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Can one certify the preparation of a coherent, many-body quantum
state by measurements with bounded accuracy in the presence of noise and
decoherence? Here, we introduce a criterion to assess the fragility of large-scale
quantum states, which is based on the distinguishability of orthogonal states after
the action of very small amounts of noise. States which do not pass this criterion
are called asymptotically incertifiable. We show that if a coherent quantum state
is asymptotically incertifiable, there exists an incoherent mixture (with entropy
at least log 2) which is experimentally indistinguishable from the initial state.
The Greenberger–Horne–Zeilinger states are examples of such asymptotically
incertifiable states. More generally, we prove that any so-called macroscopic
superposition state is asymptotically incertifiable. We also provide examples of
quantum states that are experimentally indistinguishable from highly incoherent
mixtures, i.e. with an almost-linear entropy in the number of qubits. Finally,
we show that all unique ground states of local gapped Hamiltonians (in any
dimension) are certifiable.
Abstract.

3

Author to whom any correspondence should be addressed.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence.
Any further distribution of this work must maintain attribution to the author(s) and the title of the work, journal
citation and DOI.

New Journal of Physics 15 (2013) 113011
1367-2630/13/113011+22$33.00

© IOP Publishing Ltd and Deutsche Physikalische Gesellschaft

2
Contents

1. Introduction
2. Certifiability of quantum states under noise
2.1. Motivation and definition of certifiability . . . . . . . . . . . . . . . . . . . . .
2.2. Noise model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.3. Large-scale systems: asymptotic certifiability . . . . . . . . . . . . . . . . . .
3. Basic examples of certifiable and incertifiable states
4. Unique ground states of local, gapped Hamiltonians are certifiable
5. Macroscopic superpositions are incertifiable
6. The confusability index
7. -extension of fragility criterion
8. Summary and conclusions
Acknowledgments
Appendix A. Basic terminology
Appendix B. Lemma for proof of proposition 2
Appendix C. Fragility of macroscopic superpositions with finite success probability
References

2
4
4
6
6
8
9
12
15
17
18
19
19
19
21
22

1. Introduction

The recent experimental advances in control of quantum systems has led to the possibility of
experimentally generating and manipulating quantum systems consisting of a large number of
particles. As the system size increases, the detection of quantum coherences or entanglement
in the produced states becomes a challenge. One obstacle is the exponential growth of the state
space with the number of particles, requiring an exponential amount of measurements to fully
characterize a given state. While this restriction can in principle be overcome by measuring
only a few characteristic properties of interest (e.g. using entanglement witnesses [1]), a more
fundamental challenge remains. It is almost impossible to fully shield a large system from its
environment, so effects of noise and decoherence need to be considered. In a typical scenario
where noise affects individual particles independently, this leads however to an exponential
decrease of fidelity and other quantities of interest with system size, even for a tiny amount of
noise per particle. Besides noise, one has to take into account that measurement devices only
have finite precision. In addition, measurement statistics fundamentally limits the reachable
accuracy with which any quantity can be determined. Hence, the following fundamental
question remains: is it in principle possible to confirm that a quantum state with certain desired
properties is present—or has been prepared before the action of noise—if one deals with large
systems?
Here, we introduce a fragility criterion to answer this question for many-body quantum
states. More precisely, we deal with the question of whether one can certify by means of
measurements with a bounded accuracy that a coherent quantum state |ψi (or a state close
to it) was prepared before the action of noise or decoherence; or whether the measured signal
is compatible with (and hence indistinguishable from) a situation where the initial state was
New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)
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orthogonal to |ψi and thus a priori fully distinguishable from it. We consider a scenario where
states are subjected to a very small amount of noise, where it is assumed that all particles
are affected individually. The source of this noise can either be an imperfect preparation
of the state or decoherence induced by interactions of the particles with an uncontrollable
environment. If, after the action of the noise, two pure states |ψi and |ψ ⊥ i, which were initially
orthogonal, become indistinguishable by the given measurement device and a bounded number
of measurements, then the states are said to be incertifiable. This implies that preparation of
either state cannot be confirmed, as the measured signal could come from either one of the two
initial states. What is more, in this case it is even impossible to determine whether the initial state
was a coherent quantum state at all, since (as we will show) the measured signal could equally
well come from any incoherent mixture of |ψi and |ψ ⊥ i. If, on the other hand, a state is found
to be distinguishable from all orthogonal states after the action of the noise, the state is said to
be certifiable. That is, the measurement device allows one, in principle, to distinguish between
initial situations corresponding to the presence of a pure quantum state (or a state very close to
it) and an arbitrary incoherent mixture of several orthogonal states. As a result, a criterion to
assess the stability of large-scale coherent quantum states is obtained.
Such a criterion can indeed be formalized and we show that quantitative results can be
obtained for large classes of states.
• We find that all ground states of local, gapped Hamiltonians are certifiable. This includes
not only all unentangled states (i.e. product states), but also states that are highly entangled
such as cluster states [2] (or graph states with a bounded local degree [3]) and Dicke
states [4].
• We show that Greenberger–Horne–Zeilinger (GHZ) states [5] are incertifiable in the
limit of large particle numbers. What is more, all states that correspond to the so-called
macroscopic superpositions (according to the criteria specified in [6–9]) are proved to be
incertifiable.
• Interestingly, we also find that certain quantum states can also be indistinguishable from
many orthogonal states in the presence of small amounts of noise. This implies that such
states are, in the considered set-up, indistinguishable from incoherent mixtures with high
entropy.
We remark that ideas, which are to a certain extent related to our approach, have been
discussed in the context of decoherence theory and open system dynamics (see e.g. [10–15]).
On the one hand, it is well known that coherences of certain large-scale systems are unstable
under certain noise processes, which is e.g. used in decoherence theory to explain the emergence
of a classical world [10–14]. What we add to this discussion is a precise formulation of some
of the intuitive concepts used in this context, together with a discussion of consequences
to experimentally certify the creation of large-scale quantum states. Finally, the approach to
investigate trajectories of orthogonal state pairs under noise was also taken in [15], although
there the aim was rather different as it was related to obtaining a measure for non-Markovianity
of the noise process.
The paper is organized as follows. In section 2, we introduce and further motivate our
criterion to asses the stability of coherent quantum states of large-scale systems. In section 3, we
discuss two elementary and illustrative examples. We show that all product states are certifiable,
while GHZ states are incertifiable. In section 4, we provide a general proof that all unique
ground states of local, gapped Hamiltonians are certifiable. As an application, we show that
New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)
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Dicke states are certifiable. In section 5, we show in contrast that all macroscopic superposition
states are incertifiable, while we provide examples of states that are indistinguishable from many
orthogonal states in section 6. In section 7, we present an extension of the proposed criteria to
-balls around initial pure states to correctly handle the neighbourhood of (in)certifiable states.
We summarize and conclude in section 8. The appendix provides a glossary of some basic
notions and proof details.
2. Certifiability of quantum states under noise

In this section, we define—as one of our main contributions—a criterion to assess the stability
of coherent quantum states of large-scale systems. This will be accomplished in three steps. In
section 2.1, we introduce the notion of certifiability under noise. In section 2.2, we describe the
specific noise model considered throughout this work. In section 2.3, we describe our stability
criterion (definition 2) which is related to the asymptotic behaviour of the certifiability measure.
The Hilbert space we consider in the following is H = C⊗N
with d, N ∈ N>2 . Normalized
d
vectors represent pure states of N d-level qudits. The set of density matrices ρ on this Hilbert
space is denoted by D(H). We will concentrate on d = 2, i.e. systems of qubits, however the
methods and concepts we present are trivially extendable to arbitrary d.
2.1. Motivation and definition of certifiability
We consider a quantum state |ψi and states orthogonal to |ψi. We assume that |ψi is subjected
to some noise process before a measurement can be performed. For instance, this can arise
due to imperfect state preparation, uncontrolled interactions with the environment or particle
loss. The physical process is represented by a completely positive (cp), trace-preserving map
E : D(H) → D(H).4 Due to finite precision of the measurement device and due to a bounded
number of repetitions of the experiment, the accuracy of the measurement is bounded by
some value δ > 0. We are concerned with the question whether such a measurement allows
one to distinguish |ψi from all orthogonal states in the presence of E. If E(ψ) turns out to be
indistinguishable from E(φ) for some state |φi orthogonal to |ψi, one cannot determine whether
the state |ψi or the corresponding orthogonal state was initially present. What is more (as we
will show below), in such a situation one cannot even determine whether |ψi was initially
present or any incoherent mixture of |ψi and |φi. In this sense, the coherence of the state |ψi is
fragile.
We now define the quantitative measure which will be used to asses the fragility of quantum
states under noise in the sense outlined above; see also figure 1 for a schematic illustration.
Definition 1 (Certifiability under noise). Consider a noise channel E. Let |ψi ∈ H be a
normalized quantum state. We define the certifiability of |ψi under E to be the minimal distance
between |ψi and any orthogonal state after the action of E
C(|ψi, E) :=

min

|φi∈H:hψ|φi=0

D [E(ψ), E(φ)]

where D(ρ, σ ) := kρ − σ k1 /2 is the trace distance between density operators ρ and σ .
4

If E is applied to a pure state |φi, we often use the shorthand notation E(φ) ≡ E(|φi) ≡ E(|φihφ|).
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Figure 1. Schematic illustration of generalized Bloch sphere spanned by two

orthogonal vectors |ψi and |ψ ⊥ i. The outer circles represent pure states. The
action of E maps every pure state onto a mixed state situated on the inner ellipse.
The inner, yellow circle represents the measurement uncertainty induced by
the apparatus. The thick, blue lines on the outer circles represent the sets of
pure states that are compatible with a measurement resulting from E(ψ). The
light blue area represents the mixed states that are compatible with the same
measurement. (a) The quantum states E(ψ) and E(ψ ⊥ ) are so close that the
measurement cannot distinguish between them. Therefore, |ψi and |ψ ⊥ i are
fragile. (b) Since E(ψ) is well distinguishable from E(ψ ⊥ ), the respective pure
states are called certifiable.
We will often use the shorthand notation C(|ψi, E) ≡ C(ψ) if the choice of noise channel
is clear from the context.
The significance of the certifiability is best understood by comparing the value C(ψ) to the
measurement accuracy δ which is available in a given experiment. Recall that the trace distance
is a measure of the distinguishability of density operators, i.e. it quantifies the optimal way of
distinguishing two states via measurements. In particular, for all observables A with spectral
radius at most 1, it holds that [16, theorem 9.1]
kρ − σ k1 > hAiρ − hAiσ .

(2)

The quantity C(ψ) is therefore a measure of the distinguishability between initially orthogonal
states under the influence of noise described by E. In particular, in any setup where
measurements are subject to an error δ > C(ψ), it is impossible to determine whether |ψi was
initially prepared or some state orthogonal to it. In this sense, the preparation of the state |ψi
cannot be certified.
Let |φi be a state orthogonal to |ψi satisfying D [E(ψ), E(φ)] = C(ψ). Consider the
following one-parameter family of density operators
ρ(a) := a |ψihψ| + (1 − a) |φihφ|

(3)

with a ∈ [0, 1]. Then
D [E(ψ),

E(ρ(a))] 6 C(ψ)

(4)

by using the triangle inequality. This implies that, in a scenario where measurements are subject
to an error δ > C(ψ), one cannot determine if the pure state |ψior any density operator in
the family ρ(a) was present before the noise E—note that, e.g. the state ρ(1/2) has entropy
New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)
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log 2 (compare to |ψi which has zero entropy), being an equal mixture of |ψi and |φi. In this
sense, the preparation of a coherent quantum state cannot be certified. Notice also that the states
ρ(a) could be much less entangled than |ψi itself, or they could even be fully separable (cf the
example of the GHZ state in section 3). In such a case, the presence of entanglement cannot be
certified.
The certifiability C(ψ) thus provides a measure of assessing how fragile pure states are
under the influence of noise. In this work, we will mostly be interested in the behaviour of
C(ψ) for large systems in the presence of very small amounts of (local white) noise, giving rise
to the notion of asymptotic (in)certifiability in section 2.3. Before describing the latter notion,
we first discuss the white noise model considered in this work.
2.2. Noise model
Throughout the paper, we will focus on noise acting on individual particles, where we consider
uncorrelated depolarization channels. Given ρ ∈ D(H) and the depolarization channel E(i) :
D(H) → D(H) that acts on the ith particle, the state E(i) (ρ) is defined as
1(i)
,
(5)
2
where p ∈ [0, 1] is the noise parameter. The term Tri ρ ⊗ 1(i) /2 means that the ith particle is
traced out and replaced by the complete mixture 1/2. The total action of the depolarization
channel is the product of the individual channels acting on each qubit and is denoted by
E(i) (ρ) = pρ + (1 − p)Tri ρ ⊗

E ≡ E(1) ⊗ · · · ⊗ E(N ) .

(6)

The uncorrelated depolarization channel—often also called white noise channel—is a
natural choice for the study of stability of many-body states. Its action is invariant under singlebody unitary rotations and, since it is uncorrelated, decoherence free subspaces for entangled
states do not exist. When p = 0, the channel maps every quantum state to the complete mixture
1⊗N /2 N . Physically, the depolarization channel can arise in the context of thermal baths with
infinite temperature to which the qubits individually couple. Then, one assigns p = e−γ t , where
γ is the depolarization rate and t the evolving time. Alternatively, the depolarization channel can
be seen as a loss channel, where for measurements every qubit accounts only with probability p.
Henceforth, we consider the situation where a fixed, very small amount of noise acts
on each particle. This corresponds to a white noise parameter p for some constant p
(i.e. independent of the number of particles N ) which is arbitrarily close to 1.
2.3. Large-scale systems: asymptotic certifiability
As discussed in section 2.1, the main importance of the measure C(ψ) lies in its comparison
with the accuracy with which expectation values of measurements can be determined in
an experiment. The achievable accuracy of a measurement is fundamentally limited by
measurement statistics. Given the fact that quantum mechanics is a probabilistic
theory,
√
expectation values of any observable can only be determined with an error 1/ m, where m is
the number of repetitions of the experiment. If we are interested in large system sizes N , for all
practical purposes the smallest achievable error of the measurements will behave as 1/poly(N )
for some polynomial poly(N ), due to the fact that at most a polynomial number of repetitions of
New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)
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the experiment are possible in principle. Imperfect measurement apparatuses or finite resolution
of the measurement device may even lead to a constant achievable error δ 5 .
In the following, we will be interested in the scaling of the certifiability C(ψ) with the
system size N , as follows:
Definition 2 (Asymptotically certifiable and incertifiable quantum states). Let E denote local white noise with parameter p as described in section 2.2. A state |ψi is called asymptotically
incertifiable under local white noise if the quantity C(|ψi, E) tends to zero faster than any inverse polynomial in N , i.e. if
α

C(|ψi, E) = O( p N )

(7)

for some α > 0. Conversely, a state with
C(|ψi, E) > 1/poly(N )

(8)

for some polynomial will be called asymptotically certifiable under local white noise.
Henceforth, for the sake of brevity we will simply refer to ‘certifiable’ and ‘incertifiable’ states.
If a state is found to be incertifiable in the sense of definition 2, then for large system sizes it
is essentially impossible to discriminate between this state and some orthogonal state, or in fact
any incoherent mixture of these two states (recall (3)) with any measurement that is repeated at
most poly(N ) times.
As we will see below, the asymptotic behaviour of certifiability may be very different,
also qualitatively, for various state families. In other words, this measure provides a criterion
of discriminating between ‘fragile’ and ‘stable’ large-scale coherent quantum states under the
influence of noise. We further remark that several measures and quantities of interest, which
are often considered to determine the quality of a prepared state, do not allow for a meaningful
distinction between fragile and non-fragile large-scale states. Consider, for instance, the purity
of the noisy quantum state, tr[E(ψ)2 ], or the fidelity of E(ψ) with the initial desired pure state
|ψi. Both quantities can be shown to decay exponentially fast with the number of particles N
for all states if each particle is affected by, say, local white noise. The decay rate may differ,
but in the limit of large particle number N that we are interested in, these quantities will be
exponentially small whenever noise is present. This implies on the one hand that they show the
same qualitative behaviour for all states, and hence do not allow to clear distinction between
fragile and non-fragile states. Furthermore, the resolution of a realistic measurement device
will not be sufficient to determine these quantities in a meaningful way as this would require
exponential precision.
Regarding definition 2, we finally remark that limited accuracy of measurement devices
or bounded number of measurements may render certain states that are certifiable in the above
sense as incertifiable with respect to measurements with a limited precision. In turn, some states
that are incertifiable in the above sense may in fact be certifiable as long as only a system of
restricted size N is considered, even if a measurement device with a given finite precision is
considered. In the following, we will however not be interested in such cases, but rather provide
general results that are concerned with principal bounds and the scaling behaviour with system
size.
5

In some scenarios, it is possible to treat the noise induced by the measurement apparatus mathematically as
noise acting on the state before the measurement. For example, a measurement with σz that only probabilistically
gives the correct answer can be modelled as a bit-flip error on the state of interest. Then, δ purely depends on the
measurement statistics, while E covers the imperfections of state preparation, decoherence and apparatus noise.
New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)
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3. Basic examples of certifiable and incertifiable states

To make the reader more familiar with the notion of (in)certifiability, we consider two basic
examples.
Example 1 (Product states). Here, we explicitly show the certifiability of any N -qubit product
state scales as 1/poly(N ), i.e. all product states are asymptotically certifiable. In particular, the
trace distance between a noisy product state and any other noisy orthogonal state is at least of
the order of p/N . Furthermore, the observable A which allows distinguishing a noisy
P product
state from any noisy orthogonal state can always be chosen to be 1-local, i.e. A = i Ai , where
each observable Ai acts on one single qubit. To show this, we consider the state |N , 0i = |0i⊗N ,
where |0i is the eigenstate of the Pauli operator σz with eigenvalue +1. The eigenstate with
eigenvalue −1 is denoted by |1i . The state |N , 0i is therefore an eigenstate of 6
N

1 X (i)
Jz =
σ
2 i=1 z

(9)

and one can easily see that it is the unique eigenstate with maximum eigenvalue N /2.
The eigenvalues of Jz are λk = N /2 − k, where k = 0, . . . , N . The eigenspaces of Jz with
eigenvalues λk are generally degenerate and have dimensions Nk . Hence, the second highest
eigenvalue of Jz equals N /2 − 1; an instance of a respective eigenstate is the W state [17]
N
1 X
|N , 1i = √
|1ih0|(i) |N , 0i.
N i=1

(10)

We now use the fact that one can distinguish |N , 0i from all other orthogonal states by
measuring Jz . Let |φi be the state that minimizes C(|N , 0i) of (1). Then, using (2), one estimates
1
C(|N , 0i) = kE(|N , 0ihN , 0| − |φihφ|)k1
2
1
> |Tr[Jz E(|N , 0ihN , 0| − |φihφ|)]|
N
1
= |Tr[E(Jz )(|N , 0ihN , 0| − |φihφ|)]|.
(11)
N
The last equation holds because for the present noise model, the expectation value of a perfect
measurement Jz under noisy quantum states is equal to the expectation value of a noisy
measurement under perfect states. This is true because the Kraus operators (which are the
Pauli operators) are Hermitian. Since E(1) = 1 and E(σ ) = pσ for any Pauli operator, one
easily finds that E(Jz ) = p Jz . Therefore, one has
p
C(|N , 0i) >
hJz i|N ,0i − hJz iφ .
(12)
N
As already noted, the expectation value of Jz for |N , 0i equals N /2, while for any orthogonal
state the expectation value is at most N /2 − 1. Hence, (12) can be further estimated and we find
C(|N , 0i) >
6

p
.
N

The expression σz(i) means that σz acts on the ith particle only (i.e. σz(i) ≡ 1⊗i−1 ⊗ σz ⊗ 1⊗N −i−1 ).
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This means that the product state |N , 0i is asymptotically certifiable with respect to
Definition 2 and therefore, even in the presence of white noise, we can always determine with
poly-many measurements whether the quantum state |N , 0i was prepared or any orthogonal
state (cf figure 1(b)). An instance of a measurement that can be used for this task is Jz . Note
that (1) is invariant under local unitary rotation. This example therefore shows that all product
states are stable. A more general result is proven in section 4.
Example 2 (GHZ states). The second example is the multipartite GHZ state
1
|GHZi = √ (|0i⊗N + |1i⊗N ).
(14)
2
This quantum state is often referred to as a Schrödinger cat state (see section 5). In the
following, we show that this state is asymptotically incertifiable. We therefore consider an
‘orthogonal GHZ state’
1
|GHZ⊥ i = √ (|0i⊗N − |1i⊗N ).
(15)
2
The certifiability C(GHZ) of the GHZ state can be bounded from above by the trace distance
between |GHZi and |GHZ⊥ i in the presence of white noise. A straightforward calculation
results in
C(GHZ) 6 21 kE(|GHZi) − E(|GHZ⊥ i)k1
= 12 kE(|0ih1|⊗N ) + E(|1ih0|⊗N )k1
6 kE(|0ih1|)k1N = p N .

(16)

For the last estimate, one uses the triangle inequality and the fact that kE(|1ih0|)k1 =
kE(|0ih1|)k1 . One sees that the GHZ state is asymptotically incertifiable because the trace
distance to its orthogonal counterpart |GHZ⊥ i decays with at least p N , i.e. exponentially with
system size (cf figure 1(a)). Note that the above derivation holds for every noise parameter p,
i.e. p may be arbitrary close to 1. This means that it is not possible for whatever tiny amount
of noise to experimentally distinguish between the GHZ state |GHZ⊥ i. Recalling the discussion
of (3), this also implies that in the presence of small amounts of noise, the GHZ state cannot be
distinguished from the mixture
1
|GHZihGHZ| + 21 |GHZ⊥ ihGHZ⊥ |
2

= 12 |0ih0|⊗N + 12 |1ih1|⊗N ,

(17)

which is a separable state! Hence, not only the coherences of the GHZ state are incertifiable but
also other quantum properties like entanglement.
These two examples show that definition 2 gives rise to a criterion that makes qualitatively
very different statements about the stability of distinct families many-qubit quantum states. In
sections 4 and 5, we extend these examples to large classes of quantum states.
4. Unique ground states of local, gapped Hamiltonians are certifiable

In this section, we discuss an important class of quantum states that are asymptotically
certifiable. It is the set of all unique ground states of k-local, gapped Hamilton operators. By
k-local it is meant that if we write the Hamiltonian in the Pauli basis, the maximal weight
of every term is k, where k = O(1). In other words, we consider only interactions between a
New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)
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constant number of qubits (without restricting ourselves to a specific spatial geometry). Here,
the term gapped means that the energy difference 1 between the ground state and the first
excited state is at least O(1/poly(N )). Finally, a ground state is unique if the ground state space
is non-degenerate.
Proposition 1. Let |ψi ∈ H be the unique ground state of a k-local, gapped Hamiltonian H .
Then |ψi is asymptotically certifiable under local white noise. That is, C(ψ) > 1/poly(N ).
Proof. Let σ0 denote the single-qubit identity matrix and let σ1 , σ2 and σ3 denote the Pauli
matrices. First, we write H in the Pauli basis
H=

3
X

αi1 ,...,i N σi1 ⊗ . . . ⊗ σi N

(18)

i 1 ,...,i N =0

with αi1 ,...,i N ∈ R. From now on, we abbreviate i ≡ i 1 , . . . , i N and σi ≡ σi1 ⊗ . . . ⊗ σi N . The
weight wi of σi is defined to be the number of qubits on which this operator acts non-trivially.
Let us first consider the case where wi = k ∈ N for all i, i.e. each σi acts on precisely k qubits.
Later we will extend the proof to the general case wi 6 k. Let |φi ∈ H be an arbitrary quantum
state satisfying hψ|φi = 0. Then one has
D[E(ψ), E(φ)] > 12 |Tr [H E (|ψihψ| − |φihφ|)]| .

(19)

For this step we have to assume that the spectral radius of H is at most unity. If not, we have
to rescale it. Physically, it is reasonable to assume interaction strengths between the particles
that are independent of the system size; therefore, αi = O(1). For local H , the number of σi
is polynomial in N and the spectral radius of any σi is unity. Therefore, the rescaling factor
is at most 1/poly(N ) which does not change the result of the proposition. So, without loss of
generality, the spectral radius of H is set to unity. Next, the expectation value of H for a noisy
state is identical to the expectation value of the noisy H for a noiseless state, i.e. for any ρ,
Tr [H E (ρ)] = Tr [E(H )ρ]. For a single qubit, the action of E is easy to calculate in the Pauli
basis. E(σ0 ) = σ0 and E(σi ) = pσi for every i = 1, 2, 3; hence E(σi ) = p wi σi . Since wi = k for all
i, one has E(H ) = p k H . Hence, one finds that
|Tr[E(H )(|ψihψ| − |φihφ|)]| = p k |hH iψ − hH iφ |.

(20)

Since |φi is orthogonal to |ψi, the difference between the two expectation values in (20) is at
least the energy gap 1. Consequently, we find
C(ψ) > p k 1/2.

(21)

This completes the proof of the special case where wi = k for all i. In general, one has wi 6 k.
Then, we enlarge the Hilbert space to H̃ by adding k additional qubits, i.e. H̃ is a system of N + k
qubits. We define
|ψ̃i = |ψi ⊗ |0i⊗k ∈ H̃,
|φ̃i = |φi ⊗ |0i⊗k ∈ H̃,
X
H̃ =
αi σi ⊗ σz⊗(k−wi ) ⊗ 1⊗wi .
i

New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)

(22)

11
In the above definition of H̃ , the idea is to append σz operators such that now the weight of
every term of H̃ is precisely k. Then, we can use similar arguments as before. One has
D[E(ψ), E(φ)] = D[E(ψ̃), E(φ̃)] > 12 |Tr[ H̃ E(|ψ̃ihψ̃| − |φ̃ihφ̃|)]|

(23)

pk
1
|h H̃ iψ̃ − h H̃ iφ̃ | > p k 1.
(24)
2
2
Here the first identity is obtained by using D(ρ, ρ 0 ) = D(ρ ⊗ σ, ρ 0 ⊗ σ ) for all states ρ, ρ 0 and
σ ; the last estimate is valid because h H̃ iψe = hH iψ and respectively for |φi.
t
u
=

Note that the set of unique ground states of local gapped Hamiltonians includes all product
states and even tensor products of general quantum states on groups of qubits where the group
size is independent of the system size. A large class of unique ground states of local gapped
Hamiltonians are local graph states [3], i.e. graph states corresponding to a graph with bounded
degree. More precisely, graph states are quantum states that are associated with an undirected
graph G. Every vertex of the graph represents a qubit and the edges between the vertices define
the neighbourhood. The graph state |Gi is then defined as the unique state that is eigenstate to
the so-called generating stabilizers
Y
K a = σx(a)
σz(b) (a = 1, · · · , N ),
(25)
b∈Na

where Na is the neighbourhood of vertex a. A graph is called local if every vertex has only
a constant number of neighbours.
The corresponding gapped Hamiltonian which has |Gi as
PN
unique ground state is − a=1
K a . Prominent examples in this category are the cluster states [2]
where every qubit has two neighbours in an one-dimensional lattice or four neighbours in a twodimensional lattice, respectively.
Sometimes, an educated guess for a suitable Hamiltonian suffices to show stability for
a given quantum state |ψi. A general approach to construct a Hamiltonian is to identify a
commuting set of local, gapped operators H1 , · · · , Hl with the property that |ψi is the only
state that is a ground state of all operators of this set simultaneously. Then, the operator
H := H1 + · · · + Hl is local and gapped and has |ψi as a unique ground state. This method is
standardly used to construct Hamiltonians for graph states, as discussed above. Next we apply
this approach to the Dicke states:
Example 3 (Dicke states). Here we show that all Dicke states are unique ground states of
local, gapped Hamiltonians and hence asymptotically certifiable owing to proposition 1.
In example 1, we encountered already certain Dicke states, namely the product state |N , 0i and
the W state |N , 1i as the equally weighted superposition of all permutations of |1i ⊗ |0i⊗(N −1) .
To define general Dicke states, consider again the z component of the total angular momentum
Jz . The Dicke state |N , ki, where k ∈ {0, · · · , N }, is defined as the unique eigenstate of Jz with
eigenvalue λk = N /2 − k, which is invariant under any particle permutation (i.e. |N , ki is the
symmetrized vector of |0i⊗N −k ⊗ |1i⊗k ). Consider the square of the total angular momentum
J 2 = Jx2 + Jy2 + Jz2 . All Dicke states are eigenstates of J 2 with the maximal eigenvalue µmax =
N /2(N /2 + 1) and (invoking Schur–Weyl-duality [18]) linear superpositions of Dicke states are
the only states with eigenvalue µmax . Now fix an arbitrary k and define
J̃ z = Jz − (N /2 − k) 1⊗N .
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Then J̃ 2z is a positive semi-definite operator. It is easily verified that the ground space of J̃ 2z
is spanned by the set of computational basis states which have precisely k slots equal to |1i.
As a result, the Dicke state |N , ki is the unique state which is a ground state of −J 2 and − J̃ 2z
simultaneously. Hence, |N , ki is the unique ground state of −J 2 − J̃ 2z . In the theory of angular
momentum algebra, one finds that J 2 and Jz commute. Therefore, also J 2 and J̃ 2z commute.
Finally, the spectra of J 2 and J̃ 2z are gapped, which again follows from the commutation
algebra. Hence, −J 2 − J̃ 2z is also gapped. We have thus showed that every Dicke state is the
unique ground state of a local, gapped Hamiltonian.
5. Macroscopic superpositions are incertifiable

Here, we show that all ‘macroscopic superpositions’ are asymptotically incertifiable: for every
macroscopic superposition there always exists an orthogonal quantum state (which also turns
out to be a macroscopic superposition) such that the action of very small amounts of white noise
makes them indistinguishable by efficient means.
Macroscopic superpositions in the spirit of Schrödinger’s cat are superpositions of two
‘classical states’ |ψ0 i and |ψ1 i that give rise to a ‘macroscopic quantum state’ |ψ0 i + |ψ1 i.
Criteria for macroscopicity have been put forward in [6–8] and have been compared and
unified in [9]. We refer the interested reader to [9] for a detailed discussion of measures
for macroscopicity and macroscopic superpositions. What is important in our context is that
the results of [9] imply that all superpositions that are macroscopic due to the definition put
forward in [6, 8] are also macroscopic according to [7]. Here we show that all macroscopic
superpositions in the general sense of [7] are asymptotically incertifiable.
This result connects to decoherence theory (see [10–14] and references within [12]), where
the (exponential) decay of quantum coherences of e.g. Schrödinger cat states is a well-known
phenomenon which is put forward as a potential explanation for the classical appearance of
the macroscopic world. This is the basic idea of the environmentally induced selection of
classical states. Whereas prior work focused on examples, here we investigate this relation
mathematically more rigorously and systematically, in particular adopting a general definition
of macroscopic superpositions. As we will show in proposition 2 below, we find that there is
an inherent connection between macroscopic superpositions and fragility under noise, i.e. the
former implies the latter—even though our notion of macroscopic superpositions a priori makes
no reference to decoherence processes.
We start by briefly introducing the relevant definitions of [7]. Consider two orthogonal
quantum states |ψ0 i , |ψ1 i ∈ H. Since they are orthogonal, one can certainly distinguish them
via a suitable measurement (in the perfect setting of zero noise, in which we work for the
time being). The goal is now to split the qubits into a maximal number of groups such that if
one performs measurements on only one of the groups, it is still possible to distinguish |ψ0 i
from |ψ1 i with high probability 1 −  (for the value of , see the discussion in appendix C).
This maximal number of groups is then called ‘effective size’ Neff . The most conservative
definition is then to call a superposition |ψi ∝ |ψ0 i + |ψ1 i macroscopic if Neff = O(N ), that is,
the average group size is independent of the system size N . A famous example of a macroscopic
superposition is the GHZ state with |ψ0 i = |0i⊗N and |ψ1 i = |1i⊗N . There, it suffices to measure
one particle (with σz ) to distinguish between |ψ0 i and |ψ1 i perfectly; therefore, Neff = N .
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Next we prove that all macroscopic superpositions in the above sense are asymptotically
incertifiable. First we deal with the case of perfect distinction (i.e.  = 0).
√
Proposition 2. Let |ψi = 1/ 2 (|ψ0 i + |ψ1 i) ∈ H be a normalized quantum state with
hψ0 |ψ1 i = 0. Assume that one can partition the N qubits into Neff ∈ {1, . . . , N } groups such
that measuring one group allows one to distinguish perfectly between |ψ0 i and |ψ1 i. Then, one
has
C(ψ) 6 q Neff

(27)

q = 1 − (1 − p) N /Neff .

(28)

with
If Neff = O(N )—that is, if |ψi is a macroscopic superposition—then |ψi is asymptotically
incertifiable.
Proof. It suffices to show that the trace distance between the noisy |ψi and the noisy orthogonal
state
1
(29)
|ψ ⊥ i := √ (|ψ0 i − |ψ1 i)
2
is upper bounded by q Neff . One has
C(ψ) 6 12 kE(|ψihψ| − |ψ ⊥ ihψ ⊥ |)k1
= 12 kE(|ψ0 ihψ1 | + |ψ1 ihψ0 |)k1
6 kE(|ψ0 ihψ1 |)k1 ,

(30)

which means that the decay of the off-diagonal element gives an upper bound on the certifiability
of |ψi. To avoid an overloaded notation, we assume that the size of every group equals
m = N /Neff . The generalization to different group sizes is straightforward. We now introduce
for every group a ‘group-local’ depolarization noise Eg which acts on a group of m qubits as
 ⊗m
1
Eg (ρ) = qρ + (1 − q) Trρ
.
(31)
2
Observe that we can rewrite the local depolarization channel as
⊗Neff
E ≡ E(1) ⊗ · · · ⊗ E(N ) = Ẽ ◦ Eg

(32)

with the ‘correction’ map Ẽ acting on a group of m qubits as
m−1
X
X
1⊗k
1
m−k
k
Ẽ(ρ) =
p
(1
−
p)
Tr
ρ
⊗
.
i
,...,i
1
k
1 − (1 − p)m k=0
2k
i <...<i
1

(33)

k

In appendix B, it is shown that Ẽ is a cp map. This property allows the invoking of the
contractivity of the trace norm, which implies that the trace norm of the off-diagonal element
eff
of (30) does not decrease if we only consider E⊗N
instead of E. In mathematical terms, using
g
theorem 9.2 of [16] we find
eff
kE (|ψ0 ihψ1 |)k1 6 kE⊗N
(|ψ0 ihψ1 |)k1 .
g
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Let us now consider the action of Eg on one group (without loss of generality the first
m qubits) and in particular the effect of tracing out all qubits of this single group. Since |ψ0 i
and |ψ1 i are perfectly distinguishable by measuring this group, there must exist an m-qubit
observable A such that A ⊗ 1⊗N −m |ψi i ≡ Ã |ψi i = (−1)i |ψi i for i = 0, 1. In particular, we
can construct A such that the only eigenvalues of A are 1 and −1, which implies that A2 = I .
Then, one easily verifies that, for every j = {1, · · · , m}, one has
Trj (|ψ0 ihψ1 |) = 12 Trj (|ψ0 ihψ1 |) + 12 Trj (|ψ0 ihψ1 |)
= 12 Trj (|ψ0 ihψ1 |) + 12 Trj ( Ã |ψ0 ihψ1 | Ã)
= 12 Trj (|ψ0 ihψ1 |) − 12 Trj (|ψ0 ihψ1 |) = 0.

(35)

This shows that tracing out any of the Neff groups maps the off-diagonal element |ψ0 ihψ1 | to the
zero-operator. The action of the group-local white noise is therefore given by
Eg ⊗ I (|ψ0 ihψ1 |) = q |ψ0 ihψ1 | ,

(36)

where I is the identity operation on the rest of the space. Putting everything together, we find
eff
C(ψ) 6 kE⊗N
(|ψ0 ihψ1 |)k1 = q Neff .
g

(37)

t
u
Note that√we have thus shown that a large-scale coherent macroscopic superposition
(|ψ0 i + |ψ1 i)/ 2 is effectively indistinguishable from the incoherent mixture
1
|ψ0 ihψ0 | + 21 |ψ1 ihψ1 |
2

(38)

in the presence of small amounts of local white noise.
Also, together with proposition 1 we conclude that no macroscopic superposition can be
the unique ground state of a local, gapped Hamiltonian.
Apart from the GHZ state, there are other quantum states that are macroscopic
superpositions in the sense of [7]; all of which are also incertifiable. We summarize two
instances.
Example 4. Consider a local graph state |Gi [3], that is, a graph state where the
neighbourhood of every vertex is independent of the system size. The superposition |Gi +
σz⊗N |Gi is macroscopic because one can locally distinguish between |Gi and σz⊗N |Gi by
measuring the (local) stabilizer operators. The effective size is roughly the system size divided by
average weight of the stabilizers. Note that with proposition 1, this macroscopic superposition is
necessarily represented by a non-local graph. A concrete example for |Gi are cluster states [2]
(with Neff = N /3 for the one-dimensional cluster state). Note also that, if G is the empty graph,
then |Gi + σz⊗N |Gi is the GHZ state (up to a local basis change).
Another instance is the superposition of the W state |N , 1i with the ‘inverted’ W state
|N , N − 1i. Measuring one particle gives a success probability of 1 − 1/N for the distinction
of those two quantum states. Therefore, the effective size equals N in the limit of large N .
The situation is more complicated in the case of  > 0. One can show that proposition 2
can be generalized to  > 0 under the assumption that the measurement on one group does not
influence the statistics of a following measurement on another group. The very same assumption
is also used to admit an important and hence undesired role for the value of , as noted in [9].
A detailed discussion and the proof can be found in appendix C.
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We conclude from the results in this section that for large system sizes it becomes infeasible
to experimentally verify the generation of coherent macroscopic superpositions in a strict sense.
However, we stress that if we relax the definition of a macroscopic superposition, we can find
certifiable states. For example, one can construct a so-called logical GHZ state, where the
physical qubits are replaced by logical qubits that are groups of m physical qubits. Define two
logical states |0L i , |1L i on each of the group. The logical GHZ state is then |0L i⊗n + |1L i⊗n ,
where n is the number of logical groups. If m = log n, the effective size equals n and does not
scale linearly with the system size N = n log n. And with a suitable choice of the encoding [19],
one can show—among other markers of stability—the certifiability of the logical GHZ state for
m = log n.7
Furthermore, there is hope to handle general ‘macroscopic quantum states’ (which is
a more general concept than ‘macroscopic superpositions’, based on the so-called quantum
Fisher information [20–22]). In [9], it is argued that there exist quantum states that behave
‘macroscopically’ in a similar sense as macroscopic superpositions. However, these quantum
states do not exhibit this structure of being a superposition of two ‘classical’ states. It is
important to note that Dicke states |N , ki (see example 3) with k = N /2 are such general
macroscopic quantum states and these states are asymptotically certifiable as shown in
example 3.
In short, to identify stable macroscopic quantum states, proposition 2 suggests either using
a sophisticated encoding or seeking the generation of general macroscopic quantum states.
6. The confusability index

In the example of the GHZ state, we found that small amounts of noise render |GHZi
indistinguishable from the orthogonal state |GHZ⊥ i. We say that these two states are
(asymptotically) confusable under white noise. This raises the question whether the GHZ state
is confusable with other states except |GHZ⊥ i. More generally, we may ask if there exist large
sets of mutually confusable states, i.e. are there sets {|ψ1 i, . . . , |ψn i} of mutually orthogonal
states, with n > 2, such that D(E(ψi ), E(ψj )) tends to zero faster than polynomially for every
i 6= j? Such states would display a fragility under noise which is stronger than seen in the case
of the GHZ state, since it would be experimentally infeasible to distinguish between any of
the n orthogonal states |ψi i in the presence of small amounts of noise. What is more, using an
argument similar to the one in section 2.1, the trace distance between E(ψi ) and any incoherent
mixture from the family


n
X
E
pj φj φj 
(39)
j=1

would tend to zero faster than polynomially as well, where { pi } is an arbitrary probability
distribution. This holds in particular for the equal mixture where pj = 1/n for all j. The latter
The choice of the encoding made in [19] is |0L i ∝ |0i⊗m + |1i⊗m and |1L i ∝ |0i⊗m − |1i⊗m . First, one shows that
|0L i⊗n + |1L i⊗n is distinguishable from |0L i⊗n − |1L i⊗n . The certifiability with respect to the remaining Hilbert
space is shown by constructing a Hamiltonian as the negative sum of the stabilizers of the logical GHZ state
that are at most m-local. The number of those stabilizers is N − 1. Therefore, the ground state space is two-fold
degenerated with the two states above as the ground states. Invoking proposition 3 of section 6, one can show that
the certifiability scales at least with p m /poly(N ) = n log p /poly(N ), which is polynomial in N .
7
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is a mixed state with entropy n log 2. In this sense, if n grows, the coherence of each of the
superpositions |ψi i is increasingly fragile.
In light of the above, we define the confusability index of a state |ψi in the presence of
white noise to be the largest integer n such that |ψi belongs to a set of n mutually orthogonal
and mutually confusable states. For example, the GHZ state has confusability index at least 2.
Below we argue that it is in fact precisely 2. Before doing so, we give two examples of states
with confusability index strictly larger than 2. These examples are constructed as generalizations
of the GHZ state. The first example deals with states with a constant confusability index
(i.e. independent of N ), the second example features states with superpolynomially large
confusability index. It remains an open question whether there exists an N -qubit state with
confusability index equal to 2 N . This would amount to an entire Hilbert space basis (i.e. 2 N
orthogonal states) such that all basis vectors are mutually confusable.
Example 5. Consider system sizes where N /m ∈ N for a fixed m ∈ N. Form groups of m qubits
and take |ii ( i = 1, . . . , 2m ) as the computational basis on this group. Define |ψi i = |ii⊗N /m and
superpose these states equally weighted but with different phases such that we get 2m orthogonal
states of the form
m

2
1 X iπ jk/2m
|9k i = √
e
ψj ,
2m j=1

(40)

k = 1, · · · , 2m . Then, these states are mutually confusable as long as m = O(1), because the
coherence terms ψ j ihψk vanish exponentially fast with N /m in the presence of white noise.
This can be proved using the techniques of the proof of proposition 2. In particular, under the
m
action
Pof small amounts of noise, all of these 2 states are indistinguishable from the mixture
−m
2
k |9k ih9k |.
Example 6. Define
1
|GHZkn i = √ (|0i⊗n + (−1)k |1i⊗n )
2

(41)

and then consider product states of the form
|9k1 ,···,km i = |GHZkN1/m i ⊗ · · · ⊗ |GHZkNm/m i

(42)

with kl ∈ {0, 1}. If m = O(N α ) with 0 6 α < 1, then the states |9k1 ,··· ,km i are mutually
confusable. This implies that each of these states has confusability index 2m . In particular, in the
presence of small amounts of white noise, each of these states becomes indistinguishable from
the mixture
2−m (|0ih0|⊗N /m + |1ih1|⊗N /m )⊗m .

(43)

This mixture has almost-linear entropy O(N α ) in the number of qubits N and is thus highly
incoherent.
We have thus shown that there exist states with very large confusability index. Next we
provide a technique to upper bound the confusability index of a state. The idea is to consider
gapped local Hamiltonians which have the state as a—possibly degenerate—ground state.
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Proposition 3. Let |ψi ∈ H be the ground state of a k-local Hamiltonian H with k H k6
poly(N ) and with ground state energy E 0 . Suppose that the ground space is n-fold degenerate
and suppose that the first exited energy E 1 satisfies |E 1 − E 0 | > 1/poly(N ). Then the
confusability index of |ψi is at most n.
The proof is obtained with similar techniques to the proof of proposition 1 and is omitted.
The idea is to show that any state orthogonal to |ψi with energy at least E 1 cannot be confusable
with |ψi since a measurement of the energy will be able to distinguish E(ψ) from such a state.
Therefore, the only states which may be confusable with |ψi are states in the ground space.
Since the degeneracy is n, the confusability index of |ψi is at most n. Proposition 3 can be used
to show that the confusability index of the GHZ state is precisely 2. To this end, consider −Jz2 ,
which is a local operator with a two-fold ground eigenspace spanned by |GHZi and |GHZ⊥ i.
Furthermore, the difference between the ground state energy and the first excited energy is
constant.
Finally, note that it may happen
that a quantum state |ψi is not confusable with |φ1 i but
√
|φ2 i but still confusable with 1/ 2(|φ1 i + |φ2 i). For example, define
1
N
N
N
N
|ψi = (|00i⊗ 2 + |01i⊗ 2 + |10i⊗ 2 + |11i⊗ 2 ),
2
1
N
N
|φ1 i = √ (|00i⊗ 2 − |11i⊗ 2 ),
2

(44)

1
N
N
|φ2 i = √ (|01i⊗ 2 − |10i⊗ 2 ).
2
√
Then |ψi is confusable with 1/ 2(|φ1 i + |φ2 i). However |ψi is not confusable
Pwith |φ1 i but |φ2 i
because these states can be efficiently distinguished by the local observable i=1,3,... σz(i) σz(i+1) .
Conversely, if a quantum state |ψi is confusable with two
√ states |ξ1 i and |ξ2 i, this does
|ψi
not necessarily mean that |ψi is confusable with (|ξ1 i + |ξ2 i)/
√ 2. For example, the state √
in the example above is confusable
with |ξ1 i = ((|φ1 i + |φ2 i) / 2 and |ξ2 i = (|φ1 i − |φ2 i) / 2,
√
but not with (|ξ1 i + |ξ2 i)/ 2 = |φ1 i.
7.  -extension of fragility criterion

It is straightforward to extend our fragility criterion to a situation where one considers not only
an initial pure state but also a certain neighbourhood of the state. This is similar in spirit to the
study of smoothed entanglement measures [23]. To this aim, one considers an -ball around
the initial state |ψi, i.e. the set of all density operators with trace distance <  to |ψihψ|.
More precisely, one identifies |ψi with its -ball environment. This is physically motivated
by the fact that a given measurement apparatus with a certain accuracy and a restricted number
of measurements has some finite accuracy δ. Even without taking noise or decoherence into
account, such a measurement will not be able to distinguish states within such an  ball as long
as  < δ, so that in such a situation all states in the -ball are indistinguishable. Similarly, for
any state |φi orthogonal to |ψi, one considers an -ball around it.
The state |ψi is then confusable with |φi in this smooth sense if—after the action of noise
E—there exist states in the noisy -balls around |φi and |ψi which are δ-close to each other.
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Notice that cp maps are contractive, i.e. the radius of the -balls in fact shrinks. This implies
that if a pure state is certifiable with C > δ and C > 2, the -ball around |ψi is also certifiable in
the sense that we can experimentally exclude the -ball environment of any initially orthogonal
state. On the other hand, states within the immediate neighbourhood of an incertifiable state (i.e.
the -ball of |ψi contains an incertifiable state) are then considered as fragile in this smooth
sense.
8. Summary and conclusions

We have introduced a fragility criterion that is based on the distinguishability of orthogonal
states in the presence of small amounts of noise E and finite measurement precision δ. The
basic idea is that if a quantum state |ψi is indistinguishable from an orthogonal state |ψ ⊥ i in
this sense, it is also indistinguishable from any incoherent mixture a |ψihψ| + (1 − a)|ψ ⊥ ihψ ⊥ |,
that is, the coherence of |ψi is not fully certifiable in the experiment. This general principle
was pursued for local depolarization channels, where we were in particular interested in the
asymptotic behaviour of states defined in large systems. Our investigation is similar in spirit to
other proposals aimed at characterizing the instability or fragility of certain quantum states. In
particular, our work connects to the programme of explaining the appearance of the classical
(macroscopic) world out of quantum mechanics with the help of decoherence. A notable feature
of our contribution is that the fragility criterion proposed in this paper gives rise to qualitative
differences between various classes of many-body qubit states (e.g. product states versus GHZ
states). This is in contrast to other quantities like fidelity or entropy, which behave similarly for
many state families, especially when considering noise processes which map any state to a full
rank density operator (such as local white noise, as considered in this paper). For example, the
entropy scaling of a product state and a GHZ state under the action of local white noise will be
qualitatively very similar, in both cases growing linearly with the system size.
We found that product states are asymptotically certifiable, that is, one can distinguish
them from noisy orthogonal states with a finite measurement precision and in the presence of a
small amount of white noise. More generally, we proved that all unique ground states of local,
gapped Hamiltonians are certifiable. This includes interesting classes of states like Dicke states
and graph states with a bounded degree, such as cluster states.
In contrast, the entire class of macroscopic superpositions was shown to be asymptotically
incertifiable. If |ψi ∝ |ψ0 i + |ψ1 i is macroscopic (where macroscopicity is defined relative to
several measures currently used in the literature), the application of the individual depolarization
channels render this quantum state indistinguishable from |ψ0 ihψ0 | + |ψ1 ihψ1 |. Since the states
|ψ0 i and |ψ1 i do not have any ‘macroscopic quantum properties’, the ‘macroscopicity’ of |ψi
cannot be certified in a realistic scenario. As for experiments, this implies that for large N it
is in practice impossible to certify the generation of, for instance, the GHZ state. However, as
discussed in section 2.3, for any fixed system size, the certifiability of any Schrödinger cat state
can be increased by using a sophisticated encoding to protect (to a certain extent) the quantum
information of the state. This is in the same spirit as error correction for quantum computation.
In addition, more general macroscopic quantum states that are not a superposition of exactly two
‘classical’ states may in principle still exhibit stability, i.e. such states are a priori not covered
by our results.
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Finally, we constructed GHZ-like examples of state families that are confusable with
(super-polynomial) many orthogonal states.
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Appendix A. Basic terminology

A.1. Order
Throughout this paper, the order of a quantity is always understood as with respect to the system
size N . We use the following definitions: f (N ) = O(N x ) :⇔ lim N →∞ f (N )/N x exists and is
strictly greater than zero; f (N ) = o(N x ) :⇔ lim N →∞ f (N )/N x exists and equals zero.
A.2. Trace norm
√
The trace norm k·k1 of a linear operator A is defined as kAk1 := Tr |A| ≡ Tr A A† or,
equivalently, as the sum of its singular values. If A is hermitian, the trace norm equals the
sum of the moduli of the eigenvalues of A. Therefore, the trace norm of any quantum state is
unity. The trace norm is multiplicative, that is, k A ⊗ B k1 = k Ak1 k B k1 .
A.3. Pauli operator
The three Pauli operators (σx , σ y , σz ) ≡ (σ1 , σ2 , σ3 ) : C2 → C2 are linear, hermitian and
traceless operators with spectra {−1, 1} that fulfil the commutation relations [σj , σk ] = 2i jkl σl
and form (together with the identity operator 1 ≡ σ0 ) an orthogonal basis of the space of
complex two-by-two matrices.
A.4. Pauli basis
In the space of all complex matrices that map elements of C2⊗N onto C2⊗N , one can use
the Pauli basis that consists of tensor products of the Pauli operators and the identity, that is,
σi1 ⊗ · · · ⊗ σi N with i k ∈ {0, · · · , 3} for all k.
A.5. Weight
Given an operator σ = σi1 ⊗ · · · ⊗ σi N of the Pauli basis, its weight w(σ ) is defined as the
number of matrices in the tensor product which are different from the identity. More formally,
w(σ ) = |{k ∈ {1, . . . , N } : i k 6= 0}|.
Appendix B. Lemma for proof of proposition 2

The following lemma is used to prove proposition 2.
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Lemma 1. For every p ∈ (0, 1] and m ∈ N, the linear map
Ẽ : D(C⊗m ) → D(C⊗m )
m−1
X
X
1
1⊗k
m−k
k
ρ 7→
p
(1
−
p)
Tr
ρ
⊗
i 1 ,...,i k
1 − (1 − p)m k=0
2k
i <...<i
1

(B.1)

k

is a cp map.
it suffices to show that one can write (B.1) as an operator
Proof. According to [16,
P theorem 8.1],P
sum, that is, Ẽ(ρ) = j K j ρ K j† with j K j† K j = 1⊗m . We prove in the following that this is
√
possible with the choice K j = cj σ j(i1 1 ) . . . σ j(ik k ) where
cj =

4k

1
p m−k (1 − p)k .
[1 − (1 − p)m ]

(B.2)

Note that j is a multi-index defined as j(k) ≡ j = ( j1 , i 1 , · · · , jk , i k ) with jl ∈ {0, . . . , 3} and
1 6 i 1 < · · · < i k 6 m. The index represents a specific choice of k qubits and the respective
Pauli operators acting on them.
If k = 1 P
in (B.1), that is, if a single particle is traced out, one can easily verify that
Tri ρ ⊗ 1 = 12 3j=0 σ j(i) ρσ j(i) . If more particles are traced out, we observe that



Tri1 ,...,ik ρ ⊗ 1⊗k = Tri1 Tri2 . . . Trik (ρ) . . . ⊗ 1⊗k




3
3
3


X (i ) X (i )
X (i ) (i )
(i 2 )
1
2 
k
k

=
σ j1
σ j2
...
σ jk ρσ jk . . . σ j2
σ j(i1 1 )


j1 =0

1
= k
2
1
= k
2

j2 =0

3
X

jk =0

σ ji11 . . . σ jikk ρσ ji11 . . . σ jikk

j1 ,..., jk =0
3
X

1
K j ρ K j† .
c
j ,..., j =0 j
1

(B.3)

k

P
P
Therefore, we have shown that Ẽ(ρ) = j K j ρ K j† . We are left to prove j K j† K j = 1⊗m . First,
P
note that the partial sum j:k=const K j† K j consists of 4k addends which are equal to cj 1⊗m .
Therefore
X
j

K j† K j

=

m−1 X
X
k 0 =0 j:k=k 0

†
K j(k)
K j(k)

=

m−1
X

4k cj 1⊗m

k=0

m−1
X
1
=
p m−k (1 − p)k 1⊗m = 1⊗m .
m
1 − (1 − p) k=0

For the last equality, we use the binomial theorem.
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Appendix C. Fragility of macroscopic superpositions with finite success probability

In this section, we extend proposition 2 of section 5 to the case where the success probability
P = 1 −  is not unity, that is, the measurement of one subgroup does not give us full certainty
whether |ψ0 i or |ψ1 i was present before. For  > 0, the situation is more complex than for  = 0.
First of all, it is not clear how the threshold of  should be set. In [9], an example is
discussed, where Neff = 2(N + 1), which admits a prominent and hence undesired role to  for
Neff . There, it has been argued that the additional requirement that the measurements on any
group does not influence the measurement outcomes on any other group resolves this problem.
Mathematically, let A(i) and A( j) be two measurements that act on any two different groups
i and j, respectively, and distinguish optimally between |ψ0 i and |ψ1 i. We then demand that
hA(i) A( j) iψk = hA(i) iψk hA( j) iψk + o(1) for k = 0, 1 and for almost all groups i, j. It turns out that
this requirement is also useful for the extension of proposition 2 if  > 0.
√
Proposition 4. Let |ψi = 1/ 2 (|ψ0 i + |ψ1 i) ∈ H be a macroscopic superposition (with respect
to [7]) with Neff = O(N ). Suppose a success probability to distinguish |ψ0 i from |ψ1 i of P =
1 −  with 0 <  < 1/2 for any group. Furthermore, the outcome for the optimal measurement
of any group shall not influence the measurement of any other group. Then, for p ∈ (0, 1), there
exist q,  ∈ (0, 1) such that
C(ψ) 6 [q + (1 − q)] Neff .

(C.1)

The proof uses some expressions that were introduced in the proof of proposition 2.
Proof. Denote the optimal measurement operator on group i by A(i) with spectrum {−1, 1}.
The success probability to distinguish |ψ0 i from |ψ1 i is then given by ([7]) P = 1/2 +
1/4 hA(i) iψ0 − hA(i) iψ1 . Without loss of generality, we assume that hA(i) iψ0 = 1 −  and
hA(i) iψ1 = −1 +  for all i. The projection onto the measurement outcome l is denoted by
(i)
5l(i) . Then, one finds the probabilities p0,l
= k5l(i) |ψ0 ik ∈ {1 − /2, /2} for l ∈ {+1, −1},
(i)
respectively, and p1,l
∈ {/2, 1 − /2} for |ψ1 i. Note that the independence of the measurements
(i, j)
(i) ( j)
(i) ( j)
lead to p0,ll 0 = k5l 5l 0 |ψ0 ik = p0,l
p0,l 0 and similarly for |ψ1 i.
Continuing with (34) from the proof of proposition 2, one has
eff
C(ψ) 6 kE⊗N
(|ψ0 ihψ1 |)k1
g

6

Neff
X

q Neff −k (1 − q)k

X

kTr j1 ,..., jk |ψ0 ihψ1 |k1 ,

(C.2)

j1 <...< jk

k=0

where we now trace out entire groups denoted by jl . Let us consider a single term
(j )
(j )
(j )
(j )
kTr j1 ,···, jk |ψ0 ihψ1 |k1 . We insert twice the identity (5+11 + 5−11 ) . . . (5+1k + 5−1k ) within the
trace and get
kTrj1 ,···, jk |ψ0 ihψ1 |k1

X
= kTrj1 ,···, jk 


(j )
(j )
5l1 1 . . . 5lk k |ψ0 ihψ1 |

l1 ,···,lk =±1

X
l10 ,···,lk0 =±1

(j )
(j )
5l 0 1 . . . 5l 0 k  k1
1

k

!

= kTrj1 ,···, jk

X

(j )
(j )
(j )
(j )
5l1 1 . . . 5lk k |ψ0 ihψ1 | 5l1 1 . . . 5lk k k1

l1 ,···,lk =±1
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X

ED
kTr j1 ,···, jk (1 − /2)L (/2)k−L ψ0l1 ,···,lk ψ1l1 ,···,lk (1 − /2)k−L (/2)L k1

l1 ,···,lk =±1

= [(1 − /2) ]k ≡  k ,

(C.3)

(i)
l1 ,...,lk
where we use 5l(i) 5l(i)
i is the normalized state after the application of the
0 = ll 0 5l . |ψi
P
projections onto |ψi i and L = l1 ,...,lk =±1 θ(lk ) the number of positive eigenvalues. With this
and the binomial theorem, one can estimate (C.2) further to

Neff
Neff 
X
X
X
Neff
Neff −k
k
k
C(ψ) 6
q
(1 − q)
 =
q Neff −k (1 − q)k  k = [q +  (1 − q)] Neff .
k
j <...< j
k=0
k=0
1

k

(C.4)
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[19] Fröwis F and Dür W 2011 Phys. Rev. Lett. 106 110402
[20] Helstrom C 1976 Quantum Detection and Estimation Theory (New York: Academic)
[21] Braunstein S L and Caves C M 1994 Phys. Rev. Lett. 72 3439
[22] Holevo A S 2011 Probabilistic and Statistical Aspects of Quantum Theory (Berlin: Springer)
[23] Mora C E, Piani M and Briegel H J 2008 New J. Phys. 10 083027

New Journal of Physics 15 (2013) 113011 (http://www.njp.org/)

