̄ always appears in factors
of χ∗ in Eq. (24)], the formula (32)–(33) cannot reproduce the
mass-type contributions O(ν) and O(ν2) at 2PN and 3PN or-
ders in Eq. (10).

VI. EXTRACTING SELF-FORCE INFORMATION FROM
NUMERICAL-RELATIVITY SIMULATIONS

Using the symmetric background (32)–(33), we introduce
a new type of perturbative expansion in Sec. VI A. This al-
lows us to use the results of NR simulations detailed in Sec. II
to measure the GSF correction to the geodesic periastron ad-
vance of a particle orbiting a Schwarzschild (Kerr) black hole
in Sec. VI B (Sec. VI C). Finally, in Sec. VI D we compare
the predictions of the new perturbative expansion to the NR
results for equal-mass, equal-spin configurations.

A. Expansion in the symmetric mass ratio

In the PN approximation, one usually expands all quantities
in powers of the small PN parameter x= (mΩϕ)

2/3, with coef-
ficients depending on the symmetric mass ratio ν and the spins
χi [see Eq. (26)]; these coefficients encode all finite mass-ratio
corrections at each PN order. By contrast, in black-hole per-
turbation theory, one usually expands all quantities in powers
of the small (asymmetric) mass ratio q̄, with coefficients de-
pending on y = (MΩϕ)

2/3 and the spin χ of the central Kerr
black hole; these coefficients encode all the relativistic correc-
tions at each perturbative order.

Motivated by the generic form (26) of the PN expansion, as
well as by the earlier works [32, 37–42] suggesting that the
scaling q̄→ ν = q̄/(1+ q̄)2 considerably extends the domain
of validity of perturbative calculations, we introduce a new
type of expansion in powers of the symmetric mass ratio, with
coefficients encoding all the relativistic corrections at each or-
der, using the symmetric background (32)–(33) as the zeroth-
order approximation. Therefore, we are considering a formal
expansion of the type

W =WSB +
∞

∑
n=1

ν
n Wn , (35)

4 The variable S0 = 4m2χ0 was previously introduced, in a PN context, as an
effective spin that fully encodes the leading-order 2PN spin-spin terms in
the Hamiltonian of two spinning particles [63]. Hence it is not surprising
that the substitution (29) allows one to reproduce the exact 2PN spin-spin
terms in the periastron advance.

where the functions Wn(Ωϕ ;mi,Si) encode the successive fi-
nite mass-ratio corrections to the background WSB. The sym-
metry by exchange of the bodies’ labels implies that these
functions can always be written in the form

Wn(Ωϕ ;mi,Si) = fn(x,χs,χ
2
a )+∆ χa gn(x,χs,χ

2
a ) , (36)

where fn and gn are functions of the symmetric variables x, χs
and χ2

a . The traditional PN and perturbative approximations
are then recovered by expanding the formal series (35)–(36)
in powers of x and q̄, respectively.

Notice that the functions Wn implicitly depend on the mass
ratio q̄ through the reduced mass difference ∆ =

√
1−4ν ap-

pearing in front of gn in Eq. (36). However, from the PN ex-
pansions (10) and (34) of W and WSB we have the leading-
order scalings f1 = O(x2) and g1 = O(x7/2). Thus g1 � f1
in the frequency range 0.05 . x . 0.1 for which we have NR
data, such that W1 ' f1 depends only weakly on the mass ra-
tio. For non-spinning binaries, χs = χa = 0, we simply have
WSB = 1−6x and Wn = fn(x) is independent of the mass ratio.

B. Self-force in a Schwarzschild background

Figure 7 shows the difference δW ≡WNR−WSB between
the NR results for W = 1/K2 and the symmetric background,
as a function of the orbital frequency mΩϕ , for non-spinning
black-hole binaries with mass ratios q ∈ {1,1.5,3,5,8}. The
various differences δW are of order 0.01–0.07, showing that
the background accounts for about 90% of the exact result,
for all mass ratios considered. Notice that δW (Ωϕ) depends
sensitively on the mass ratio q. In Fig. 8 the differences δW
are rescaled by the symmetric mass ratio ν , still for mass ra-
tios q ∈ {1,1.5,3,5,8}. The bottom panel shows that the five
independent curves for δW/ν overlap very well over a wide
range of orbital frequencies. Their scatter is much smaller
than the intrinsic NR error bars shown in the upper panel. The
remarkable alignment of the various curves for δW/ν implies
that (i) the fully relativistic numerical results for W are well
approximated by an expansion of the type (35), and that (ii)
the finite mass-ratio corrections O(ν2) or higher are signif-
icantly smaller than the sum of the contributions O(ν0) and
O(ν). Hence, the overlapping curves in the bottom panel of
Fig. 8 effectively measure the function W1(mΩϕ) appearing
in Eq. (35) over the frequency range 0.012 < mΩϕ < 0.041,
which corresponds to a range of separations 8m . rΩ . 19m,
where rΩ ≡ (m/Ω2

ϕ)
1/3. We find that the numerical data can

be captured by the compact analytic formula

W fit
1 = 14x2 1+ c1x

1+ c2x+ c3x2 , (37)

where c1, c2, c3 are fitting coefficients. The formula (37) ac-
counts for the leading-order (2PN) behavior of W1(x) when
x→ 0 [see Eq. (10) above]. It was first introduced in Ref. [51]
to model the GSF correction to the periastron advance of a
particle orbiting a Schwarzschild black hole. We find for the
best fit coefficients (the superscript stands for “non-spinning”)
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FIG. 7. The difference δW =WNR−WSB as a function of the orbital
frequency mΩϕ , for non-spinning binaries with mass ratios q = 1
(blue), 1.5 (red), 3 (green), 5 (orange), and 8 (cyan). The dashed
lines show the estimated NR uncertainties.
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FIG. 8. The rescaled difference δW/ν as a function of mΩϕ , for
non-spinning binaries, including (top) and excluding (bottom) the
uncertainties affecting the NR results.

cns
1 =−5.4022 , (38a)

cns
2 =−11.1172 , (38b)

cns
3 = 38.8701 . (38c)

As long as the dissipative radiation-reaction effects related
to the emission of gravitational waves can be neglected, the
first-order correction W1 to WSB coincides with the conserva-
tive piece of the GSF contribution to the periastron advance,
say WGSF. This function was computed in Ref. [51] with high
numerical accuracy. The authors performed several fits of

the GSF data for WGSF(x) in the range 6m < rΩ < 80m. In
particular, they found that these data can be accurately repro-
duced at the 2.4× 10−3 level by means of the fitting formula
(37), with best fit coeffcients c1 = 13.3687, c2 = 4.60958, and
c3 = −9.47696. Figure 11 shows that the fit (37)–(38) of the
NR results for WGSF(x) closely tracks the exact perturbative
result [51] (blue line) up to mΩϕ ' 0.03. The difference grows
at larger frequencies, but remains within the NR uncertainty
down to separations of order rΩ ' 9m, while the 3.5PN pre-
diction (red line) overshoots over the entire frequency range.

C. Self-force in a Kerr background

Next, we repeat the analysis of Sec. VI B in the case of
spinning black-hole binaries with mass ratios q∈ {1.5,3,5,8}
and spins χ1 =−0.5 and χ2 = 0. (We do not use the NR data
for q = 1 because it has much larger error bars than the other
configurations; see the left panel of Fig. 5.) In Fig. 9 we plot
the difference δW =WNR−WSB for these configurations. As
in the non-spinning case, the background accounts for more
than 90% of the full result and δW depends strongly on q.

Figure 10 shows the rescaled difference δW/ν , still for
mass ratios q ∈ {1.5,3,5,8} and spins χ1 =−0.5 and χ2 = 0.
Again the mean values align remarkably well, with little scat-
ter. As discussed earlier, in our frequency range the first-order
correction W1 to WSB depends only weakly on the mass ra-
tio q. The overlapping curves in the bottom panel of Fig. 10
thus measure the function W1(Ωϕ) over the frequency range
0.012 < mΩϕ < 0.036, corresponding to separations 9m .
rΩ . 19m. Combining the NR results for the various mass ra-
tios and performing a least-square fit to the model (37), we ob-
tain the best fit values (the superscript stands for “spin down”)

cdown
1 = 1.1973 , (39a)

cdown
2 =−6.88457 , (39b)

cdown
3 = 37.3406 . (39c)

Interestingly, the fits (37)–(38) and (37)–(39) of the NR results
for the non-spinning (χ1 = 0) and spinning (χ1 = −0.5) con-
figurations agree to within 4% over their common frequency
range 0.012<mΩϕ < 0.036. Therefore, the effects of the spin
of the most massive black hole are almost entirely accounted
for by the symmetric background WSB.

The prediction (37)–(39) should be compared with a future
calculation of the conservative part of the GSF correction to
the periastron advance of a non-spinning particle on a circular,
equatorial orbit around a Kerr black hole of mass M and spin
S = −0.5M2. Given the conventions usually adopted within
the self-force community, such a future perturbative calcula-
tion would likely be formulated as an expansion in powers of
the mass ratio q̄ = µ/M about a Kerr background. However,
following Refs. [21, 32, 51] and keeping with the PN habit
of using the total mass M+µ to adimensionalize frequencies
(rather than the mass M of the central black hole), we shall
consider an expansion of the type

W =WKerr(x; χ)+ q̄ WGSF(x; χ)+O(q̄2) , (40)
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FIG. 9. The difference δW =WNR−WSB as a function of the orbital
frequency mΩϕ , for spinning binaries with (χ1,χ2) = (−0.5,0) and
mass ratios q = 1.5 (red), 3 (green), 5 (orange), and 8 (cyan). The
dashed lines show the estimated NR uncertainties.
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FIG. 10. The rescaled difference δW/ν as a function of mΩϕ , for
spinning binaries with (χ1,χ2) = (−0.5,0), including (top) and ex-
cluding (bottom) the uncertainties affecting the NR results.

where WKerr is given by Eqs. (21) and (23) with M→M+µ ,
and x = [(M+µ)Ωϕ ]

2/3. The expression (40) should be com-
pared to the expansion (35), in which the formula (32) for the
symmetric background WSB must be expanded in powers of q̄
to first order, using the spins values χs = χa = χ/2. Compar-
ing the two expressions, we obtain the following relationship
between the GSF correction WGSF to the Kerr result and our
first-order symmetric mass-ratio correction W1:

WGSF =W1−10χv3 +6χ
2v4−27χv5

+25χ
2v6 +(γ−4)χ

3v7 . (41)
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3.5PN
Exact
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χ = −0.5

FIG. 11. Gravitational self-force correction WGSF to the periastron
advance of a non-spinning particle of mass µ orbiting a black hole
of mass M and spin S≡ χ M2, as measured using NR simulations of
black-hole binaries with mass ratios q = 1,1.5,3,5,8. Also shown
are the 3.5PN prediction (red) and the exact result for χ = 0 (blue).

Here, the “velocity” v is given by Eq. (23) with M→M +µ .
(Recall that the numerical coefficient γ will remain unknown
until the terms O(S3) at 3.5PN order in Eq. (10) are computed,
but that its precise numerical value is irrelevant for x . 0.12.)
The additional spin-dependent terms in Eq. (41) come from
the mass-ratio expansion of the symmetric background WSB.
For a Schwarzschild black hole we simply have WGSF = W1;
see the discussion at the end of Sec. VI B. The PN expansion
of WGSF−W1 recovers all the spin-dependent terms O(q̄) in
Eq. (10) with χ1 = χ and χ2 = 0, except for the 3.5PN term
linear in χ whose effect must be captured in W1(x; χ).

For a Kerr black hole with spin χ = −0.5, one should re-
place W1 in Eq. (41) by the fit (37)–(39). The GSF correction
(41) for χ =−0.5 (with γfid = 0) is plotted in Fig. 11. Clearly,
the effect of the spin of the central black hole on the rate of
periastron advance is significant: the GSF correction is more
than doubled with respect to the non-spinning case. In par-
ticular we find that for retrograde orbits, the spin yields a de-
crease in the self-force contribution to K = 1/

√
W . However,

given the error estimates on the NR results, our measurement
of WGSF is only accurate at the 5–10% level. The 3.5PN ap-
proximation for WGSF (red curve) clearly deviates from the
NR-based prediction. It will be interesting to see how the ex-
act GSF result compares with these predictions.

D. Comparison for equal-mass, equal-spin configurations

In the previous two subsections, we relied upon the input
from NR simulations to measure conservative GSF effects on
the periastron advance for non-spinning BBH and binaries
with one non-zero spin. In this subsection we shall invert
that logic, comparing the prediction of perturbation theory
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FIG. 12. The periastron advance K as a function of the circular-orbit frequency mΩϕ for equal-mass, equal-spin configurations, as computed
using NR simulations (black), post-Newtonian theory to 3.5PN order (cyan), and the improved perturbative expansion (35) to first order (red).
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(symmetrized in the masses and spins) to those of NR sim-
ulations of equal-mass binaries with equal spins χ1 = χ2 =
−0.95,−0.9,0,0.6,0.8,0.9,0.95,0.97. Figure 12 shows that
the predictions of the improved perturbative expansion (35)
used to first order in ν (red curves), with W1 given by the
exact GSF result in a Schwarzschild background, are in very
good agreement with the NR results (black curves), even for
nearly extremal spins.

Importantly, the red curves in Fig. 12 were plotted using the
inverse sum (WSB +ν W1)

−1/2, without any further expansion
in powers of the symmetric mass ratio, because WSB depends
implicitly on ν through the spin variable χ0 = χs+∆ χa. Note
also that the improved perturbative expression does not in-
clude all the correct spin information. Indeed, as pointed out
in Sec. V C, the symmetric background WSB does not capture
the 3.5PN spin-orbit terms, nor the O(ν2) contributions to the
2.5PN spin-orbit and 3PN spin-spin terms. A proper compar-
ison between the expansion (35) used to first order in ν and
the NR results should make use of the (so far unknown) GSF
correction to the periastron advance of a spinning particle in
a Kerr background; here we merely made use of the GSF cor-
rection to the periastron advance of a non-spinning particle in
a Schwarzschild background.

E. Discussion of the results

We conclude that, at least for the cases studied in this paper
(see Refs. [37–42] for other examples), the expansion (35) in
powers of ν used to first order provides a better approxima-
tion to the exact NR results than the usual PN expansion (10)
used to third order. Loosely speaking, this observation sug-
gests that relativistic corrections dominate over finite mass-
ratio corrections. This striking observation can be understood,
at a heuristic level, as follows:

(i) In the formal expansion (35), the mass-ratio corrections
Wn (n > 2) are suppressed by factors of νn and νn−1

relative to the leading-order contributions WSB and W1,
where the symmetric mass ratio ranges in 0 < ν 6 1/4;

(ii) The contribution O(νn) in Eq. (35) does not appear be-
fore the nPN order, i.e., higher mass-ratio corrections
are further suppressed by increasingly high powers of
the orbital velocity 0 < v . 0.3.

For larger orbital frequencies (smaller separations), the NR
results become much less accurate (see Sec. II), such that it
becomes difficult to assess whether the additional corrections
O(ν2) and higher become significant, in which case the mass-
ratio degeneracy observed in Figs. 8 and 10 would be lifted.
Furthermore, as the binary gets increasingly closer to the final
plunge and merger, the adiabatic approximation must break
down and purely conservative effects on the periastron ad-
vance can no longer be disentangled from the dissipative ef-
fects of radiation-reaction. A comparison to the conservative
piece of the GSF correction to the geodesic periastron advance
then becomes meaningless.

VII. SUMMARY AND PROSPECTS

We have studied the periastron advance in binary systems of
spinning black holes on quasi-circular orbits, for spins aligned
or anti-aligned with the orbital angular momentum, by using
numerical-relativity (NR) simulations, the post-Newtonian
(PN) approximation and black-hole perturbation theory. For
the range of orbital frequencies, mass ratios and spins con-
sidered, the 3.5PN approximation reproduces the NR results
to within a few percent; this (dis)agreement deteriorates with
increasing frequency and mass ratio (more unequal masses).

Motivated by the mathematical structure of the PN expan-
sion, we then devised a simple method to impose the symme-
try by exchange of the bodies’ labels on the perturbative for-
mula. The resulting “symmetric background” recovers most
spin effects up to 3PN order. We then introduced a new type
of expansion in powers of the symmetric mass ratio, using the
symmetric background as a zeroth-order approximation. This
allowed us, by comparison to the NR results, to measure the
gravitational self-force (GSF) correction to the periastron ad-
vance of a non-spinning particle orbiting a black hole of mass
M and spin S = −0.5M2. This is one of the first results en-
coding the effect of the conservative GSF on the motion of a
particle in a Kerr background; see [64] for another example.
That such a milestone was obtained by combining information
from NR simulations, PN expansions, and black-hole pertur-
bations illustrates the powerful interplay of these approxima-
tion methods and numerical techniques.

Numerical relativity simulations can thus be used to gain in-
formation regarding perturbative GSF effects on the dynamics
of compact-object binaries. However, given the high compu-
tational cost and limited accuracy of such simulations, using
NR data to develop accurate templates for extreme mass ratio
inspirals is unpractical; clearly, standard perturbative meth-
ods [15–17] are far better suited to model the dynamics and
gravitational-wave emission of such systems.

However, this work supports the idea that by inverting the
logic followed in Secs. VI A–VI C, the results of perturba-
tive GSF calculations may prove useful for the development
of accurate waveforms for binary systems of spinning com-
pact objects with moderate mass ratios; see Sec. VI D. The
“symmetrization” introduced in Sec. V could in principle be
applied to other coordinate-invariant diagnostics of the binary
dynamics and wave emission, such as the binding energy, the
total angular momentum, the fluxes of energy and angular
momentum, and the gravitational-wave polarizations them-
selves. The addition of finite mass-ratio corrections coming
from perturbative GSF calculations on top of such symmetric
backgrounds, using perturbative expansions of the type (35),
suggests a novel method to devise highly-accurate approxima-
tions to the exact results, even for comparable-mass binaries.
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