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Global properties of maximal future Cauchy developments ofstationary,m-dimensional
asymptotically flat initial data with an outer trapped boundary are analyzed. We prove that,
whenever the matter model is well posed and satisfies the nullenergy condition, the future
Cauchy development of the data is a black hole spacetime. More specifically, we show that
the future Killing development of the exterior of a sufficiently large sphere in the initial data
set can be isometrically embedded in the maximal Cauchy development of the data. In the
static setting we prove, by working directly on the initial data set, that all Killing prehorizons
are embedded whenever the initial data set has an outer trapped boundary and satisfies the
null energy condition. By combining both results we prove a uniqueness theorem for static
initial data sets with outer trapped boundary.
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1 Introduction and overview of the main results

In this paper we investigate the relationship between asymptotically flat stationary initial data
sets with outer trapped boundary and black holes. By Penrosesingularity theorem [18] initial
data configurations with an outer trapped boundary lead to maximal Cauchy developments
which are geodesically incomplete. On the other hand, physical arguments of predictability
lead to the weak cosmic censorship conjecture (see e.g. [22]) which asserts that any singu-
larity that forms during a process of gravitational collapse must be a black hole space-time.
Black hole space-times (from now on simplyblack holes) satisfy strong global properties
(see below) and it is a very difficult task in general to determine whether the global proper-
ties will be satisfied knowing only the initial configurationof the spacetime. In the stationary
setting, where to a certain sense there is no evolution at all, the problem must necessarily
be much simpler. At first sight one might even think that, in fact, determining whether the
maximal Cauchy development of a stationary initial configuration with trapped boundary is a
black hole should be direct because one would only need to propagate the initial information
by the isometry. The problem is not nearly as simple because even being able to carry over
the development by the isometry no global information, for example global hyperbolicity, is
a priori evident.

There exist at least two different approaches to show that the maximal globally hyper-
bolic development of a stationary initial data set is a blackhole. The first approach tries to
prove directly that the maximal globally hyperbolic development of the data enjoys sufficient
global properties to qualify as a black hole. This is the approach we follow in the first part
(Section 2) of this paper.

There exist several definitions of black hole, a priori non equivalent, but following the
same underlying principle. In a stationary setting, a convenient definition requires the ex-
istence of an asymptotically flat (m+ 1)-end with the property that its causal past does not
cover the whole space-time manifold. An asymptotically flat(m+1)-end is the natural gener-
alization to higher dimensions of the usual notion of asymptotically flat four-end, which can
be found e.g. in [1]. In essence, the definition demands that the (m+ 1)-end is topologically
the product of a real line times the exterior of a closed ball in Rm. The spacetime metric is
required to be constant along theR factor and to approach the Minkowski metric (with time
along theR factor) at suitable rate. Since we are interested only in thefuture of a Cauchy
surface, we restrict the topology of the (m+1)-end to beR+ times the exterior of a closed ball
in Rm. Under suitable conditions, this definition is equivalent to the definition using confor-
mal compactifications (see e.g. the Appendix of [15] for the vacuum, four dimensional case
or Proposition 1.9 in [10] for electrovacuum).

Concerning stationary initial data and black holes we will prove in Section 2

Theorem 1 LetD be an m-dimensional (m≥ 3) asymptotically flat stationary initial data
with well posed matter model satisfying the null energy condition Suppose that∂Σ , ∅ is
future outer trapped. Then the maximal Cauchy development(M, g) of D is a black hole
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spacetime.

A more precise statement is given in Theorem 4 in Section 2.2,where we prove that the
Killing development of the data outside a sufficiently large sphere can be isometrically em-
bedded into the maximal globally hyperbolic spacetime generated by the whole data.

The second approach to prove that equilibrium initial configurations lead to black holes is
via uniqueness theorems. In the stationary setting, black hole space-times satisfy uniqueness
theorems, in particular for arbitrary dimension in the static case and in dimension four in
the non-static electrovaccum case under suitable hypotheses [12]. Thus, if one expects that
certain stationary initial data develops well behaved black-hole space-times then such data
should be embeddable in one of the stationary/static black holes allowed. In other words
the data (inside some region) should be one among those data endowed on sections of the
listed black holes. The hope is that, somehow, such information should be extractable from
the initial data itself to deduce, a fortiori, that the giveninitial data gives rise to a black-hole
space-time.

This strategy has been successfully applied in the past under suitable restrictions. The
first result along these lines is due to P. Miao [20] who proveda uniqueness result for asymp-
totically flat, three-dimensional vacuum and time-symmetric static Killing initial data having
an outermost minimal boundary. More precisely, Miao provedthat the data must be isometric
to the{t = const.} slice of the Schwarzschild spacetime for some massM > 0. A related re-
sult was found by Carrasco & Mars [5,6] for data with outer trapped boundary in the case of
non-zero second fundamental form and for more general matter models, provided a number
conditions were satisfied. The generalization to non-vanihing second fundamental form is
relevant because, in the absence of global information about the spacetime generated by the
initial data, globally defined time-symmetric slices may simply not exist in the spacetime un-
der consideration. Although of interest, the results in [5,6] are not fully satisfactory because
they required a number of hypotheses that were basically dictated by the method of proof,
with no fundamental reason to believe that they should be necessary. One such hypothesis
excluded the presence of so-called non-embedded Killing prehorizons. A Killing prehorizon
is a null immersed hypersurface where the Killing vector is null, nowhere zero and tangent
(see [12]). When the surface gravity of the horizon vanishes, it is a priori possible that the
Killing prehorizon is not embedded (see the discussion in the Addendum of [9]). In a black
hole context (more precisely, assuming that the domain of outer communications is globally
hyperbolic) Chruściel and Galloway [8] have proved that all prehorizons contained in the do-
main of outer communications must be embedded. Therefore, in the light of the discussion
above, one expects to be able to rule out non-embedded prehorizons at the initial data level.

Our second aim in this paper, developed in Section 3, is precisely to exclude the existence
of non-embedded Killing prehorizons in the exterior regionof a static Killing initial data
set. Note that since our global statement in the first part of the paper is only to the future,
we cannot rely on the results by Chruściel and Galloway mentioned above. This has the
advantage that not even the existence of a spacetime containing the initial data needs to be
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assumed. This means, in particular, that no field equations whatsoever are required for this
part of the work. The only requirement we make is that the matter model satisfies the null
energy condition. In this part of the paper, however, we restrict ourselves to static Killing
initial data. It is an interesting open question whether themethod extends to the stationary
(non-static) setting as well.

Concerning the relation between static Killing initial data and horizons we will be prov-
ing in Section 3

Theorem 2 LetD be an m-dimensional (m≥ 3) asymptotically flat static Killing initial data
set satisfying the null energy condition. Suppose that the exterior, connected region where the
Killing vector is timelike lies in the interior ofΣ, then each degenerate horizon is a compact
embedded submanifold.

Combined with Theorem 1, this result implies the non-existence of non-embedded Killing
prehorizons in static, asymptotically flat spacetimes withCauchy surface having an outer
trapped boundary.

The third, and final, part of the paper, developed in Section 4, is an application of the
previous two and establishes a uniqueness theorem for static, asymptotically flat initial data
with outer trapped boundary for suitable matter models. In the vacuum case, the statement
is as follows

Theorem 3 LetD be a static, vacuum m-dimensional (m≥ 3) asymptotically flat Killing
initial data with non-empty future outer trapped boundary.Then, the initial data restricted
to the exterior, connected region where the Killing vector is timelike can be isometrically
embedded in a Schwarzschild(m+ 1)-dimensional spacetime of mass M> 0.

The non-vacuum case is treated in Theorem 7 in Section 4. Thisstatement gives a satisfac-
tory answer to the problem of uniqueness for static initial data sets with an outer trapped
boundary.

2 Stationary Killing initial data

2.1 Background and definitions

In this paper manifolds are defined to be smooth, Hausdorff, connected and paracompact
(hence second countable). Fields on manifolds are assumed to be smooth. For manifolds
with boundaryΣ we use∂Σ for the boundary andΣ◦(= Σ \ ∂Σ) for the usual notion of
interior of a manifold with boundary. For arbitrary subsetsU in a manifold we useU for the
topological closure, Int(U) for the interior and∂TU for the topological boundary.

We work with (m+ 1)-dimensional spacetimes (M, g) (m ≥ 3). For a subsetU ⊂ M
we define thenull boundary∂NU as the subset of pointsp ∈ ∂TU such that there exists a
future directed null geodesic segmentγ(s) of (M, g) starting atp and fully contained in∂TU.
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The causal past of a setU is denoted byJ−(U) and the future domain of dependence ofU
is denoted byD+(U). The conventions we use for these objects, and for causality notions in
general, follow [25]. In particular, a spacetime (M, g) is globally hyperbolic if it admits a
Cauchy hypersurfaceΣ. We denote byM+ the future domain of dependence ofΣ◦. Note that
M+ is a manifold with the smooth boundaryΣ◦. Let n be the space-time future directed unit
normal toΣ◦. The induced metric onΣ◦ will be denoted byg and the second fundamental
form by K (in the direction ofn). If Σ has boundary we assume it is compact and that bothg

andK extend smoothly to∂Σ.
Let G be the Einstein tensor ofg, namelyG := Ric − 1

2 Rg, whereRic denotes the Ricci
tensor of the metricg and R is the curvature scalar (our sign conventions are such that the
Ricci tensor and curvature scalar of a round sphere are positive)

We defineρ, J (1-form) andT (symmetric two-tensor) atp ∈ Σ according to

ρ = G(n, n),

J(v) = −G(n, v), v ∈ TpΣ,(1)

T (v, w) = G(v, w), v, w ∈ TpΣ.

Remark 1 ρ, J,T are defined in terms of the Einstein tensor, and not as components of any
energy-momentum tensor because we will not assume any specific field equations relating
the Einstein tensor with the energy-momentum tensor of the matter fields. Neither the matter
model nor the field equations will be of concern to us except that we will require a well
posedness property defined later.

The data (Σ; (g,K); (ρ, J)) satisfies theenergyandmomentum constraint equations

Rg − |K|2g + k2 = 2ρ,(2)

divg (K − kg) = −J.(3)

wherek = trgK and divg is the divergence with respect to the metricg.
The boundary ofΣ (if any) is said to befuture outer trappedif it is compact and

θ+(∂Σ) := tr
∣

∣

∣

∂Σ
K + H < 0.

where tr
∣

∣

∣

∂Σ
K is the trace ofK restricted to∂Σ andH is the mean curvature of∂Σ in the inward

direction toΣ.
We will assume that we have a Killing vector fieldξ on (M, g) having the decomposition

ξ = Nn+Y alongΣ. (N,Y) will be part of the initial data. Becauseξ is Killing we have, over
Σ, the equations (see e.g. [13])

LYg = −2NK,(4)

LYK = −HessgN + N
(

Ricg + k K − 2K ◦ K
)

− N

(

T − 1
m− 1

(trgT − ρ)
)

g.(5)
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whereL denotes Lie derivative, Hessg is the Hessian with the metricg, Ricg is the Ricci
tensor ofg andK ◦ K is the tensor obtained fromK ⊗ K by tracing withg the second and
fourth indices. Concerning the data we make the following definition.

Definition 1 (AF-KID) The dataD := (Σ; (g,K); (ρ, J,T ); (N,Y)) is said to be a

1. Killing initial data (KID) if it satisfies (2)-(3) and (4)-(5),

2. and stationary asymptotically flat (AF) if there is a compact set whose complement
Σ∞ is diffeomorphic toRm+1 \ {closed ball} and, in the Euclidean coordinates̄x =
(x1, · · · , xm+1) onΣ∞ defined by the diffeomorphism we have

gi j − δi j = O2
(

1/rm−2
)

, Ki j = O2
(

1/rm−1
)

,(6)

N − N∞ = O2
(

1/rm−2
)

, Yi − Y∞ i = O2
(

1/rm−2
)

.(7)

and with r = |x̄| :=
√

(x1)2 + · · · (xm)2, where N∞, Y∞ are constants satisfying N∞ >
|Y∞|.

Under these conditions we will say simply thatD is a stationary asymptotically flat initial
data.

Let λ := N2− |Y|2g. Sinceλ→ N2
∞− |Y∞|2 > 0 at infinity, we can assume (after restricting

Σ∞ if necessary) thatλ > 0 on the asymptotically flat endΣ∞. We denote byΣT (T from
time-like) the connected component of{λ > 0} ⊂ Σ containingΣ∞.

TheKilling developmentof subregions ofΣT is defined as follows.

Definition 2 (Killing developments)Let Ω be a connected open subset ofΣT . Then the
infinite Killing development of the data atΩ is defined as the space-time

(8) K(Ω) :=
(

Ω × (0,∞), gD = −λdt2 + Y ⊗ dt + dt ⊗ Y + g
)

,

whereY := g(Y, · ). The restriction ofK(Ω) to t ∈ (0, t̄ ] (t̄ > 0) is denoted byK(Ω, t̄).

The Killing development is a space-time with Killing fieldξ = ∂t and Einstein tensorG
as defined above fromρ, J andT .

In this paper we will also use a related notion of Killing development of hypersurfaces
V (with or without boundary) embedded in a spacetime (M, g) admitting a Killing vector
ξ. The only requirement is thatV is everywhere transverse toξ. If we denote byg the first
fundamental form ofV, byY the pull-back of the one-form obtained by lowering the indexto
ξ andλ := −〈ξ, ξ〉 (where〈 , 〉 denotes scalar product with the spacetime metricg) then, the
Killing developmentK(V) is defined as the spacetimeV × (0,∞) with the metricgD defined
exactly as in (8). It is immediate to see that,ξ being transverse toV everywhere,gD is a
metric of Lorentzian signature. There is no restriction on the causal character ofV, which
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in particular is allowed to be null. Note that when the Killing initial data is embedded in a
spacetime, we have a priori two ways of contructing the Killing development. However, the
spacetimes constructed with either definition are the same,so no confusion arises. We also
emphasize that the Killing developmentK(V) is an abstract spacetime defined on its own
which, a priori, has nothing to do with the original spacetime (M, g).

Given (M, g) with a Killing vector ξ, let βq(λ), λ ≥ 0, be the Killing orbit starting at
q ∈ M (i.e. βq(λ = 0) = q). For anyW ⊂ M and 0≤ a ≤ b satisfying the property that all
the Killing orbitsβq(λ), q ∈W extend to all valuesλ ∈ [a, b] we will denote byO[a,b](W) the
set

O[a,b](W) := {βq(λ) ∈ M/q ∈W, a ≤ λ ≤ b}.

If a = b we will simply write O[a](W) for O[a,a](W). In the following it will be convenient
to use two different notations for Killing orbits:βq(λ) when the orbit satisfiesβq(λ = 0) = q
andλ takes positive values andαp(µ) when the orbit satisfiesαp(µ = 0) = p andµ takes
negative values.

Definition 3 (Well posed matter models)LetD be a Killing initial data. We say that the
matter model is well posed if the field equations are such thata Killing initial data generates
a unique maximal globally hyperbolic space-time(M, g) having a Killing fieldξ extending
ξ
∣

∣

∣

Σ
= Nn+ Y.

As usual, we will refer to the maximal globally hyperbolic spacetime (M, g) asmaximal
Cauchy development. The simplest example of well posed matter model is vacuum, i.e.
when the field equations areG = 0. In this case, the Cauchy problem is well posed and
the maximal Cauchy development admits a Killing vector [21]. The same is true e.g. in
electrovacuum [10] and for many other matter models [24].

We will say that a matter model satisfies the null energy condition if all Cauchy develop-
ments (M, g) solving the field equations satisfyG(l, l) ≥ 0 for any null vectorl.

We need some observations on isometric embeddings. Let (Ni , gNi
), i = 1, 2 be two

connected Lorentzian or Riemannian manifolds (possibly with smooth boundary). LetWi ⊂
N◦i , i = 1, 2 be two sets such thatWi ⊂ Int(Wi), i = 1, 2 and Int(Wi), i = 1, 2 are connected
and non-empty. Letpi ∈ Int(Wi ), i = 1, 2. Let φ : TpN1 → Tp′N2 be a linear isometry
between the tangent space toN1 at p1 and the tangent space toN2 at p2 = φ(p1). Then
we will write (N1,W1) ⋐φ (N2,W2) if there is an open setU1 of N1 containingW1 and
a smooth mapϕ : U1 → N2 such thatϕ

∣

∣

∣IntW1
is an isometric embedding of Int(W1) into

Int(W2). In such caseϕ
∣

∣

∣W1
is unique (and determined only byφ). In the rest of the work we

will simply writeW1 ⋐W2 and it should be understood that this also entails the existence
of companion manifoldsN1,N2 and mapφ. The companion objects will be understood from
the context. Note the transitivity property:W1 ⋐W2,W2 ⋐W3 ⇒ W1 ⋐W3. When
W1 ⋐W2 we will say thatW1 lies inW2.

The uniqueness of the maximal future globally hyperbolic space-timeM+ implies that
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any future globally hyperbolic space-time (N , gN ) with Cauchy hypersurfaceC = ∂N iso-
metric to a particular connected open subset of (Σ, g), lies uniquely inside (M+, g). In other
wordsN ⋐M+. This fact will be of fundamental importance.

We will denote bySr the coordinate sphere of coordinate radiusr in the asymptotically
flat endΣ∞. Sr separatesΣ into two closed parts (i.e. including their boundaries),ΣE(r) (“E”
from “Exterior”) andΣI (r) (“I” from “Interior”). Note that Sr ⊂ ΣT andΣE(r) ⊂ ΣT . Ford ≥
0, we also defineT(∂Σ, d) := {p ∈ Σ/distg(p, ∂Σ) ≤ d} andΣd := {p ∈ Σ/distg(p, ∂Σ) ≥ d}.

Definition 4 Let (M, g) be a globally hyperbolic space-time with Cauchy surfaceΣ and
asymptotically flat stationary dataD. SupposeK(ΣE(r)) ⋐ M+. Then we define the future
event horizon (overΣ) as the topological boundary of J−(K(ΣE(r))) ∩ Σ (as a subset ofΣ).

The Killing developmentK(ΣE(r)) is a future asymptotically flat (m+1)-end as described
in the Introduction.

2.2 The statements of the main results: Theorems 4 and 5

The following theorem is a precise version of Theorem 1 in theIntroduction.

Theorem 4 LetD be an asymptotically flat, stationary initial data set with well posed matter
model satisfying the null energy condition. Suppose that∂Σ (if non-empty) is future outer
trapped. Then the maximal Cauchy development(M, g) ofD satisfies

1. There is r> 0 such thatK(ΣE(r)) lies inM+.

2. There is d> 0, such that T(∂Σ, d) ∩ J−(K(ΣE(r))) = ∅.

In basic terms, if the boundary ofΣ is future outer trapped, then the future event horizon over
Σ exists, is computable or constructible from the data and does not intersect∂Σ. Therefore
∂Σ lies inside the future black hole region.

The constantr in item 1 is introduced in Proposition 1 later. The constantd is any
positive constant satisfying the property that∂Σd′ , 0 ≤ d′ ≤ 2d, is diffeomorphic to∂Σ and
θ+(∂Σd′) < 0.

We also have

Theorem 5 LetD be an asymptotically flat stationary initial data with well posed matter
model satisfying the null energy condition. Suppose that∂Σ , ∅ is future outer trapped.
Then, the exterior of the event horizon containsΣT . In particular, ΣT ∩ ∂Σ = ∅.
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2.3 Structure and proof of Theorem 4.

The proof is constructive. We define first the future globallyhyperbolic regionE+0 . The
definition will come out from the following proposition which we leave without proof.

Proposition 1 Consider the domains of dependence D+(ΣE(r)) depending on r, as sets in-
side the Killing developmentK(ΣE(r)). Then, if r is big enough the null boundary∂ND+(ΣE(r))
is a smooth null hypersurface foliated by future complete null geodesic rays starting at Sr .
Moreover D+(ΣE(r)) ⋐M+.

Fixed one suchr we will denote from now onE+0 := D+(ΣE(r)) and its Cauchy surfaceΩ0 =

ΣE(r). Now, starting fromE+0 , we will construct inductively a sequenceE+0 ⋐ E+1 ⋐ E+2 ⋐
. . . ⋐ E+∞ = ∪i≥0E+i , such thatE+i \ ∂NE+i are globally hyperbolic spacetimes with Cauchy
surfacesΩ0 ⋐ Ω1 ⋐ Ω2 ⋐ . . . ⋐ Ω∞ := ∪i≥0Ωi ⋐ Σ

◦ none touching the tubular neighborhood
T(∂Σ, d) for somed > 0, namely havingΩ∞ ∩ T(∂Σ, d) = ∅. From the uniqueness of
the maximally globally hyperbolic developmentM+ we conclude thatE+i ⋐ M+ for all
i and therefore thatE+∞ ⋐ M+. Moreover we show explicitly along the construction that
K(ΣE(r)) ⋐ E+∞. This, together withE+∞ ⋐M+, givesK(ΣE(r)) ⋐M+ which is the claim (1)
in Theorem 4. On the other handJ−(K(ΣE(r)))∩T(∂Σ, d) ⊂ E+∞∩T(∂Σ, d) = Ω∞∩T(∂Σ, d) =
∅ which is the claim (2), and last, in Theorem 4. We present now progressively the main
definitions and Propositions (auxiliary Propositions 2-5)leading to the construction of the
sequence{Ei}. The construction, together with the proof of Theorem 4, is explained after
the statement of Proposition 5 which is the main statement ofthis section and which in itself
structures the inductive procedure.

An important collection of regions for the proof areWt, t ≥ 0 defined as

(9) Wt := K(∂NE+0 , t) ∪ E+0 ⊂
(

ΣE(r) × [0,∞), gD

)

.

Note thatWt is a Lorentzian manifold with smooth boundary and corners. Suppose that
Wt ⋐M+, t ≥ 0. We consider the sets

Et := J−(Wt),

E+t := Et ∩M+,

where here and in the followingJ− is taken in the spacetime (M, g). When t = 0 then
E+t = E+0 and∂NE+0 is, as we said, smooth. Moreover we will prove

Proposition 2 ξ points strictly outwards from E+0 at ∂NE+0 .

Crucially, this property is generalizable to the setsEt, t ≥ 0 which could fail to have smooth
boundaries (although their boundaries are Lipschitz manifolds). We prove thatξ points
strictly outwardsfrom Et at ∂NEt in the sense of the following definition which general-
izes the standard sense that we understood in Proposition 2.
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Definition 5 Suppose thatWt ⋐M+. Let Et = J−(Wt). Then, we say thatξ points strictly
outwards to Et at ∂NEt, if for every p∈ ∂NEt, there isµp < 0 such that

D1-1. αp(µ) ∈ Int(Et), for all µ with µp ≤ µ < 0, whereαp(µ) is the Killing orbit passing
through p atµ = 0,

D1-2. there is an m-manifold Vp ⊂ Int(Et), transversal toξ at αp(µp) such that, if we denote
byβq(λ), λ ≥ 0 the Killing orbit passing through q∈ Vp at λ = 0 then

D1-2-(a). there is a firstλ > 0 , denoted byλq, for whichβq(λq) ∈ ∂NEt,

D1-2-(b). the map q→ βq(λq) from Vp into ∂NEt is continuous

D1-2-(c). for every q∈ Vp, βq(λ) ∈ (M \ Et) if λ > λq but close to it,

In other wordsξ points strictly outwards toEt at its boundary if every Killing orbit starting
at Int(Et) either remains inside Int(Et) or crosses∂NEt. An obvious consequence of the
Definition is that if an orbit starts in Int(Et) and crosses∂NEt, then it never returns toEt.

Recalling, we will prove

Proposition 3 Suppose thatWt ⋐ M+. Let Et = J−(Wt). Thenξ points strictly outwards
from Et at ∂NEt in the sense of Definition 5.

On the other hand ifξ points strictly outwards fromEt at ∂NEt in the sense of Definition
5, then we prove that one can abstractly extendEt “along the Killing” any time t̄ > 0 in
the sense of the following definition which generalizes the notion of Killing development
introduced in Definition 2 before.

Definition 6 Suppose thatWt ⋐M+. Let Et = J−(Wt). The infinite abstract Killing devel-
opment of Et, K(Et), is defined as the manifold formed by the open sets{Int(Et),K(Vp), p ∈
∂NEt} endowed with their respective metrics and subject to the following identifications

D2-1. the points x1 = (q, λ) ∈ K(Vp) = Vp × (0,∞) and x2 ∈ Int(Et) are identified iff λ < λq

andβq(λ) = x2.

D2-2. the points x1 = (q1, λ1) ∈ K(Vp1) and x2 = (q2, λ2) ∈ K(Vp2) are identified iff

D2-2-(a). βq1(λq1) = βq2(λq2) and,

D2-2-(b). λq1 − λ1 = λq2 − λ2.

The abstract Killing development at timēt ≥ 0 is defined as the following region of K(Et)

K(Et, t̄) := Int(Et) ∪ {βq(λ + λq), q ∈ Vp, p ∈ ∂NEt, 0 ≤ λ ≤ t̄}.

Similarly one defines

K(E+t , t̄) := (Int(E+t ) ∩M+) ∪ {βq(λ + λq), q ∈ Vp, p ∈ ∂NE+t , 0 ≤ λ ≤ t̄}.

10



Of course we haveE+t ⋐ Et ⋐ K(Et, t̄). However one must thinkK(Et, t̄) as a new spacetime
bearing a priori no global relation withM. In general one would not expect thatK(Et, t̄) ⋐
M. As we will explain in Proposition 5 the situation will be different forK(E+t , t̄) if we select
t̄ properly and this is what will allow us eventually to construct the sequence{E+i }.

Recalling, we will prove

Proposition 4 Suppose thatWt ⋐M+. Let Et = J−(Wt) . Then, for anȳt ≥ 0 the abstract
Killing development K(Et, t̄) is a smooth, Lorentzian and second countable manifold with
null and Lipschitz boundary.

The following proposition will structure the constructionof the sequence{E+i } that we ex-
plain thereafter.

Proposition 5 There is t∗ > 0 depending only on the initial data overΣd/2 ∩ ΣI (r + 1) such
that if for some t≥ 0, we have

H1. Wt ⋐M+,

H2. T(∂Σ, 2d) ∩ E+t = ∅ with E+t := J−(Wt) ∩M+,

then,

C1. K(E+t , t∗) ⋐M, and thereforeWt+t∗ ⋐M+.

C2. T(∂Σ, 2d) ∩ J−(K(E+t , t∗)) = ∅.

C3. E+t+t∗ := J−(Wt+t∗ ) ∩M+ = J−(K(E+t , t∗)) ∩M+

We are ready to prove Theorem 4.

Proof of Theorem 4: To construct the sequence{E+i } we proceed as follows. First, when
i = 0, E+0 is as we defined it before. Now,H1 andH2 hold in Proposition 5 witht = 0. Then,
conclusionC1 givesWt∗ ⋐ M+ which is H1 with t = t∗. In addition conclusionsC2 and
C3 give E+t∗ ∩ T(Σ, 2d) = ∅ with E+t∗ = J−(Wt∗) ∩M+ which isH2 with t = t∗. Then define
E+1 = J−(Wt⋆) ∩M+. Applying repeatedly Proposition 5 in this way, we are led todefine
E+i asE+i = J−(Wit⋆ ) ∩M+ which is the desired sequence. ✷

2.4 Proofs of the auxiliary Propositions 2, 3, 4, 5 and of the Theorem 5.

Proof of Proposition 2: The Proposition is direct from the fact that, as a field insideK(ΣE(r)),
ξ is time-like and future-pointing and that∂NE+0 is smooth and null. An alternative argument
(to be used later) comes from the observation that on a smoothnull boundary like∂NE+0 ,
proving thatξ points strictly outwards is equivalent to prove that for anynull geodesicγ(τ)
in ∂NE+0 (parametrized by affine parameterτ into the future direction) we have〈γ′, ξ〉 < 0.
As ξ is a Killing field we have

〈γ′(τ), ξ(γ(τ))〉 = 〈γ′(0), ξ(γ(0))〉,
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whereγ(0) is the initial point of the geodesic atSr . Asξ is timelike onSr it is 〈γ′(0), ξ(γ(0))〉 <
0. The statement follows. ✷

The following lemma is useful for the proof of Proposition 3.

Lemma 1 Assume thatWt ⋐M+ and let Et = J−(Wt). Then, the closure ofInt(Et)∩∂NWt

is compact. Moreover, any null geodesicγ in ∂NEt satisfies〈γ′, ξ〉 < 0.

Proof: Assume that Int(Et) ∩ ∂NWt is not compact. Then there is a divergent sequence
of points {qi}, qi ∈ ∂NWt, a sequence of points{pi} ∈ Wt, and a sequence of timelike
and past directed curvesΓi(τ), τ ∈ [0, 1] (in M+), such that, for everyi ≥ 0, Γi starts
at pi and ends atqi . However, asΓi is timelike and past directed, we claim that to reach
qi , Γi must first cross the setU = {βq(λ), q ∈ ∂Ω0, 0 ≤ λ ≤ t}. Indeed to reachqi from
its future the curveΓi must first leaveWt, but being timelike and past directed it cannot
cross∂NWt, nor it can enterE+0 for it could not leaveE+0 again. The claim follows. De-
note by Vol(Γi)(τ) = Volumeg(J−(Γi(τ)) ∩ M+). Then Vol(Γi)(τ) is, for everyi, a mono-
tonically decreasing function ofτ. Moreover as{qi} is a divergent sequence we must have
Volumeg(J−(qi)∩M+) = Vol(Γi)(1)→ ∞. On the other hand as, for everyi, Γi crossesU, and
Vol(Γi)(τ) is monotonically decreasing, it must be Vol(J−(Γi))(1) ≤ sup{Vol(J−(q)∩M+), q ∈
U} < ∞ for all i ≥ 0, which gives a contradiction. An important consequence ofthis, to be
used later, is that every inextensible future null geodesicγ in ∂NEt becomes eventually a null
geodesic of∂NWt. Constancy of〈γ′, ξ〉 along this geodesic proves the claim〈γ′, ξ〉 < 0. ✷

Proof of Proposition 3: We show firstD1-2-(a). Through every pointp in ∂NEt there passes
a future inextensible null geodesicγp(τ), τ > 0, starting atp and fully contained in∂NEt

(see [25]). By Lemma 1〈γ′, ξ〉 < 0. Moreover, every pointp′ = γp(τ), τ > 0, is a smooth
point of∂NEt. But for smooth points we know that if〈γ′p(τ), ξ(p′)〉 < 0 thenξ points strictly
outwards toEt at p′. If τ > 0 is small enough, thenp ∈ ∂J−(γp(τ)) andp is a smooth point of
∂NJ−(γp(τ)). But because〈γ′p(0), ξ(p)〉 = 〈γ′p(τ), ξ(γp(τ))〉 < 0, we deduce thatξ(p) points
strictly outwards toJ−(γp(τ)) ⊂ Et at p. Since Int(J−(γp(τ)) ⊂ Int(Et) there isµp < 0 such
thatαp(µ) ∈ Int(Et) for µ ∈ [µp, 0) thus showingD1-1.

We prove nowD1-2-(a) . First note that there isa > 0 and a closed smooth three-
submanifoldVp (with smooth boundary) transversal toξ and containingαp(µp) such that
for everyq ∈ Vp the Killing orbit βq(λ), passing throughq at λ = 0, extends to all values
λ ∈ [0,−µp + a]. For everyq ∈ Vp defineλ̄q = inf {a, λT

q } whereλT
q is the firstλ > 0 such

thatβq(λ) ∈ ∂NEt (we takeλT = ∞ if βq(λ) never intersects∂NEt). Note that ifλ̄q < a then
βq(λ̄q) ∈ ∂NEt. From this and becausēλαp(µp) = −µp we deduce that ifq→ λ̄q is continuous
at q = αp(µp) then one can take a smallerVp if necessary in such a way that̄λq < a for
everyq ∈ Vp and therefore withβq(λ̄q) ∈ ∂NEt as claimed inD1-1-(a). We prove now the
continuity of λ̄q at q̄ = αp(µp) (q̄ = αp(µp) from now on).

First, from the proof ofD1-1 one knows thatp is a smooth point of the boundary of a
past coneJ−(γ(τ)) entirely included inEt. Moreoverξ points strictly outwards toJ−(γ(τ))

12



at p. It follows that for any sequenceq j → q̄ we have lim inf{λ̄qj } ≥ λ̄q̄. Indeed, let̃λqj be
the firstλ > 0 the orbit reaches the smooth boundary ofJ−(γ(τ)) nearp. Sinceλ̃qj → −µp

andλ̄qj ≥ λ̃qj the claim follows. We need to prove therefore that lim sup{λ̄qj } ≤ λ̄q̄. Suppose
instead that there is a sequenceq j → q̄ such that lim sup{λ̄qj } > λ̄q̄ + b, for someb > 0
and b < a. SinceEt is closed (this is proved easily), it follows that the piece of orbit
{βq̄(λ), 0 ≤ λ ≤ λ̄q̄+b} lies insideEt. We claim that, as a consequence, there are pointsβq̄(λ),
for λ > λ̄q̄ but arbitrarily close tōλq̄ lying in the interior ofEt. If not, we would have that
for λ > λ̄q̄, the pointsβq̄(λ) must lie in∂NEt. But by D1-1, if a point in an orbit belongs to
∂NEt, then the points (in the orbit) near it and in the direction opposite toξ are interior points
to Et, which is a contradiction to the factβq̄(λ̄q̄) ∈ ∂NEt Thus, the orbitβq̄(λ) satisfies the
following properties:

1. βq̄(λ̄q̄) ∈ ∂NEt,

2. βq̄(λ) ∈ Int(Et), for 0≤ λ < λ̄q̄,

3. there are pointsβq̄(λ) ∈ Int(Et), for λ > λ̄q̄ but arbitrarily close to it,

Les us show that these three facts together contradictD1-1. We work now with the notation
αp(µ) = βq̄(λ̄q̄ + µ) instead of the notationβq̄(λ). Let µ1 > 0 be such thatαp(µ1) belongs
to the interiorEt. Let nowγ(s), s ≥ 0 be a future directed time-like geodesic, starting atp.
Consider the orbitsαγ(s)(µ), with αγ(s)(0) = γ(s) ands > 0, but close to it. We observe that
γ(s) < Et (otherwisep ∈ Int(Et)) and if s > 0 is small enough thenαγ(s)(µ1) belongs to the
interior of Et. Thus we have

αγ(s)(µ1) ∈ Int(Et), αγ(s)(0) ∈ (M+ \ Et).

Sinceµ1 > 0 is as small as desired this immediately contradictsD1-1 andD1-2-(a) is proved.
Thus the mapq → βq(λ̄q) (makingVp smaller if necessary) is fromVp into ∂NEt. We

have thenλq = λ̄q for λq as defined in Definition 5. Now, the argument that showed the
continuity of λ̄q atq = q̄ shows the continuity ofλq at any pointq , q̄, namelyD1-2-(b), and
alsoD1-2-(c). ✷

Proof of Proposition 4: The fact that the infinite Killing development is a smooth manifold
is seen as follows. The transition functions fromK(Vp) into Int(Et) (on their domains of
identification) according to identificationD2-1 are trivially diffeomorphisms because they
are given by

(q, λ)→ βq(λ),

for q ∈ Vp and 0< λ < λq. Consider now the transitions functions fromK(Vp1) intoK(Vp2)
(on their domains of identification) according to the identificationsD2-2. We show that they
are also diffeomorphisms. First we show that the transition functions are one to one and then
we show that they are locally differentiable. Suppose thatx1 = (q1, λ1) and x′1 = (q′1, λ

′
1)
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in K(Vp1) are identified tox2 = (q2, λ2) in K(Vp2) via D2-2. Then, becauseβq1(λq1) and
βq′1

(λq′1
) must both be equal toβq2(λq2) it follows q1 = q′1 andλq1 = λq′1

. On the other hand

λq1 − λ1 = λq2 − λ2, andλq′1
− λ′1 = λq2 − λ2

Thusλ1 = λ
′
1 and thereforex1 = x′1. This shows that the transitions functions fromK(Vp1)

intoK(Vp2) (on their domains of identifications) are one to one. We shownow that they are
locally differentiable. Suppose thatx1 = (q1, λ1) ∈ K(Vp1) andx2 = (q2, λ2) ∈ K(Vp2), are
identified according toD2-2. Then, we haveβq1(λq1) = βq2(λq2). Let V be a smooth three-
manifold (without boundary) transversal toξ everywhere satisfyingV ⊂ K(Vp1) ∩ Int(Et),
V ⊂ K(Vp2) ∩ Int(Et) (both intersections under the natural identificationD2-1) and such that
the orbitβq1(λ) intersectsV. Let

ϕ̂1 : B1 ⊂ Vp1 → K(Vp1),

be the embedding satisfying ˆϕ1(B1) = V. It is clear thatB1 is an open neighbourhood ofVp1

aroundq1. As a simple exampleV could be chosen as the image of the graph

ϕ̂1 : B1 ⊂ Vp1 → K(Vp1),

q̄1 → ϕ̂1(q̄1) = (q̄1, λq1 − ǫ)

whereB1 is a sufficiently small open neighborhood ofVp1 aroundq1 andǫ > 0 is a suffi-
ciently small fixed number, both chosen in such a way thatV ≡ ϕ̂1(B1) ⊂ K(Vp2) ∩ Int(Et)

SinceV ⊂ K(Vp2), there exists a neighbourhoodB2 of q2 in Vp2 and an embedding
ϕ̂2 : B2 → K(Vp2) such that ˆϕ2(B2) = V ⊂ K(Vp2). Restricting ˆϕ1, ϕ̂2 to their images, we
have two diffeomorphisms

ϕ1 : B1→ V, ϕ2 : B2→ V.

Consider now two open sets̃B1 andB̃2 defined by

B̃1 = {(q̄1, λ), q̄1 ∈ B1,

λ ∈ (λ(ϕ̂1(q̄1)) − λ(ϕ̂1(q1)) + λ1 − δ, λ(ϕ̂1(q̄1)) − λ(ϕ̂1(q1)) + λ1 + δ)},
B̃2 = {(q̄2, λ), q̄2 ∈ B2,

λ ∈ (λ(ϕ̂2(q̄2)) − λ(ϕ̂2(q2)) + λ2 − δ, λ(ϕ̂2(q̄2)) − λ(ϕ̂2(q2)) + λ2 + δ)}

whereδ > 0 is chosen sufficiently small so that̃B1 ⊂ K(Vp1) andB̃2 ⊂ K(Vp2). The map

φ : B̃1→ B̃2,

defined byφ(q̄1, λ) = (ϕ−1
2 ◦ ϕ1(q̄1), λ − λ(ϕ̂1(q̄1)) + λ(ϕ̂2(ϕ−1

2 (ϕ1(q̄1))))) is the transition
function according toD2-2 restricted toB̃1 and is a smooth diffeomorphism onto its image

14



B̃2.
The Hausdorff property of the abstract Killing development is seen as follows. If x1 =

(q1, λ1) ∈ K(Vp1) and x2 ∈ Int(Et) are different points then eitherλ1 ≥ λq1 or not, but if
not thenβq1(λ1) , x2. In either case it is straightforward to find separating neighborhoods.
Now, if x1 = (q1, λ1) ∈ K(Vp1) andx2 = (q2, λ2) ∈ K(Vp2) and different points then either
βq1(λq1) , βq2(λq2) or not, and if not thenλ1 , λ2. Also in any of these possibilities it is
straightforward to find separating neighborhoods.

To see that the abstract Killing development is second countable use that∂NEt is a Lipts-
chitz three-manifold, pick a dense and countable set of points {pi} in ∂NEt and over each
point find aVpi and constructK(Vpi ). Finally define the countable open subsets ofK(Vpi ),
Ui jklm = Bi j × (k/l − 1/m, k/l + 1/m) (k, l naturals andk/l > 1/m) whereBi j is a countable
basis of open sets ofVpi . The sets{Ui jklm} together with a countable basis of open sets of
Int(Et) gives a countable basis for the abstract Killing development. ✷

Before going into the proof of Proposition 5 we need to introduce some sets and their
terminology. They are in fact simple regions ofM although their precise definitions are
somehow lengthy. The relevant sets to be used in the proof of the Proposition 5 are: the slabs
Di , i = −3, . . . , 3, the layersLi , i = 1, 2 and the bandsBi

t, i = 2, 3. The graphic representation
of the sets can be seen in Figure 1.

∂Σd

∂Σ2d∂Σd/2

∂Σ

Sr

Sr+1
Σ

Killing vector

Light cones

E+0

Et

D1

D2

D3

D−1

D−2

D−3

L2

B2
t

B3
t

L−2

γ(τ)
γ(τ)

Στ̃

ξ

Figure 1: Schematic figure illustrating the definitions ofslabs D−3,D−2,D−1,D1,D2,D3,
layersL−2, L2 and bandsB2

t , B
3
t . The initial Cauchy surfaceΣ, the modified Cauchy surface

Στ̃ and the setsE+0 andEt are also shown. The setD used in the text is the union of all regions
in grey in the figure.

Given p ∈ Σ◦ we consider the space-time (inextensible) timelike geodesic γp(τ)(⊂ M)
starting perpendicularly top into the future and parametrized by proper timeτ. Now, given
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Ω a compact region inΣ◦, we define the tubular neighborhoods

U(Ω; τ̄1, τ̄2) := {γp(τ), p ∈ Ω, τ̄1 ≤ τ ≤ τ̄2}

We define also

∂̄U(Ω; τ̄1, τ̄2) := {γp(τ), p ∈ Ω, τ = τ̄2},
∂U(Ω; τ̄1, τ̄2) := {γp(τ), p ∈ Ω, τ = τ̄1}

For τ̄ small enough these are compact sets insideM. We fix nowτ̃ > 0 such that

P1. For everyp ∈ Σd/2 ∩ ΣI (r + 1), the geodesicγp(τ) is defined at least on the interval
[−3τ̃, 3τ̃]. Moreover the map from (Σd/2 ∩ ΣI (r + 1)) × [−3τ̃, 3τ̃] into M, given by
(p, τ) → γp(τ), is a diffeomorphism into the image.

P2. There is a Cauchy surfaceΣτ̃ forM containing the boundary∂U(Σd/2∩ΣE(r+1);−3τ̃, 3τ̃)
and coinciding withΣ outside a compact set inΣ◦.

P3. The setsU(∂Σd/2;−3τ̃, 3τ̃) andU(Sr+1;−3τ̃, 3τ̃) do not intersect the set

(

D+(Σd) ∪ J−(Σd)
)

\ E+0

Then, given such ˜τ, we define theslabs

Di :=
(

D+(Σd) ∩U(Σd/2 ∩ ΣI (r + 1); 0, iτ̃)
)

\ E+0 , i = 1, 2, 3,

Di :=
(

J−(Σd) ∩ U(Σd/2 ∩ ΣI (r + 1); iτ̃, 0)
)

\ J−(E+0 ), i = −1,−2,−3,

D := D−3 ∪ D3.

Define thelayers L2 andL−2 as

L2 = (D+(Σ2d) ∩ ∂̄U(Σd/2 ∩ ΣI (r + 1); 0, 2τ̃)
)

\ E+0 ,

L−2 =

(

J−(Σ2d) ∩ ∂U(Σd/2 ∩ ΣI (r + 1);−2τ̃, 0)
)

\ J−(E+0 )

Finally, suppose thatWt ⋐ M+ and letEt = J−(Wt). Then, define the bandsBi
t, i = 2, 3

and their upper and lower boundaries∂̄Bi
t, ∂B

i
t

Bi
t = (∂NEt) ∩U(Σd/2 ∩ ΣI (r + 1);−iτ̃, iτ̃),

∂̄Bi
t = Bi

t ∩ ∂̄U(Σd/2 ∩ ΣI (r + 1),−iτ̃, iτ̃),

∂Bi
t = Bi

t ∩ ∂U(Σd/2 ∩ ΣI (r + 1);−iτ̃, iτ̃)

Bi ◦
t = Bi

t \ (∂̄Bi
t ∪ ∂Bi

t)
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Proof of Proposition 5: We definet∗ as the supremum of the times̄t > 0 such that every
Killing orbit βq(λ), 0 ≤ λ < 2t̄, whereq ∈ L−2 ∪ L2, andβq(0) = q lies inside Int(D3 \ D1) ∪
Int(D−3 \ D−1). Note that we are taking the range ofλ between 0 and 2̄t and not between 0
andt̄.

We proceed now with the proof. Assume thenH1 andH2. We prove firstC1. We note
two important observations concerning Killing orbits starting at B2

t that will be relevant for
the discussion that follows.

O-1. For anyp ∈ B2
t the Killing orbit βp(λ), λ > 0 remains inside Int(D \ Et) until a firstλ

when it reaches∂T(D \ Et) \ B3
t . (The orbit cannot touchB3

t becauseξ points strictly
inwards toD \ Et at B3

t ).

O-2. Because ofO-1, every pair of orbitsβp1(λ), λ ∈ (0, λ1) andβp2(λ), λ ∈ (0, λ2) lying in
Int(D \ Et), with p1, p2 ∈ B2

t but different, do not intersect.

We prove now thatO[0,2t∗](B
2
t ) ⊂ (D \ Int(Et)). Assume that such is not the case and lett̄m be

the minimum of the times̄t, with 0 < t̄ < t∗ and such that

O[0,2t̄](B
2
t ) ⊂ M andO[2t̄](B

2
t ) ∩

(

M \ (D \ Int(Et))
)

, ∅

Let p̄ ∈ B2
t be such that

p = O[2t̄m](p̄) ∈
(

∂T(D \ Int(Et)) \ B3
t

)

where we are assuming thatp is not in B3
t because ofO-1. Let γ(τ), τ ∈ [0, 1], be a past

directed null geodesic insideB2
t starting at ¯q ∈ ∂̄B2

t and ending at ¯p. ThenO[2t̄m](γ(τ)) is
a past directed null geodesic starting atq = O[2t̄m](q̄) and ending atp. But by definition of
t̄m, it is t̄m < t∗ and therefore it must beq ∈ Int(D−3 ∪ D3). Because ofO-1 the geodesic
O[2t̄m](γ(τ)) cannot intersectB3

t . Therefore by the definition ofD it must bep ∈ Στ̃. That this
is an impossibility is seen as follows. First note that

∂TO[0,2t̄m](B
2
t ) = B2◦

t ∪O[2t̄m](B
2◦
t ) ∪O[0,2t̄m](∂B

2
t ) ∪O[0,2t̄m](∂̄B

2
t )

and that because ofO-2 the union on the right hand side is disjoint. Second we claim that
inextensible past directed time-like geodesicsΓ(τ), τ ≥ 0, starting at the pointp (found
before) atτ = 0 must remain inside Int(O[0,2t̄m](B2

t )) (for τ > 0) until a firstτ = τ̄ when it
reaches

(10) B2◦
t ∪O[0,2t̄m](∂B

2
t ) ∪O[0,2t̄m](∂̄B

2
t )

Indeed if instead there is such aΓ(τ) andτ̄ > 0 with Γ(τ̄) ∈ O[2t̄m](B2◦
t )) thenO[−2tm](Γ(τ)),

with τ near τ̄, would be a past directed time-like geodesic insideEt and crossingB2◦
t at

O[−2t̄m](Γ(τ̄)) which is not possible asB2
t ⊂ ∂NEt = ∂

NJ−(Wt). Thus any past directed
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time-like geodesicΓ starting atp would eventually touch (10). But because the set (10)
lies to the future ofΣτ̄ and p ∈ Στ̄ we obtain an impossibility. We have thus proved that
O[0,2t∗](B

2
t ) ⊂ (D \ Int(Et)) as we wanted.

Because of this and because ofO-2 we claim that we can construct a natural differentiable
map fromO(0,2t∗)(B

2◦
i )) into K(Et, 2t∗)◦, which is actually an isometry. In other words we

claim that we have naturallyO(0,2t∗)(B
2◦
t )) ⋐ K(Et, 2t∗)◦. Roughly speaking the isometry can

be explained in the following terms: We can think ofB2
t both as a set inM or as a set in

K(Et, 2t∗) then the map identifies Killing orbits inM starting at points inB2◦
t , as a set inM,

with Killing orbits in K(Et, 2t∗) starting inB2◦
t , but now as a set insideK(Et, 2t∗). In precise

terms, the map is defined as follows. Leto be a point inO(0,2t∗)(B
2◦
t ). We will define the map

in a neighborhood of it. We can writeo = O[ t̄](p) with 0 < t̄ < 2t∗, and withp ∈ B2◦
t . Both,

t̄ and p, are unique because ofO-2. Let µp < 0, q = αp(µp), Vp ⊂ Et andK(Vp) be as in
Definition 5. Then for every pointo′ in a neighborhood ofo there areq(o′) ∈ Vp andλ(o′)
(the correspondenceso′ → q(o′) ando′ → λ(o′) being smooth) such thato′ = βq(o′)(λo′).
The mapo′ → (q(o′), λ(q(o′)) ∈ K(Vp) ⊂ K(Et, 2t∗) is the desired map. Following the
identifications in Definition 5 (which defineK(Et, 2t∗)), it is simple to see that the map we
defined is indeed independent of the choice ofVp.

With this identification in mind we consider now the set

Ωt+2t∗ := (O[0,2t∗)(B
2
t ) ∩ Σ) ∪ Ωt,

as a set insideK(Et, 2t∗)◦, whereΩt = Int(Et) ∩ Σ. We claim thatΩt+2t∗ is a Cauchy surface
of the subsetF of K(Et, 2t∗)◦

F = F1 ∪ F2 ∪ F3,

where

F1 = E+t ,

F2 = O[0,2t∗)((∂
NE+t ) \ B2

t ),

F3 = O[0,2t∗)(B
2
t ) ∩M+

and where to defineF2 andF3 as subsets ofK(Et, 2t∗)◦ we are using the identification con-
structed before. To see the claim note first thatΩt, which is a subset ofΩt+2t∗ is a Cauchy
surface forE+t . Then by noting that every inextensible past directed causal curve inEt start-
ing at a point inE◦t cannot reach∂NEt, conclude that every inextensible past directed causal
curve inF starting at a point inF2 ∪ F3 must either first reach∂NE+t or eventually reach
Ωt+2t∗ \ Ωt. The claim follows.

Now asΩt+2t∗ ⋐ Σ
◦ we haveF ⋐M+. We obtain thereforeK(E+t , t∗) ⊂ (F∪O[0,2t∗ ](B

2
t )),

but F ⋐M andO[0,2t∗](B
2
t ) ⋐M, thusK(E+t , t∗) ⋐M, which provesC1.

We now showC2. SupposeC2 is false. Since byH2 T(∂Σ, 2d) ∩ Et = ∅, there exists
0 < t̄ < t∗ such thatJ−(K(Et, t̄)) intersectsT(∂Σ, 2d) and no smaller 0< t̄ < t∗ has this
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property. Letp ∈ ∂T(∂Σ, 2d)∩ J−(K(Et, t̄)) and letγp(τ) be the future directed null geodesic
on ∂NJ−(K(Et, t̄)) starting atp. Considerγp(τ′j) whereτ′j → ∞ is a divergent sequence.
Then we know

1. (J−(γp(τ′j)) ∩ Σ) ⊂ (J−(K(Et, t̄)) ∩ Σ) ⊂ Σ2d,

2. p is a smooth point of∂NJ−(γp(τ′j)),

3. ∂NJ−(γp(τ′j)) ∩ Σ is tangent to∂Σ2d at p.

Thus a standard comparison of mean curvatures implies that the expansion̄θ+(p) of
∂NJ−({γp(τ′j)})∩Σ at p is less or equal than the expansionθ+(p) of ∂Σ2d at p, hence negative.

By the Rauchadury equation the foliation of null geodesics of ∂NJ−({γp(τ′j)}) must develop a
focussing point alongγp(τ) in a parametric affine parameter less than a fixed value depending
on θ+(p). This contradicts the fact thatτ′j → ∞ and thatγp(τ) has no focal points between
τ = 0 andτ = τ′j .

We show nowC3. We want to prove

(11) J−(K(E+t , t∗)) ∩M+ = J−(Wt+t∗ ) ∩M+

The inclusion of the right hand side into the left hand side follows directly becauseWt+t∗ ⋐

K(E+t , t∗). We prove now the inclusion of the left hand side into the right hand side. Let
p ∈ J−(K(E+t , t∗)) ∩M+. Then there isq ∈ K(E+t , t∗) and a future causal curveγ1 joining p
to q. If q ∈ E+t then we are done asE+t = J−(Wt)∩M+ and therefore there is a future causal
curveγ2 joining q to a point inWt ⊂ Wt+t∗ . Thusγ2 ◦ γ1 (the concatenation ofγ1 andγ2)
is a future causal curve joiningp to a point inWt+t⋆ . Hencep belongs to the right hand side
of (11). If insteadq ∈ K(E+t , t∗) \ E+t thenq = O[ t̄](q′) where 0< t̄ ≤ t∗ andq′ ∈ ∂NE+t .
Then there is a null geodesicγ2 inside∂NE+t starting atq′ and eventually becoming a null
geodesic of∂NWt. ThereforeO[ t̄](γ2) is a future null geodesic starting atq and eventually
becoming a null geodesic of∂NWt+t∗ . Therefore the curveO[ t̄](γ2) ◦ γ1 is a future causal
curve joiningp to a point inWt+t⋆ . ✷

Proof of Theorem 5:Suppose thatΣT \ Ω∞ , ∅ (recall we are usingΩ∞ = Σ ∩ E+∞ =
Σ ∩ (∪E+i )). Let p ∈ ∂T(ΣT \ Ω∞) (where the topological boundary ofΣT \ Ω∞ is taken
as it were a set inΣT). Thenξ(p) is time-like and future directed. Let{q j} ⊂ ΣT ∩ Ω∞
be a sequence approachingp, namelyq j → p. Then, there is∞ > λ0 > 0 such that the
piece of orbitβqj (λ), λ ∈ (0, λ0] lies inM+ for all j. Note that for everyj there isi( j)
such thatq j ∈ Ωi( j) (and therefore thatq j ∈ E+i ) for all i ≥ i( j). We claim that the piece of
orbit above also lies inE+∞. To see that observe that to leaveE+∞ it must first leaveE+i for
all i ≥ i( j). That means that for every (i, j), i ≥ i( j) there areλ ji < λ ji+1 < λ0 such that
βqj (λ), λ ∈ (λ ji , λ ji+1) lies insideE+i+1 \ E+i and thatβqj (λ ji ) ∈ ∂NE+i andβqj (λ ji+1) ∈ ∂NE+i+1.
Then, becauseE+i+1 = J−(K(E+i , t∗)) ∩M+, the piece of orbitβqj (λ), λ ∈ (λ ji , λ ji+1) must lie
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insideO[0,t∗](∂
NE+i ) ∩M+ ⊂ E+i+1. Therefore it must beλ ji+1 − λ ji ≥ t∗. It follows from here

that, givenj, thenλ ji → ∞ asi → ∞. Thus it must beλ0 = ∞ which is a contradiction, and
the orbitβqj (λ), λ ∈ (0, λ0] lies in E+∞. Finally we observe that becauseβqj (λ), λ ∈ [0, λ0] is
a time-like curve starting atq j and ending at a point inE+∞, and therefore ending in one of
theE+i ’s, then ifq j is sufficiently close top the pointp will lie in the interior ofΩ∞ which is
against the hypothesis. ✷

3 Static Killing initial data

3.1 Background and definitions

We start with the notion ofstatic Killing initial data.

Definition 7 A static Killing initial data (static KID) setD is a KID satisfying the staticity
equations

NdY + 2Y ∧ Z = 0,(12)

Y ∧ dY = 0,(13)

where Z:= dN+ K(Y, · ).

In a static KID, consider the open setΣY := Σ◦ \ {Y = 0}. By the Fröbenius theorem,
the distributionY⊥ is integrable. More precisely, each pointp ∈ ΣY is contained in a unique,
maximal, arc-connected, injectively immersed (m− 1)-dimensional, orientable submanifold
Lα orthogonal toY. The collection of{Lα} is a foliation ofΣY. The staticity equation (12)
and (4) imply

λdY + Y ∧ dλ = 0.(14)

As a consequence of this equation, ifλ = 0 (resp.λ > 0, λ < 0) at any pointp ∈ Lα then
λ = 0 (resp.λ > 0, λ < 0) everywhere onLα. To see this, consider any pathγ(s) contained
in Lα. Contracting (14) withY andγ̇ we obtain the ODE

dλ(s)
ds
= Q(s)λ(s),

whereQ(s) is smooth andλ(s) := λ(γ(s)). The claim follows.
As discussed in the Introduction, the aim of this part of the work is to show that Killing

prehorizons of the exterior region are necessarily embedded. Killing prehorizons are im-
mersed null hypersurfaces where the Killing vector is null and tangent (hence also normal).
Thus, their intersection withΣ must correspond to those leavesLα whereλ vanishes iden-
tically. Since we are interested only on horizons of the exterior region or, more precisely,
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on horizons than can be reached from the exterior, timelike region, we adopt the following
definition.

Definition 8 A horizonHα is a leaf of the foliation{Lα} of ΣY which intersects the topolog-
ical boundary∂TΣT .

Any two pointsp1, p2 on a fixed leafLα admit transverse sections (i.e. smooth connected
curves that are transverse to all the leaves they intersect)Γ1 andΓ2 to the foliation {Lα}
and a smooth diffeomorphismφ : Γ1 → Γ2 such that for any leafLβ ∈ {Lα} one has
φ(Lβ ∩ Γ1) = Lβ ∩ Γ2 (this property is the so-calledtransverse uniformity of foliations, see
e.g. Theorem 3, p. 49 in [3]). As a consequence, any horizonHα is fully contained in∂TΣT .

Sinceλ vanishes on a horizon,dλ is necessarily a normal one-form toHα. Consequently
there exists a scalar functionκα onHα, called thesurface gravity, satisfyingdλ = 2καY on
Hα. It is also convenient to introduce a scalar onΣ defined as

(15) I1 :=
1
4
|dY|2g − 2|Z|2g.

An alternative expression forI1 on the set{N , 0} (in particular on{λ > 0}) is obtained from
the staticity equation (12), which givesdY = − 2

N (Y ∧ Z). Squaring this and inserting into
the definition ofI1 yields

I1 =
2

N2
(−λ|Z|2g − 〈Y,Z〉2g) on {N , 0}.(16)

Passing to the Killing development (which exists in a neighbourhood of any pointp ∈ Hα
sinceN|p , 0), it follows from standard properties of Killing horizonsthatκα is constant on
each horizonHα (see e.g. [25] p. 334 for a derivation in four dimensions which is, in fact,
valid in any dimension).

The following lemma relatesI1 to the surface gravity on horizons.

Proposition 6 I1 = −2κ2α onHα.

Proof: From (16), it suffices to show thatκα =
2〈Y,Z〉g

N . Contracting (4) withY givesK(Y,Y) =
− 1

2NY(|Y|2g) which inserted inZ (see Definition 7) gives, onHα,

2〈Y,Z〉g
N

=
1

N2
Y

(

N2 − |Y|2g
)

=
1

N2
Y(λ) = 2κα.(17)

✷

Horizons with non-zero surface gravity have properties qualitatively different to horizons
with vanishing surface gravity. The following definition isstandard.

Definition 9 A horizonHα is degenerate ifκα = 0 and non-degenerate ifκα , 0.
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Points where the Killing vector vanishes correspond, at theinitial data level, to points
p ∈ Σ satisfyingN|p = Y|p = 0. Such points are calledfixed points. The following lemma is
well-known in static four-dimensional spacetimes. At the initial data level, it has been proved
in four dimensions in [4]. We include a proof form−dimensional static KIDs in Appendix
A.

Lemma 2 I1 < 0 on any fixed point p∈ ∂TΣT .

In this part of the paper we intend to work directly at the initial data level. This has
the advantage that no assumption on well posedness of the matter model needs to be made.
Nevertheless, we still require the null energy condition tohold. The following definition
translates the standard spacetime definition into the initial data setting.

Definition 10 A Killing initial data setD satisfies the null energy condition if and only if

T (w, w) − 2J(w)|w|g + ρ|w|2g ≥ 0

for any vectorw ∈ TpΣ and p∈ Σ.

3.2 The statements of the main results: Theorem 6 and Corollary 1

Our main result in this second part of the paper is the following.

Theorem 6 LetD be an asymptotically flat static Killing initial data set satisfying the null
energy condition. Suppose that∂Σ (if non-empty) does not intersectΣT . Then, each degen-
erate horizon is an embedded manifold and compact.

An immediate Corollary of Theorems 5 and 6 is

Corollary 1 LetD be an asymptotically flat static Killing initial data set with well posed
matter model satisfying the null energy condition. Supposethat ∂Σ (if non-empty) is future
outer trapped. Then each degenerate horizon is an embedded manifold and compact.

Remark 2 It may be possible to prove, directly from the techniques that we developed here,
a version of Theorem 6 also for stationary data and not just static. We will not enter into
such problem here however.

3.3 Volume monotonicity along “optic” congruences of geodesics

In this section, we will assume that the datumD is static (Definition 7).

The Killing development of a static KID is static in the sensethat the Killing vector
ξ is hypersurface orthogonal (see Lemma 3 in [5]). Static spacetimes necessarily satisfy
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G(ξ,X) = 0, whereX is any vector field orthogonal toξ. In terms of the quantities (ρ, J,T )
defined by (1), this implies

T (Y, · ) = NJ+
J(Y)
N

Y − ρY, on {N , 0} ⊂ Σ.(18)

In addition tog, ΣT can be endowed with two further metrics: the so-calledquotient metric

(19) h := g +
1
λ

Y ⊗ Y

and theoptic metric

(20) h :=
1
λ

h.

Consider the spacetime (ΣT × R, gS) with metric

(21) gS = −V2dt′ 2 + h

whereV := +
√
λ. Equation (14) implies thatλ−1Y is closed on open sets whereλ does

not vanish, in particular onΣT . Consequently there exists, locally, a functionζ such that
Y = −λdζ. The coordinate transformationt = t′ − ζ brings the metricgD (see (8)) intogS.
This shows that the spacetimes (ΣT ×R, gD) and (ΣT ×R, gS) are locally isometric. They are
also globally isometric ifλ−1Y is exact onΣT .

Since the data on{t′ = 0} in the metric (21) is a totally geodesic static KID, it satisfies
the constraint equations (2)-(3) and the KID equations (4)-(5) with the substitutionsg → h,
N → V, Y → 0 andK → 0. With the definitions ˆρ := V−2G(ξ, ξ) andT̂ (v, w) := G(v, w),
with v, w tangent to{t′ = 0}, these equations read

HesshV = V

(

Rich − T̂ +
1

m− 1

(

trhT̂ − ρ̂
)

h

)

,(22)

∆V = V

(

trhT̂
m− 1

+
m− 2
m− 1

ρ̂

)

,(23)

where∆ is the Laplacian ofh andRich its Ricci tensor. Usingξ = Nn+ Y and (1), it is
straightforward to relate ˆρ, T̂ to the datumD, as follows

ρ̂ = ρ − 1
N

J(Y), T̂ = T + 1
λ

(

J(Y)
N
− ρ

)

Y ⊗ Y.(24)

The following Proposition characterizes the null energy condition of the initial data set
in terms of the geometry associated toh.
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Proposition 7 D satisfies the null energy condition if and only if

T̂ (ŵ, ŵ) + ρ̂|ŵ|2h ≥ 0

for any vectorŵ ∈ TpΣ
T and∀p ∈ ΣT .

Proof: This Proposition can be proved easily by passing to the Killing development ofΣT .
For a direct proof on the initial data set, consider any vector vectorŵ and definew := ŵ+ A

V Y,

whereA := |ŵ|h + 〈Y,ŵ〉gV . Theg-norm ofw is calculated to be|w|2g = N2A2

λ
. A straightforward

computation which uses (24) and (18) gives

T (w, w) − 2J(w)|w|g + ρ|w|2g = T̂ (ŵ, ŵ) + ρ̂|ŵ|2h.

Since transformation ˆw→ w is invertible (with inverse ˆw = w− |w|gN Y), the Proposition follows
from Definition 10. ✷

Expression (22) determines the Ricci tensor ofh in terms ofV and its derivatives. A
similar expression can be obtained for the Ricci tensor ofh, denoted byRich. We write∇ for
the covariant derivative ofh and∇ for the covariant derivative ofh.

Proposition 8 The Ricci tensor ofh takes the following form

Rich = (m− 1)
1
V

HesshV − (m− 1)
|∇V|2h
V2

h+ ρ̂h+ T̂ .(25)

Proof: The general expression for the change of Ricci tensor undera conformal rescaling
h = e2 f h is

Rich = Rich + (2−m) (Hessh f − d f ⊗ d f) −
(

∆ f + (m− 2)|∇ f |2h
)

h.

Putting f = −ln(V) and inserting (22) and (23), the Proposition follows. ✷

The following proposition is well-known [26] and explains the reason of callingh the
optic metric.

Proposition 9

1. Let γ(t), t ∈ [t0, t1] be a geodesic segment in(ΣT , h) parametrized byh-arc-length.
Select c, 0, define

τ(t) = τ0 +
∫ t

t0
c−1V2(γ(t))dt

and denote by t(τ) its inverse (which obviously exists). Then the curve(γ(t(τ)), t(τ)),
τ ∈ [τ0, τ(t1)] is an affinely parametrized null geodesic segment in(ΣT ×R, gS) and its
tangent vectorv satisfiesgS(v, ξ) = −c.
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2. Conversely, let(γ(τ), t(τ)), τ ∈ [τ0, τ1] be an affinely parametrized null geodesic seg-
ment in(Σ × R, gS) with tangent vectorv. Define c= −gS(v, ξ) (which is obviously
constant along the geodesic) and defineτ(t) as the inverse of

t(τ) := t0 +
∫ τ

τ0

c

V2(γ(τ))
dτ.

Then, the curveγ(τ(t)), t ∈ [t0, t(τ1)] is a geodesic segment in(ΣT , h) parametrized by
h-arc-length.

Consider a smooth, oriented hypersurfaceS embedded inΣT and letν andν be positively
oriented normal vectors, of unit length respectively inh andh (they are obviously related by
ν = Vν). Let hS (resp.hS) denote the induced metric onS inherited fromh (resp.h). The
following fact is well-known and straightforward.

Proposition 10 With the notation before, the second fundamental formχ of S with respect
to ν in the metric h and the second fundamental formχ of S with respect toν in the metrich
are related by

χ =
χ

V
− ν(V)

V2
hS.

Squaring in their respective metrics and taking traces the following expressions follow,

θ = Vθ − (m− 1)ν(V),(26)

|χ|2
hS
= V2|Π|2hS

+
V2

m− 1

(

θ − (m− 1)
V
ν(V)

)2

,

whereθ := trhSχ, θ := trhS
χ andΠ is the trace-free part ofχ (in the metrichS). The

expression above forθ and the Ricci tensor ofh give rise to the following monotonicity
formula.

Proposition 11 LetF be a congruence of geodesics in(ΣT , h) parametrized by arc-length.
Assume that the tangent vectorν to this congruence is orthogonal to a collection of smooth
hypersurfaces{St}. Then, the traceθ of the second fundamental formχ of St with respect to
ν satisfies

ν

(

θ

V

)

+ |Π|2hS
+

1
m− 1

θ2 + ρ̂ + T̂ (ν, ν) = 0.(27)

In particular, if the null energy condition is satisfied in(ΣT , h) then

ν

(

θ

V

)

≤ − 1
m− 1

θ2 ≤ 0.
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Proof: The focusing equation for geodesics (see e.g. [7]) is

ν
(

θ
)

+ |χ|2
hS
+ Rich(ν, ν) = 0.(28)

The termRich(ν, ν) can be directly evaluated from (25):

(29) Rich(ν, ν) = (m− 1)V HesshV (ν, ν) − (m− 1)|∇V|2h + V2
(

ρ̂ + T̂ (ν, ν)
)

.

In order to evaluate the termν(θ) in (28), theh-acceleration∇νν is needed. Sinceν is geodesic
and affinely parametrized we have∇νν = 0, which becomes, after applying the transforma-
tion law for metric connections under conformal rescalings,

(30) ∇νν =
1
V
ν(V)ν − 1

V
∇(V).

We then have, from (26),

ν(θ) = ν(V)θ + V ν(θ) − (m− 1)V
[〈∇νν,∇V〉h + (HesshV) (ν, ν)

]

= ν(V)θ + V ν(θ) + (m− 1)
(

|∇V|2h − ν(V)2 − V(HesshV) (ν, ν)
)

.(31)

Inserting (29) and (31) into (28), the terms in the Hessian ofV cancel out. A simple rear-
rangement gives (27). The last claim follows from Proposition 7. ✷

3.4 On the volume of horizons of asymptotically flat static KIDs

Recall thatΣ∞ is the AF end ofD. The decay (7) implies that (Σ∞, h) is also asymptotically
flat. LetSr andΣI (r) be defined as in Section 2.1 and defineΣT

I := ΣI (r) ∩ ΣT. We start by
showing thatΣT

I is complete in the metrich.

Lemma 3 Assume thatΣT does not intersect∂Σ. Then, the Riemannian manifold(ΣT
I , h) is

complete and has Sr as its only boundary.

Proof: First we make a couple of comments on the structure of the metric h̄ around (I) a point
on a horizon and (II) a fixed point.

(I) Consider a pointp lying on a horizonHα and choose a foliated chart (Vp, {xA, z})
near p adapted to the foliation{Lα}. This means that, in these coordinates,Vp = Ω ×
(−δ, δ), whereΩ is a domain onRm−1 andδ > 0. The coordinatez takes values in (−δ, δ)
and {xA} (A, B = 1, · · · ,m− 1) takes values inΩ. The intersection of any leafLα with
Vp is a collection (possibly empty) of sets of the formΩ × {zi} (called plaques) where{zi}
is a countable set. SinceY is g-orthogonal to the plaques, we can choose, without loss
of generality, the coordinate chart so that the metricg takes the formg = F2(z, xC)dz2 +

ĝAB(z, xC)dxAdxB, whereF > 0 andĝAB is positive definite. Furthermore, we can assume
that p = {0}. Let P be the smooth positive function onVp such thatY = NPν whereν is
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g-unit and orthogonal to the plaques. This impliesλ = N2(1−P2). Inserting all this into (14)
yields, after a straightforward calculation,

(

1− P2
)

(

−∂AF
F
+
∂AN
N

)

− 1+ P2

P
∂AP = 0, for all z ∈ (−δ, δ)

which, upon integration, implies the existence of a smooth functionU on Vp, constant on
every plaque (i.e.U(z)), such that

N
F

1− P2

P
= U.

Using this into the definition ofh (20) gives

(32) h =
dz2

P2U(z)2
+

1
N F P U(z)

ĝABdxAdxB.

Note that fromλ|p = 0 we haveU(z = 0) = 0. Also, asU is differentiable, we have (on
ΣT) 0 < U ≤ c|z| (wherec > 0 is a constant) nearp.

(II) Let now p be a fixed point. Then we know from (15) and Lemma 2 thatZ|p , 0.
This in turn impliesdN|p , 0 (see Definition 7). Thus, there exists a neighbourhoodVp of p
whereN can be taken as a coordinate. Without loss of generality, we can choose a coordinate
system inVp so thatg = F̃2(N, xC)dN2+ g̃AB(N, xC)dxAdxB whereF̃ > 0 andg̃AB is positive
definite. By the definition ofh, we have

h ≥ 1
λ
g ≥ 1

N2
g.(33)

Note thatN|p = 0 and that, once more,N is a coordinate in a differentiable coordinate system.
We are ready to prove completeness of (ΣT

I , h̄). Assume by contradiction that̄h is not
complete. Letγ be an incompletēh-geodesic not ending atSr . Thenγ, as a curve overΣ
accumulates (although not necessarily converging to) a point p on a horizon or a fixed point
p. From the structure of the metric̄h found around such points in (32) and (33), respectively,
one readily deduces that thēh-length ofγ must be infinite which is a contradiction. ✷

OnΣT
I defineB(t,Sr), t > 0, as theh-ball of centerSr and radiust,

B(t,Sr) = {p ∈ ΣT
I , disth(p,Sr ) < t}.

The boundary component
∂B(t,Sr) := ∂TB(t,Sr) \ Sr

is the set of points lying ath-distancet to Sr . Outside the cut locusC this set of points is a
smooth hypersurface. We want to consider the (m-1)-Hausdorff measure of∂B(t,Sr) in the
metric h, which we denote by|∂B(t,Sr)|h. The following lemma gives an upper bound for
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|∂B(t,Sr)|h.

Lemma 4 Let Sr be the coordinate sphere of radius r inΣ∞ and assume that the h-mean
curvature with respect to the ingoing unit vector is negative everywhere. Assume thatΣT does
not intersect∂Σ and let|Sr |h be the(m− 1)-volume of Sr in the metric h. Then,|∂B(t,Sr)|h ≤
|Sr |h for all t > 0.

Proof: OnΣT
I consider the congruenceF of geodesics minimizing theh-distance toSr . An

immediate consequence of Lemma 3 is that each geodesic inF has an end-point inSr . For
anyp ∈ ΣT

I outside the cut locusC of the distance function (which has zero measure [19]) the
functiont(p) = disth(p,Sr ) is smooth and in there the level sets oft are smooth hypersurfaces.
In other words, ifp ∈ ΣT

I \ C then, aroundp, ∂B(t(p),Sr) is a smooth hypersurface. Letp
be such a point and letγp(t) be the length minimizing segment that starts atSr and ends at
p. We define the functionθ on ΣT \ C as theh-mean curvature of∂B(t(p),Sr) at p in the
direction ofγ′p(t(p)). Note that the mean curvature is with respect toh and noth, but that the

congruenceF is with respect toh and noth.
Now, from Proposition 11 we have the monotonicity

ν

(

θ

V

)

≤ − θ
2

m− 1
≤ 0.

Sinceθ|Sr < 0 we conclude thatθ < 0 onΣT \ C. Denoting byηh(p) the volume-form of
∂B(t(p),Sr) at p ∈ ΣT \ C, the first variation (m− 1)-volume gives

ν(ηh) = Vν(ηh) = Vθ < 0.

This proves|∂B(t,Sr)|h ≤ |Sr |h. ✷

We analyze now the interplay between the (m− 1)-volume of horizons in the static KID
and the (m− 1)-volume of theh−geodesic spheres∂B(t,Sr).

LetHα be a horizon and letν be be one of the two possible normal vector fields toHα.
For every pointq ∈ Hα consider theg-geodesicγq(s) starting atq with velocity ν(q) and
parametrized with arc-length. LetΩ ⊂ Hα be open and connected with smooth and compact
boundary inHα.

Definition 11 LetHα be a horizon. We say thatHα is isolated onΩ in the direction ofν if
for somes̄ small, the set (tubular neighborhood ofΩ)

Uν(Ω, s̄) = {γq(s), q ∈ Ω, 0 < s< s̄},

is contained inΣT and does not intersect any horizon. A horizonHα is isolated if there exists
an exhaustion{Ωi} ofHα such thatHα is isolated onΩi in both normal directions.

Sincedλ , 0 everywhere on a non-degenerate horizon, it follows that non-degenerate hori-
zons are necessarily isolated.
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Proposition 12 LetHα be an isolated horizon in the direction ofν overΩ. Then

lim inf
t→∞

|Uν(Ω, s̄) ∩ ∂B(t,Sr)|h ≥ |Ω|g.

where|Ω|g is theg-(m-1)-volume ofΩ.

Proof: We need several definitions first.

1. At every pointp ∈ Uν(Ω, s̄), let ν be the tangent of the geodesicγq(s) passing through
p. Choose (m− 1) vector fields{e1, · · · em−1} on Uν(Ω, s̄) such that{e1, · · · , em−1, ν}
is an orientedg-orthonormal basis. Let{ω1, · · · , ωm} be the corresponding dual basis.
Define then the (m− 1)-form

ω = ω1 ∧ · · · ∧ ωm−1.

2. For every 0< s̃< s̄define the surface

S(Ω, s̃) = {γq(s̃), q ∈ Ω},

and its one-sided tubular neighbourhoods

U+(Ω, s̃) = {γq(s̃), q ∈ Ω, s̃≤ s< s̄}, U−(Ω, s̃) = {γq(s̃), q ∈ Ω, 0 < s≤ s̃}.

Now, for everys̃ there ist0(s̃) such that ift > t0(s̃) thenU+(Ω, s̃) ⊂ B(t,Sr), namelyU+(Ω, s̃)
lies in the interior of theh-metric ball B(t,Sr). For sucht defineB(t, s̃) as the connected
component ofUν(Ω, s̃) ∩ B(t,Sr), containingU+(Ω, s̃). Then∂T(B(t, s̃) \ U+(Ω, s̃)) consists
of:

1. S(Ω, s̃),

2. an interior component that we will denoteSt(Ω) which is in fact equal to a component
of U−(Ω, s̃) ∩ ∂B(t, s̃), and,

3. a domain inside the (m− 1)-surface{γg(s), q ∈ ∂Ω, 0 < s< s̃}.

Since the metrich is related tog by (19) their volume forms are related by

ηh = (1+
|Y|2g
λ

)ηg.

Consequently

|St(Ω)|h ≥ |St(Ω)|g.
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On the other hand we have

|St(Ω)|g ≥
∫

St(Ω)
ω = |S(Ω, s̃)|g +

∫

(B(t,s̃)\U+(Ω,s̃))
dω.

Integration by parts is justified (for almost allt) because the distance function is Lipschitz and
therefore of bounded variation [16] (indeed it is semiconcave and therefore aH2,1 function
[19]. But now, as ˜s→ 0 andt > t0(s̃) → ∞, the first term on the right hand side approaches
|Ω|g and the second converges to zero. Since obviously|Uν(Ω, s̄) ∩ ∂B(t,Sr)|h ≥ |St(Ω)|h we
conclude

lim inf
t→∞

|Uν(Ω, s̄) ∩ ∂B(t,Sr)|h ≥ lim inf
t→∞

|St(Ω)|h ≥ |Ω|g.

✷

Proposition 13 Assume thatΣT ∩ ∂Σ = ∅. Let {Hα}α∈J be any collection of horizons in an
asymptotically flat static KIDD. Let H=

⋃

α∈J Hα be its union. ThenH \H is either empty
or consists only of fixed points.

Proof: The proof is by contradiction. We will assume that there existsp ∈ H \H which is not
a fixed point and we will show that limt→∞ |∂B(t,Sr)|h = +∞, which contradicts the upper
bound found in Lemma 4.

Let p be such a point. Sincep is non-fixed (Y|p , 0), there exists a unique leafLβ
containingp. SinceH ⊂ ∂TΣT (recall that a horizon is fully contained in∂TΣT) and the
latter is topologically closed, it follows thatp ∈ ∂TΣT , so in factLβ is a horizonHβ. By
hypothesis, this horizon is not in the original collection{Hα}α∈J . Consider a foliated chart
Vp of p in ΣY as in the proof of Lemma 3. Without loss of generality, we can assume that
the foliated chart is centered atHβ, i.e. that the plaqueΩ × {0} ⊂ Hβ. Also without loss of
of generality we assume thatΩ is compact with smooth boundary. By definition of horizon,
there exists a sequence of pointspi → p with pi ∈ ΣT (in particularλ(pi ) > 0). Moreover,
sincep ∈ H \ H, there must exists a sequence of plaques inH converging toΩ × {0}. These
two facts together imply the existence of two sequencesai → 0, bi → 0, −δ < ai < bi < δ

such that

1. Ω × (ai , bi) ⊂ ΣT ,

2. Ω × {ai} ∈ ∂TΣT,

3. Ω × {bi} ∈ ∂TΣT.

LetH+i be the horizon containing the plaqueΩ× {bi}, andH−i be the horizon containing
the plaqueΩ×{ai }. Both horizons are isolated onΩ (the first one in the direction of decreasing
z and the second one towards increasingz). For eacht sufficiently large, letC(t) be the
maximum ofi ∈ N such that,∀ j ≤ i, Ω × (a j , b j) ∩ B(t,Sr) is non-empty and has more than
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Figure 2: Foliated neighbourhood ofΩ. The grey regions lie inΣT. Schematic plots of the
ballsB(t,Sr) are shown for two values oft, namelyt1 andt2 satisfyingt1 < t2. As t increases
the balls increase and approach the boundaries ofΣT . Two values of the sequences{ai} and
{bi} defined in the main text are also shown. In the case of the figureC(t1) = 0 andC(t2) = 1.

one connected component. By Proposition 12, each one of the pieces∂B(t,Sr)∩(Ω×(ai , bi)),
i ≤ C(t) contributes to the total (m− 1)-volume|∂B(t,Sr)|h essentially with an amount of at
least 2|Ω|g. More precisely, for fixedǫ > 0, there existst0(ǫ) such that fort > t0(ǫ)

|∂B(t,Sr)|h ≥ 2C(t)
(

|Ω|g − ǫ
)

SinceC(t) → ∞ whent → ∞, we obtain limt→∞ |∂B(t,Sr)|h = +∞ and hence a contradition
to Lemma 4. ✷

We can now prove Theorem 6.

Proof of Theorem 6:We first show that any degenerate horizonHα is compact.I1 vanishes
onHα and hence also on its closure. Assume that there is a pointp ∈ Hα \ Hα. p must be
a fixed point by Proposition 13. However, sinceHα ∈ ∂TΣT , it follows p ∈ ∂TΣT . Lemma 2
givesI1 < 0, which gives a contradition. HenceHα is topologically closed. Closed leaves in
foliations are necessarily embedded (see e.g. Theorem 5, p.51 in [3]). Moreover, sinceHα
is contained in the compact setΣI (r),Hα is also compact. ✷

The previous results prove not only that a degenerate horizon cannot approach itself
indefinitely, but also that two or more such horizons cannot wrap on themselves indefinitely.
More precisely, we have the following Corollary.

Corollary 1 Assume thatΣT∩∂Σ = ∅. Then all horizons are isolated. Moreover|⋃αHα|g <
|Sr |h.
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Proof: Assume thatHα is a non-isolated horizon, hence necessarily degenerate. SinceHα
is not isolated, there exists an open setΩ ⊂ Hα with compact, smooth boundary inHα such
that for all s̄> 0, the tubular neighbourhood

U(Ω, s̄) = {γq(s), q ∈ Ω,−s̄< s< s̄},

intersects another horizonHβ. Selecting a sequence ¯si → 0, we have a collection of horizons
Hβi which approachHα. By Theorem 6Hα is embedded. It follows that at least one of the
Hβi , Hα. Consider the collectionA of all {Hβi } different fromHα. It follows that the set
H := ∪AHβi is not closed, as its closure containsΩ. This contradicts Proposition 13. Thus
Hα is isolated. The last statement is a direct consequence of Proposition 12 and Lemma 4.
✷

4 Uniqueness of static, vacuum, asymptotically flat initialdata
sets with outer trapped boundary

The results of the previous sections allow us to prove a uniqueness theorem for asymptoti-
cally flat static KID with an outer trapped boundary.

The most powerful method of proving uniqueness of static black holes is the so-called
doubling methodof Bunting and Masood-ul-Alam [2]. The framework where thismethod
applies involves asymptotically flat KID such that the exterior regionΣT where the Killing
vector is timelike has a topological boundary which is a compact, embeddedC0 manifold
without boundary (see [11] for details in the vacuum case). More generally, the method ap-
plies also to settings where the Cauchy boundary ofΣT is a compact, embeddedC0 manifold
without boundary (the Cauchy boundary is defined as the set ofpoints lying in the Cauchy
completion of the set but not in the set itself). The need of using Cauchy completions comes
from the fact that a pointp ∈ ∂TΣT may be accessible from both sides from withinΣT . In
this setting∂TΣT may not be aC0 manifold but the Cauchy boundary, denoted by∂CΣT may
still be a topological manifold. We will see an example of this behavior later.

A possible strategy for proving a uniqueness theorem for static KID with an outer trapped
boundary is to reduce the problem to a black hole uniqueness theorem. This suggests the
following definition (c.f. [4, 6]): an asymptotically flat KIDD (possibly with boundary) is
a black hole static initial data set if the Cauchy boundary∂CInt(ΣT) of ΣT is a topological
manifold without boundary and compact.

In agreement with the discussion above, we will also say thatamatter model satisfies the
static black hole uniqueness theoremif there exists a class of asymptotically flat static space-
times{(Ma, ga)} depending an a finite (and usually small) number of parameters determined
from the asymptotic form of the metric and matter fields and such that anyblack hole static
Killing initial data setD has the property that (ΣT , g,K) can be isometrically embedded in
some{(Ma, ga)} within this class (where isometrically embedded is in the sense of spacetime
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initial data sets).
As example of matter models satisfying the static black holetheorem we have vacuum

or electrovacuum in four spacetime dimensions (see [11], [14] , [8] and references therein).
An interesting consequence of the results in the previous chapters is that the static black

hole uniqueness theorem can be extended to static, asymptotically flat KID with outer trapped
boundary. More precisely

Theorem 7 LetD be a static, m-dimensional (m≥ 3) asymptotically flat Killing initial data
satisfying the following assumptions:

A1. The matter model is well posed and satisfies the null energy condition.

A2. The matter model satisfies the static black hole uniqueness theorem.

A3. Σ has outer trapped boundary, i.e.∂Σ is compact andθ+(∂Σ) < 0.

Then(ΣT , g,K) can be isometrically embedded in some(Ma, ga) within the black hole unique-
ness class.

Remark 3 In the particular case of vacuum, this result takes the form of Theorem 3 given
in the Introduction.

We first recall a well-known property of fixed points of Killing vectors in spacetimes of
arbitrary dimension.

Lemma 5 Let (M, g) be a spacetime with a Killing vectorξ. Let p be a fixed point of
ξ, i.e ξ(p) = 0 and let F := 1

2dξ (whereξ = g(ξ, · )) be the so-called Killing form ofξ.
Define Wp := {v ∈ TpM; F |p(v, · ) = 0}. Then p lies in smooth, totally geodesic embedded
submanifold Sp of dimension k= dim(Wp) (p is an isolated fixed point if k= 0). Moreover,
Sp is spacelike, null or timelike depending on whether Wp is spacelike, null or timelike.

Proof of Theorem 7: From Theorem 5 it follows thatΣT does not intersect∂Σ. By Theo-
rem 6 each degenerate horizon ofΣT is compact and embedded. The same is true for non-
degenerate horizons. Consider any pointp in a horizon. Then, nearp the Cauchy boundary
∂CΣT either coincides with∂TΣT (if ΣT only lies to one side of∂TΣT at p) or with two
copies of∂TΣ (if p can be accessed from both sides withinΣT). In either case, the Cauchy
completion is a smooth manifold nearp.

It only remains to analize the fixed pointsp ∈ ∂ΣT . We know from the proof of Lemma
2 in Appendix A thatdN|p , 0 and thatdY|p = 2b

Q (dN|p∧X) for someb,Q > 0 andX ∈ T⋆pΣ

which is both unit and orthogonal todN|p. Moreover,b2 < Q2 from (35) in the proof of
Lemma 2. Let us now viewp as a point inM. It is clear thatp is a fixed point for the Killing
vectorξ. The Killing form F at p is easily evaluated to be (c.f. Definition 3 in [5])

F |p = (dN∧ n)|p +
b
Q

(dN|p ∧ X),
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wheren is the future directed unit normal one-form toΣ inM. Since the one-form (n|p +
bQ−1X) is timelike (fromQ2 > b2), it follows thatdNp andn|p+bQ−1X span a timelike two-
plane. From the definition ofWp in Lemma 5 we conclude thatWp is (m− 1)-dimensional
and spacelike. Thusp lies on a smooth codimension-two, totally geodesic spacelike sur-
face ofM. In these circumstances, the same construction performed by Rácz-Wald [23]
in dimension four in order to find a canonical coordinate system nearp applies to arbitrary
dimension. This gives a coordinate system{u, v, xa} (a, b = 2, · · · ,m) in an open connected
neighbourhoodUp of p with the following properties:

• The metric takes the form

g = 2Gdudv + 2vHadxadu+ gabdxadxb

with G,Ha, gab smooth functions of (uv, xa), G > 0 andgab positive definite.

• The surfaceSp ∩ Up takes the local form{u = 0, v = 0}.

• The Killing vectorξ readsξ = u∂u − v∂v.

• ∂v is future directed everywhere.

Since∂v is null and non-zero, the spacelike hypersurfaceΣ ∩ Up can be written as a graph
{v = φ(u, xa)} (in particular,{u, xa} defines a local coordinate system onΣ ∩ Up). SinceΣ is
spacelikeφ satisfies∂uφ > 0 everywhere. Letu0(xa) be the solution ofφ(u, xa) = 0 (which
exits becauseφ vanishes onp).

Now, sinceλ = 2Ĝuφ whereĜ = G(uφ, xa) it follows that either

(i) ΣT ∩ Up = {u > 0} ∩ {u > u0}, or

(ii) ΣT ∩ Up = {u < 0} ∩ {u < u0}, or

(ii) ΣT ∩ Up = ({u > 0} ∩ {u > u0}) ∪ ({u < 0} ∩ {u < u0}).

The corresponding Cauchy boundaries are:

For (i): {u = max(0, u0(xa)), xa}

For (ii): {u = min(0, u0(xa)), xa}

For (iii): The disjoint union of both.

It is now obvious that the Cauchy boundary is aC0 manifold (actually locally Lipschitz)
without boundary The uniqueness statement follows from hypothesisA2. ✷
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6 Appendix A: Fixed points haveI1 < 0

In this Appendix we prove Lemma 2. Letp be a fixed point in∂TΣT. In fact, the lemma
also holds for the more general case ofp ∈ ∂T{λ > 0}. For the purpose of the proof it is
convenient to assumep ∈ ∂T{λ > 0} and extend the definition of horizon given in Definition
8 to any leafLα intersecting∂T{λ > 0}. The constancy of the surface gravity and Proposition
6 also hold for such horizons.

We know thatI1 ≤ 0 on {λ > 0} (see (16)) and, by continuityI1(p) ≤ 0. So, we only
need to exclude the possibilityI1 = 0. Let us assume thatI1|p = 0 and find a contradiction.

Our aim is to show that there exists a non-degenerate horizonHα satisfying p ∈ Hα.
SinceI1 = −2κ2α (see Proposition 6) andκα is constant and non-zero on a non-degenerate
horizon, we would contradictI1|p = 0. To that aim we only need to find a smooth pathγ(s)
lying on a non-degenerate horizon and containingp in its closure.

First we note thatdY|p , 0 anddN|p , 0. Indeed, ifdN|p = 0, thenZ|p = 0 and the
definition of I1 (together withI1 = 0) impliesdY|p = 0. However, in Lemma 1 in [5] it
is proved that a fixed point cannot havedY = 0 anddN = 0 unless the Killing dataN,Y
vanishes identically, which is not the case (the proof of Lemma 1 in [5] is done explicitly in
dimensionm = 3 but it carries through to arbitrary dimension with trivialchanges). Thus,
dN|p , 0, and then the vanishing ofI1|p also impliesdY|p , 0.

Now, in Lemma 8 in [5] it is proved (again the proof is done there in dimension 3, but
extends to arbitrary dimension) that there exists a positive constantb and a unit one-form
X ∈ T⋆pΣ orthogonal todN|p such that

dY|p =
2b
Q

(

dN|p ∧ X
)

,(34)

whereQ = |dN|p|g. EvaluatingI1 at p we find

I1|p = 2(b2 − Q2).(35)

Imposing I1|p = 0 we concludeb = Q. Let us now evaluate the Hessian ofλ at p. Since
λ = N2 − |Y|2g andp is a fixed point a simple calculation yields

Hessgλ |p = −2Q2X ⊗ X.

By the Gromoll-Meyer splitting Lemma [17] there exist coordinates{y, x, zA} A = 3, · · · ,m,
in an open neighbourhoodWp of p such thatλ takes the formλ = −Q2y2 + f (x, zA) on
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Wp for some functionf and, moreover,p has coordinates (0, · · · 0), X = dy|p, dN|p = dx|p
and f vanishes atp together with its gradient and its Hessian. From (34) we alsohave
Y = Q(xdy − ydx) + O(2). We are now in a position where the pathγ(s) mentioned above
can be constructed.

For that we need to investigate the region{λ > 0} nearp. This region corresponds to
f > Q2y2. Sincep ∈ ∂T{λ > 0} it is clear thatp ∈ { f > 0} ∩ {y = 0}. If there exists a smooth
curve Γ̃(s) ⊂ {y = 0} approachingp and satisfyingf (Γ̃(s)) > 0 then we are done because

the curveΓ(s) := {y = Q−1
√

f (Γ̃(s)), f (Γ̃(s))} has the desired properties because (i) it lies on

∂T{λ > 0} and (ii) dλ is nowhere zero on the curve (becausey , 0 there) and henceΓ(s) lies
on a non-degenerate horizon.

So, it only remains to show that the curveΓ̃(s) exists. DefineV ⊂ {y = 0} as the set of
points where the componentYy does not vanish. SinceYy = Qx+ O(2) it is clear thatV
intersects{ f > 0} and also that there exists a smooth curveΓ̃(s) fully contained inV which
approachesp. Our last step is to show that in factV ⊂ { f > 0}. Consider a smooth curve
Γ̂(s) starting on a pointq ∈ V∩{ f > 0}. As long asf remains positive on this curve, consider

the smooth curveΓ(s) := {y = Q−1
√

f (Γ̂(s)), Γ̂(s)} which lies on a non-degenerate horizon.

They component of the equationdλ = 2καY onΓ(s) reads

−Q
√

f (Γ̂(s)) = καYy

Sinceκα is constant andYy , 0 onV if follows that f (Γ̂(s)) cannot become zero while
remaining insideV. This impliesV ⊂ { f > 0} as claimed, and the lemma is proved. ✷
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