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FÜR

I N F O R M A T I K

Stuhlsatzenhausweg 85 66123 Saarbrücken Germany





Authors’ Addresses

Christian Fuchs
Max-Planck-Institut für Informatik
Stuhlsatzenhausweg 85
66123 Saarbrücken
cfuchs@mpi-sb.mpg.de

Michael Goesele
Max-Planck-Institut für Informatik
Stuhlsatzenhausweg 85
66123 Saarbrücken
goesele@mpi-sb.mpg.de

Tongbo Chen
Max-Planck-Institut für Informatik
Stuhlsatzenhausweg 85
66123 Saarbrücken
tongbo@mpi-sb.mpg.de

Hans-Peter Seidel
Max-Planck-Institut für Informatik
Stuhlsatzenhausweg 85
66123 Saarbrücken
hpseidel@mpi-sb.mpg.de



Abstract

We introduce an empirical model for multiple scattering in heterogeneous
translucent objects for which classical approximations such as the dipole
approximation to the diffusion equation are no longer valid. Motivated by
the exponential fall-off of scattered intensity with distance, diffuse subsur-
face scattering is represented as a sum of exponentials per surface point
plus a modulation texture. Modeling quality can be improved by using an
anisotropic model where exponential parameters are determined per surface
location and scattering direction. We validate the scattering model for a set
of planar object samples which were recorded under controlled conditions
and quantify the modeling error. Furthermore, several translucent objects
with complex geometry are captured and compared to the real object under
similar illumination conditions.



1 Introduction and Motivation

Translucency is an important effect in realistic image synthesis – many daily
life objects such as skin, fruits, or wax are translucent. Although the per-
ception of translucency is not yet fully understood [FJB04], it is clear that
humans immediately notice when translucency is wrongly missing. While
many recent publications deal with the rendering side of translucent objects
(see, e.g., [JMLH01,CTW∗04,GLL∗04] for a comprehensive overview), only
very few deal with the problem of creating digital models of real translucent
objects with heterogeneous material properties as shown in Figure 1.

The light scattering behavior inside a translucent object can be captured
by determining a detailed volumetric model of the object’s internal structure.
Given light transport parameters for each point on the object’s surface and
inside its volume and a sufficiently accurate (and complex) light transport
simulation, perfect photorealistic renderings of the object under arbitrary
lighting conditions can be created. Unfortunately, both model creation and
evaluation are quite complex and resource-consuming. Chen et al. [CTW∗04]
propose therefore e.g. to measure scattering parameters for homogeneous
materials as described in [JMLH01] and to determine their volumetric dis-
tribution using solid texture synthesis or classification methods for volume
datasets. Alternatively, the object’s complete light interaction properties
can be recorded in the form of a general BSSRDF [NRH∗77] or reflectance
field [DHT∗00]. By introducing the assumption that light transport is dom-
inated by diffuse multiple scattering, the problem’s dimensionality can be
greatly reduced yielding a reasonable acquisition and storage effort [GLL∗04].

Although its modeling capabilities are limited, many rendering systems
use the dipole approximation to the diffusion equation [JMLH01] to model
the multiple scattering contribution inside translucent objects. Light trans-
port in strongly heterogeneous objects such as the example shown in Figure 1
can however not be modeled faithfully. Determining model parameters for
locally non-flat objects by inverting the dipole approximation is furthermore
not possible due to the underlying assumption of an infinite half-space of
homogeneous material.

The goal of this paper is to introduce an empirical BSSRDF model
which compactly describe the multiple scattering properties of inhomoge-
neous translucent objects based on real measured data. Global light trans-
port due to multiple scattering inside the object is hereby modeled by a
sum of exponential functions per surface point. Additional surface detail
is included by a modulation texture. Anisotropic scattering behavior (e.g.
caused by material with preferred scattering direction or heterogeneous ma-
terial structure) can be modeled if exponential parameters are determined
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per surface location and scattering direction. By moving from the physi-
cally motivated dipole model to a more general representation, we gain the
required degrees of freedom to describe the inhomogeneities which can in-
clude a non-monotonic fall-off or rotationally asymmetric behavior. Still, the
model is well enough adapted to the multiple scattering behavior to model
its properties realistically.

The remainder of the paper is structured as follows: After reviewing pre-
vious work in Section 2 we describe the empirical model in detail (Section 3).
We then validate our approach by acquiring subsurface scattering models for
a set of planar material samples and analyzing the resulting errors and the
modeling quality (Section 4). We show that heterogeneous objects can be
described better by the proposed model than by a spatially varying dipole
model. In Section 5, we furthermore create complete models for several
complex objects to prove the applicability of the approach for objects with
complex geometry for which measurement conditions are more difficult.

2 Previous Work

Compared to the number of publications dealing with various rendering as-
pects of translucent objects there are only a few papers about object model-
ing. Jensen et al. [JMLH01] introduced the dipole approximation to model
the light transport in homogeneous translucent objects. They furthermore
measured the required physical properties (scattering and absorption coef-
ficients) for several materials and provided a heuristic to create synthetic
inhomogeneous models. This process has been made more intuitive by a repa-
rameterization of the scattering parameters in [JB02]. Shell texture functions

Figure 1: Left: Alabaster block with heterogeneous scattering properties un-
der diffuse illumination (image contrast enhanced). Right: Resulting asym-
metric highlight when a single point on the surface is illuminated.
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(STF) [CTW∗04] are a general texture function for complex objects intended
as a fast rendering primitive. STFs can model translucency by combining
a volumetric model of a thick material layer on an object’s surface with a
homogeneous object core. Scattering models for real heterogeneous objects
can be acquired using standard volume modeling techniques which assign
materials per voxel. Corresponding physical properties can then be looked
up in published tables such as in [JMLH01].

The above techniques determine essentially the volumetric distribution of
material properties. Creating exact models in this way is difficult as the vol-
ume is normally not directly accessible for measuring. Translucent objects
can however also be modeled by database approach such as a reflectance
field [DHT∗00] which is closely related to the BSSRDF [NRH∗77]. Due to
their size and complexity these full 8D data structures are extremely cum-
bersome to acquire and handle in the general case. One approach to reduce
complexity is to neglect the directional dependence of the data (treating
the single scattering contribution as multiple scattering). This technique is
used in the DISCO system [GLL∗04] to acquire the 4D diffuse subsurface
reflectance function as point-to-point transfer factors.

The goal of this paper is to combine the advantages of both approaches:
Acquisition is performed similar to the DISCO approach which allows to
efficiently capture a large amount of reflectance samples. These samples
are then used to determine the parameters of an empirical reflection model
to create a compact representation of the object and to easily interpolate
missing values.

3 Subsurface Light Transport Model

Jensen et al. [JMLH01] proposed to approximate multiple scattering in inho-
mogeneous materials by a set of coefficients for the dipole model per incident
light position and a global modulation texture. Our model for subsurface
light transport is based on their ideas but introduces two modifications:
Modeling light fall-off by a sum of exponential functions and introducing
an anisotropic component to model material behavior that depends on the
scattering direction at each surface location.

3.1 Sum of Exponentials

The behavior of multiple scattering is strongly dominated by the exponential
fall-off of the intensity. We therefore replace the physically motivated dipole
model by a sum of exponential functions per incident light position. This
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empirical approach improves modeling capabilities for heterogeneous material
and allows to adapt to a more general surface geometry The model for the
diffuse subsurface reflectance Rd between the incoming and outgoing position
~xi and ~xo, respectively, becomes then:

Rd(~xi → ~xo) =
n∑

k=1

ck(~xi) · e
dk(~xi)|~xo−~xi|. (1)

The multiple scattering behavior is determined for each surface position by
the parameters ck(~xi) and dk(~xi). Note that these parameters have no phys-
ical interpretation. In our experience, n = 3 proved to be sufficient for
most materials (see Section 5 for more details). For physically plausible
behavior, we have to ensure convergence during the modeling process, i.e.,
Rd(~xi → ~xo) → 0 for |~xi − ~xo| → ∞.

While the global light transport is modeled by the sum of exponentials,
volumetric structures close to the surface at an outgoing position ~xo are still
modeled by a modulation texture α(~xo), i.e., the overall diffuse scattering
contribution Sd is

Sd(~xi → ~xo) = α(~xo)Rd(~xi → ~xo). (2)

This provides a reasonable compromise between a full volumetric model that
can also model parallax effects inside the material and modeling efficiency
while still providing means to represent realistic surface structures.

3.2 Anisotropic Model

Like previous models, the above model assumes a rotationally symmetric
behavior of the multiple scattering component. This is frequently inaccu-
rate, e.g., for heterogeneous material (see Figure 1) or for material with a
preferred scattering direction. We therefore introduce an anisotropic model
by determining a set of parameters for the exponential model per direction
between ~xi and ~xo. For rendering, we blend between their contributions us-
ing a suitable weighting function wl(~xi, ~xo) (e.g., a hat function for linear
interpolation):

Rd(~xi → ~xo) =
m∑

l=1

wl(~xi, ~xo)
n∑

k=1

ckl(~xi) · e
dkl(~xi)|~xo−~xi|. (3)

4 Validation for Planar Surfaces

To validate our model for diffuse subsurface light transport against real data
we first perform tests for planar surfaces. This removes many possible error
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Figure 2: Planar acquisition setup. The laser beam hits the test surface
almost perpendicularly from a distance dl of about 850 mm. The camera
observes the surface from the closest possible angle without obstructing the
laser and a distance dc of about 600 mm.

sources during acquisition and allows us to study the quality of the model for
heterogeneous materials and simple geometry under ideal conditions. Mea-
surements of real objects with complex geometry show the practical applica-
tions and limitations in Section 5.

4.1 Acquisition Setup

The acquisition setup for planar surfaces is shown in Figure 2. The focused
beam of an Omicron-Laserage 3-color laser projector illuminates the surface
perpendicularly. Images of a small measurement area (typically 20×20 mm)
are captured separately per color channel with a photometrically calibrated
black-and white high-dynamic range video camera (SiliconVision Lars III).
The narrow laser spot sweeps the surface densely and the spot location in
captured images is determined with sub-pixel accuracy. For each pixel, we
select the input image where the laser spot position ~xi is best centered in the
pixel’s sampling area in order to achieve a near-regular sampling. All pixels
with intensity values above a threshold defined by the camera noise floor are
then directly used as samples s(~xi, ~xo) of the diffuse scattering contribution
Sd(~xi → ~xo) for further processing. Depending on the material, the dynamic
range of used samples is on the order of 1:10,000.

4.2 Model Fitting

The acquisition process yields a dense sampling of Rd. Each pixel directly
lit by the laser in one of the selected input images defines a location ~xi. All
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other valid pixels in one of these images are samples of Rd(~xi → ~xo). The
parameters of the proposed model are computed in a two step process.

First, the parameters ckl(~xi) and dkl(~xi) of the diffuse reflectance function
Rd are fitted for each selected input image (corresponding to the spot location
~xi) using standard Levenberg-Marquardt optimization. We use an objective
function

Ol = log

∑n

k=1 ckl(~xi) · e
dkl(~xi)|~xo−~xi|

s(~xi, ~xo)
(4)

with logarithmic error model. This leads to a uniform distribution of rela-
tive errors independent of the absolute intensity values and is therefore well
adapted to the problem. In the anisotropic case, only those samples are
included in the fitting that are associated with the direction under consider-
ation.

Experiments with three channel RGB data have shown that in some cases
fitting stability can be improved and modeling error decreased by determining
only a single set of parameters ckl(~xi) and dkl(~xi) for the exponential fall-off.
Color is thus modeled as a scale factor per channel avoiding (and suppressing)
color shifts with distance. The model from Equation 3 becomes then

Rd(~xi → ~xo) =




1
sg(~xi)
sb(~xi)




m∑

l=1

wl(~xi, ~xo)
n∑

k=1

ckl(~xi) · e
dkl(~xi)|~xo−~xi| (5)

with scaling factors sg(~xi) and sb(~xi) for the green and blue color channel,
respectively.

Once the parameters of the exponential model are known, the modulation
texture α(~xo) can be determined as average multiplicative correction factor

α(~xo) =
1

|X |

∑

X

s(~xi, ~xo)

Rd(~xi → ~xo)
(6)

using all samples X within a medium intensity range, i.e., X := {~xo | t1 >

s(~xi, ~xo) > t2} with thresholds t1 and t2. The scattering behavior of these
samples is dominated by multiple scattering and camera noise is still at a
minimum.

4.3 Results

Figure 3 shows the reflectance samples collected for a single image and a sin-
gle color channel of the marble example (Figure 5). Both the dipole model
and the proposed exponential model were fitted to the captured data. The
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Figure 3: Comparison between dipole model and exponential model. The
data corresponds to a single lit surface point in the marble example (Fig-
ure 5).

comparison does not include the modulation texture α(~xo). It can be clearly
seen that the sum of exponentials approximates the data much better than
the dipole model. Furthermore, the error of the dipole model correlates
strongly with the marble structure seen on the left whereas it is more uni-
formly distributed for the exponential model.

Figure 4 left shows an example image for a piece of inhomogeneous marble
illuminated by a laser spot and the corresponding reconstruction using the
isotropic model with modulation texture. The reconstruction error

E(~xi → ~xo) =
α(~xo)Rd(~xi → ~xo)

s(~xi, ~xo)
(7)

for this image is shown on the right for the case of an isotropic and a 4
and 8 segment anisotropic model, respectively. The error clearly decreases
for the anisotropic case. This is also evident in Figure 5 right where the
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material isotropic anisotropic model
model (8 segments)

marble 0.0397 0.0175
apple 0.0045 0.0020
sponge 0.0411 0.0307
candle (chunky) — 0.0082
grey marble (polished) — 0.0590
grey marble (diffuse) — 0.0288

material isotropic anisotropic model
model (8 segments)

marble 0.0336 0.0189
apple — —
sponge — —
candle (chunky) 0.0225 0.0162
grey marble (polished) 0.2354 0.1680
grey marble (diffuse) 0.0691 0.0566

Table 1: Mean of reconstruction error E(~xi) for various planar samples (green
channel). The upper pair of values show the error when fitting the full ex-
ponential model per color channel (Equation 3). The lower pair of values (in
italics) show the error when fitting a single exponential fall-off (Equation 5).

reconstruction error E(~xi) defined as

log E(~xi) =

√
1

|X |
·
∑

X

(log E(~xi → ~xo))2 (8)

with X := {~xo | s(~xi, ~xo) > t} and a threshold t is plotted for all image
locations l. Table 1 gives the mean of the error E(~xi) for various materials
and the two versions of the exponential model. It is evident that the more
general model shown in Equation 3 yields only in some cases a smaller overall
error than the model with a single exponential fall-off and scaling factors for
the individual channels (Equation 5). The anisotropic version yields however
in both cases a lower mean reconstruction error.

5 Modeling Arbitrary Surfaces

To acquire data from objects with complex geometry, we built an acquisi-
tion setup similar to the one used for the DISCO system [GLL∗04]: The
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object is placed on a turntable, point-wise illuminated by a laser projector
and captured with the HDR video camera from various positions. Data is
then collected from all images in which a particular location on the object
was illuminated yielding an incident light position ~xi and a set of reflectance
samples s(~xi, ~xo) located on the object surface. The object geometry is mod-
eled as a triangular mesh. Similar to the planar case, we select for each vertex
in the mesh the closest light position ~xi and derive per-vertex parameters for
the exponential model from this set of samples.

Compared to the planar case, model fitting becomes much more difficult
due to several reasons: First, geometry and surface effects such as first surface
reflection and interreflections become important and change the total scat-
tering behavior. For thin geometric structures and optically thin material,
single scattering can be observed. Depending on the configuration during
acquisition, data is only sparsely available and sampled irregularly. Finally,
uncertainty in the observed data increases drastically due to inaccuracy in
the geometry model, misregistration between input images and geometry and
other measurement error. Fitting of the anisotropic model as described in
Equation 5 proved to be too unstable. We therefore resorted to the isotropic
model with a single exponential fall-off for all three color channels

R̃d(~xi → ~xo) = α(~xo) ·




1
sg(~xi)
sb(~xi)


 ·

n∑

k=1

ck(~xi) · e
dk(~xi)|~xo−~xi|. (9)

All parameters (sg, sb, ck, dk) are determined per-vertex with n = 3 using
Levenberg-Marquardt optimization. The modulation texture α(~xo) is deter-
mined as higher resolution texture. In cases where fitting still was unstable
(mainly due to incorrect detection of the highlight position on the geome-
try), the number of exponents n was reduced, vertices for which no stable fit
could be achieved were were filtered out and interpolated from neighboring
vertices.

5.1 Results

Fig. 6 compares photon map renderings [Jen01] of a captured model to real
images of an alabaster pig under similar lighting conditions. In the top
example, a point light source was placed directly behind the object so that
only scattered light is visible. The second example is illuminated from the
right; parts of the model are in direct illumination.

The exponential model represents many of the scattering effects such as
the dark leg in the top example quite well. Most of the local surface detail is
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preserved by the modulation texture. The body of the pig appears however
too bright and regions close to incident illumination are often underestimated.
This is caused by several effects including first surface reflection and single
scattering, uncertainty in the modeling and rendering artifacts – effects that
are mostly avoided in the planar example. These artifacts are also much less
visible in typical scenes with partially front-lit objects (see Fig. 6 (bottom)
and the accompanying video).

Figure 7 shows the candle model next to a photograph of the real candle
under similar illumination. Again, the intensity far away from incident light
positions is overestimated. First surface reflection of the quite specular is
suppressed in the photograph by a pair of polarizing filters to make the
images comparable.

6 Conclusion and Future Work

We presented a new empirical model for translucent objects that models
diffuse multiple scattering as a sum of exponential functions. We first showed
the validity of the model for planar geometry and compared it to the dipole
model. The planar examples demonstrate also that the anisotropic version
improves the quality of the resulting models and is therefore preferable.

Complexity increases when the model is applied to objects with complex
geometry. This is mainly due to new sources of uncertainty in the measure-
ment process and not due to fundamental limitations of the proposed model.
Nevertheless, the resulting models look convincing despite the remaining ar-
tifacts. These become even less visible if the models are illuminated with
more common “soft lighting” instead of hard point light source illumination.

Overall, the proposed model provides a good approximation to the mul-
tiple scattering behavior of heterogeneous translucent objects. Final models
are small (typically on the order of 5 MB) and well suited for fast rendering.
While the final goal to efficiently acquire and handle translucent objects has
certainly not yet been reached, we believe that the presented work serves as
an important step in this direction.

An open problem for the future is acquiring the single scattering contri-
bution for inhomogeneous translucent objects. This would strongly enlarge
the class of possible materials but it also strongly increases complexity due
to the directional variation of single scattering. A further direction for future
work is certainly the simplification and acceleration of the acquisition process
in order to make the technique applicable for a broader audience.
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Figure 4: The marble example. Left: Input image and corresponding recon-
struction (isotropic model with modulation texture, logarithmically scaled
intensities). Right: Corresponding reconstruction error E(~xi → ~xo) in the
green channel for the isotropic model and the anisotropic model with 4 and
8 segments.

Figure 5: The marble example (contd., images show same surface area as
in Figure 4). Left: Modulation texture and diffusely lit surface (black and
white due to the camera used). Right top: Error E(~xi) for the model from
Equation 5 in the green channel (isotropic model and anisotropic model with
4 and 8 segments). Note that E(~xi) = 1 means perfect reconstruction. Right
bottom: Error E(~xi) for the dipole model in the green channel (isotropic
model and anisotropic model with 4 and 8 segments).
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Figure 6: Comparison between renderings of our model (left) and pho-
tographs of the alabaster pig under similar lighting conditions. Top: Model
illuminated by a point light source from behind. Bottom: Model illuminated
from the right.

Figure 7: Comparison between rendered candle model and photograph both
illuminated from the right. A pair of polarizing filters was used to suppress
the specular reflection off the candle.
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