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Abstract

The standard process for the production of strongly squeezed states of light is optical parametric

amplification (OPA) below threshold in dielectric media such as LiNbO3 or periodically poled KTP.

Here, we present a graphical description of squeezed light generation via OPA. It visualizes the

interaction between the nonlinear dielectric polarization of the medium and the electromagnetic

quantum field. We explicitly focus on the transfer from the field’s ground state to a squeezed

vacuum state and from a coherent state to a bright squeezed state by the medium’s second-

order nonlinearity, respectively. Our pictures visualize the phase dependent amplification and

deamplification of quantum uncertainties and give the phase relations between all propagating

electro-magnetic fields as well as the internally induced dielectric polarizations. The graphical

description can also be used to describe the generation of nonclassical states of light via higher-

order effects of the non-linear dielectric polarization such as four-wave mixing and the optical Kerr

effect.
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I. INTRODUCTION

Squeezed states of light belong to the class of so-called nonclassical quantum states.

They have applications in the research field of quantum information,1–5 and were used to

demonstrate quantum teleportation6–8 and the Einstein-Podolsky-Rosen paradox.9–12 They

also have applications in quantum metrology.13 Recently, they have been applied to a grav-

itational wave detector to improve its signal-to-noise ratio beyond the photon counting

(shot-noise) limit.14

A quantum field is said to be in a squeezed state15–18 if its uncertainty is smaller than its

zero-point fluctuation for some finite range of the field’s quadrature phase θ (0 ≤ θ ≤ 2π).

Due to the Heisenberg Uncertainty Relation, the orthogonal range of quadrature phases

must then have an uncertainty larger than the zero-point fluctuation, at least by the inverse

squeezing factor. Fig. 1a illustrates the (phase independent) zero-point fluctuation of an

electric field over a full cycle of the phase from 0 to 2π. Such a field does not have any

photons on average and is said to be in its ground state (vacuum state). The quantum

uncertainty of a squeezed vacuum state is phase dependent as can be seen in Fig. 1b. In this

work we present a graphical description that visualizes how a nonlinear dielectric medium

transfers a vacuum state by help of a second harmonic field into a squeezed vacuum state.

The same approach is also able to visualize the transformation from a (bright) coherent

state, as shown in Fig. 1c to a bright phase squeezed state Fig. 1d or to a bright amplitude

squeezed state Fig. 1e, respectively.

Squeezed states of light were produced for the first time in 1985 by Slusher et al. us-

ing four-wave mixing in a beam of Na atoms.20 In principle any nonlinear process, such as

second-harmonic generation21,22 or the electro-optical Kerr effect,23–25 can produce quadra-

ture squeezing. The most successful process for squeezed light production is optical para-

metric amplification (OPA) below threshold. With this method, squeezing figures of up

to 12.7 dB noise reduction have been achieved.26,27 The same OPA process, then called

parametric down-conversion, also forms the basis for the production of entangled photon

pairs28,29. OPA is based on the dielectric polarization in optical crystals with a high second-

order susceptibility χ(2) such as lithium niobate (LiNbO3) or potassium titanyl phosphate

(KTP). In most squeezing experiments17,30–37 an ultra-violet or visible second harmonic

pump field E(2f) is focused into the crystal. The pump field produces a non-linear sep-
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FIG. 1: 19 Statistics of electric field measurements for five different minimum uncertainty

states of the same optical mode. (a) illustrates the ground state and its zero-point (vacuum)

fluctuation ∆zp. The uncertainty does not depend on the quadrature phase θ. (b) repre-

sents a squeezed vacuum state. Such a state is produced by a phase dependent (optical para-

metric) amplification of the zero-point fluctuation, (c) illustrates a coherent state, i.e. a dis-

placed vacuum state, and (d) and (e) are bright phase and amplitude squeezed states. For

all these states the uncertainty product of the electric fields at orthogonal phases meets the

lower bound set by the Heisenberg Uncertainty Relation. The above pictures are just illus-

trations, however, they can be experimentally reproduced by quantum state tomography

using the beat signal with a homodyne local oscillator field of the same frequency.17

aration of charges and thus a nonlinear dielectric polarization. The latter gives rise to a

new propagating electro-magnetic field that now contains new frequency components. In

this nonlinear interaction ingoing zero-point fluctuations at frequency f are transformed

into squeezed fluctuations. In this work we present an expanded graphical description of

squeezed light generation by OPA. Starting from zero-point fluctuations or coherent states

entering the pumped crystal, our model illustrates how the squeezed state is produced and
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how the different frequency components of the outgoing field are related in phase.

II. THE NON-LINEAR POLARIZATION OF A DIELECTRIC MEDIUM

We first recall the non-linear polarization of a dielectric medium. For simplicity we

consider a single-path process and restrict ourselves to one spatial direction. All fields are

thus scalar quantities. The pump power is assumed to be below threshold, the noise of the

pump field and the frequency dependence of the electric susceptibility χ(f) are neglected.

These approximations are well justified for a description of today’s squeezing experiments.

The dielectric polarization P that is caused by an electric field E inside a nonlinear

medium can then be expanded in the following way

P(E) = ε0χ
(1)E︸ ︷︷ ︸
P(1)

+ ε0χ
(2)E2︸ ︷︷ ︸
P(2)

+ ε0χ
(3)E3︸ ︷︷ ︸
P(3)

+ · · · . (1)

Here, P(i) is the i-th order of polarization, ε0 is the permittivity of vacuum and χ the

electric susceptibility with typical values of χ(1) ≈ 1, χ(2) ≈ 10−12 m
V

, χ(3) ≈ 10−24 m2

V2 for

state-of-the-art solid state nonlinear optical materials.38 For OPA-squeezing below threshold

and hence for low field intensities, higher-order susceptibilities are negligibly small and the

polarization can be simplified by using only the linear and the quadratic term.

Now assume an electromagnetic field with amplitude A at the optical frequency f = ω/2π

that shall be squeezed, superimposed with a pump field with amplitude B at twice the

optical frequency inside the non-linear material. The total electromagnetic field is E =

A cos(ωt+φ)−B cos(2ωt). After interaction with a nonlinear crystal (described by Eq. (1)),

the expression for the second-order polarization of the crystal reads

P(2)(E)

= ε0χ
(2) {A2 cos2(ωt+ φ) + B2 cos2(2ωt) −2AB cos(ωt+ φ) cos(2ωt)}

= ε0χ
(2) {1

2
A2[1 + cos(2ωt+ 2φ)︸ ︷︷ ︸

∝2ω

] + 1
2
B2[1 + cos(4ωt)︸ ︷︷ ︸

∝4ω

] −AB[cos(ωt− φ)︸ ︷︷ ︸
∝ω

+ cos(3ωt+ φ)︸ ︷︷ ︸
∝3ω

]}

(2)

The crystal’s second order polarization thus contains a DC component and components at

frequencies ω, 2ω, 3ω, and 4ω. The component P(2)
ω = −ε0χ(2)AB cos(ωt−φ) interferes with

the fundamental frequency component of the first-order polarization P(1)
ω = ε0χ

(1)A cos(ωt+
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φ) giving rise to OPA. If all coefficients are positive, setting φ = ±90◦,±270◦, ... the fun-

damental input field is amplified, setting φ = 0◦,±180◦, ... the fundamental input field is

deamplified. This optical-parametric amplification process not only holds for coherent am-

plitudes and their classical fluctuations but also for quantum fluctuations.

III. THE GRAPHICAL DESCRIPTION OF OPTICAL PARAMETRIC GENER-

ATION OF SQUEEZED STATES OF LIGHT

Our graphical description combines the usual way of displaying quantum fields17 with

that one illustrating the effect of the dielectric polarization inside a medium in terms of

a P(E)-diagram.39 Uncertainties of time-domain quantum fields are usually represented as

areas along the time axis with a width that corresponds to the standard deviation of the

uncertainty. If an electric input field uncertainty is projected by the P(E)-diagram from the

E-axis to the P-axis the transfer to the uncertainty of the dielectric polarization becomes

obvious. Since the latter is proportional to the radiated output field, the overall nonlinear

transfer of quantum noise due to the nonlinear dielectric polarization is depicted. Our first

example is given in Fig. 2 and describes the conversion of a vacuum state into a squeezed

vacuum state via OPA. All input fields enter the graph from below. The relevant electric

field components are the zero-point fluctuations at the fundamental frequency Evac,f and

a classical pump field at the harmonic frequency E2f . The total field causes a nonlinear

separation of charges Psqz inside the crystal. The graph shows that the interplay between

the two fields results in a phase-dependent amplification and deamplification of the quantum

uncertainty at the fundamental frequency. Apart from the quantum noise Esqz,f , classical

fields at frequencies 2f and 4f leave the dielectric medium. The amplitude at frequency

2f is connected to the pump field’s first-order polarization P(1)(E2f ) and the amplitude at

frequency 4f is connected to its second-order polarization P(2)(E2f ). The comparison of the

outgoing quantum noise Esqz,f with the ingoing vacuum field Evac,f (horizontal lines across

Esqz,f ) reveals the squeezing effect. The presence of the second harmonic pump field E2f is

obviously crucial to produce strong squeezing since it harmonically drives the input uncer-

tainty along the characteristic curve. The pump field maxima produce an amplification of

the uncertainty, minima lead to deamplification of the uncertainty. Both happens twice per

fundamental period. The stronger the pump field the stronger the parametric amplification.
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Small uncertainties of the pump field do not play a significant role in this process. Vacuum

input fields at other frequencies than f are not converted into a stationary squeezed vacuum

state.
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FIG. 2: The polarization P(E) = ε0
(
χ(1)E + χ(2)E2

)
(upper left graph) describes the sep-

aration of charges of a second order non-linear material by the electric component of an op-

tical input field. We use this graph to illustrate how an input quantum field (from below) is

projected into an output quantum field (towards the right). In the example shown here, the

input field is composed of a classical pump field at frequency 2f and zero-point fluctuations

of a field at frequency f . The superposition of these two fields is transferred into a time-

dependent dielectric polarization that is the source of (and thus directly proportional to) the

electric component of the output field. The quantum uncertainty of the output field shows

a phase dependent amplification with frequency 2f . Spectral decomposition of the output

field Esqz reveals coherent amplitudes at frequencies 2f and 4f and a squeezed vacuum state

Esqz,f as shown in Fig. 1b.
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FIG. 3: In this example the input field Ein consists of a displaced vacuum state Ecs,f (coher-

ent state) at frequency f (cf. Fig. 1c) and a classical pump field amplitude at 2f . The phase

between the two components is chosen such that minima of the second harmonic field coin-

cide with extrema of the fundamental field. The overall output field is again shown in blue.

It is composed of classical amplitudes at frequencies 2f , 3f and 4f (cf. Eq. (2)) as well as an

amplitude squeezed state at the fundamental frequency (cf. Fig. 1e). It is obvious from the

figure that a phase shift of the harmonic input field by 180◦ would result in a phase squeezed

output field as shown in Fig. 1d.
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The second example is given in Fig. 3. Here, a coherent state Ecs,f together with its second

harmonic pump field E2f enter the picture from below. Their relative phase determines

what type of squeezed state is produced. For the phase chosen in Fig. 3 the coherent

displacement at the fundamental frequency is deamplified, and so is the uncertainty of

the field’s amplitude. The uncertainty area of the input field is thus converted into the

depicted uncertainty of the output field as shown on the right side of the figure. It belongs

to an amplitude squeezed state as shown in Fig. 1e. Squeezed states having a coherent

displacement are sometimes called bright squeezed states.40 The output field also has higher-

order frequency components at 2f , 3f and 4f that need to be separated to extract the state

at fundamental frequency f . In experimental squeezed light generation the higher order

frequencies are suppressed by destructive interference, e.g. filtered out by dichroic beam

splitters. Phase shifting the second harmonic pump field by half of its wavelength results in

an amplified coherent displacement at the fundamental frequency exhibiting phase squeezing.

IV. CONCLUSIONS

We have presented a graphical picture that describes the conversion of vacuum states and

coherent states of light to squeezed states via optical parametric amplification. It combines

the quantum uncertainties of optical fields with the nonlinear dielectric polarization of the

crystal medium. The latter’s uncertainty as induced by the input field is also included. Our

picture does, however, not explain the general origin of quantum uncertainties. Those are

quantified by the Heisenberg Uncertainty Relation and are taken here for granted. In our

graphical description the phase dependent amplification of the electric field is introduced

as a purely classical process. This is in full agreement with quantum physics, as long

as electric field strengths are considered. Nevertheless, squeezing is a sufficient condition

of nonclassicality. If we move from electric field measurements to photon counting the

nonclassicality of squeezed states becomes obvious since they show a sub-poissonian counting

statistics. Our picture thus does not present a ’classical’ description of squeezed states,

which is generally not possible, but offers a physical description how squeezed states are

generated in state-of-the-art experiments. Our graphical approach can be expanded in a

straight forward manner to describe the effect of higher order polarizations on quantum

uncertainties such as four-wave mixing and the Kerr effect,23–25.
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