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Chapter 1

Introduction

Multistationarity means the existence of at least two positive steady state solutions to a system of
Ordinary Differential Equation (ODEs) derived from a biochemical reaction network. It is an interesting
question in its own right: one is looking for the number of positive solutions to a system of polynomial
equations in the unknown concentrations with, in most application cases, unknown rate constants.
From a mathematical point of view this question is still unanswered. There exists a variety of results
that gives an upper bound for the number of (positive) solutions to a system of polynomials. However,
whether or not a given system of polynomials actually has the predicted number of zeros can usually
not be decided (among these results are Descartes rule of signs for positive solutions and Bernstein’s
and Bezout’s Theorem for all solutions, including negative and complex; see, for example, [13, 14]
and [62]). Moreover, all of these results hold for systems of polynomials with known coefficients. The
question whether or not a system of polynomial equations with unknown coefficients can admit at least
two positive solutions has received little attention in mathematics.

In Chemical Engineering, in the so-called Chemical Reaction Network Theory (CRNT) by Martin
Feinberg and his co-workers this question has received some attention [30, 24, 25, 26, 55, 28, 22,
21]. Here, the special structure of equations defined by a (bio)chemical reaction network with mass
action kinetics is used to derive necessary and sufficient conditions for the existence of at least two
positive solutions. These results, however, require that that the network under consideration has
certain structural properties. Only recently these results have been recognized in the mathematical
literature, for example in [33, 35].

The approach taken in this thesis is inspired by CRNT, even though it has been derived independent of
the aforementioned references. In particular the results used to decide about multistationarity presented
in Chapter 3 are not based on CRNT (albeit resulting from an attempt to give a self-contained proof of
the results given in [25, 27] and [23]). The results described in Chapter 3 are in fact complementary to
those presented in the aforementioned references: they can be successfully applied, where CRNT fails,
while CRNT might be successfully applied, where the results of Chapter 3 fail (see Chapter 5, where
multistationarity is confirmed for two networks, for which CRNT is inconclusive).

Only recently CRNT has been applied to biochemical reaction networks, in a Systems Biology inspired
context, that is, in a context, where the analysis of large and complex reaction networks is required
and where parameter uncertainty is predominant. Often, in this context, qualitative knowledge about
the dynamics of the system exists; for example, it might be known from experimental observations
that the system exhibits bistability or some other form of multistationarity. Suppose there are different
hypotheses, each corresponding to a different reaction network with uncertain parameters, related
to a specific biological process. Suppose, furthermore, that a certain qualitative behaviour has been
observed in experiments. It is then natural to ask which of the postulated networks can, for some
conceivable parameter vector, exhibit the observed behaviour. To this end, CRNT has been applied in
[15, 16, 17, 18]: suppose experimental evidence suggests that the system under consideration admits
different steady states, as is, for example, the case in signal transduction networks and cell cycle
regulation. Further suppose, all hypotheses lead to reaction networks that can be analysed using CRNT.
Then all networks corresponding to hypotheses where multistationarity is excluded for any conceivable
parameter vector can be discarded, as these networks can never reproduce the experimental behaviour.
With a similar goal CRNT has been applied in [10, 11, 12] (see also Chapter 4, where a similar analysis
is performed using the results presented in Chapter 3).



2 CHAPTER 1. INTRODUCTION

In many cases, a certain qualitative behaviour, like multistationarity has been observed for rate con-
stants that vary over a wide range of values. Traditionally, one therefore concludes that the system
is robust with respect to changes in these rate constants. Using the results of Chapter 3, it is, for
certain network structures, possible to obtain a parameterization of rate constants that can serve as an
explanation of this robustness. Moreover, in these cases, it is possible to obtain analytical expressions
of ’critical points’ and ’critical parameters’, that is points where certain bifurcations occur.

The outline of this thesis is a follows: in Chapter 2, the notation used to describe biochemical reaction
networks with mass action kinetics is introduced. In Chapter 3 conditions for multistationarity are
derived. Furthermore, an algorithm is presented, whose steps can be applied to any biochemical reaction
network to test for multistationarity (but may be inconclusive). If multistationarity is possible, the
results of Chapter 3 allow the computation of a pair of steady states and the corresponding vector of
rate constants. In some cases, depending on the network structure, the conditions for multistationarity
derived in Chapter 3 are necessary and sufficient, while in other cases only sufficient conditions can
be obtained. However, a precise description of those network properties that facilitate necessary and
sufficient conditions remains open.

In Chapters 4 — 7 the results obtained in Chapter 3 are applied to a variety of reaction networks
in order to tackle the questions of multistationarity, robustness of multistationarity and bifurcation
points: Chapter 4 deals with model discrimination for a double-phosphorylation mechanism, while in
Chapter 5 two reaction networks proposed in cell cycle regulation are analysed with respect to the
ability to admit multistationarity. Chapter 6 deals with robustness and Chapter 7 with bifurcation
points of the double-phosphorylation mechanism discussed in Chapter 4. The appendices contain the
structural data of all networks analysed in this thesis, as well the matlab code of some of the algorithms
developed in this thesis to verify/falsify multistationarity.



Chapter 2

Biochemical reaction networks with
mass action kinetics

2.1 Notation

The following symbols will be used throughout this work:

IR" ... the n-dimensional Euclidian space,
2y ... the positive orthant of IR",
2y - .. the nonnegative orthant of IR".

Let p and ¢ be positive integers. Then IRP*? is used to denote the set of all p x g real valued matrices.
If A € RP*9 then AT is used to denote its transpose. Vectors v € IR™ are considered as column

. 1 . .
vectors and, in most cases, denoted as transposed row vectors, e.g. v = ((1)) will be displayed as

v =(1,0,1)". For vectors u, v € IR", the standard scalar product in IR" is denoted by (u, v) =
Zf’zl u; v;. Furthermore, for vectors u € IR", the following abbreviations are used:

u>0 “u >0,...,u, >0, (2.1a)
1 1 1\"
- = (*,...,—), u; #0 (2.1b)
u uy U,
Inu=(lnug, ..., 1In u,,,)Tu >0 (2.1¢)
et =(e", ... el (2.1d)
The symbol diag (u) is used to denote the n x n-diagonal matrix:
u; 0 0
diag (u):== |9 “-. o (2.1e)
0 0 u,

Let A € IRP*? be a matrix. Then [A] is used to denote the range (image) of A:
[4] :=im (A). (2.1f)

2.2 Modeling of biochemical reaction networks with mass ac-
tion kinetics

In this section the notation used to describe biochemical reaction networks with mass action kinetics
is introduced. Consider reaction network N:

A2
ko kg
(M)
ks
2A4+Bs—3A
ke

3



4 CHAPTER 2. BIOCHEMICAL REACTION NETWORKS WITH MASS ACTION KINETICS

This network consists of two species A and B. The symbol n is used to denote the number of species.
Thus n = 2 for network ;. Network N; contains five complezes: A, 0, B, 2 A+ B and 3 A, that is, in
graph-theoretical terms, the nodes of the graph representing the reaction network are called complexes.
The symbol m is used to denote the number of complexes, thus m = 5 for network Ni. The zero
complex 0 is used to denote that a system is open with respect to a certain species: A and B can enter
and leave the system. Throughout this work, it is assumed that the reaction network is in the standard
form of CRNT, as defined in, for example, [27]: node labels are unique (i.e. complexes appear exactly
once). The complexes are linked by reactions: some of them are A — 0, or 2 A+ B — 3 A. The symbol
r is used to denote the number of reactions, thus r = 6 for Nj. Associated to every reaction, there is a
rate constant: ki, ..., ke for Ni.

To every species belongs a concentration variable, z7 for A and x5 for B. Thus, in general, 2 € R", the
n-dimensional Euclidian space. Associate to each species the corresponding unit vector, that is e; to A
and es to B. Then every complex can be represented by a vector y;, which is the sum of its constituent
species. In the above example, y1 = e; for A, yo = 0, the two dimensional zero vector for 0, y3 = ey for
B,ys=2e1 + e for 2A+ B and y5 = 3¢; for 3 A. Collect all y; in a matrix Y, thus

Y=[y - us) (2.2a)
[t oo 23
100 1 1 0]

Thus Y € IR?>*® for N7 and Y € IR"*™ in general. The graph of the reaction network is represented
by its incidence matriz I,. Each colum of I, represents a reaction and contains exactly two nonzero
entries: +1 for the product complex and —1 for the educt complex. Thus I, € IR°* for N and
I, € R™*", in general. Consider, for example, the reaction 2 A+ B — 3 A. Here the product complex
is 3 A and the educt complex is 2 A+ B. Thus I, contains the column vector (0, 0, 0, —1, l)TA For N

one obtains:
-1 1 0 0 0

0

1 -1 -1 1 0 0

I, = 0 0 1 -1 0 0
o 0 0 0 -1

o 0 0 0 1

Up to now, the structure of the reaction network has been described. To describe dynamics, a reaction
rate is associated to each reaction. As only mass-action kinetics are considered in this thesis, each
reaction rate consists of the rate constant multiplied by the product of the species concentrations
corresponding to its educt complex. Hence one obtains vy 1= ky 1, ve := ko, v3 1= k3, vq 1= kq 22,
vs = kg zv% xo and vg = kg erf for Ni. To formalize this, let Y &) be the matriz of educt complezes,
where each educt complex is listed as often, as it is an educt complex of a reaction. For example, for

(2.2b)
1
~1

N7, one obtains (using y;, i =1, ..., 5, as defined above):
YO =y v v ys oy us) (2.2c)
“ftooo 23
00 0 1 1 0]

Thus one obtains Y (X) € IR?*6 for A} and Y(¥) € IR"*", in general. Using yl@) to denote column
vectors of Y (5) and the definition
n
aVi=aftal? o alr = | | 2Y (2.3a)
i=1
for vectors z, y € IR™, one obtains the monomial vector

(L)
Y

¢ (x):= : (2.3b)

and the vector of reaction rates
v(k, z) = diag (k) ¢ (x),

= diag (6 () F, (25
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where k := (kq, ..., kr)T, the vector of rate constants. For the reaction network N ¢ (z) = (1, 1, 1,
@2, 22 29, 23 )T and thus v(k, z) = (kl 21, ko, ks, kg x2, ks 212 @2, kg xlg). Then the ODEs describing
the dynamics of a reaction networks are given as

#(t) = Y L v(k, 2(t)). (2.4)

Note the n x r-matrix Y I, is sometimes called stoichiometric matriz and denoted by N := Y I,.
Consequently, in the literature on Chemical Reaction Network Theory, the linear subspace spanned by
the columns of N is called stoichiometric subspace. Usually n (the number of species) is less than r
(the number of reactions) and this will be a standing assumption in this thesis. The symbol s is used
to denote its dimension, that is s := rank (V). The symbol S is used to denote the stoichiometric
subspace, that is S :=im (V). If s < n, then the system (2.4) is subject to conservation relations. Let
W e R™ () with W' N = 0. Then the flow of (2.4) is invariant under [W] [58, 34, 35]. Thus one
has to consider

Wz =c¢, (2.5)

for some ¢ € IRY;*°. Often c is considered as a parameter that has to be determined. Observe that, by
elementary linear algebra

W] =8+, (2.6)

that is, the range of W is the orthogonal complement of N (which follows naturally from the property
WT N =0, [61]). Observe that the ODEs (2.4) are linear in the rate constants, as

@ (t) =Y I vk, z(t)) =Y I, diag (¢ (z (1))) k.

For network N7, the stoichiometric matrix is

-1 1 0 0 1 -1

N=1o 01 -1 1 1 27
and s = 2. The ODEs defined by the network are

iy =ko — ki @y — ka1 + ks 1% 2o

iy = ks + ke 1% — kywy — ks 21 2o,
2.2.1 Properties of ¢ (z) and v(k, x)
Recall the definition of ¢ (z):

)
Y
dlx)=|
20
Let a € IR™ and observe that (diag (a) z) = (a3 @1, ..., an 2,)" and thus
(diag (@) ) = (ar21)"* (agx2)”® ... (an2y)’" =¥ a¥,

for a, , y € IR". Thus one obtains

(diag (o) )1\ " 2"

6 (diag (o) ) = : -
(diag (@) )" av vt (28)
e
Y1
— diag (am‘”, ayﬁ”) o | = diag(¢(0) 6 ().

2



6 CHAPTER 2. BIOCHEMICAL REACTION NETWORKS WITH MASS ACTION KINETICS

Using the abbreviation e” := (e”1, ..., e®)" for vectors z € IR", one obtains in particular (for ;1 € IR")
(eﬂ)ygb) )
T
o= : [= : |="m (2.9)
(eu)yfvl‘) e(%“‘)-,w

Further note

(mﬁ“)il (zfl)yf)
— = : = : =¢(a7"). (2.10)

(z‘yﬁl‘))il (mfl)yib)

As k € RL,, positive values of 2 will result in positive values of v(k, x), that is

z € RY, = v(k, ) € R,

and vice versa.

2.3 Chemical Reaction Network Theory (CRNT)

The distinguishing feature of CRNT is its ability to make a connection between the structure of a
reaction network and the existence of (multiple) equilibria for the corresponding system of ODEs.
Its general idea can be summarised in the following way: for any network, a non-negative integer &
called the deficiency can be derived from the network structure alone. For its formal definition one
more concept is needed — the linkage class. Network A7 consists of two sets of complexes: {A,0, B}
and {2 A + B,3 A}. Both sets are internally connected by reactions, while no reactions exist between
elements of distinct sets. Sets of complexes that are internally connected by reactions are called linkage
classes. Let ¢ be the number of linkage classes in an arbitrary network. Then the deficiency of this
network is defined as the non-negative integer [24, 25]

d=m-—{l—s (2.11)

Note that the deficiency of the network only depends on the network structure and thus, in particular,
d is independent of parameter values. For network A7, 6 = 1. If § is zero for a particular network, then
no system of ODEs endowed with mass action kinetics that can be derived from the network can admit
multiple steady states, regardless of the rate constants. Furthermore, sustained periodic oscillations are
impossible (24, 27]. If § is one and the network satisfies some mild additional conditions, the so-called
Deficiency One Algorithm can be applied to decide whether or not the network can admit multiple
steady states. If the deficiency is greater than one, under certain conditions the so-called Advanced
Deficiency Theory can be used to decide about the possibility of multistationarity (for the Deficiency
One Algorithm see [25, 28] and for Advanced Deficiency Theory see [23, 21, 22]).

For certain networks with 0 = 1, the deficiency one algorithm can be used to decide about the existence
of a parameter vector k such that the corresponding system of ODEs endowed with mass action kinetics
admits at least two positive steady-states. For certain networks of higher deficiency, the so-called
Advanced Deficiency Theory can be applied. The principle idea of both the Deficiency One Algorithm
and the Advanced Deficiency Theory is as follows: for each network where the algorithm or the theory
is applicable, several systems of linear equalities and inequalities can be formulated (inequality systems,
for short). (Note, whether or not the algorithm or the theory are applicable depends on the network
structure alone; see the aforementioned references.) These inequality systems only depend on the
network structure and the complexes, that is, the way the species are combined in the complexes and
the way the complexes interact. If, for any of these systems, a solution exists and if this solution is
sign compatible with the subspace S, then multistationarity is possible (and a set of rate constants
together with two distinct steady-states can be calculated from this solution). If no such solution
exists, then multistationarity is impossible. (Note that, following the notation used in [24], a vector is
sign compatible with a linear subspace if this subspace contains at least one vector with the same sign
pattern; that is, the vector (1, -1) is sign compatible with the subspace spanned by (1, 0) and (1, -2)
because (1, -2) has the same sign pattern as (1, -1), namely (+, -).)



Chapter 3

Conditions for multistationarity

Consider the Ordinary Differential Equations describing the dynamics of a biochemical reaction network
as introduced in (2.4), (2.5) in Chapter 2:

@(t) =Y I v(k, (1))
Wle=c

In this thesis only positive solutions = are considered, thus the corresponding reaction network is said
to exhibit multistationarity, if two distinct positive vectors a, b € IRZ, a positive vector k € IRZ; and

values ¢;, i = 1,...,n — s, can be found such that the following conditions hold:
Nu(k,a)=0 (3.1a)
Wlha=c (3.1b)
and
Nuw(k, b) =0 (3.2a)
whb=ec. (3.2b)

In the remainder of this chapter (3.1a), (3.1b) and (3.2a), (3.2b) are analysed and transformed into
equivalent conditions that are in most cases easier to handle: in a first step the polynomial equations
(3.1a) and (3.2a) are transformed and the rate constants are eliminated. This is described in Section 3.1.
Solvability of the resulting system of equations is analysed in Section 3.2. As an arbitrary solution
obviously can only be expected to satisfy (3.1a) and (3.2a), conditions are derived that guarantee that
(3.1b) and (3.2b) hold as well. This is described in Section 3.3. Section 3.4 contains a discussion of the
connection between multistationarity in a subnetwork and multistationarity in the overall network. This
chapter closes with an algorithm to decide about multistationarity in a biochemical reaction network
with mass action kinetics in Section 3.5. This algorithm incorporates the results obtained in Section 3.1
3.4.

3.1 DPositive solutions to the polynomial equations

For biochemical reaction networks only positive solutions a, b to (3.1a), (3.1b) and (3.2a), (3.2b) are of
interest. As discussed in the previous chapter, if £ > 0, this requirement is equivalent to v(k, a) and
v(k, b) being positive. The equations Y I, v(k, a) = 0 and Y I, v(k, b) = 0 with the positivity constraint
can be simplified using the pointed polyhedral cone ker(Y I,) N IRZ, defined by the intersection of the
null space of Y I,, ker (Y I,), with the nonnegative orthant of IR", IRZ,. For this purpose some
properties of ker(Y I,) N IRL, are discussed in Section 3.1.1, before the equations are transformed in
Section 3.1.2.

3.1.1 The cone ker(Y I,) N IRL,

The cone ker(Y I,,) NIRL is a well studied object, due to its importance in the (bio)chemical literature,
starting with the classical work of Clarke [8]. As a pointed polyhedral cone it can be represented by

7
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non-negative linear combinations of a finite set of extreme rays [52]. The calculation of these rays is
in general computationally hard, however, due to the importance of ker(Y I,) N IRZ, there exists a
variety of algorithms and software tools, for example, [56, 32]. -

The aforementioned papers are part of the huge body of literature concerned with metabolic fluz anal-
ysis, where each element of ker(Y I,) N IRZ is interpreted as a particular fluz, an allocation of values
v; € IR to each reaction of the network, such that the overall network is in steady state. An elementary
fluz is a an element v € ker(Y 1,) N IR, with a maximum number of zero entries. If every reaction in
the network is ‘irreversible’ (in the terminology used in metabolic flux analysis), then elementary fluxes
are equivalent to extreme rays generating ker(Y I,) N IRZ [32].

In the literature on metabolic flux analysis the term irreversible reaction is defined differently than
in the context of this work: forward and backward reaction are represented as a single edge in the
directed graph representing the reaction network. Thus, in particular, negative reaction rates v;(k, x)
are possible. These correspond to reactions ‘in opposite direction’ (relative to the edge in the directed
graph). Therefore, in this setup, z € IR%, = v;(k,z) > 0 is required only for irreversible reactions. In
the setup considered in this thesis, © € IR%, = v;(k,z) > 0 for every reaction, thus all reactions are
irreversible in the context of metabolic flux analysis. As a consequence, it is possible to use the software
tools from metabolic flux analysis to calculate the extreme rays of ker(Y I,) N IRL,.

As defined in [32], extreme rays E; of ker(Y I,) N IR%, satisfy (3.3a), (3.3b) and (3.3c) given below:

Y I, E; =0, (3.3a)
E; € R, (3.3b)

Given E;, E; with Y I, E; =0,Y I, E; =0 and E;, E; € erzu- Then

supp (E;) Csupp (E;) = E; = Oor E; = aE;, a« € Ry, (3.3¢)
where supp (E;) ={i € {1,..., 7} |Ej;, > 0,} denotes the support of vector Ej, i.e. the set of indices
where E; has nonzero values. Let p be the number of extreme rays of ker(Y I,) N IRL,. (Note that
extreme rays need not be linearly independent.) If a set of extreme rays { E, ..., E, } is complete, in

the sense that their nonnegative linear combination is all of ker(Y I,) N IRL ), its elements are called
generators of ker(Y I,) N IRZ,,. -

In metabolic flux analysis the importance of the generators of ker(Y I,) N IR%, stems from their one-
to-one correspondence to the reactions: nonzero entries can be interpreted as ‘active’ reactions, zero
entries as ‘inactive’ (in steady state). In this sense every generator defines a subnetwork of the original
reaction network consisting of all ‘active’ reactions.

Ev

EX

Let E be a matrix, whose columns are generators for ker(Y I,) N IR%,, as described in Section 3.1.1.
Then the equations Y I, v(k, a) = 0 and Y I, v(k, b) = 0 with the positivity constraint are equal to:

3.1.2 Parametrizing positive solutions — the equation Y(L)Tu =1In

v(k, a) = EX A€ R, EX>0, (3.4a)
vk, b) = Ev, ve RY,, Ev>0, (3.4b)
where p denotes the number of extreme rays of ker(Y 1,) N IR%;. Equations (3.4a) and (3.4b) guarantee
that v(k, a) € IRL, and v(k, b) € IRL,. The definition of v(k, -) in (2.3¢) in turn ensures that v(k, a) €
IRZ, and v(k, b) € RL,, imply a, b € RZ,.
To streamline the discussion define the set of all nonnegative vectors 2 € IR | such that E « is positive:

A

E)::{zemgo\Ez>o}. (3.5)
Then (3.4a), (3.4b) can be rewritten as

v(k, a) = E ),
v(k, b)=Ev, (3.6)
v, A A(E).



3.1. POSITIVE SOLUTIONS TO THE POLYNOMIAL EQUATIONS 9

Remark 1. Some comments about A (E): A (E) is the union of cones. It consists of the positive
orthant IRY, and some of its boundaries. To see this, observe the following points:

(1) As E € RUY, © € RY, implies Ex > 0, that is IRY, C A (E).

(2) Let x € IRY, with one zero component and the remaining components positive. Denote the zero

component with x; and let n,T € ]R’;O, i=1, ..., r be the row vectors of E. Then

(ny, x)
Fx= : >0,

{rr, 2)

if and only if no scalar product (nj, x) is a multiple of x; (i.e. if and only if (nj, x) = >°1_, nj ax #
ngix; ). That is, if and only if i € supp (n;) implies |supp (ni| > 1), j =1, ..., r. A similar
argument can be made for x € R’;l, with several components equal to zero.

(8) In general the constraint v, X € A (E) is not hard to test: one can, for ezample, start with looking
for positive v, X. Only if those cannot be established, one might have to consider v, X\ with some
components equal to zero. As such A (FE) is easily obtained once E is obtained . It is a standing
assumption of this thesis that A (E) is known.

To proceed with the transformation, let n} € R’;U, i =1, ..., r be the row vectors of E, that is
nf
E = | : |. Then (3.4a), (3.4b) are
nT
(r) )
kia¥t = (ny, A) ki b¥t = (ny, v)
kyr v = (npy A) ky e = (nr, v)

As all terms are positive, application of In to both sides of each equation is well justified (using for

vectors v € IR™ the abbreviation Inv := (Invy, ..., Inwv,)"):

Ink; + (ygL), Ina) =In(nq, \) Ink; + (ygL)., Inbd) = In(ny, v)

k. + (P, Ina) = In(n,, \) Ik, + (5, Inb) = nin,, v)
In short:

Ink; + <ny), Ina) = In(n;, \) Ink; + (yEL), Inb) =In(n;, v), i=1,...,r
T
Subtracting equations in a from equations in b yields (using the definition p := (In %, ..y In Z—:) ):
@ (i, v) . _ 1
(y;"7 ) =1In ey P b (3.7)

Further note that the equations (3.7) are independent of the parameter vector k. These equations can
be used to state a lemma connecting the existence of a, b € IRZ,; and k € IRL, to the existence of
vectors A, v, € HZI;’U and p € IR™. With the definition

(3.8a)

equation (3.7) can be written as
y®T = - (3.8D)
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Lemma 1. Let &(t) =Y I, v(k, z(t)) be a set of ordinary differential equations derived from a biochem-
ical reaction network endowed with mass action kinetics. Further let E = [Ey, ..., E,], E € RUP be
a matriz, whose columns are generators of ker(Y 1,) N IRL, and let A (E) be the set of all nonnegative
vectors © € IRY, such that Ex > 0, as defined in (3.5). Then the following statements are equivalent:

(I) There exist two vectors a,b € IR%,. a # b and a vector k € IRL, with

Y I,v(k,a)=0
Y IL,v(k,b)=0

(II) There exist two vectors \,v € A(E) and a vector p € IR"™ with

E
Y(L)Tu =1In E—:
Proof. (I) = (II): Let a, b € RY, with k € RL, with
YI,v(k, a)=0 (3.9a)
Y I vk, b) = 0. (3.9b)

To obtain 1 € IR™ and v, A\ € A (E) proceed as above: (3.9a), (3.9b) and positivity of k& imply v(k, a) >
0,v(k, b) > 0and v(k, a) € ker(Y I,)NIRZ,, v(k, b) € ker(Y I,)NIRZ . Thus there exists \,v € A (E)
such that - -

v(k, a) = EX
v(k, b) = Ev.

These equations can be transformed in the same process as described above:

T, B
Y p=Ino N
where p :=In g.
(I1) = (I): Assume A\, v € A(FE) and p € IR" are given such that Y(L)Tu = In £% holds. Then one
has to show the existence of a,b € IR%, and k € IRZ, such that Y I, v(k, a) = 0 and Y I, v(k, b) = 0.
To this end choose any vector a € IRZ, and observe that a is a steady state if a positive vector k
exists, such that v(k, a) = E X, where A € A(FE) is known by assumption. Recall that v(k, a) =
diag (k) ¢ (a) = diag (¢ (a)) k. Thus it is straightforward to obtain k:

k= diag (¢ (a™')) EA.

Then b = diag (") a is a positive steady state as well, where p € IR™ is fixed by assumption. To see
this, one has to show that v(k, b) = E v, with k as above. Note that v € A (E) is known by assumption.

Recall, that, by assumption as well, v, A and u satisfy vy’ n=1In gi Observe the following:

v(k, b) = diag (k) ¢ (b) = diag (¢ (a™")) diag (E \) diag (¢ (")) ¢ (a)
= diag (¢ (")) diag (E \) diag (¢ (a_l)) ¢ (a)

=1

— diag (6 (")) FA
= diag (ey(L)T “) EX

= diag (E—:> EX

=FEv.
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Solutions p € IR™ and v, € A (F) can be associated with the difference of two positive steady state
solutions: if a satisfies Y I, v(k, a) = 0 (i.e. v(k, a) = E ) then b = diag (¢/) a satisfies Y I, v(k, b) =0
(i.e. v(k, b) = Ev). Note that, as is shown in the proof of Lemma 1, any positive vector a € IRZ, can
be a steady state solution. Simply solve v(k, a) = diag (k) ¢ (a) for the parameter vector k € IRZ,
(note that this equation is linear in k):

k = diag (¢ (a™')) EA. (3.10a)

Thus, a solution (y, v, A) defines in fact a continuum of solutions parameterized by a € IRZ;: for a
given solution (p, v, A) choose a € IR, and fix k as in (3.10a). Then, by Lemma 1,

b = diag (Exp (1)) a (3.10b)

is a steady state solution as well. However, a and b need not satisfy the conservation relations (3.1b)
and (3.2b) for the same values ¢;. To find pairs a and b that satisfy these constraints as well, see
Section 3.3.

o1 T Ev
3.2 Solvability of YV ;= 1In 5

In this Section (3.8b) is analysed. Note that

T Ev
y(lz)l —In==
H=TEN
is solvable for given v, A, if and only if
E
Ury®WT Z 0= UT E—K =0. (3.11)

This is a consequence of the fact that (3.8b) is only solvable, if the right hand side is contained in
the image of Y(L)T, that is, if ln% € [Y(L)T] This is the case, if and only if the orthogonal

L .
complement of [Y(L)T], [Y(L)T] , is orthogonal to In % Note that by the ‘fundamental theorem of

L
linear algebra [Y(L)T} = ker (Y(L)) [61]. In Section 3.2.1 and Section 3.2.2 two solution strategies

based on condition (3.11) are discussed. Recall that Y (%) € R"*", where n is the number of species
and r the number of reactions. As, by assumption, r > n, condition (3.11) will exist for almost any
biochemical reaction network.

3.2.1 Solvability I

Let U be a basis for ker (Y(5)) with integer coefficients (such a basis can always be obtained by an

adequate scaling of basis-vectors, as Y (5 e INJ™"). Consider basis-vector u; and let u; = u?’ — u?

where uleﬁ uie are vectors with nonnegative integer coefficients. Then
Ev
ulT In— =0
EX
evaluates to
v, Ev 7, Ev
uf” In = =ud" In—~

u® n<’l7,_7',u> _ w8 HM
Jesupzp(ue) v g A) lEsupr(u9> o (n1, A)
N (nj, v) ugj _ , (ny, v)

Z : <<TL],)\>) Z ! ((’ﬂ],)\>

jesupp(u®) tesupp(u8)
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Using the summation rule for In one obtains

o I ()7 e I ()

yesupp(ufe) lEsupp(u?)

By removing In (by taking both sides to e’), multiplying with numerators and rearranging terms one
finally obtains

IT (o™ TI G = T G T (s ) =0,
jEsupp(uEﬁ) lesupp(u?) lewpp(u?) Jesupp(u?) (3.12)
i=1, ..., rfrank(Y(L)).

There are r —rank (Y(L)) basis-vectors for ker (Y<L)) and thus r —rank (Y(L)) polynomials of the form
given in (3.12). If a solution to these polynomials exists, then it is straightforward to solve (3.8b) in

terms of the p;. To see this, let 7, e R’;O be such that (3.12) holds. Then In % S [Y(L)T], Thus

Y(L)Tu =In El:
EX

is solvable and, as these equations are linear in i, it is straightforward to obtain p. In this case p = M &,
where M is a matrix of appropriate dimension and [M] C IR™ is a linear subspace of IR™.

Remark 2. In this Chapter the question of the existence of more than one positive solution to the
system of polynomials Y I, v(k, ) = 0 has been analysed. In general Y I, v(k, x) = 0 is a system of
n polynomials with r > n unknown coefficients k; in the n unknowns x;. Lemma 1 and the preceeding
discussion show that this question is equivalent to the question of the existence of at least one solution
v, A € A(E) to a system of r — rank (Y(L)) polynomials with known coefficients in the 2 p unknowns
v and \. Thus it can be expected that these polynomials are easier to handle (in fact, it is possible
to ezamine these polynomials numerically, even though the rate constants k; are unknown). However,
even though the polynomials are now accessible numerically it will in general not be easy to find positive
solutions, let alone all of them.

3.2.1.1 Special form of polynomials

The matrix Y ) as described in Section 2.2 contains all reactant complexes of the network. If a complex
is reactant in several reactions (say in v reactions) then Y (L) contains exactly 4 copies of this complex
vector. Then a basis for ker (Y(L)), the kernel of V(1) exists, that contains v — 1 vectors with exactly
one entry +1, one entry —1 and the remaining entries 0. Let Y (F) ¢ JRmxnr. of reactant complexes 1o
the matrix of reactant complexes (i.e. the matrix that contains the vectors of each reactant complexes
exactly once). If this matrix is of full rank and the number of reactant complexes is less than n, the
number of species, then ker (Y1) is spanned only by vectors of this form; this is, for example, the
case for the networks related to the activation of an MAPK, see Chapter 4. Vectors of this form lead
to a special system of polynomials that will be discussed here.

Let u; = (0,...,1,0,...,—1,0,...)" (with supp (u;) = {j, 1}). Then (3.12) simplifies to

(nj, v) (ng, A) — (g, v) (nj, A) =0

as ug = 1 and uf] = 1. This is equivalent to

Z Njs Vs Z ny A | — Z Njs As z nyve | =0.

sesupp(n;) tesupp(n) s€supp(n;) tesupp(ny)

Let I'; := supp (n;) x supp (n;), be the set of all ordered pairs of elements of supp (n;) and supp (n;).
Then

E Njs Vs E ng X | = E Njs Mg Vs At

sesupp(n;) tesupp(ny) (s,t)ETy
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and

E Njs s E ng v | = § Njs Nt Vt As-

sesupp(ny) tesupp(ny) (s.t)eT;
This leads to the following special form for (3.12):
(nj, vy (ni, A) — (g, v) (nj, \) = Z njs iy (Vs Adp — 4 As) (3.13)
(s,t)ely

Let i = (njs i) pyer, and B (1, A) = (Vs At = v As) (5 pyer,- Then (3.13) is equivalent to (v, 3 (v, A)) =
0. Clearly each u; of the form discussed here yields vectors «; and ;. By collecting all binomials of
the form vy Ay — 1y As in a vector 3 (v, A) and, after an appropriate filling with zeros, of all «; as row
vectors of a matrix A one obtains the following compact representation:

AB (1)) = 0. (3.14)

3.2.2 Solvability 1T
Instead of solving the polynomials associated with U7 In % = 0 as described in the previous section
Ev

the equation y@’ p = In £5 is transformed in the following way: note that (3.8b) is equivalent to

diag (eY(L)T“) EA=Ev
and, after rearranging terms,
[E — diag (ey“’Tﬂ) E] (’;) =00, AeA(E). (3.15)
Recall that £ € IRUP, r the number of reactions and note that in general r > p. Thus, for the

remainder of Section 3.2.2 the following assumption will be made:

Assumption 1. The number of reactions r is greater than p the number of generators of ker(Y I,) N
RZ,.

Recall that v, A € A (E), as they are coordinates of points in the interior of a pointed polyhedral cone.
Let let U € IR™*" be a matrix such that U F is in row reduced echelon form:

I, E,
ve=[t %],
where o = rank (F) and i Eo is a basis for ker (E). The row reduced echelon form is a result of

Gauss-Jordan elimination (after a possible reordering of variables). Thus, such a matrix U can always

be obtained [61]. Let U = [ gl ] and multiply (3.15) by U to obtain
2

I, E, —U diag (¥ 0) E (V

—0,0, AeA(E). 3.16
0 0 —Usdiag ("™ n) E A) " ) (3.16)

=:Q(n)
Observe the following facts:

(i) Equation (3.16) is feasible, only if Q2 (u) := U diag (ey(L)T “) E has a kernel vector A € A (E),

that is only if
Qa() A=0, Ne A(E)

is feasible for some p € IR™.
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(ii) However v € A(FE) has to hold as well. Thus, in general, one has to consider the complete
matrix @ (p). There might be cases, where one must not consider all of @ (p): if Q1 (p) :=

a1(p
T
Ey — U, diag (ey(L> “) E} contains nonpositive rows. Let Q1 (u) = : } and let Z C

9o (1)
{1,..., 0} be the set of indices such that ¢; (1) < 0, ¢; (n) # 0, for all x € R"™. That is,

¢; (1) is a nonpositive row vector of Q1 (1), not identically zero. Split (X) = ({a) accordingly.

Then
U=— [Eo —U; diag <6Y<L)T“) E} (T) =-Q1(p) (’;‘\') .

Obviously, if ¢; (1) <0, ¢; (1) # 0 then ; = —g; () (?) > 0, if (5°) > 0. Thus the row g; (1)
can be excluded, as 7; will be positive, if () > 0.

(iif) Suppose Q1 (1) as defined above contains a nonnegative row (for all p € IR™), that is, g; (p) > 0,
for some j € {1,...,0}. Then ; = —¢q;(p) (V) < 0, if (¥) > 0 and multistationarity is

excluded, as by Lemma 1, the system cannot admit two positive steady state solutions.

As a consequence of the previous discussion, for the remainder of Section 3.2.2, the following assumption
will be made:

Assumption 2. No row of Q1 (1) as defined above is nonnegative (for all p € IR™).

As a consequence of and the above assumption, it suffices to consider those rows of @1 (1) that contain
positive and negative elements. Let Z* C {1, ..., 0} be the set of indices that correspond to rows
of Q1 (1) containing positive and negative entries and let pm := [Z¥|. Then one has to examine the
following submatrix of @ (u):

A — |Ipm (‘Zi (N))igzi

Q- 0 Q2 (1)
Note that this submatrix is defined mainly for convenience. The algorithms presented in the remainder
of this Chapter depend on the size of this matrix. Thus a removal of those rows of @ (x) that always
have a positive null vector can simplify the analysis. Thus, from now on, @ (1) will be used to denote
the matrix, where all nonpositive rows of Q1 () gave been removed.
Further note that (3.16) is linear in v and . For fixed values of p the computation of v, X is straight-
forward, by determining the extreme rays of ker (Q (x)) N IRZZ% However, ker (Q (u)) N IRZZ% might
be the empty set for a particular p. In some cases it is known, that for any choice of p the cone
ker (Q (p)) N ﬂ?i’é has nonempty interior, that is there exists a positive kernel vector for @ (). This is

the case, if Q (i) is a so-called L*-matrix [44].

3.2.2.1 L*-matrices matrices and sign-central matrices

In some cases it is possible to decide about the existence of positive kernel vectors by the sign pattern
of a matrix. In many applications a system of linear equations of the form @y = 0 has to be solved,
where the entries Q;; of @ are known only approximately, if at all. It is however frequently the case
that the sign of the @Q;; is known. There exist certain matrices Q where the sign pattern of the solutions
y to Qy = 0 can be determined by the sign pattern of @ (see e.g. [6] for a general introduction, [40]
and [41] or [3] for nonnegative solutions and [44] for positive solutions). In the context of this section,
the results of [44] and of [3] are of the most importance: in [44] L*-matrices are introduced and in
[3] sign-central matrices are introduced. If @ is an L*-matrix, then every matrix with the same sign
pattern has a positive kernel vector. If @ is a sign-central matrix, then every matrix with the same sign
pattern has a nonnegative kernel vector.

To state the main results, some additional notation is necessary: let A € {—1,0, 1}™*" be a sign
pattern. A nonzero vector o € {—1, 0, 1} is called a signing and a nonzero vector o € {—1, 1}"" is
called a strict signing. Furthermore, in [44, 3], the ‘requires’ and ‘allows’ terminology is used: let P be
a property that a matrix can or cannot have. Then the sign pattern A requires P if each matrix with
the same sign pattern has property P, and A allows P if there exists some matriz with the same sign
pattern with property P. Consider [44, Theroem 2.4, p. 6]:

Theorem 1. Let A be an m by n sign pattern. Then the following are equivalent:
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(a) A is an L*-matriz.

(b) A requires a positive null vector and A has no zero row.

(¢) For each signing o, some column of diag (o) A is nonzero and nonnegative.

(d) For each signing o, some column of diag (o) A is nonzero and nonpositive.

and [3, Theorem 2.1, p. 286]:

Theorem 2. Let A be an m by n sign pattern. Then the following are equivalent:

(a) A is a sign-central matriz.

(b) For every strict signing, o, some column of diag (o) A is nonzero and nonnegative.
(¢) For each strict signing, o, some column of diag (c) A is nonzero and nonpositive.

Recall that by definition a sign-central matrix has a nonnegative kernel vector [3, p. 284]. Note that
Theorem 1 and 2 already contain primitive algorithms to determine whether or not a given sign pattern
is an L*- or a sign-central matrix, respectively.

In general Y(L)T/I, and thus the sign of the entries Q;; of @ (1) is unknown, however, in certain cases,
the signs of the Q;; can be determined by systems of linear inequalities. In the remainder of this section
it is in a first step shown under what conditions the sign-pattern of @ (1) can be determined by linear
inequality systems, before in a second step L*-matrices are used to solve Q (i) (: =0,v, \€ A(E).

3.2.2.2 Sign patterns of @ (1) determined by linear inequalities

Consider
Qp) = [ Ié’ EOO —U diag (eymT“) E]

as defined above. Split Q (i) = [Qf —Qy (p)}, Qs € IRT;BP, Qy (1) € R™P, where

Qy = [IS EOD] , Qu (p) :=U diag (ey(L)T“) E. (3.17)

Obviously sign (Q ), the sign pattern of Qy, is fixed, while sign (Q, (1)), the sign pattern of @, (x), de-
pends on the vector g. Under some conditions it is possible to determine all sign patterns sign (Q, (1)),
that Q, (i) can admit, for any conceivable vector o € IR™. This is examined in this section.

onsider Q, =U diag (e DT FE and observe that
Consider Q, (u) = U d v
. T .
Qi = Ul diag (ey “) Ej, i,j=1,...,m
where U is the i-th row vector of U and Ej; the j-th column vector of E. Then

.
Qu=> e MU By, ij=1,....r
=1

Obviously e”#) U, E;y = 0, if Uy = 0 or Ej = 0. Thus

Qij = Z e(yf“-,w Ui Eji.

lesupp(U}')ﬁsupp(E,)

Now assume supp (U})Nsupp (E;) = {sy;, ti;}, that is supp (U}) and supp (E;) have only two elements
in common. Then

1) 0
Y, s 1, Y s K
Qi =t Uisi; Ejsiy + W

Ejt, -

tij
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If either

R g B >0 and 5P UL By >0
or

G B <0 and 50 UL, By, <0,
then trivially Q;; > 0 or Q;; < 0, respectively. Thus assume

) Uis,; Ejs,; >0 and e<y'<5>’”> Uit;; Eji,; < 0.

Then o w
> O’ if €<ys” o Ulsu E]’s“ > 8<y:;7)’“) Uiiz] E]tu
. ) .
sign (Qi)) = < 0, if e Uy, By, < €0 Usy,, By, (3.18)
e W) (i) )
=0, if e Uis,; Ejs,; = €' Ui, E;

ti; Bty

It is easy to see that the conditions in (3.18) are linear: simply apply In (-) to obtain
Qlj < 01 i <y£LLj)7 ll> +In (U151] EjSLJ) < <yf<zLj)’ IL> +In (U“ij EJil])'
. L
Qi = 0,3y, )+ (Ui, Byoy) = (w1, )+ 10 (Ui, By )-
. L
Qij > 0,if (y), ) + I (Uis,, Bys,,) > WiE, 1) + I (Ui, Eje,,)-

Thus one obtains

sign (Qi;) = sign ((vij, p) + Bij) » (3.19a)
where
vij = ygﬁ) - y[(ﬁ), (3.19b)
Usis,; Eis
= In ——d 3.1
Bij n Unn. En, (3.19¢)
This motivates the following Lemma:
vy
Lemma 2. Let U = | : | and E = [E1 ... B, |. Then the sign pattern of Q (1) as defined in (5.16)
ur

can be determined by linear inequality systems if supp (U]) Nsupp (E;) <2, Vi,j € 1,....r.

Remark 3. Note that if for Q;; either all terms el) have the same sign or supp (UZT) Nsupp (E;) <1,
it is straightforward to determine the sign of Q.

Next determine all entries Q;;, where the sign has to be determined by a linear inequality, that is define
the index set

T:= {(i,]’) e{l,...ryx{l,...r}
and (Uis,, Bjs,;) (Uiti; Bje,,) < 0}4

supp (Ui) Nsupp (E;) = {sij, ti;}
(3.20)

Let s be the number of entries Q;;, where the sign has to be determined by a linear inequality (i.c.
so = |Z|) and collect all v;; as defined in (3.19b) as row vectors in a matrix V € IR*0*":

V=[] | er (3.21a)

and all f3;; as defined in (3.19¢) in a vector § € IR:

8= (ﬂig)(i_j)gzv (3.21b)
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using Z as in (3.20). Note that one can determine all possible values of sign (V p+ 3): let o €
{-1, 0, 1} be a signing and observe that sign (V u + 3) = o, if and only if

Vyp+p—dag(o) s=0,s>0 (3.22)

has a solution (i, s), s > 0. Thus, by checking feasibility of (3.22), for every o € {—1, 0, 1}, one can
determine all signings that sign (Q (1)) can assume. A signing o, such that (3.22) is feasible is called a
feasible signing. Observe the following fact:

Fact 1. Suppose 3i; =0,V (i,7) € I. In this case, if (i,5) is solution to (3.22) for o, then (—[i,5) is
solution for —o. Thus, if o is a feasible signing for (3.22), then —o a feasible signing as well.

To see this, suppose (fi, §) has been established as a solution to (3.22), that is
Vi—diag(c) s=0

holds. Observe that
V (=) — diag (—0) 5 = =V i+ diag (0) § = 0.

The following algorithm can be used to determine all feasible signings:
Algorithm 1.
(1) Let s be the number of inequalities. Create all signings ¥ := {—1,0,1}°.
(2) Vo € X:

(a) Solve

[V I3 7diago} =0, s>0,5=1.

w n =

(b) If (1, 5, s), with s =1, s > 0 exists, then o is a feasible signing.

Remark 4. For Algorithm 1 the system (3.22) has to be solved (3°° — 1) times (if the signing o = 0
is excluded). If 3 =0, the system has only to be solved % (3% — 1) times (as in this case (i,s) is a
solution to (3.22) for o implies by Fact 1 that (—p, s) is a solution to (3.22) for —c).

Remark 5. The existence of a signing such that the sign pattern of Q (1) is an L -matriz is necessary,
but not sufficient for the existence of a positive solution to (3.16).

Remark 6. If one cannot establish signings, such that Q (p) is an L*-matriz, it might still be possible
to establish signings, such that Q (u) is a sign-central matriz. In this case some elements of v and X
and thus of the vector of rate constants k can equal zero. In this case one can try to find values for
the zero elements of k using the results discussed in Section 3.4 (This approach has been successfully
applied to one of the models for cell cycle requlation discussed in Chapter 5).

3.2.2.3 An example: application to network N}

As an illustration the matrix @ (i) for network A is determined. Recall that for the example network

0 0 1 -1
1 -1 -1 1

The generators of ker(Y I,) N RS, are given as the column vectors of the matrix

10010
1000 1
01010

E=10 1001
00110
0010 1
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For A (E) as defined in (3.5) one obtains

A(E) = {:c € Rszo |21 = 0& (20 = 0& (3 = 0&xy > 0&xs > 0]|xg > 0&ay > 0&as > 0)||
2o > 0& (23 = 0&xy > 0&as > 0||wz > 0&xy > 0&xs > 0))]|
z1 > 0&(z2 = 0& (25 = 0&zy > 0& a5 > 0f|zz > 0&zy > 0& 25 > 0)]]
T3 > 0&(23 = 0&my > 0&as > 0f|zg > 0&zyq > 0&w5 > 0))}.

And the transformation matrix U, with U F = [100 %“} is given by
01 0 0 0 O
00 0 1 0 O
0 0 0 0 0 1
U= 0 0 0 0 1 -1
1 -1 0 0 -1 1
o 0 1 -1 -1 1
Therefore one obtains
Qn, = L B —~U diag (eymT“) E
0 0
1000 1|-1 0 0 0 -1
0100 1 0 —et 0 0 —et
|00 10 1 0 0 —edm 0 —edm
10 0 0 1]-1 0 0 @ —ePrtee edm |0
0000 0] 0] ¢ 0 —q q3 [
00 00 ‘ 0 ‘ 0 qs —q q6 q7
with
@ = e3H _ g2 mtuz
g =1—e"
q3 = —eM + 62M1+M2
u=1-é"
g5 = —1+e"
G =—1+ g2 Hituz
g7 = —e3H ez,

As every row of @ (p)contains positive and negative entries, no row can be discarded. To determine the
sign pattern of @ (i), the signs of the ¢; have to be determined. This can be done by solving systems
of linear inequalities: sign (q1) = sign (1 — p2), sign (¢2) = sign (—u1), sign (g3) = sign (1 + p2), ...
Let ¢ = (qu, ..., q7)T. Then
sign (q) = sign (V') ,
where
1 —
—1
1
V=] -3
0
2
-3

= O = O

Let 0 € {—1,0,1}7. The signing o = (1,1, 1, 1, 1, 1)T, for example, corresponds to ¢; >0, ..., q7 >0
and thus V p > 0. Each signing defines an inequality system that is feasible if an only if the system

[V —diag(o)] (’:) =0,s>0 (3.23)



3.2. SOLVABILITY OF YO | = LN £ 19

is feasible. (Note that 3 = 0 in this case.) Solutions to (3.23) form a pointed polyhedral cone, whose
extreme rays can be computed by efficient algorithms. Let the columns of E = [f‘i] be generators
of this cone (where A; and A, are matrices of appropriate dimension). Then p = Ak, & > 0is a
parametrization of all p that satisfy (3.23) for a particular signing.

The inequality system defined by o = (1, 1, 1, 1, 1, 1) has no solution, as the inequality —us > 0 (a
consequence of the first two inequalities 1 — p2 > 0 and —pq > 0) is not compatible with the fifth
inequality po > 0. Thus the sign pattern defined by o = (1, 1, 1, 1, 1, l)T

1 0 0 0 1 -1 0 0 0 -1
010 0 1 0 -1 0 0 -1
. 00 1 0 1 0 0 -1 0 -1
Sen@W) =19 901 1 0 0 1 -1 1
00 0 0 0 1 0 -1 1 1
looo0oo0 0 0 1 -1 1 1|
is not a feasible sign pattern for @ (u). The sign pattern
[1. 0 00 1 -1 0 0 0 —11
010 0 1 0 -1 0 0 -1
. oo 10 1 0 o0 -1 0 -1
Sen@W) =19 901 1 0 0 -1 -1 1
00 0 0 0 1 0 —1 1
(o000 0 0o 1 1 -1 1]

is feasible. It corresponds to the signing o* = (-1, 1, —1, 1, 1, —1, 1) that defines the feasible inequality
system

p1—p2 <0
—p1 >0
M1+ p2 <0
—3”1 >0

p2 >0
2p1 4 p2 <0
=3+ p2 >0

The pointed polyhedral cone defined by the corresponding equalities

[V —diag(o)) (if) =0,5>0 (3.24)
is generated by
C 1 11
0 1
1 2
1 1
E,. = 1 0
3 3
0 1
2 1
L 3 4 4
Thus all p = Ay k, K > 0, with
A = [ 7(1) *} ] (3.25)

are solutions to the inequality system. Equation (3.24) is feasible for the following signings o €
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{-1,0,1}7

(3.26)

Of these twenty signings only the signings

(3.27)

define sign patterns of Q (1) that are L*-matrices. This is easy to verify using Theorem 1. The signings

given in (3.27) correspond to the following sign patterns of @ (u):

-1
-1
-1

0

-1 1

-1

0

for o¢ and

-1
-1
-1

0

0

-1

1

00 1 0

1
-1
-1

-1

00 01

sign (Q (w))

-1
-1

-1

00 00
00 00

0

Consider g, the solutions to the corresponding inequality systems are given above as pq

1. Then pu = (=2,1)" and

=Ky =

Ka, K1, k2 > 0. Choose, for example, K1

—K1 — K2, [2

for oy5.

1
9

o
€

1
1
1
-1
0
0

cocoo-oco
co~ooco
oc~Hoococo
~—oococoo
e —

Il

—

—

o

L

e
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The cone ker (Q (—2,1)) N RY, is generated by

[ 4.0342879¢ + 02 0.0000000e 4+ 00  1.0000000e 4 00  4.0242879¢ + 02  0.0000000e + 00  0.0000000e + 00
6.4346646e + 03 3.1936309e + 02 1.5193499¢ + 01  6.4336646¢ + 03  3.1936309¢ + 02 3.0516959¢ + 02
1.0000000e + 00  0.0000000e + 00  0.0000000e + 00  0.0000000e + 00 0.0000000e + 00  1.0000000e + 00
2.3320418e + 02 3.1696090e + 01 5.0321472e — 01  2.3420418e + 02  3.1696090e + 01  3.0192875¢ + 01
0.0000000e + 00 1.0000000e + 00  0.0000000e 4 00  1.0000000e + 00  1.0000000e + 00  0.0000000e + 00
0.0000000e + 00 0.0000000e + 00  1.0000000e 4 00  0.0000000e + 00  1.0000000e + 00  0.0000000e + 00
1.9637520e + 03 1.1685499¢ + 02  5.5893760e + 00 1.9637520e + 03  1.1785499¢ + 02  1.1226562¢ + 02
0.0000000e + 00 4.0242879¢ + 02 0.0000000e 4 00  0.0000000e + 00  4.0342879¢ + 02 4.0342879¢ + 02
4.7041168¢ + 03 2.3420418¢ + 02  1.0107338e + 01  4.7041168¢ + 03  2.3320418¢ + 02  2.2309685¢ + 02

| 4.0342879¢ + 02  1.0000000e 4+ 00  0.0000000e + 00  4.0342879¢ + 02  0.0000000e + 00  0.0000000e + 00 |

A solution for v, A is

v = (8.0685759¢ + 01, 1.3827419¢ + 03, 2.0000000¢ — 01, 5.6149664¢ + 01, 3.0000000¢ — 01)” (3.284)
A = (2.0000000¢ — 01, 4.2800691¢ + 02, 1.2092864¢ + 02, 1.0108846¢ + 03, 8.0785759¢ + 01)”
(3.28b)

A pair of steady states is given by a = (1,1) and b = (e’z, e]). The corresponding parameter vector is
given by

k= (1.01108466 + 03, 8.0985759¢ + 01, 1.4388915¢ + 03, 5.0879266¢ + 02,

.’ (3.28¢)
1.1318133¢ + 03, 2.0171440¢ + 02) .

3.3 DPositive solutions satisfying the conservation relations

Recall the present situation: the goal is to find two positive steady state solutions a,b € IRZ, and a
parameter vector k € IR, such that Y I, v(k, a) =Y I, v(k, b) = 0 and W7 a = W7 b. As a result of
Section 3.1, it is known how a,b € IRZ, and k € IR’y can be established: by obtaining solutions to

EX
y(L)T —1n =2
p=m

where v, A € A (E) and g € IR™. If a solution v, \, i exists, then

ac IRY,, arbitrary

b = diag (¢") a

k = diag (¢ (a™')) EX
satisfy Y I, v(k, a) = Y I, v(k, b) = 0. However, the condition W7 a = W7 b will in general not hold
for arbitrary vectors a. But, as a can be chosen freely, W7 a = W7 b can be checked independent of
the rate constants k. Note that W7 a = W7 b is equivalent to W7 (b — a) and thus to b—a € S, where
S = [Y I,]. Let M; and Ms be two subsets of IR™, not necessarily linear subspaces. The following

lemma gives necessary and sufficient conditions for the existence of two positive vectors p € IR and
q € IRY, with the following properties:

mle My, (3.29a)
p
e
where, as usual, ln% = (ln g%, ..., In Zf) and
q—p€E M. (3.29b)
The following Lemma formalizes the discussion in [25], or [23, p. 187-188]:

Lemma 3. Let My C IR™ and My C IR™ be two nontrivial subsets of IR™ and define M3 := { (m1,ms) €
My x JWQ| sign (my) = sign (mg)} as the set of all ordered pairs (mi,m2) of elements my € M, and
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ma € My with the same sign pattern. Two positive vectors p and q with the properties given in (3.29a)
and (3.29b) ewist, if and only if My # (. Moreover, any pair (m1,ms) € Ms defines a pair p, q:

(Pi)icr.n = {e”T?) 1 if mai 0 (3.30a)

pi > 0, arbitrary, if my; =0
and

(@)iz1..m =€ Dic (3.30D)

Proof. Suppose p and ¢ with the properties given in (3.29a) and (3.29b) exist. One has to show that
M # 0. Aslnqu <0iff g —p;i <O, ln% > 0iff g —p; > 0 and ln;% = 0 iff ¢; — p; = 0 one has
sign (ln%) = sign(q — p). As, by assumption, ln% € My and q — p € My the desired result M3 # ()
follows.

Suppose, on the other hand, Mz # (. Then it remains to show that p and ¢ as defined in (3.30a) and
(3.30b) have the properties defined in (3.29a) and (3.29b). Pick any pair (m,m2) € M3 and suppose
my; #0,i=1, ..., n. Then

mii

qi —pi=e"p; —p;=p; (€M —1)=my and ln% = my;.

i
Otherwise, if mi; = 0 for some i € {1,...,n}, then ¢; = p; = p;. Moreover, sign (my) = sign (ms)
ensures mo; = ¢; —p; = 0 and In ;17: =my; =0.

Thus ¢ — p = mg € My and % =my € My, by definition. p € IRZ, follows from sign (msg) = sign (m;)
and the fact that sign (e™' — 1) = sign (my;), i = 1, ..., n, positivity of ¢ follows from positivity of p.
| |

As an easy consequence of Lemma 3 necessary and sufficient conditions for the existence of multiple
positive steady state solutions can be derived:

Theorem 3. Consider a biochemical reaction network with mass action kinetics and the matrices
Y € R™™, I, € R™" and YY) € R™ " as defined in Chapter 2. Let the columns of E € IR™P be
generators of ker(Y I,) N IRL,. Obtain

E
M= {/L € R"3v,\ € A(E) such that Y(L)T/L =In FK} . (3.31)

Let S = [Y I,] denote the stoichiometric subspace and define the set of all ordered pairs (u, v) of
elements jp € M and v € S with the same sign pattern:

T :={(p, v) € M x S|sign (n) = sign (v)}. (3.32)

The ODEs derived from the biochemical reaction network admit multistationarity, if and only if T # 0.
Moreover, any element of T' defines a pair of steady state solutions a,b € IRZ, and a vector of rate
constants k € IRT, with

Y1, vk, a)=Y I,v(k, b) =0

Wro=w"a
in the following way:
(ai)izy, .0 = fHLl Y #1]# 0 ) (3.33a)
a; > 0, arbitrary, if p; =0
b= diag(e") a (3.33b)
k=diag (¢ (a")) E X, (3.33¢)

for some X\ € A(E), such that Y(L)T/L =InZ%.
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Proof.

= Suppose T ;é (0. Therefore M # (. Then there exist ¢ € IR" and v,\ € A(E) such that
y’ pu=InEZ% % Thus, by Lemma 1, for arbitrary positive a, vectors b € IR as in (3.33b) and
k€ RZ, as in (3.33c) satisfy Y I, 7;(k a) =Y I,v(k,b) =0. As T # 0, Lemma 3 implies that
b—ae S and thus WHa=W7Tb,ifaasin (3.33a).

<« Suppose a,b € R, and k € IRL, exist with Y I, diag (k) ¢ (a) = Y I, diag (k) ¢ (b) = 0 and

WTa=WTb. As a,b > 0, the assumption Y I, diag (k) ¢ (a) = Y I, diag (k) ¢ (b) = 0 implies

diag (k) ¢ (a) = E X and diag (k) ¢ (b) = Ev, for some v, A € A (E). From Lemma 1 follows that

= ln% satisfies YT p=InZ5 E” , for v, A as above. Thus M # (). Observe that W7 a = W7 b
implies b — a € S and thus 7 # Q) by L(‘mma 3.

Corollary 1. Suppose dim (S) = n, that is, the system has no conservation relations. Then the ODEs
derived from the biochemical reaction network admit multistationarity, if and only if M # 0, with M
as defined in (3.31). Any vector p € M defines a,b € IR and k € IR, with

Y Iyv(k,a) =Y I,v(k, b) =0
in the following way:

a€ R~y, arbitrary
b = diag (e") a
k=diag (¢ (a™")) EA,

for some A\ € A(E), such that y@’ p=1InZ% 3%

Moreover, based on Lemma 3, it is, at least in principle, possible to prove that a certain network
structure cannot admit multiple (positive) steady state solutions. This motivates the following corollary:

Corollary 2. Suppose M # 0, M as in (3.31) and T =0, T as in (3.32). Then multistationarity is
impossible (in the sense, that no pair a,b € IR, of positive steady state solutions satisfies wWTh =
WTa).

Results similar to Lemma 3 have been known in the literature on Feinberg’s Chemical Reaction Network
Theory for some time (see, for example, the informal discussion in Ellison’s Ph.D. thesis [23, p. 187-
188]). In fact, both the Deficiency One Algorithm and the Advanced Deficiency Algorithm utilize the
way p and ¢ are constructed in (3.30a) and (3.30b). Note that multistationarity does not depend on
specific parameter values. This motivates the following fact.

Fact 2. For a biochemical reaction network with mass action kinetics multistationarity is a network
property, that is, it can be tested without any knowledge of parameter values whatsoever. Con-
clusiveness of a test depends on the existence of vectors v, X € A(E) and a vector pu that satisfy the
nonlinear equation (3.8b) and a vector v € [Y I,] with sign (v) = sign (x).

3.3.1 The linear subspace case

Suppose that M as given in (3.31) defines a linear subspace of IR". In this case it is straightforward
(but may be computationally demanding) to check whether or not 7 # () (i.e. to check whether or not
there exists 4 € M and v € S with sign (1) = sign (v)): to see this, suppose, for a particular p € M,
a vector v € S with sign (v) = sign (p) can be determined. Then all vectors avv with o > 0 also satisfy
sign (v) = sign (). In fact, every vector v € S that is contained in the same orthant as p also satisfies
sign (v) = sign(p). And vice versa: suppose for a given vector v € S there exists a p € M with
sign ;1) = sign (v). Then every vector 1 € M that is contained in the same orthant as v also satisfies
sign (u) = sign (v). Thus, to show that 7 # 0, it suffices to find an orthant that intersects M as well
as S (provided that M is a linear subspace of IR™).

To formalize this discussion, let 6 € {—~1,0,1}" be a vector composed of entries +1, 0 and —1. It
is used to denote a particular orthant IR} := {z € R"|§ = sign(z), j = 1, ...,n}, with § the
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signature of the orthant. In this notation the positive orthant, for example, is represented by the
vector § = (1, ..., 1)7, entirely composed of entries +1, and R}, § = (0, 1, ..., 1)T is the part of the
hyperplane x; = 0 separating IR} with §=(1,..., )T from Ry with § = (=1, 1, ..., 1)7. Using this
notation the previous discussion can be summarized as follows:

Fact 3. Recall that S is a linear subspace of IR™. Suppose M C IR" as given in (3.31) is a linear
subspace of R"™. Then T as defined in (3.32), has T # 0, if and only if there exists an orthant IR} as
defined above with M N IR} # 0 and SNIRF # 0. Note that in this case MNIRY # 0 and SNRF # 0,
with 0, = —d as well.

Proof. Recall that 7 # (), if there exists v € S and p € M with sign (v) = sign (1) = d, which implies
MNRY #0and SNIRY # 0. As S and M are linear vector spaces, —v € S and —p € M holds.
Obviously sign (—v) = sign () = —d =: d,. Thus M NRE # 0 and SN RF # 0. | |

Note that a, b and k can be recast using the cones MNIRY and SNIRY. Let A := {§ € {-1,0,1}" | MN
R} # 0 and SN IR} # (B}. Using elements § € A, a representation of a®, b, k% can be derived in terms

of the generators of M N IR} and SN IRY: let Ef’vé, R E;f; be a set of generators for the cone SN IRy
and define the matrix ES’ = [Efa, o E;?;} Further let BM”, ..., Eé‘/\:; be a set of generators for
the cone M N IR} and define the matrix EM = [E{"tﬁ? o EIJ)‘;‘;] Then, for a particular orthant R},

all p € M N IRy, can be represented by

= M a® ol e BZ"‘&'S, (3.34a)
and all v € SN IR} can be represented by

W =ES" B, 3 e RYS. (3.34D)

Using (3.34a) and (3.34b) in (3.33a) a can be parametrized in terms of o’ and $°. The symbol a®
is used to denote this parametrization of a for each § € A. Using a® in (3.33b) and (3.33c) yields
parametrizations of b° and k° in terms of a® and $°. Thus, for each orthant § € A a different
representation of a, b and k can be derived.

It seems worthwhile to discuss the following property of M and S: whenever v € § (u € M) holds,
—v e S (—p € M) holds as well. In terms of orthants this is equivalent to the fact, that whenever
5 € A, then —§ € A as well. Tt is sufficient to consider either § or —§, as all representations a=°, b9,
k% can be obtained from representations a’, b°, k°. To be more precise, let u‘f € MNIRE, vf € SNIRY

and /1,2’0 € MnN R, 1){5 € SN IR"; with py? = —pg and 7);5 = —v?. Without loss of generality
_ — . ¢ 5 .
assume u9; # 0, g5 # 0, 03, # 0, v3° #0,4=1, ..., n. Then af, = —i— and by; = et ay;. Using
etli—1
=5 _ ¢ I SR
vy" = —v); and py” = —pg; in ay;’ yields
vy —vf —? 1 v S
-5 _ 2i _ 1i _ 1i _ 1i T 14 10
Ay = -3 - 8 - 5 5 - 8 8 =et—s - blz-
et — 1 e Hii —1 =1 (1 _ e/‘n) e~ e — 1 enti — 1

In a similar way bz_{s = “(1;1: can be derived. As k is determined by a, all representations a0, b0, k0
can be derived from a®, b, k% as a=® = b°, b0 = a® and k=0 = k.

Let B and W be two matrices of appropriate dimension with [B] = M* and [W] = S* and note that
x € IR} is equivalent to « = diag (0) &, £ € IRY,. Observe that M NIRY # () and S N R} # 0 hold for
a particular ¢, if and only if the system

BT diag(§) € =0 (3.35a)
wT diag (6) € =0 (3.35h)

has a positive solution { € IRZ,. The following algorithm can be used to obtain orthants with MNIR} #
0 and SN IRY # () (see Appendix D, where (3.35b) and (3.35a) are used):

Algorithm 2.
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(1) Assumptions:

(i) In solving (3.8b), v, X € A(E) can be determined independently of p € IR™.
(it) M as defined in (3.31) is a linear subspace of IR™.

(2) Determine all § € {—1, 0, 1}" with SNIRY # 0 (e.g. using the algorithms discussed in Appendiz D):

AS = {5e{-1,0,1}"|SN R} # 0} (3.36a)

(3) Determine all § € {—1,0, 1}" with M N IRY # 0 (e.g. using the algorithms discussed in Ap-
pendiz D).
AM = {5e{-1,0,1}" M N R} # 0} (3.36b)

(4) Determine A := AS 0 AM. If and only if
A#D (3.36¢)
multistationarity is possible. This is a consequence of Fact 3 and Theorem 3.

(5) If A #0, use (3.34a) and (3.34b) in (3.33a), (3.33b) and (3.33c) to obtain parametrizations for a
pair of steady state a®, b° and the corresponding vector of rate constants k°. Note that one obtains
a different parameterization for each § € A.

There exists a variety of algorithms and software tools to check feasibility of (3.35b) and (3.35a).
However, as up to % 3" inequality systems have to be checked, it is computationally hard, to use Fact 3
to check sufficient conditions for multistationarity. For systems of moderate size, as those presented in
Section 4, the algorithms presented in Appendix D can be used.

3.4 Multistationarity in subnetworks

Consider again the pointed polyhedral cone ker(Y I,) N IRZ,, and its generators. Let E; be a generator.
Then two different types of generators can be distinguished: trivial generators with I, E; = 0 and
stoichiometric generators with I, F; # 0.1:? As explained in Section 3.1.1 every generator corresponds
to a subnetwork of the overall network. The ODEs corresponding to any subnetwork can be obtained
from the ODEs of the overall network by setting those rate constants to zero, that correspond to
reactions not contained in the subnetwork. Thus, if J C {1,...,r} is the index set of the reactions
contained in a subnetwork, then k; = 0,4 ¢ J (if the subnetwork is defined by a stoichiometric generator
Ej, this is equivalent to k; = 0, if ¢ ¢ supp (Ej)).

The motivation of this section is based on the idea that steady states in a subnetwork are connected
to steady states in the overall network. Intuitively, if (1), z(2) are steady states of a subnetwork and
if in the overall network those k; previously set to zero are assigned arbitrarily small numbers, then
the overall network should have steady states ‘close’ to 2(1), 2:(2). In Section 3.4.1 multistationarity in
subnetworks defined by a stoichiometric generator are examined. For these subnetworks it is particularly
easy to establish multistationarity, as this can often be done using the Deficiency One Algorithm of
CRNT. This means, in particular, that multistationarity can be established by analysis of systems of
linear inequalities. Furthermore, as a consequence of the results presented in Section 3.1 and 3.3 it is
straightforward to obtain a parametrization of pairs of steady states and the corresponding parameter
vectors.

[35] describes how steady states of the overall network deform to steady states of subnetworks defined by
stoichiometric generators, if the k; not contained in the subnetwork approach zero. In Section 3.4.2 the
other direction is pursued: starting with (multiple) equilibria in a subnetwork, conditions are derived
that guarantee that these steady states are steady states of the overall network as well. Moreover, by
testing these conditions for a specific (pair of) steady state(s) it is possible to obtain values for those
parameters of the overall network that are not contained in the subnetwork.

INote that trivial generators correspond to cycles in the directed graph defined by I,.
2The term stoichiometric generators is used in [35]
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3.4.1 Multistationarity in subnetworks defined by stoichiometric generators

In this Section a subnetwork of a (bio)chemical reaction network that is defined by a stoichiometric
generator of the larger network is considered. To distinguish subnetwork and overall network the symbol
"is used to mark all entities that belong to the overall network: I, for the incidence matrix, E for the
stoichiometric generator that defines the subnetwork and Y () for the matrix of exponent vectors. Both
subnetwork and overall network involve the same complexes, thus Y is used for both networks. Note
that the incidence matrix I, and the matrix of exponent vectors of the subnetwork consist of column

vectors fa.i and @EL) of the overall network, namely those with i € supp (E) Let 7 be the number of
reactions contained in the overall network and 7 be the number of reactions in the subnetwork. Let £
be the vector obtained from E by deleting all zero entries; obviously £ > 0. It follows that Y I, E =0
and [, B # 0.
This Section contains two parts. In the first part algebraic properties of subnetworks defined by a
stoichiometric generator are derived, before in the second part parametrizations of pairs of steady
states and the corresponding parameter vectors are derived.
3.4.1.1 Algebraic properties of subnetworks defined by a stoichiometric generator
Recall the properties of generators E;, E; of ker(Y I,) N IRL:

YI,E;=0, YI,E;=0

E; € RL,.

Given B, EJj with Y I, B; =0 and Y I, E; = 0. Then
supp (E;) Csupp (Ej) = E; = Oor E; = aE;.

Further note the well-known result from algebraic graph theory concerning incidence matrices of arbi-
trary (oriented) graphs (for details see, for example, [36, Theorem 8.3.1, p. 168]). It is given here using
the notation introduced in [24, 25].

Lemma 4. Let I, be the incidence matriz of a graph with m vertices and | connected components (i.e.
linkage classes). Then rank I, =m — .

The following facts can be established for the matrix product Y I, (the matrices associated to the
subnetwork defined by E):

Lemma 5. Let E be a stoichiometric generator and E a vector obtained by deleting all zero entries of
E. Further let Y and I, be the matrices associated with the subnetwork, as described above. Then the
following holds:

(i) E is a generator of ker(Y I,) N IRL, and it is the only generator, that is

ker(Y I,) "Ry =aE,a>0

(i) dim (ker (Y I,)) =1
(i1) I, has full column rank
() I, contains m — 1 columns
(v) rank (Y I,) =m—1—1
Proof.  (i.) Follows from the fact that Eis a generator of ker (f’ fa) n B’;O and positivity of F.

Let Ey be a nonzero nonnegative vector that satisfies (3.3a) and (3.3b). Positivity of E implies
supp (Ey) C supp (E). Let Ey € JRQU be obtained from Ej by an appropriate padding with zeros.

Then Y I,Ey = 0 and supp (EO) C supp (E) follow from the construction of Ey. As E is by

definition a generator of ker Y, HR’;O we conclude that Fy = a E, a >0 and thus Ey = a E,
a > 0. Thus E is a generator of ker(Y I,) N IRL,,.
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That E is the only generator follows again from positivity of E: any nonzero nonnegative vector
E) that satisfies (3.3a) and (3.3b) will inevitably satisfy supp (Ey) C supp (E). As E is a generator
of ker(Y I,) N IRL, all Ey satisfying (3.3a) and (3.3b) must satisfy Fy = a E, o > 0. Thus E is
the only generator of ker(Y I,) N IR,.

(ii.) The proof is similar to the one for (i): suppose there exists a nonzero vector Ey € IR", Ey ¢ [E|
with Y I, Ey = 0. That Ej contains negative entries follows from (i): otherwise Ey = a E, a > 0
and dim (ker (Y I,)) = 1 from (i). Let E =aFE+ Ey. Then E > 0, for sufficiently large o and
E = B E by (i), a contradiction. Thus dim (ker (Y I,)) = 1.

(iil.) As I, E # 0 by definition of E and dim (ker (Y 1,)) = 1 by (ii), I, must have full column rank.

(iv.) By Lemma 4 rank (I,) = m —[. By (iii) I, has full column rank. Thus I, must have m — [
columns.

(v.) By astandard result of linear algebra for any matrix A (see e.g. [61]) dim (ker (4)) = nr. of columns—
rank (A). As dim (ker (Y I,)) = 1 by (ii) and nr. of columns = m — [ by (iv) the desired result
rank (Y I,) = m — [ — 1 follows.

]

Suppose the subnetwork defined by E contains several linkage classes and let £ be the number of linkage
classes of the subnetwork with £ > 2. Let J; C 1,...,m be the set of indices whose complexes are part
of linkage class i. Each linkage class can be considered as a graph of its own with an incidence matrix
IJ¢, that contains those columns of I, that are indexed by .J;. The following result can be established
for the rank of the matrix product Y I/

Corollary 3. Assume the subnetwork defined by E has ¢ > 2 linkage classes. Consider one of these
linkage classes. Let J; C 1,...,m be the set of indices whose complexes are part of that linkage class
and let T the incidence matriz associated to the linkage class (as described above, I, that contains
those columns of I, that are indexed by J;). Let m; be the number of complexes in the linkage class.
Then

rank (YIaJl) =m; — 1.

Proof. By assumption the linkage class contains m; nodes. By definition a linkage class is a graph with
one connected component. Thus rank (1J*) = m; — 1 by Lemma 4. By Lemma 5, (i) one has for the
subnetwork defined by E, that dim (ker (Y I,)) = 1. As a consequence Y I7: must have full column
rank. To see this, assume that Y I&] ¢ does not have full column rank, that is, there exists a vector Fy
of appropriate dimension with Y I/t By = 0. Let Ey be a suitable padding of Ey with zeros. One has
Y I, Ey = 0 for the complete subnetwork and Eq ¢ [E] (as E is a positive vector and E, contains zero
entries). Thus dim (ker (Y I,)) = 2, a contradiction. Thus Y I has full column rank. As Y Ii has
full column rank and as rank (Ié]') = m,; — 1 one obtains rank (Y IaJl) =m; — L. |

Subnetworks defined by stoichiometric generators are intimately connected to the Deficiency One The-
orem of CRNT. To see this, recall the definition of network deficiency D, as given in, for example,
(24, 25, 27, 28]:

D=m-—"{—s.

Recall that s is the dimension of the stoichiometric subspace, that is s = rank (Y"1, ) for the subnetwork
defined by the stoichiometric generator E. As a consequence of Lemma 5 and Corollary 3 the following
result can be established:

Corollary 4. Consider a subnetwork with { > 2 linkage classes defined by a stoichiometric generator
E. For the deficiency D of the subnetwork as well as for the deficiencies D; of the linkage classes of
the subnetwork the following holds:

(i.) D=1

(ii.) Di=0,i=1,..., ¢

Proof. Lemma 5 (v) and (2.11) imply (i), Corollary 3 and (2.11) imply (ii). u
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In CRNT the Deficiency One Algorithm can be used to decide about multistationarity. It is applicable
to biochemical reaction networks with deficiency D = 1 that satisfy certain additional constraints.
To state these a concept of graph theory is needed: the strongly connected component. A directed
graph is called strongly connected if for every pair of nodes u and v there is a path from u to v and
a path from v to u. The strongly connected components of a directed graph are its maximal strongly
connected subgraphs. In the notation introduced in [27, 28], strongly connected components are called
strong linkage classes. If no edge from a node inside a strong linkage classes to a node outside exists,
this strong linkage class is called terminal. The Deficiency One Algorithm is applicable to biochemical
reaction networks satisfying the the following requirements [25, 28]:

(I) The network deficiency is D =1
(II) The deficiency of the linkage classes is D; = 0,i=1, ..., ¢
(ITII) There exists a positive vector E with Y I, E = 0.
(IV) The terminal strong linkage classes do not contain any cycles
(V) Each linkage class contains only one terminal strong linkage class

Note that (I) and (II) hold by Corollary 4 and that (III) holds by Lemma 5. Further note that the
graph cannot contain any cycles, as by Lemma 5 I, has full column rank. Thus (IV) holds as well.
However, no information about (V) is obtainable using Lemma 5. This motivates the following fact:

Fact 4. Consider a biochemical reaction network that is a subnetwork of a larger network defined by a
stoichiometric generator of the larger network. Assume that the subnetwork is displayed in the standard
form of CRNT. Then the following holds: if every linkage class of the subnetwork contains only one
terminal strong linkage class, the Deficiency One Algorithm is applicable. Thus, in particlar, only
systems of linear inequalities have to be considered to decide about multistationarity.

Remark 7. Suppose the subnetwork defined by E consists of a single linkage class (i.e. £ =1). Clearly
Corollary 3 does not hold in this case. However the deficiency of the subnetwork is still one. To see
this, note that by Lemma 5 rank (Y I,) = m—{€—1=m — 2 in this case. And for the deficiency D one
obtains

D=m—-{l—s=m—-1—(m—2)=1.

3.4.1.2 Steady states for subnetworks defined by a stoichiometric generator

From Lemma 5 it follows that ker(Y I,) N IR%,, is spanned by a single positive vector E, that is
ker(Y I,)NIRL, = o E, E € IRY, a > 0. Then the conditions v(k, a) = E'A and v(k, b) = E'v become

y(L) y(L) .
kiaVi =mn; A k% =niv,i=1,..., 7,

where n; is the i-th component of E. Apply In ()

Ink; + (ygL), Ina) =Inn; +In A Ink; + <ny), Inb) =Inn; +lnv, i =1,..., 7
Subtracting equations in a from those in b one obtains (using, as before, y :=In 2):
W =m =1,

Using 1= (1, ..., 1)¥, (3.8b) becomes
vy = % 1, (3.37)
v, A > 0. Solvability of (3.37) can be established by means of linear algebra. Let fi = (In%, y1) and
transform (3.37) to
[71 y(L)T} i=0. (3.38)
Any solution fi # 0 to (3.38) can be used to determine two vectors a, b € IR%, and k € IRZ, with

Y I v(k, a) = Y I, v(k, b) = 0. Note that the only requirement is that /i # 0 and not that In§ # 0.
Thus, in particular, In § = 0 and thus v = A is allowed. One obtains the following Lemma:
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Lemma 6. Consider equation (3.8b)

yWT —wmy,
p=mil,
with v, A > 0. Let i = (In%, po) be a nonzero solution to
[71 y(L)T] = 0.
Let a >0 and a € IRY,. Choose

k= diag (¢ (a™')) (a E) (3.39a)
b = diag (e"°) a. (3.39b)

Then Y I, v(k, a) =Y I, v(k, b) = 0.

Proof. Suppose the first component of i is nonzero. Then In§ = 3, € R\ (0). Let v = A N>0
and choose @ = A in (3.39a). In this case the desired result follows from Lemma 1.
Suppose the first component of ji is zero. Then In 5 = 0 and Y(L)T 110 = 0 (as, by assumption fi is a

ey(”" o

solution to (3.38)). As a consequence, ¢ (e/0) = o = 1. Consider the steady state equations

Y I,v(k, a) =Y I, diag (a E) diag (¢ (a™")) ¢ (a)
| S
=Y, (aE) =0 )
diag (¢ (a™")) ¢ (diag (") a)
diag (¢ (a7')) diag (¢ (a)) ¢ (e)

=I,

Let ker ([-1 vy 7)) = [%; } Then p = Ms k, k a vector of appropriate dimension, is a representation
of all vectors that can satisfy (3.38) (i.e. all vectors y € IR", with 3o € IR such that (o, p)” is solution
to (3.38)). To determine a,b € IR%, and k € IR” that satisfy the conservation relations as well (if
rank (Y Ia) < n, otherwise a € IR% is free) Lemma 3 has to be considered. Thus one has to find
vectors v € S and p € [Ma] with sign (p) = sign (v). If such a pair g, v can exists, equation (3.33a)
from Theorem 3 and (3.39a), (3.39b) yield the desired a, b € IRZ, and k € IRZ,. Note that by Lemma 6
the parameter o > 0 can be chosen independent of .

Remark 8. Note that In % = 0 will always occur, if the subnetwork defined by a stoichiometric generator
is open with respect to certain species. If a species enters the system, then YY) contains the zero column.
Assume that only one species can enter the system. Then Y (F) = [ov], where Y contains only nonzero
column vectors. Equation (3.37) becomes

v

[Y/OT] pn=In 3 E.

and In ¥ =0 follows immediately.

As an example consider the following network involving a protein A, its phosphorylated form A,
a catalyst C' and various combinations of these species (network A3 is structurally equivalent to a
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subnetwork of network Afj; discussed in Section 5):
Kk k

Ap . 0 ﬁ;\ A
ka2

ka
A+Ck\:‘AC
5

N . (N2)
AC+CTCAC4>ApC+C
7
ko
ApC—>A,+C
kio

Network N3 involves the species A, A,, C, AC, C AC and A, C. Use z; for the concentration of A,
a3 for the concentration of A,, x3 for the concentration of C, x4 for the concentration of AC, x5 for
the concentration of C'AC' and x¢ for the concentration of A, C'. The complexes are the zero complex
y1 =0, A with y = ey, A, with y3 = ez, A+ C with ys = e; + ez, AC with y5 = eq, AC + C with
Yo = €4 + ez, C AC with y; = e5, Ay C' + C with yg = e3 + eg, A, C with yg = eg and A, + C' with
Y10 = €2 + e3. The columns of the 6 x 10-matrix Y are:

Y=[0 e e er+es es estes es es+eg e ex+es),
the columns of the 6 x 10-matrix Y X) are
v = [0 e1 ex e1tes es estes es es es extes)

and the 10 x 10-matrix I, is given by

o = diag (1,12, 1%, 15”)

with
. (-1 1 1]
=1 1 -1 o0
| 0 0 -1 |
- -1 1
2) _
=[]
X (-1 1 0]
¥ = 1 -1 -1
0 0 1

The stoichiometric matrix is

1 -1 0 -1 1 o 0 0 0 0
0 0 -1 o 0 0 0 0 1 -1
N = 0 0 0 -1 1 1 1 1 1 -1
0 0 0 1 -1 -1 1 0 0 0
O o0 o0 0 ©0 1 -1 -1 0 0
o 0 o 0 0 0 o0 1 -1 1

and the conservation relation is given by
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The cone ker(Y I,) N IR, is generated by the column vectors of

100 01
10000
00001
01001
01000
Ev:=1o 01 01
00100
00001
000 11
0 0 0 1 0

The first for columns are trivial generators, while the fifth column vector is the only stoichiometric
generator of network A, thus £ = (1,0,1,1,0,1,0,1, 1, O)T. The subnetwork defined by FE is
displayed below:

k1
APLOQA
ka
A+C——=AC

(N3)
ACtCcE-cAac—2A,CcHcC

A,C X A +cC

The matrix Y &) of the subnetwork A3 is given by
Y& = [0 ey e;1+e3 es+eq es ee]
Thus (3.37) is given by
0
H2
1+ v
—mZ
3 =+ g "X
M5
16 1
Obviously any solution must have In § = 0. All solutions are given by

[

=

Il

BN
SO - = O

There are two orthants, where sign (p) = sign (v), v € [S] and p as defined above:
§=(1,0,-1,1,0,0)7"

and —0. Using the generators of S ﬂle all pairs of positive steady states and the corresponding vectors
of rate constants are can be parameterized by ai, ..., a5 > 0 and k € R, k # 0 (where, as usual,
S = [Y 1], the stoichiometric subspace of the subnetwork defined by E):

T
a ay s
a=|— az, — , , Qu, Qs
er —1’ e rh—1"er—1 ’

. i, T
eay e Fag ey
b=l ™ o e M 9

K —K K —K T
b <17 %717_(6 “De" =1  (e"=1)(e *1),%71’%71)

a1 as ’ ?
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3.4.2 Extension of multistationarity to the overall network

If multistationarity can be established for a subnetwork, one is of course interested in extending those
solutions to the overall network. In this section conditions are presented that guarantee that (multiple)
steady states in a subnetwork can be extended to (multiple) steady states in the overall network. Recall
that the ODEs defined by a subnetwork can be obtained from those of the overall network by setting
certain rate constants to zero. To carry over a pair of steady states and a vector of rate constants from
a subnetwork to the overall network one therefore has to determine values for those rate constants that
are zero in the subnetwork.

Remark 9. All results given in this subsection and especially Theorem 4 stem from a cooperation with
D. Flockerzi and have been published in [9]. The proof of Theorem 4 is entirely D. Flockerzi’s work and
is given here only for the sake of completeness.

To begin witl}, consider a system of ODEs in the form @ = Nu(k, ), with N € R"™", » € R"
and v,k € IR" (using, as before, the symbol " to denote quantities belonging to the overall network).
Recall that v(k, ) = diag (k) ¢ (z) = diag (¢ (x)) k, where ¢ (z) = (z”iL),.u,z?’LL))T. Let J C
{1, ..., 7} be the set of reactions defining the subnetwork (if, for example, the subnetwork is defined
by a stoichiometric generator £ of the overall network, then J = supp (E) ). J can be used to split the
parameter vector: let 1;5, k. € Bio and collect all parameters belonging to reactions contained in the
subnetwork in kg (i.e. kpi=k for i € supp () and I}El = 0 otherwise) and the remaining ones in ke
(i.e. ke = k—kg). For example, for the subnetwork A3 of the overall network N> one has J = { 1, 3, 4,
6,8, 9} and thus kg = (k1, 0, k3, ku, 0, kg, 0, ks, kg, 0)" and k. = (0, ko, 0, 0, ks, 0, kz, 0, 0, ko) " -
Since v is linear in k& one obtains

&= Nu(k, z) = Nv(kg, z) + No(ke, z). (3.40)
Obtain vectors kp € IR and k. € Bi}r by removing zero elements from l;E, ];'C as
kp = (ki);c; and k.= (k1)17¢J resp. .
For the subnetwork A3 of the overall network N one has kg = (k1, ks, k4, ks, ks, kg)T and k. =
(ka, ks, k7, k10)". Let vg (kg, #) € R" and v, (ke, ) € IR™~" be given by
vg (kg, ©) = (1)(]:7};, :c)) =diag ¢ (7) kg ,
i€J

ve (ke, x) == (”(icc: m>)z¢] = diag ¢ (x) ke -
Let N; € IR"™ denote the columns of N and define
Ng = (N;) and N, = (N;)

ied igJ-

Then the ODE (3.40) can be rewritten as
&= Nguvg (kg, x) + Neve (ke, ) (3.41)
and the ODEs for the subnetwork defined by .J are given by
i=Ngvg (kg, 2). (3.42)
For the subnetwork N3 of the overall network N one has vy = (k1, k3 @2, ka1 @3, ke x3 24, ks 5, ko T3 xe)T
and v. = (k2 1, ks x4, k7 x5, kloare)T and the matrices

1 0 -1 0 0 0 1 1 0 0
0 -1 0 0 0 1 0 0 0 -1
00 -1 -1 1 1 0 1 1 -1
Ne=19 0 1 -1 0 o0 and Ne=| o 1 4
00 0 1 -1 0 0 0 -1 0
00 0 0 1 -1 0 0 0 1
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The ODEs defined by the overall network A2 and by the subnetwork N3 are (the terms on the right
hand side of the ODEs defined by the subnetwork are marked with a gray background):

= Nguvg (kE, I) + Ncve (kC7 I)

—ko w1 + ks 4
—kio 26
ks x4 + k7 x5 — k1o 26
—ks x4 + k725
—kr x5
k1o w6

Let § denote rank (V) and s denote rank (Ng). Observe that rank (V) need not equal rank (Ng), that
is, in general rank (Ng) < rank (N) and thus s < § holds. Let W € IR(™™9)*" be an orthonormal

basis for the left kernel of N and let Wy € R(™™$)%" with Wi = (VZ‘;Tde) be an orthonormal basis

for the left kernel of Ng (using Wyq4q to accommodate additional basis vectors, if s < §; Wyqq empty

if s = §). Let Sp be an orthonormal basis for im (Ng) and let T' = (Sg, Waaq, W) be an orthonormal

transformation with o = x(¢, n, p) =T (é) and ¢ = SEx, n=WZL,2, p=W" 2. Then (3.40) reads

= SE Npvg (kg, ©) + SE Nove (ke, )
=W, Neve (ke, ) (3.43)
p=0.

Suppose a ki > 0 and steady states xj, > 0 for the subnetwork (3.42) defined by J have been
established, that is

Npvg (kj;, 254) =0
Wiz = WE a3
Let (&5, 0% p*)T =TTz}, and observe that
{=SENgvg (ki @ (62, 0%, 7)) +5F Newe (ke, @ (§52, 17, 7))
=0
n= Wg:id Newve (km x (ff,% n, P*))
p=0.

Fix k}, > 0 and p*, define k*E as
kp), =0 and (kp) =k 44
( E)iy 0 an E)iEJ E» (3.44)

so that I;E is obtained from k7, by a suitable padding with zeros and let k := IAc*E + ek,. For steady
states of (3.43) one needs to determine &, n and k. such that
SENpvg (K. @ (&, 1. p7)) + €S Newe (ke, © (€, 1, p)) =0
e Waa Neve (key @ (€, m, p7)) =0

Observe that the last equation is equivalent to

€ Wiaa Ne diag (¢ (z (€, 1, p"))) ke = 0.
With F (k,z) := Nuv(k, ) and its Jacobian F, := D, F (k, ) one can outline the following program:
Algorithm 3. (1) Compute Sh F, (/%E, z’{2) (g, Waaa) =t (A7 5. B o).

ask for
reqular A7 , (3.45a)

and solve
T2 Xio+Bi,=0 (3.45b)
for X{,= *[A*f,z]leiz-
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(2) Compute a positive ko with

Gl ro=0 (3.45¢)
Sfor
W1y Ne diag (6. (zi))]
o i o) 3.45d
61 = [ A S o o) (3.45)
and define kX € IR™ by
K =0 and (k: = Ko. 3.45
( C)ieSuppw) o ( C)iesuppw) o (3.45¢)

(3) Compute WE, F, (k:, z’l‘z) (S, Waga) =t (Ct4, Di ) and ask for
regular Dy 5 := D7 5 + C 5 X7 5. (3.45f)

The following Theorem 4 shows that this program leads to a pair of positive steady states &1 5 of (3.40)
near x7 , for kj; + ek} if € > 0 is sufficiently small. To obtain values for & 2, fix a sufficiently small €
and solve N v(k} + ek?, 1.9) = 0 for #; o near 7o

Theorem 4. Suppose the following conditions are fulfilled:

(i) There exist 254 > 0, ki > 0 with Npvg (kj, v5,) = 0.

(it) There exists a ko > 0 with G} ko =0, ¢f. (3.45d).

(ii1) Both A} and A% are regular, cf. (3.45a).

(iv) Both Di and D3 are regular, cf. (3.45f).
Then there exist eg > 0 and 09 > 0 such that

0<e<e and|p—p*|<do

imply the existence of different positive hyperbolic steady states

Ei2(p, €)
z1,2 (py €) = (SE, Waaa, W) | Hi2 (p, €)
p

of (3.40) with
W1 (p, &) =W (p, €)
for the positive k(e) = ki + ki — cf. (3.44) and (3.45¢).

Proof. Apply the orthonormal transformation § = ST 2, n =WZ z, p= W' z to obtain

a
E=SENuv(k}y + k!, z)
= SENu(ky, ©) + e SE No(k:, )
i =Why No(kly + k!, z) = e Wy No(kf, x)
7 =0.
For fixed @7, kj; and regular A3 (see assumption (i) and (iii)) the equation £ =0 has a locally unique
solution & = Z; (1, p, ek ) near (n°,p%,0) with A7 X, + B} = 0, X; == 5, (", p", 0), by the
implicit function theorem. To find steady states with common p-components we need to solve
Wata Nv(k?, SpEx <777 P € 7;:) + Wagan+Wp)=0

Wa N olle, S5Z2 (7, p, €k2) + Waaaii + W p) =0
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for (7) = (5;223) near the solution (n*, n*, p*,0) (cf. assumption (ii) and (3.45¢)). By assumption

(iv) and the implicit function theorem such functions H; and Hs exist. Thus locally, there exist steady
states

& =Z1(Hi(pe),pe)=:Z1(p,e), n=Hi(p,€), p

§2 =52 (Hz(ps €), pr€) = Ealp, €), n=Ha(p, ), p

of (3.43) for sufficiently small € > 0. The corresponding positive steady states of (3.40) near a7 , are
given by the 212 (p, €) of the theorem.

Remark 10. Note that Theorem j makes no use of the fact, that the subnetwork is defined by a
stoichiometric generator. Thus it can be applied to any subnetwork. The same holds of course for
Algorithm 3.

3.5 Resume: a program to decide about multistationarity

In this section the results of this chapter are combined to a program that can be applied to decide about
multistationarity. One has to distinguish two cases: (i) v, AA (E) can be determined independent of
€ IR™ (see Section 3.2.1) and (ii) v, A € A(F) and p € IR™ have to be determined together (see
Section 3.2.2). In the first case Algorithm 2 given in Section 3.3.1, in the second case Algorithm 4 given
below can be applied.

Algorithm 4.
(1) Assumptions:

(i) The sign of the elements of Q;; the matriz Q. (p), sign(Qi;) can be determined by linear
inequalities (i.e. the conditions given in Lemma 2 hold).
(i) Let so be the number of linear inequalities that determine the sign pattern of Q ().

(iii) Let V € IR*0*™ be the coefficient matriz of the inequalities that determine the sign pattern of
Q (1), as defined in (3.21a).

(iv) Let 8 € IR* be as defined in (3.21b).
(2) Determine all § € {—1, 0, 1}" with SN IR} # 0:
AS = {0 {-1,0, 1}"|SNRY # 0} (3.46)

(3) Determine all feasible signings o € {—1, 0, 1}*° for Q (u):

Si=Q0e{-1,0,1}"|[V 3 —diag(o)] =0,5=1, s>0, has a solution (3.47)

W =

(4) (a) Determine all o € ¥ such that Q (u) is an L™ -matriz (e.g. using Theorem 1):
$ti={o € X|Q(n) is an LT -matriz} (3.48)
(b) Determine all 0 € ¥ such that Q (p) is a sign-central matriz (e.g. using Theorem 2):

¥ = {0 € X|Q (1) is an sign-central matriz} (3.49)

(5) Determine all orthants 6 € AS that contain a feasible signing o € Xt (or, if ¥t =0, 0 € X0).
That is, identify all orthants, with S N IR} # () that contain a solution to V p+ 3 — diag (o) s =0,
5> 0:

PT0i={ (0,6) € ST x A|[V diag(6) B —diag(o)] =0,65>0,5=1 (3.50)

CRES
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If P+ # 0 then multistationarity is guaranteed. If PT = 0 and P° # (), then multistationarity is
guaranteed for a subnetwork. Observe that P° # () means that Q (1) is a sign-central matriz, thus
it is only guaranteed that Q (1) has a nonnegative kernel vector. That is, some components of v,
A€ R’;[, might be zero. In this case one can still try to establish multistationarity for the overall
network using the results given in Section 3.4; see (vi) below.

(6) If P+ 0 obtain a pair of steady states in the following way:
(i) Solve

[V diag(§) B —diag(o)]

=:H

=0,65>0,5=1

w N

. M.
to obtain generators of ker (H) N ngl“". Let the columns of M = 1@1} be generators.
>

Then p = diag (6) My K, k> 0 is a representation of all pn € RY with sign (V p+ ) =o.
(i) Fiz i >0 to obtain ji = My k.

(iii) Solve Q (ji) (K) =0, A€ A(E) for v, \.

(i) Choose any v € SN IR .

(v) Use (3.33a), (3.33b) and (3.33c) to obtain values for a, b, k (using i and v, X\ obtained
above).

(vi) If P* =0 and P° # 0 use the Algorithm 3 to try to extend multistationarity to the overall
network.

Remark 11. The condition Pt # 0 is necessary for multistationarity, the conditions Pt = 0 and
PO £ () are necessary for multistationarity in a subnetwork (and can be extended to necessary conditions
for the overall network if combined with the conditions given in Algorithm 3). As a consequence P+ = ()
and P° = 0 does not imply that multistationarity cannot occur in a biochemical reaction network.



Chapter 4

Multistationarity in the activation
of an MAPK(K)

Mitogen-activated protein kinase (MAPK) cascades are well studied systems in cell biology. The most
common form of an MAPK cascade is that of a three tiered cascade, as depicted in Fig. 4.1. Its build-
ing blocks are an MAPK, an MAPK kinase (MAPKK) and an MAPKK kinase (MAPKKK) together
with the respective mono- and double-phosphorylated forms (-P denoting single phosphorylation and
-PP double phosphorylation). Mono-phosphorylated MAPKKK catalyzes phosphorylation of MAPKK,
whose double-phosphorylated form in turn catalyzes phosphorylation of MAPK. E; stands for a stimu-
lus that triggers the cascade, MAPKKK’ase, MAPKK’ase and E» are phosphatases. (If the mammalian
ERK-cascade was considered, Ej, for example, would be RAS, the MAPKKK Raf-1 or Mos and the
MAPK ERK-1 [57]).

Mathematical models describing the dynamics of an MAPK cascade have been known for some time
(see e.g. [31, 37] or [54] for a more general overview of quantitative models for signal transduction
networks in general, as well as [39] and the references therein). These models have been extensively
studied in the literature using numerical tools like bifurcation analysis. It is therefore known that
models of an MAPK cascade can exhibit all sorts of complex dynamical behaviour like bistability and
oscillations (see e.g. [4, 5] or [38, 39]). Only recently [45] showed that, surprisingly, bistability can even
occur on layer two or three of Fig. 4.1 alone, provided a distributive, multi-collision mechanism is used
for both, phosphorylation and dephosphorylation of the MAPK or the MAPKK [39, 45].

In principle, both phosphorylation and dephosphorylation could follow either a distributive or pro-
cessive mechanism (see Section 4.1 for details). One way to decide which mechanism is employed is
to experimentally verify multiple steady states on a single layer. This idea was already suggested in
[45, 50]. However, to safely discard different candidate mechanisms, a mathematical proof is re-
quired that these systems cannot exhibit multistationarity for any conceivable parameter vector. This
can be accomplished using CRNT, as shown in [10, 11, 12]. However, using the approach presented in
Chapter 3 will not only provide additional information (that is discussed in Chapter 6) but will also
lead to a better understanding of the phenomenon multistationarity itself.

This chapter is organised as follows: in Section 4.1 distributive and processive mechanisms are intro-
duced. In Section 4.2 and 4.3 the methods developed in Chapter 3 are applied to the reaction networks
presented in Section 4.1. In Section 4.4 the influence of the assumption that some species are not sub-
ject to a conservation relation on the existence of multiple steady states is examined, while Section 4.5
contains a brief discussion of the implications of the results obtained in Section 4.2 and 4.3 for model
discrimination. The chapter closes with a discussion of the results obtained in Chapter 3 in the light
of the results obtained for the activation of an MAPK(K).

4.1 Processive vs. distributive phosphorylation
In this section three candidate network structures for a single layer of the reaction scheme displayed
in Fig. 4.1 are discussed. Every scheme is a realization of the double-phosphorylation process sketched

in Fig. 4.2. Both phosphorylation and dephosphorylation can follow either a distributive or processive
mechanism. By a processive mechanism the kinase (phosphatase) carries out two phosphorylation or

37
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E,
| A
E,
{ A
MAPK’ase MAPK’ase
MAPKK’ase MAPKK’ase

Figure 4.1: Scheme of an MAPK cascade (c.f. [37]). MAPK denotes the mitogen-activated protein
kinase, MAPKK the MAPK kinase and MPAKKK the MAPKK kinase, -P mono- and -PP double-
phosphorylation. Fj is a stimulus, M APK'ase, MAPK K'ase and E5 are phosphatases.

dephosphorylation steps, before the final product is released. In a distributive mechanism, monophos-
phorylated intermediates are released before conversion to the final product occurs, after a second
binding of kinase (phosphatase) and intermediate. In the following scenarios, A is the MAPK, sub-
script , and ,, denote single and double phosphorylation, E; corresponds to MEK and E» to the
phosphatase. The following networks involving different combinations of processive and distributive
mechanisms are analyzed:

o A distributive mechanism both for phosphorylation and dephosphorylation:

k k.
A+E1$AE1ﬁAﬁEl%ApElﬁApﬁEl
(V1)

App+E2 AppEy 2 A, +E29A E:—5% A+ E,

e A processive mechanism for phosphorylation and a distributive mechanism for dephosphorylation:

ki ks
A+E; fAElT

(Ns)

App+}3Z AppEz - A, +EZﬁA E; % A +E,
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D

A

& @y

QD

Figure 4.2: Scheme of activation of an MAPK (A). Enzyme E; (e.g. the kinase MEK) double phos-
phorylates the MAPK A, enzyme F» (a phosphatase) dephosphorylates both mono- and double- phos-
phorylated MAPK (i.e. A, and A,,).

From a mathematical perspective this network is structurally equal to a network incorporating
a distributive mechanism for phosphorylation and a processive mechanism for dephosphorylation

(as the latter one would be the result of a mere change of names: A — Ap,,, By — FE; and
E2 - El).
e A processive mechanism both for phosphorylation and dephosphorylation:
™ ks
A+E;=—=AE,=— PP
ks ka
(Ns)

App + Ea=——=A E; =—

The structural data and the ODEs for each network are given in Appendix A.

4.2 Positive solutions for the polynomial equations

In this Section the equation Y(L)T,u = gi (see (3.8b) in Chapter 3) is derived and solved for Ny,
N5 and N.

Remark 12. From hereon, when analyzing the equation

Ev
T =
Y =1In N

the constraint v, X > 0 is considered instead of the constraint v, X € A(E). This is done because the
constraint enhances v, X\ > 0 readability and because for all but one of the networks considered in the
remaining chapters A (E) is equal to the positive orthant. The only exception is network Nyo. For this
network however, it was possible to establish multistationarity by considering v, A > 0. Thus there was

no need to consider all of v, X € A(E) (recall that A (E) is a union of cones, multistationarity was
established for one cone, thus it was not necessary to consider the remaining ones).

4.2.1 Positive solutions for A}

For this network the equation
T Ev
y (&) —In==
H=MEN
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reads
v+ s
=1 : 4.1
p1+p2 =1In N E A (4.1a)
ps=In 2 (4.1b)
A1
p3 =1n :—Z (4.1¢)
Vo + Vg
1 4.1d
M2+ pg =1In Nt ( )
s =1In :—; (4.1¢)
ft5 = In v (4.1f)
A6
V3 + Vg
=1 4.1
He + pT n)\3+)\6 (4.1g)
2
— =2 4.1k
p1g = In s (4.1h)
v .
s =1In )\—Z (4.11)
vy + vs .
=1 4.1
Ha + pi7 RSV (4.1j)
ftg = 1In “ (4.1k)
Ag
v
Jo = In /\i’ (4.11)
These equations are solvable, if and only if
141 1453 1] Vg V3 Vg vy 1453
In—=I—> In—= =In—, In—==In— In— =In—>
T " T " T TN

holds (note that this is equivalent to condition (3.11)). Thus one obtains the following polynomials (as
v;>0and \; >0,i=1,...,6):

Asv1— A\ vs =0, A V2 — Ao =0
)\61/37)\3116:07 )\51/47/\41/5:0.

Solve for vy, vo, v5 and g to obtain:

V4 V3 Vy V3
vy =AM —, vy = Ay —, Vs = A5 —, Vg = A\ —-
1 Ly, p) 2%, 5 W 6 LW
This yields a representation of the vector v in terms of A1, ..., A\g and v3 and vy:
T Vy v3 vy V3
vi = M —, A, vs, v, s —, N6 — |- 4.4
( SRS WG S w 6)\3) (4.4)

Thus it is possible to determine v, A € RS independent of € IR?. Note that for v as in (4.4), one
obtains
v+ s 141 Us vy +vs <3

S R Ca —
A+ A5 " A n>\5 n/\4+)\5 n)\4

and
vtve V2 Vg V3l | U3

= n N
A2 + g A2 X6 A3+ e A3
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And thus the following system of linear equations:
v,
p+p2 =In )Ti
I
2= In =
3 W
v
p2 + g =In )\%
V3
5 = In —
s = In i
V3
. —In2Z2
fe + 7 n N
In 22
—1In 2>
M8 s
v,
pa+pr = In )TZ
V4
to = In N
Solving for p finally yields:
w=pr (~1,1,0,-1,0,-1,1,0,0) +In = (~1,1,0,0,1,1,0,1,0)
A3
) , (45)
+In % (2,-1,1,1,0,0,0,0,1) .
A4
Ifin (4.5) k1 :=1In 'A% and ko :=In ';7: are interpreted as free parameters y is given by
Mz
=My, | K1
K2
where
[ -1 -1 2]
1 1 -1
0o 0 1
—1 0 1
My, = 0 1 0 (4.6a)
-1 1 0
1 0 0
0 1 0
L 0 0 1]

Consider the column space of Myy,: My, = [My,].

From Chapter 3 it is known that any element

1 € My, can be associated with the difference of two positive steady state solutions: if a satisfies
Y I,v(a, k) =0 and if 4 € My, then b = diag (Exp (p)) a satisfies Y I, v(b, k) = 0. As discussed in
Section 3.1, any vector a € IRY is a steady state solution for the vector of rate constants k defined in
(3.10a). For network A one obtains the following rate constants:

A A5
oy = AL +As
ay as
A5
k?g = —
as
A
ks =22
as
oy = A3+ g
ag ar
A
kg =22
as
A
k=22

ag

A
ko = — 4.
2 ag ( 73)
kg = A2+ 26 (4.7b)
a2 ay
A6
ke = :5 (47()
g = 22 (4.7d)
as
A1+ As
]Cl[] = 1t 2 (479)
a4 a7
A
ko = 22, (4.7f)
ag
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4.2.2 Positive solutions for N3

For this network the equation

T E
y®? u=In E—Z

reads
v+ Vs
=1
p1+ pe n Mt
In 2L
o= 1In %
13 N
e —In V2 +Us
fa A2+ s
In 2
44 =ln 2
a4 N
In 22
=In—
Ha "
Vs +Us
5 s=1
M5+ pe = In Nt A
2
=1n-—2
Hr s
In vs
7 = In —
Hr ™
vyt Vs
1
e + ps n Nt
In 24
9=1In—
Ho N
Vs
Lo =In o™
These equations are solvable, if and only if
121 vy t+ s 12 173 3 173
In -+ = In—= =1In—, In—==In—,
SV VISV EPVER W "X P
One obtains
Vs Vs
= Ay =2 Y= g 22
25 2 P V3 3 A
and thus In :@% = 5. Therefore vy = A\; > and
Vs
v=—2A
As
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(4.8)
(4.8D)
(4.8¢)
(4.8d)
(4.8¢)
(4.8f)
(4.8g)
(4.8h)
(4.81)
(4.8))

(4.8k)

A€ R5>U and vs > 0 free; thus, as for network Nj, vectors v and \ € R5>U can be determined

independent of y € IR®. Further note that

v+ Us

vyt Vs

1 1 V3 + Vs 1
n =n =
AL+ As Az + A5

RV

That is, all terms on the right hand side of (4.8a) — (4.8k) equal

=1 Y5
F1 = In e
Solving (4.8a) — (4.8k) for p yields
H2
=My | ps

K1

Vs
=In>

A5

(1.9)

(4.10a)
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where

[0 -1 1]
0 1 0
0 0 1
0 0 1

My, = 1 00 (4.10b)

-1 0 1
0 0 1
1 00

| O 0 1 |

Again, any element of the linear subspace My, = [Ma;,] can be interpreted as the difference of two
steady states: for any 1 € Mg, follows from Chapter 3 that b = diag (e”) a, a € IR%,, free, is a steady
state solution, if a is a steady state solution. Note that any vector a € IRY is a steady state solution,
if the following k € IRL):

At AL

k1= ko = — (4.11a)
ay az as
A2+ A A
hy = 22 by =22 (4.11b)
as ay
As A3+ A
[ g = 232 (4.11¢)
a4 as ag
A s
[A— kg = 22 (4.11d)
ar ar
ko = At s k1o = & (4.11e)
ag ag ag
A5
ki = —. 4.11f
e (11)

4.2.3 Positive solutions for N

For this network the equation
T E
y &) u=1In =v

EX
reads
it
1+ g2 =1In N (4.12a)
s =1In 2 (4.12b)
A1
Vo + Vs
po = 20 (4.12¢)
jg =1In 2 (4.12d)
A2
pg =In s (4.12¢)
As
V3 + U
ps + pe =In /\i - )\5( (4.12f)
pur =1In :—3 (4.12g)
3
o, Vatus
ur =In M (4.12h)
pg =In u (4.121)
Ag
ps=In 23 (4.12j)

As
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A solution exists, if and only if

hlﬂ—lnl/2+y5 m2-wm2 lnE—VALJrV5 m2=-m?
A1 Ao + )\57 Ao )\57 A3 A+ A5 ’ v A ’
One immediately obtains vs = Ay % and vy = \y K*; Note that this implies
1 V2+V571 V4+V571n5.

S VD W P D

which in turn implies In == In Kf; =In §2. Thus one obtains vy = Ay 52, v3 = A3
5 5

vs

v and thus

LV

=
A e IR5>0 and v5 > 0, free. That is, one can obtain v, A € JR‘iU independent of y € IRY. Note that all
terms on the right hand side of (4.12a) — (4.12j) are equal to

A

k1 :=1n :—z (4.13)
Solving (4.12a) — (4.12j) for p yields:
H2
=My | 16 (4.14a)
K1
where
-1 01
1 0 0
0o 01
o 0o 01
My=| o 1 ] (4.14b)
0 10
0 01
0 01

As in the previous sections, any element of the linear subspace My, = [My;] can be interpreted as
the difference of two steady states: for any p € My, follows from Chapter 3 that b = diag (¢/) a,
a € RS, free, is a steady state solution, if a is a steady state solution. Note that any vector a € IRS
is a steady state solution, if the following k € RLY:

- % ko = % (4.158)
1 a2 3
ks = Qo s ky = A2 (4.15b)
as ay
As Mo+ As
] [ (4.15¢)
Qg a5 ae
A A+ As
ky = (7: s — 74; 5 (4.15d)
kg = M ko = X (4.15¢)
as asg

4.3 Positive solutions satisfying the conservation relations

Recall that for networks Ny, N5 and N it is possible to determine v and A independent of p. Thus
Algorithm 2 can be applied to decide about multistationarity. As a consequence of Theorem 3, the
existence of an orthant ¢ with §;NIRY # 0 and M;NIRY # 0 (i.c. with 7 # 0, T as defined in (3.32)) is
necessary and sufficient for multistationarity, i = N, N5, Ng. For network A 14 orthants were found
with Sy, N IRY # 0 and My, N IRY # 0, while for network N5 and Ng no orthants were found. This
leads to the following conclusion:
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Fact 5. Only network Ny can admit multistationarity. That is, in particular, for N5 and Ng no
parameter vector exists, such that the corresponding ODEs exhibit multistationarity.

Using the algorithms presented in Appendix D all orthants with Sy, N IR # 0 and My, N IRY # 0
have been determined:

o=(-1, -1, -1, 1, 1, 1, -1, 1, -7
So=(—1, 0, -1, 1, 1, 1, -1, 1, —1)T
d3=(-1, 1, -1, -1, 1, 1, -1, 1, —-1)T
S4=(-1, 1, -1, -1, 1, 1, o0, 1, —-1T (4.16)
ds=(-1, 1, -1, -1, 1, 1, 1, 1, -1DT
de=(-1, 1, -1, 0, 1, 1, -1, 1, -7
dr=(-1, 1, -1, 1, 1, 1, -1, 1, -7

Recall that if Sy, N RY # 0 and My, N IRY # 0, then this holds for —§ as well; thus there are in fact
14 orthants where Sy, and My, are sign compatible.

4.3.1 Parameterizing Multistationarity for N,

As My, is a linear subspace of IRY, (3.34a) and (3.34b) can be used to represent € My, and v € Sy,
in the orthants given in (4.16). Thus vectors u% and v% have been determined using generators of
pN RY and SN RY for each orthant IR given by (4.16). Table 4.1 contains the p, i =1,...,7,
Table 4.2 the v%, 4 = 1, ..., 7. Using this data, a set (a%,b%, k%) of steady states and rate constants
can be assembled for each orthant Bgl.

Using Table 4.1 and 4.2 it is therefore possible to give analytical expressions for any pair of positive
steady states a%, b% and, for each pair, all parameter vectors k% that ensure that the ODEs (A.1a)
— (A.1i) and the conservation relations (A.2a) — (A.2c) given in Appendix A.1.2 admit a% and b% as
steady state solutions.

As an example the parametrizations a%, b% and ka, e kf; are given. From Table 4.1 the cone
My, N IR?; can be parametrized as p% = ( —ay — 209 — 2a3,a1 + 200 + a3, —ag, —qy — a3, +

ag,ay, Q9,01 + az, —a3)T. From Table 4.2 follows that v € Sy, N IRY can be parametrized as v% =
T . . .
(= B1,B2,— P2 — Bu,— B3, B4, 01 + B2 + B3 + Bs, 5,86, —F5 — f6) " . Inserting p% in (3.33a) yields a

parametrization of a% in terms of ay, as, az and 31, ..., B, a; > 0, 3; > 0:
b (= b Ba —B2 = P
a” = —1+em—20-2as’ _] 4 eor+202tas’ _] 4 e—03
B B3 B4 B+ PBe+ B3+ 55 (4.172)
—1 4 eq2—as’ ] 4 eartaz’ —1 4 e :
Bs Be —B5 — Bs )T
—14ex2’ —14evitaz’ 1 4 a3
Using (4.17a) and p% in (3.33b) yields the following parametrization of b%:
b55 B (7 ﬁl e—a1—2a2—2a3 32 ea1+2a2+a3 (7/}2 _ ﬂ4) e~ 3
- —1+4 e a1—2a2-2a3’ _| 4 egart2aztas’ —1+e0s
_ Pgeorms  Byetitor 7 (B1+ B2+ B3 + f5) e (4.17b)

—14e@2—as’ _] 4 emtaz —1+em
ﬂs ez ﬂG etaz (7[}5 _ ﬁﬁ) e—as )T
—1+e’ —1+4entaz’  —]4e 03

Using (4.17a) in (3.33c) yields a parametrization of k%, ..., k%3 in terms of a1, as, az, Bi, ..., S,
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a; >0, 63; >0and A\, ..., A\g, \; > 0:

(,1 + 6701—20@7203) (,1 + e t2 az+a:z) ()\1 + )\5)

15 4.18a
! B1 B2 ( )
: 14+ E—a:i) M
po = (1F™N 4.18b
2 —fB2 — b ( )
. —1+e ™) Ns
o = 418
T R (150
(—1 4 e7@2ma3) (=1 4 emrF2aztasy (N 4 \g)
e 4.18d
* B2 B3 ( )
S 71 o oo )\
poo = (E1F ) N2 (4.18¢)
B
5= 71 + 8“1+a2> )\G
s 4.18f
6 7 (4.18f)
o (—14e) (=14 e) (A3 + A
k;;:( +e) ( +f’, ) (A3 + Ag) (4.18g)
B5 (81 + Ba + B3 + B5)
N 1 p1ta2) ),
joo = CLHEET™) A (4.18h)
B6
o 71 o1 tan )\)
ra. (Z14em7%2) X (4.18i)
B
-1 @2 (—1 —a2—az) (| )\,) .
L) (e g s
53 ﬂ5
-1+ 876’3) Vi
P e 418k
11 65— Be ( )
14 emon) )\
s = : 4181
1 —P5 = Bs (418
| Ry ‘ Pusi Representation of ;% € My, N IRY
IRgI 3 pél = (7(11,7(12,7(1’1 — g, + s, a3, a1 + 209 + 2a3, —a) — 200 — a3, a3, —Q 7(12)T
le 3 1o = (—(13,0, —0¢3702-,CY2,202+0¢3,—02—(137027—@3)
Ry | 3 1o = (=201 —ag —ag, 00 + a, —a1 — ag, —01, 02,4 + a3, —03, A2, —Q1 *%)T
Ry | 3 p't = (— o1 — 203,01 + a3, —a3, —as, a1,01,0,a1, —as)
IRg 3 ués = (7(11 — 2a — 203, a1 + 209 + a3, —a3, —Qy — a3, +a2,a1,a27a1+a2,7(13)7—
Rj, 3 po = (= a1 —ag,on, —a3,0,00, 00 +a37—0é3,(¥1«,—043)T
9 : 5 = (—ay — a —as 5 — Qg — O —as) T
Ro 3 §or = ( a1 — Qg, a1, —Qg, Ao, 0 + Q2,1 + 20 + g, —ag — a3, a1 + Qa, a‘;)
Table 4.1: Representations of pu’ & My, in the orthants JRgl that contain both, My, and Sy,

(i=1,...,7, as defined in (4.16)).

4.4

An extension: open systems

Common to network Ny — N is that all concentrations are subject to at least one conservation relation.
But in reality, none of these reaction networks can be observed in isolation, as Ny — N each describe
a single layer of a signal transduction network that consists of several similar layers and E; and E»
are subject to regulation from different layers. Thus, the assumption that the total concentration of
FE; and Es is constant, is debatable and the question, whether or not conservation of moiety with
respect to enzymes E; and Ey is necessary for multistationarity is natural — especially, if the focus is
on model discrimination. (If conservation of moiety with respect to enzymes F; and Es is necessary
for multistationarity, this phenomenon might be hard to observe experimentally).
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‘ RY ‘ Dss; ‘ Representation of v% € Sy, N R;
R, 6 001 = (= B1— B3 — B1— PBs,— B, — P2, B3, 51 + B2, B1, — 5. B5 + Pe, —56)T
Ry | 6 v = (= Bs — Ba— P5,0,— B2, B3, Be, Bar —Ps. s + Bs, —Bs) "
Ry | 8 v’ = (*ﬁ:;*ﬂs-ﬂ4+37,*51*54*57,*55*ﬂxaﬁ},ﬂ6+ﬂ7+ﬁs»
) *53*54*557%32+5:5+ﬁ4+ﬁ5,*ﬁ2) _
Ry | 6 v = (= P, B2, —Pa — Ba, —B3, Ba, B1 + B2 + 85,0, B, *ﬂﬁ)l
R 6 0% = (*ﬂl,/ﬁ,*ﬁQ*54,*/33,[34,/31+ﬂ2+ﬂ3+35,ﬂ5,ﬂ6,*ﬂ5*ﬁe)T
Ry | 7 |v= (—[34—ﬂaﬁs"'ﬁ%—ﬂz—ﬂs—57,07[327[36+37,—ﬂ4—[35,53+ﬂ4+ﬁa7—ﬂB)T
R | s 057 = (= B3 — B85 — P6, B+ Br + Bs, —B1 — Ba — Br *T,ﬁsyﬂs + b7, B,
Bs + B, —B3 — Ba, Bo + B3 + Ba. —2)

Table 4.2: Representations of v € Sy, N IR in orthants IRY that contain both, My, and Sy,
(i=1,...,7, as defined in (4.16)).

To tackle this question the assumption that the system is open with respect to total concentrations of
Ey and/or E» is considered, by introducing 0, the ‘zero’-complex In this Section the same strategy as
in Section 4.2 and 4.3 is used to establish multistationarity.

The following networks are analysed, where

0=—=E, W5)

for example, incorporates the fact that E; is fed into the system with a constant rate sy and is

removed from the system with a rate that is proportional to its concentration (ko being the rate
constant). Thus, in this case, the ‘zero’-complex represents the effect of the other layers of the signal
transduction network on F;. In a similar way

0==F», Nz)
and
xa xa
Ei=—=0=—-F, (No)

cover the fact that either Ey alone or E; and Es together are introduced to the system. In the
remainder of this Section the nine networks that can be composed by combining one network of Ay —
Ns with one network of A’z — Ny will be analysed with respect to multistationarity.
Adding one of the networks N7 — Ay to one of the networks Ny — N will affect the number of conserved
moieties in the combined network: in the case of network N7 or A only two conserved moieties exist:
total concentration As; of A and Ey;0; of By for combinations with Ng and Ay and Far, the total
concentration of Ey, for combinations with N7. For all combinations involving Ny, only one conserved
moiety remains, A;y. Using the same steps as in Section 4.2, the equation v’ nw=1In Z:K was analysed
for each of the nine networks. As in Chapter 3, let p be the number of generators of ker(Y I,) N RZ,.
As in Section 4.2, v and A € IRY, can be determined independent of ;1 € IR™ and M, as defined in
(3.31) is a linear subspace of IR™, for each network. Table 4.3 contains for each network a matrix M
whose image is M (i.e. M = [M]). If multistationarity is possible, Table 4.3 also contains the orthant
where M N IR} # () and S; N IR} # (. In Appendix A.4 the equations y ! p=In g’; are solved for
each network in Table 4.3.
Not very surprisingly, for all networks involving N5 and Ng multistationarity is excluded and for
networks Aj+A7 and Nj+Ng multistationarity is possible. Interestingly for network N;+Ny multista-
tionarity is impossible, even though the difference to Ny + N7 and Ny + Ng seems very small. This
result is obvious, however, if M, 4, and Sy, 4+, are analysed: Sy, 4, is defined by

Wi,z =0 (4.19a)

with

Wasno = (1,0,1,1,1,1,0,1, 1)%. (4.19b)
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| Network | M; with [M;] = M; | Sign compatible orthants 0 | multistationarity |
1,0,1,0,0,—1,1,0 B
T _ >0, 10,0, =1, 1,0, T _ [ _ _ _ _ .
No+ N7 | MT = 000112 -110]° =[-10,-1,1,1,1,-1,1,-1 ] Yes
o, 2,-1,1,1,0,0,0,0,1
Vil — ] y Ly 4 Yy Uy Uy Uy T — _ _ _ _ .
Ne+Ng | M 110011010 ) [ -1,1,-1,-1,1,1,0,1,-1 ] Yes
NitNo | MT=711,0,1,1,1,1,0,1,1 ] 5=10 No
T 0,0,0,0,1,-1,0,1,0
g7 — »d, 00 L=4LU L _
Ns + Nr | M 1,0,1,1,0,1,1,0,1 §=0 No
~1,1,0,0,0,0,0,0,0
JT — >4, U,0,0,0,0,0, _
NstNs | M 1,0,1,1,1,0,1,1,1 §=0 No
N5+ No MT=71,0,1,1,1,0,1,1,1 ] 5=10 No
0,0,0,0,-1,1,0,0
) JT — ,0,0,0, -1, 1,0, _
Ne+Ny | M 10111011 s§=10 No
~1,1,0,0,0,0,0,0
qT y 49 Yy Uy, U, U, Uy _
No+Ng M = 1,0.1.1,1,0,1,1 =10 No
No+No MT=T71,0,1,1,1,0,1,1 | 5=10 No

Table 4.3: Solutions for all combinations of Ay, N5 and Ny with N7, Ng and Ny.

From Table 4.3 it follows that [War,1a5] = Ma+as, and thus Main, L Saiaas. Thus M 4as
and Sy, 4+A, cannot be sign compatible: recall that M, ya, and Sy, 4, are sign compatible, if and
only if Iy € Mar, 4, and Fv € Shr,4n, with sign (i) = sign (v). In this case (i, v) > 0 must hold (and
equality holds iff 4 = 0 and/or v = 0). Thus, as (i, v) = 0, for all p € Mn,4n,, v € Sny4n, and g,
v # 0, p and v cannot be sign compatible, and multistationarity is excluded by Corollary 2.

4.5 Model discrimination using steady state information

Up to this point it has been established that only network A can exhibit multistationarity. In this
section a method to use this result for model discrimination is discussed, based on Theorem 3. The-
orem 3 can on the one hand be used to discard N5 and Nj, while on the other hand it can be used
to falsify Ny, given the necessary experimental data. However, the results obtained in Section 4.4 can
explain, why this data might be hard to obtain.

Using Theorem 3 for model discrimination Already [45] have argued that the fact that among
Ni, N5, Ni only Ny can exhibit multistationarity can be used for model discrimination: their suggestion
and a consequence of Section 4.3 is that if multistationarity was found experimentally for the activation
of an MAPK(K), the mechanism involved has to be the one represented by Ay (as the other hypotheses
cannot give rise to multistationarity). However, [45] use numerical tools to show multistationarity
for Ny and fail to show multistationarity for N5 and Ng using numerical tools as well. Thus their
conclusion is only valid because of the results obtained in Theorem 3: as for N5 and Ns no orthant
with M; N IRY # () and S; N IR} # 0, j = N5, N exists, it is guaranteed that multistationarity can be
excluded for these networks for any conceivable parameter vector. Using numerical tools alone,
this result cannot be obtained.

But even if multistationarity is verified experimentally, it is still possible to falsify N using Theorem 3:
to this end let p and ¢ be two positive steady states for Ny, with W}}A p= W}}A q. From Section 4.2.1
follows that the vector p defined by p and ¢ as p; = In }%’ i=1,...,9is an element of the linear
subspace M yy,. From Theorem 3 follows that there exists a vector v € Sy, with sign (v) = sign (u).
Now suppose two steady states a and b have been obtained experimentally for Ny with W/ ;{/'1 a= VV’;\’/',1 b.
Then, as mentioned in [45] and discussed in [11, 12] neither phosphorylation nor dephosphorylation
nor both can be realized using a processive mechanism. However, the conclusion that in this case a
distributive mechanism is used for both, phosphorylation and dephosphorylation, as suggested in the
aforementioned references, is only valid if there exists a vector v € Sy, with sign (v) = sign (u) for
1o defined as p1; = In %, i =1, ..., 9. If this was not the case, N3y would not be compatible with
experimental data and could thus also be discarded. A similar argument has been used to discard
hypotheses regarding catalytic mechanisms in [21, 22, 23].
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Consequences of Section 4.4 Section 4.4 implies that multistationarity might be hard to observe
experimentally: for multistationarity to occur, total concentration of either kinase E) or phosphatase
E5 has to be constant, that is the system must be closed either with respect to the kinase or the
phosphatase.

Classically, signal transduction has been considered as a process driven by kinases, while phosphatases
just act as passive, houseckeeping enzymes and most mathematical models are set up accordingly.
According to this paradigm total concentration of Ey is constant and multistationarity is thus possible (if
the mechanism involved is the one described by N;). However, recent studies indicate that phosphatases
play a major role, and that they are tightly and actively regulated [2, 49]. This implies that the
system has to be open with respect to Es as well, thus challenging the possibility of the existence of
multistationarity.
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Chapter 5

Multistationarity in cell cycle
regulation

In this chapter two network hypotheses regarding control of the transition from G1 to S phase in the
cell cycle of Saccharomyces cerevisiae are analysed. The key components and their proposed interaction
are displayed in Fig. 5.1. In a very simple form, the biochemical network consists of two regulators that

| Sicl )
\ka

Clb2-CDK| ——»

Figure 5.1: Network structure for the G1/S model. Arrows indicate biochemical reactions between
cell cycle regulators (boxes). Solid lines represent elementary reactions and dotted lines catalyzed
reactions (composite reactions). Kinetic parameters k; are displayed next to the arrows. Free Clb2-
CDK complexes have been omitted. Components in gray denote degradation products. An unspecified
external signal controls the activity of Cdcl4p phosphatase. Clb2-CDK phosphorylates the inhibitor
Siclp either in its unbound form (left, k19_21), or when it is bound to a second molecule of the kinase
complex (right, kig—12).

mutually inhibit each other. Cyclin-dependent kinase (CDK), when associated with the mitotic cyclin
Clb2p, promotes entry into mitosis through phosphorylation of its target proteins. Simultaneously, this
activity prevents the exit from mitosis and subsequent passage to the G1 phase of the cell cycle. The
competitive CDK inhibitor Siclp is one component responsible for inactivating Clb2-CDK at the end
of mitosis. Mitotic kinase activity, however, can phosphorylate Siclp, thus targeting the inhibitor for
rapid, proteasome-dependent degradation. The transition to a G1 state with high Siclp concentration
and low Clb2-CDK activity therefore requires activation of the phosphatase Cdcl4p and concomitant
stabilization of Siclp [46].

Importantly, the transition between the cell cycle phases requires only transient Cdcl4 activity as an
input (trigger) signal for the bi-stable switch. Hysteresis, which means that at least two stable steady-
state output signals of the system exist for an identical input signal, underlies many cellular switches
[63]. It depends on the system’s history, whether, for instance, low or high Siclp concentration will
be established. For the G1/S system, a transient activation of the phosphatase Cdcl4p should move
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the system from the mitotic branch of low Siclp concentration to the upper branch representing a
G1 state with high Siclp abundance and, consequently, low mitotic kinase activity. Any potentially
valid network hypothesis has to represent this qualitative behavior, that is the ODEs must admit two
stable positive steady states; one representing the G1- and one representing the S-phase. Thus the
ODE:s derived from any valid network hypothesis have to admit multistationarity for some conceivable
parameter vector (recall that multistationarity in the sense of this work requires the existence of at
least two positive steady states).

Here, two similar network structures are considered. In one alternative, Clb2-CDK phosphorylates free
Siclp (binary complex model, see network Njg), whereas in the other alternative, the already bound
inhibitor is a substrate for a second kinase molecule (ternary complex model, see network A1): that is,
in network N3¢ phosphorylated Sicl is produced by the reaction Clb+Sicl = Sicl-Clb — Sic1P+ClIb,
while in N7; phosphorylated Sicl is produced by the reactions Clb - Sicl + Clb = Clb - Sicl - Clb —
Clb- SiclP + Clb and Clb+ SiclP = CIb- Sic1P. (Note that even though Ao contains the reaction
Clb + SiclP = CIlb - SiclP as well, the source of SiclP-production is the reaction Sicl - Clb —
Clb+ SiclP.) Both alternatives are biologically plausible, yet hard to distinguish experimentally.
Each network has n = 9 species and m = 17 complexes in = 18 reactions. Note that the zero-complex
0 is associated with a nine dimensional zero vector y; = (0,...,0). It incorporates that each system is
open with respect to Sicl and its phosphorylated form SiclP: Sicl can enter and leave the system,
SiclP can leave the system (see Fig. 5.1).

(A) Binary complex model:

[Sic1P]L>[o] : [Sic1]
[Sicl - Clb] == [CIb] + [Sicl] [Clb - Sicl]
ks
ko [Clb]
K1z Wio)
(CIb] + [Sic1P| 2= [CIb - Sic1P]
[SiclP]+[Cdc14] [Sic1P - Cdcl4] —% [Sicl] + [Cdc14]

k1s

[Clb - Sic1P] + [Cdc14] [Clb - Sicl1P - Cdcl4] —— [Clb - Sic1] 4 [Cdc14]

(B) Ternary complex model:

[Sic1P] = [0] ::’ [Sicl]

[CIb] + [Sic1] [Clb - Sicl]

ke

CIb)
ko

Ky (M)
[CIb] + [Sic1P] T\ [Clb - Sic1P]

k12

[CIb - Sicl] + [cu)]é[cu; Sicl - Clb] —22 [Clb - Sic1P] + [Clb)

[Sic1P] + [Cdc14] [Sic1P - Cdcl4] — [Sicl] + [Cdc14]

[Clb~Sic1P]+[Cdc14] [Clb - Sicl1P - Cdcl4] —— [Clb - Sic1] 4 [Cdc14]
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The ternary complex network as defined above has deficiency 6 = 5, the binary complex model has
deficiency § = 4. Hence, the advanced deficiency algorithm has to be applied for its analysis. As it
turns out, the implementation in the Chemical Reaction Network Toolbox cannot decide about multi-
stationarity. The algorithm returns that the system may or may not have multiple steady states, as
nonlinear inequalities have to be considered in both cases. Thus, in a first step, the subnetworks defined
by the stoichiometric generators of N7 and Nj; are analysed to decide about multistationarity. This is
described in Section 5.1. In Section 5.2 and 5.3 networks Ao and Aq; are analysed using the methods
described in Chapter 3. This chapter closes with some concluding remarks in Section 5.4.

Remark 13. Note that even though the CRNT toolbox cannot decide about multistationarity as it
needs to solve nonlinear equations, the methods described in Chapter 3 can, by analysis of linear
inequalities.

5.1 Subnetwork analysis

The generators of ker(Y I,) N IRL for network Mg and Ny are given in (5.1) and (5.2), respectively.
Visual inspection shows that E x,, contains six stoichiometric generators (columns 7-12), while E yr,,
contains five stoichiometric generators (columns 7-11). Figures 5.2 and 5.3 contain the subnetworks
defined by the stoichiometric generators of network Njg, while Figures 5.4 and 5.5 depict those of
network Npj. Visual inspection of the subnetworks confirms that each linkage class contains exactly
one terminal strong linkage class. Thus, by Fact 4, the Deficiency One Algorithm is applicable. Using
the CRNT toolbox [29] one can establish that for network A/jg no subnetwork admits multistationarity,
while for network A7 the subnetworks corresponding to generators Ey, E1g and Eiq (c.f. (5.2) and
Figure 5.5) can have multiple steady states. In contrast, it is guaranteed that those networks defined
by E7 and Eg cannot admit multistationarity. Thus, by analyzing the subnetworks defined by stoichio-
metric generators one can establish that multistationarity is possible for network A/, while this is still
unclear for network Nyg. To decide about multistationarity for network N the methods described in
Chapter 3 are applied in Section 5.2 (for completeness, these methods are also applied to network N
in Section 5.3).
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E;=(1,0,0,0,0,1,0,1,0,0,0,0,0,0,0,0,0,0)

Kk
Sic1P o 0 — [Sic1]
k. ke
——————=[CIb] + [Sic1] =———=[CIb - Sic1]
- K
[Clb]
k‘?///‘,
k1o —
[CIb] + [Sic1P] =————=Clb - Sic1P
.
. ™ : ks :
[Sic1P] + [Cdel4] =———= [Sic1P - Cdel4 Sicl] + [Cde14
kie 18
Clb - Sic1P] + [Cde14] === [CIb - Sic1P - Cdc14] —*~ [Clb - Sic1] + [Cde14
T
Ey=(1,0,1,0,1,0,0,0,1,0,0,0,0,0,0,0,0, 0)
k. k
[Sic1P)] 3 0] = [Sic1]
ka ke
[Sicl - CIb] ~—— = [CIb] 4 [Sic1] <~ "= [CIb Sicl
5 ! S~k
\\‘
~~
K ~
o [Clb)
k/u////‘r
///
[CIb] + [Sic1P] ~—— Clb - Sic1P’
-
" . ki3 . Kis -
[Sic1P] + [Cdcld] =——= [Sic1P - Cdcl4 Sicl] + [Cde14
i
Clb - Sic1P] + [Cde14] === [CIb - Sic1P - Cdc14] —*~ [CIb - Sic1] + [Cde14

Ey=(0,0,0,0,1,0,0,0,1,0,0,0, 1,0, 1,0,0,0)

Sic1P : 0] [Sic1

[Sic1 - Clb]

[Clb] + [Sic1]

ko —
[CIb] + [Sic1P] Clb - SiclP’

ki1

kis

kis )
—%  [SicIP - Cdel4]

[Sic1P] + [Cdeld] =

[Sic1] + [Cdc14]

kie
Clb - Sic1P] + [Cdel4] 5= Clb - Sic1P - Cdcld] —2% [Clb - Sic1] + [Cdcl4

Figure 5.2: Subnetworks corresponding to stoichiometric generators E; - Eg for the binary complex
model. Subnetworks are denoted in black, while gray color indicates reactions not used.
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Ei=(0,0,0,0,1,0,1,0,1,1,0,0,0,0,0,1,0,1)"

k1
SiclP ke - Sicl

[Sicl - Clb] ~<————~ [CIb] + [Sicl] ~——— [Clb - Sic1]

kio -

[CIb] + [Sie1P] ————= [CIb - Sic1P|

kis kis
Sic1P) + [Cde14] =——=([Sic1P Cdc14] — X~ [Sic1] + [Cdcl4

. kie
[Clb - Sic1P] + [Cdcl4] ——

K7

k
[Clb - SiclP - Cdc14] —% [CIb - Sicl] + [Cdc14]

By =(1,0,0,0,1,0,0,0,1,1,0,1,0,0,0,0,0,0)7"

k
Sic1P ke 0] = [Sic1]

ka ke
[Sic1 - Clb] =————= [CIb] + [Sic1] — Clb - Sicl

. k1o .
[CIb] + [Sic1P] —_ [Clb - SiclP]

kis k15
Sic1P) + [Cde14] =——=([Sic1P Cde14] — X [Sic1] + [Cdel4

kie

Clb - Sic1P] + [Cdc14] === [Clb - Sic1P - Cdc14] 22
k
7

CIb - Sicl] + [Cdc14]

Eiy=(1,0,0,0,1,0,0,1,1,10,0,0,0,0,1,0 1)"

K
Sic1P ko 0] = [Sic1]
ka
[Sic1 - Clb] <= [CIb] + [Sic1] [Clb - Sic1]
5
ko
. le N -
[CIb] + [Sic1P] —_ [Clb - SiclP]
ks kis
SiclP] + [Cde14] == Sic1P - Cdel4] —* > [Sicl] + [Cdc14
[CIb - Sic1P] + [Cde14] === [Clb - Sic1P - Cdel4] K 101 Sict] + [Cde14)

Figure 5.3: Subnetworks corresponding to stoichiometric generators Ejy — Eyo for the binary complex
model. Subnetworks are denoted in black, while gray color indicates reactions not used.
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ks k

SiclP 0]

= [Sic1]

[Clb] + [Sic1] = [Clb - Sicl]

e [CIb]
ke _—
ke —
Clb] + [SiclP] < Clb - Sic1P]
. k1o kiz
ClIb - Sicl [ClIb] k\:‘ Clb - Sicl - Clb] —— [Clb - Sic1P] + [Clb]
1
kia kis .
[Sic1P] + [Cde14] = [Sic1P - Cdc14] ——*— [Sicl] + [Cdc14
14

kie
Clb - Sic1P] + [Cdc14] === [Clb - Sic1P Cdc14] —2% [CIb - Sic1] + [Cdc14,

Es=(0,0,0,0,0,0,0,0,0,1,0,1,0,0,0,1,0,1)

ki
SiclP ke 0] - Sic1

)

ks
[CIb] + [Sicl] =—————=[Clb - Sicl
N ke
—
o]

ko _—

Ky —
Clb] + [Sic1P| =——=———[CIb - Sic1P]
. k1o . k12 .
(CIb - Sic1] + [Clb] == [Clb - Sic1 - Clb] — 2> [Cb - Sic1P] + [Clb]
“
kis 5
[Sic1P] + [Cde14] == —= [Sic1P - Cdel1d] —*— [Sic1] + [Cdc14
1
. ke . kis .
(CIb - Sie1P] + [Cde1d] == [Clb - Sic1P - Cdeld] 2% [Clb - Sic1] + [Cde14)

)
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Figure 5.4: Subnetworks corresponding to stoichiometric generators E7 and Eg for the ternary complex

model. Subnetworks are denoted in black, while gray color indicates reactions not used.
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Ei=(1,0,0,1,0,0,0,0,1,1,0,1,0,0,0,0,0, 0"

) s ki )
Sic1P 0] - [Sic1]
ka
[CIb] + [Sic1] =————=[CIb - Sic1]
| T ke
(e
ko
o
Clb] + [Sic1P| =——"——=CIb - Sic1P]
) kio ) kiz )
[CIb - Sic1] + [Clb] = [Clb - Sicl - Clb) [Clb - Sic1P] + [Clb]
kia ks
SiclP] + [Cdc14 k‘:‘ Sicl1P - Cdc14] —————— [Sicl] + [Cdcl4
ki Kis
[Clb - SiclP Cdc14] . Clb - Sic1P - Cdc14] — [Clb - Sicl Cdc14!
T
En=(1,0,1,1,0,0,0 1,0,1,0, 1, 0,0, 0,0, 0, 0)
k. k-
[Sic1P] i 0] = Sic1]
. kg .
[CIb] + [Sic1] =—————=[CIb - Sic1]
T k
o
~
—
) =
(Clb] + [Sic1P] == ———=[CIb- Sic1P|
8
. kio . kiz .
[CIb - Sic1] + [CIb] < [Clb - Sicl - Clb] —2> [Clb - Sic1P] + [Clb]
Kig Kis
[Sic1P Cdcl4 “:‘ Sic1P - Cdc14] ———— [Sicl Cdcl4
ki Kis,
Clb - SiclP [Cdc14 k‘:“ Clb - Sic1P - Cdcl4] —= [Clb - Sicl] + [Cdc14

Figure 5.5: Subnetworks corresponding to the stoichiometric generators Fg — Ej; for the ternary
complex model. Subnetworks are denoted in black, while gray color indicates reactions not used.
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5.2 Analysis of the complete network N

As described in Section 5.1, analysis of the subnetworks of Ajg defined by stoichiometric generators
using CRNT established that multistationarity is excluded for all subnetworks. As multistationarity is
still possible for the overall network, this is analysed using the methods described in Chapter 3. For
network Njg it was not possible to determine v, A € IR'2 independent of 1 € IRY. (Note that this is no
guarantee, that no such solution exists.) Thus the equation

T B
yo 22
" nEl/

is considered in the following form:
2 s () ] (3). (5) >0

Using an unimodular matrix U € R'™*'® with U E = { o w ], where ker (E) = span (( _v )>7

07x11 O7x1

one obtains the following system of equations

vl —am(er) ] (5) <o §) o

=H(p)

where H(p) is given at the end of this Section on page 67. Note that the nonzero elements of rows 14,
17 and 18 of H(u) always have the same sign, for every p. Thus, positive v, A only exists for those
values of i, where rows 14, 17 and 18 of H(u1) are identical to zero, thus 1 must satisfy

Jrg = pa + 3 (5.3a)
pr = p2+ pie (5.3b)
pg = ps + 6 (5.3¢)

Note that (5.3a), (5.3b) and (5.3c) are the only restrictions on the ;. Thus p can be represented as
(using new variables x € IR%):

1= My, 5, (5.40)
where
1.0 0 0 0 0]
01 0000
001000
000100
Mpay,=10 00 0 1 0|=r (5.4Db)
000001
010001
000011
L1 0100 0]
Apart from hys 03 = —1 4 eit — e/ 4 e/ the signs of all nonzero elements of H () can be determined

by linear inequalities in the ;. By subtracting column 23 from column 20 one obtains a matrix H,
where the signs of all elements can be determined by linear inequalities. Note that this corresponds to

A

a change of variables <V> =T (;) where

T=ex ... ez2 —eaz+ea €2

H() T (:) 0T (K) >0,

Thus
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where T' ( ) > 0 is equivalent to v, A > 0 and

>

As — A11 > 0. (55)

Note that this condition can easily be included by adding a new variable s; > 0. Then one has to
determine positive solutions to

[H(M) T 024><1] K —0
T T ] =
€20 — €23 S0

=:H (1)

The matrix H (1) is given at the end of this section on page 68. Note that equations (5.3a) — (5.3c) have
been incorporated H (u). Further note that each of row 1,2,4,5,6,9,10 contains exactly two nonzero
entries, thus they are equal to

N
v — el N\ =0,

for some linear form <yj(vl“)7 ). Further note that rows 13-18 are independent of the v;, i =1, ..., 12.

Thus it is straightforward to obtain

v =eM (5.6a)
vy = el )y (5.6b)
vy = el Ay (5.6¢)
vy = 2T )y (5.6d)
v = elsTHes \g (5.6¢)
Vg = eHatho )\ (5.61)
vig = €' Aig (5.6g)

Further note that, if p satisfies (5.3a) — (5.3c), then Aa, A5 and Ag only occur in row 2, 5 and 6,
respectively. That is, A2, A5 and g are only involved in equations (5.6b), (5.6d) and (5.6e). Thus Ao,
A5 and A\g can be chosen freely in IR~ (. Therefore it remains to determine z = ( V3, U7, Vs, V11, V12, A1,
A3, A1, A7, As, Ag, A10, A11, A12, So )T. This amounts to solving a system of equations defined by row
3, 7,8, 11-19 and columns 3, 7, 8, 11, 12, 13, 15, 16, 19-26 of matrix f{(,u) The resulting submatrix
Q () is given on page 69 at the end of this Section. Using the unimodular transformation matrix

1 000 0O0O0O0O0
01 0100O0O0O0
001 00O0O0O0TO0
0O0O010O0O0O0O0

TT=10 1 1 1 1 0 0 0 0 (5.7)
001001000
1101 00100
00 0100O0T1T0O0
000000O0O I

one obtains the much simpler matrix Q, (1) := TT Q (), displayed on page 69. Using

@ = _6111+/13 + e}b2+nﬂ (58&)
go = —elrtia g ehs (5.8b)
3 = —_ettus + eHsthe (5.8(:)
G=—1+en (5.8d)
g =—1+¢et (5.8¢)

g6 = —eMatha | ks (5.8f)
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Qs (i) can be represented as:

f[too0oO0O1 0 -1 0 0 0 0 0 0 -1 0]
010100 o0O0O-1 00 0-1 0 0
00100 O O 0 0 -1 1 g 1 ¢ 0
60011 o0 o0 0O 0O O-1 -1 0
Qs(w)=]101 110 ¢ O 0 -1 -1 09g¢ 0 0 0 (5.9)
0600100 0 O O O0O-1 00 1 0 0
11011 0 -1 0 -1 0 0 0 -1 -1 0
00011 0 0 g 0 0 0 g -1 -1 0
00000 0 0 0 O 1 0 0 -1 0 -1
Thus any feasible inequality system
[V —diag(o)] (’;) =0,5>0 (5.10)
with o € {-1, 0, 1}% and
-1 1 -1 0 0 1
-1 0 -1 0 10
-1 0 -1 0 1 1
V.= 1 0 000 0l (5.11)
0O 0 0010
0 -1 -1 010

defines a feasible signing for Q (¢). No signing was found such that Qs (y2) is an LT-matrix. However,
Qs (i) is a sign-central matrix for some signings. Thus the results of Section 3.2.2 and 3.4 can be
applied.

Note that all p as defined in (5.4a) are contained in the linear subspace My, = [Ma,]. Thus,
with Fact 3 in mind, all orthants with Sx,, N IR] # 0 were determined. Of those all orthants with
M, NIRY # 0 and (5.10) is feasible for some o have been determined. That is, all orthants, where

. 1
diag () —Mp,, 0 -
5 A ) 0,6 5>0 (5.12)

is feasible. Finally all signings, where (5.10) is feasible for some orthant and @ (i) is a sign-central
matrix were determined. The orthants are given in (5.13a):

5y =(—1, -1, 1, -1, 1, -1, -1, 1, -7

6y =(—1, -1, 1, -1, 1, -1, -1, 1, 1T

03 =(—1, -1, 1, -1, 1 0, -1, 1, -7

6y =(—-1, -1, 1, -1, 1, 0, -1, 1, 1T

05 =(-1, -1, 1, -1, 1, 1, -1, 1, -7

0 =(—-1, -1, 1, -1, 1, 1, -1, 1, DT

o7 =(-1, -1, 1, 1, 1, -1, -1, 1, -1T

0g =(=1, -1, 1, 1, 1, 0, -1, 1, =17 .
dg =(—-1, -1, 1, 1, 1, 1, -1, 1, -7 (5.13a)
bo=(-1, 0, 1, -1, 1, -1, -1, 1, DT

du=(-1, o0, 1, -1, 1, -1, -1, 1, D)7

d19=(—-1, 0, 1, 1, 1, -1, -1, 1, =17

O1s=(-1 1, 1, -1, 1, -1, -1, 1, =17

oa=(-1 1, 1, -1, 1, -1, -1, 1, 1T

015=(—1 1,1, -1, 1, -1, 1, 1, 1T

Se=(-1, 1, 1, 1, 1, -1, -1, 1, 1T
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the signings in (5.13b):

o=(-1, 1, 1, -1, 1, 07
oo=(-1, 0, -1, -1, 1, 0)T
o3=(-1, 1, -1, -1, 1, 0)T (5.13b)
oy=(-1, 1, 0, -1, 1, 0)T
os=(-1, 0, 1, —1, 1, 0)T

Note that if (5.10) is feasible for (4,0), then it is also feasible for (—d, —¢). Thus there are in fact
32 orthants and five signings. Further note, that not all signings need to hold in every orthant. It is
only guaranteed that in every orthant some signing holds. Recall that a sign-central matrix has the
property that every matrix with the same sign pattern has a nonnegative nullvector. A nonnegative
nullvector yields a nonnegative parameter vector, where some rate constants are zero. In some cases
it is possible to derive values for these rate constants using the ideas discussed in Section 3.4. This is
the strategy pursued in the remainder of this section. Further analysis of these signings reveals that
Qs (1) contains sub-matrices that are L*-matrices. Obviously, by an appropriate filling with zeros,
a positive nullvector of a submatrix yields a nonnegative nullvector of the overall matrix. Thus, for
each submatrix that is an LT-matrix, one obtains a nullvector of Q; (1), with known zero pattern.
To see this, let ZT C 1,...,15 contain the indices of those columns of @ (y) that form an L*-matrix
and let Q := Qs (1) [Z*] be the corresponding submatrix (after a removal of zero rows, if necessary).
Recall that an L*-matrix has a positive nullvector, thus let = be a vector of appropriate dimension
with Q@ = 0. As @ is an L matrix supp (z) = Z* follows. Let # € RLY with &; = a;, if i € I+
and #; = 0, otherwise. Clearly Q, (1) & = 0 and supp () = Z, thus the zero pattern of & is known.
Table 5.1 contains, for each signing, the column indices that form L*-matrices, after a removal of zero

| Column indices H o1 ‘ ) | o3 ‘ o4 ‘ o5 | o6 ‘ o7 ‘ os ‘ o9 ‘ 10 ‘
{3,6,8,10,11,12, 15} | + + [ + + [+ ]+
{3, 6, 10, 11, 12, 15} + T T F |+ |+
{6, 8, 11, 12} + [T [FE R R
{6, 11, 12} + + 1+ Rk

| {6,8,12} T A I A

| {6, 12} N N Y O A N A

Table 5.1: Signings and column indices that are L*-matrices

rows, were necessary. In total, there are six different sub-matrices that are L*-matrices. Consider, for
example, oy = (=1, 1,1, -1, 1, O)T. Here the following sub-matrices are L*-matrices (note that for
each matrix all zero rows have been removed):

1 00 -1 -1 1 0
1 -1 0 -1 0 1 0
Qu)[3,6,810,11, 12,15 = | |~ T
0 0 0 1 0 0 -1
1 0 -1 -1 1 0
1 -1 -1 0 1 0
"l —
Q6,101,125 = | 1 0 1 0o o
0 0 1 0 0 -1
00 -1 1
Qs = {0 ]
0 -1 1
Q. naz=| ) 75 1]

For the signing o2 = (-1, 0, —1, —1, 1, 0) the following sub-matrices are L -matrices:
Q(u[6,8,12]=[ -1 0 1] Q6 12]=]-1 1]

To obtain multistationarity, consider, for example, signing o1. There exists a vector z with Qs (u) = = 0,
with supp (z) = {3, 6, 8, 10, 11, 12, 15 }, no matter what values the ¢; take. Recall that x = ( V3,
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T
V7, Vs, V11, V12, A1, A3, A1, A7, As, Ao, A10, A11, A12, So) and that A2, A5 and \g are free. Thus one

obtains
AN #0, v #0,i=1,2,4,5,6,8,9,10.

Recall that k = diag (¢ (a7!)) EA. Using this definition one obtains for k:

A1 ﬁ & A2+ Ag + Ao + Ao

Ag + Ao + A1o

k= (A + s+ Ao, =—, =, =, 0,0,0
ay’ ay’ ag a asz

AMFAo A Ao At A As A Ae e O)T
azaz a5’ a5’ agag ' ar’ ar asag ag’ )

Thus k; = 0,7 =6,7,8,18. To find values for these k;, the procedure described in Section 3.4 is applied.

To this end it is necessary to find a positive vector v with

G.v=0

G.— [W%Tdchwa)}
Waaa Ne ¢ (b)

a

where b = diag (e#) a, with u = M ,, & and WL, = (0, 0,0, 1, 0, 0, 0, 0, 0). Then

G = ay ag —a4 —ay ag
T | aragettrs _eligqy  —etagy etsthe gg |
Solutions to G.v = 0 are defined by

a1 a3v] — ag v — ay vz +agvy =0

ay az My — ag et vy — ag et ug + ag e TR uy =0
The first equation is equivalent to
as (v2 +v3) = arazvi + asva.
Inserting in the second equation yields
aias (e‘“*‘” _ e‘“) v + ag (,eM + eusﬂts) vy =0.

The last equation has a positive solution, if and only if either

et Ths el 5 () and eMsTHE — el < ()
or

et THs _ el < () and etsTHE — el > (),
Note that (5.14a) and (5.14b) are equivalent to the linear inequalities

p+ s — g > 0and —pg + ps + pe < 0

or

pr+ s — pa < 0and —pg + ps + pe > 0.

(5.14a)

(5.14b)

(5.15a)

(5.15b)

Thus multistationarity can be extended to the overall network, if p satisfies the inequalities defined
by the signing o1 together with these additional constraints. For the other sub-matrices given in
Table 5.1 it is possible to show that multistationarity can be extended to the overall network, if (5.15a)
and (5.15b) hold. There exists exactly one signing such that (5.15a) and (5.15b) hold in some of the

orthants given in (5.13a):
o=(-1, 1, 1, -1, 1, 0)

(5.16)



64 CHAPTER 5. MULTISTATIONARITY IN CELL CYCLE REGULATION

o1 holds in the following orthants:

o0 =(-1, -1, 1, -1, 1, -1, -1, 1, -7
by =(—1, -1, 1, -1, 1, 1, -1, 1, -1
03 =(—-1, -1, 1, 1, 1, -1, -1, 1 )
0y =(—-1, -1, 1, 1, 1, 1, -1, 1, -7
05 =(-1, 1, 1, -1, 1, -1, -1, 1, -7
S =(—1, 1, 1, 1, 1, -1, -1, 1, )
o= (1, -1, -1, -1, -1, 1, 1, -1, 1T (5-17)
g = (1, -1, -1, 1, -1, 1 1, -1, 1T
g = (1, 1, =1, -1, -1, -1 1, -1, 1T
b= (1, 1, -1, -1, -1, 1, 1, -1, DT
ou= (1, 1, -1, 1, -1, -1, 1, -1, DT
b= (1, 1, -1, 1, -1, 1, 1, -1, DT

Consider 05 = (-1, 1,1, -1, 1, =1, =1, 1, 71)T. To determine p, the following equations are solved
for nonnegative &, s and unconstraint x:

diag (6) —M O9xs 1

. k| =0,
Osx9 Voud —diag (01, —1, 1)) s '
with V as in (5.11) and
1 01 -1 00
V"d”’*[o 00 -1 1 1| (5.18)
A solution for « is given by
0o -2 -1 -1 =2
1 0 0 0 0
0 1 1 1 1
K= 0 -1 0 0 a, a€ Ry, (5.19)
1 1 1 1 1
-1 -1 0 -1 -1
Choose a; = 1 to obtain i = (-6, 1, 4, —1, 5, —4, —3, 1, —2) and thus
f[tooo1 o 1o o o0 0 0 I
01010 0 0o 0 -1 o 0 0 -1 0
00100 0 00 0 % H-% %+ e —%+4e 0
00011 0 0O 0 0 0 0 0 —e —e 0
Qm=1]01110 -1+% 0 0 -1 -1 0 —~1+€°> 0 0 0
00 1 0 0 0 0O 0 0 —e 0 0 e 0 0
11011 0 -4 0 -% 0 0 0 —e  —e 0
00011 0 0 0 0 0 0 0 —e” —eb 0
L0 0 0 0 0 0 0 0 0 1 0 0 -1 0 -1
The cone ker (Q (1)) N IR, is generated by
00 e 00 —=2 0001 e(1+e+e?) 000 1
6
E"=10 000 0 7:111'“,: 00 00 e(l+et+e?+e+et+e®+e% 1 0 0 0
00 0 00 0" 01 00 0 00 0 0
Choose, for example,
=5
~1 ~1
—(0.0,¢,0,0, - —F¢ _ +e ,0,1,0,1,
s

T
e(l+e+e’)+e(l+ete+ed+e*+e°+ef), 1,0,0, 1) .
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Thus one obtains

“l+e —1+¢°
M=———73 — 1

-t Sl
=1,
As =1,
M=e(l+ete’)te(l+et+e®+e®+e +e°+ef),
)\10:1.

Recall that Ao, A5, Ag are free, thus choose Ao = A5 = \¢ = 1 to obtain

. —1+e —1+€ S2+e+e?+ed+et) 11
kE:(2* T 10 21 3+ et +e5) an’ ag’
“1+ % —1+5 ai(l+ete2+ed+et+ed) ax ag
3+2e+2e2+2e3 +et +ed +eb4e” 0.0.0 242e+2e 423 fet 4 b b4 €7
apas ay
2 1 1 1+4+2e+2e?+2e3+et+eS+ef+e™ 1
azas’ (175’ (175’ az ap ’ (177’
e2+2e42+ef et 454 11 O)T
s , —, .
ay as ag as

Using v € Sﬁﬂlgs, v = (71., 1,2, 4,2 -2, -2 4, 74)T one obtains

17( e 1 2 de 2 2¢t 2¢° 4 4é? )T
1700468 =T4er Zife®> “ife’ —1+e5’  —ltel) “Ifed’ —Ife’ —l1+e?
To— 1 e 2¢* 4 2¢° 2 2 de 4 )T
27\T0resy Tifer  Titel  Tlte’ —lfed)  —Itelr —1te3’  —l1te) —lte?
and
2¢8 _ _4de _ _4de 4
_ T—eT—eb+ell —1te —1fe —1te
Ge= 2¢t __4 4 de .
T—eT—eb+ell —1te —Ite —1te

For the nullspace of G one obtains

2 (—1+e) (1+e)® (1422 +2 e +ef) 1
Ker (G) = B é}

0 -1

Choosing

2(—=1+e)(1+e)® (1426242 4 ¢b) 1

T
m]:( P e+e, 1, 1)

one obtains for ke:
2(—1+e)(1+e)®(1+2e2+2¢*+b)
&5

1
£ +¢1,0,0,0,0,0,0,0,0,0, N’

k.= (0,0,0,0,0,

)

Using k(e) = l::E + ¢k, as parameter vector and z; as initial value for a numerical continuation with,
for example, ¢; (total concentration of C'dc14) as a bifurcation parameter one obtains results displayed

in Fig. 5.6
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Figure 5.6: Numerical Continuation of z1 using ¢; (total concentration of C'dcl4) as bifurcation pa-
rameter. Parameter vector k(e) = k* + € ke, as given in the text. For e € [0,19] the system shows
multistationarity.



67

5.2. ANALYSIS OF THE COMPLETE NETWORK N

812 + 914 62— 8112 + 94 Gn?— 0 0 0 0 812 + 9p 4 a7 0
0 0 0 Ly + 94 TP o 0 0 Ln? + 94T
812 + €42~ 8117 + €14 Tr?— en? T Enpan?— 0 0 0 0 0
817 = Y 817 = Tn? o 0 0 Y7+ S TP = 0 0
617 = €114 1o 6117 = &y Tut? 617 = € Tn? 617 = € Tn? 617 = €114 1o 0 0 0
612 + 8772~ 6112 + 812~ 6% + 9= 6112+ Lit?— 611° + TiP— o 0 0
6117 + 87— 612 + 812 — yn? T 1 617 £ 1— 6112 + L?— 6n? + 1~ Yt 1 0 0
8117~ 8117 0 0 0 0 0 0
0 0 on?= 0 0 0 0 0
0 0 0 L7 0 0 0 0
617 = 8n° 617 = 8n? 617 — en? 617 = Lu? 6117 0 0 0
811° 8117 + pi?— o o o T 0 0
0 0 0 0 0 0 8172 0
0 0 0 0 0 0 0 LP—
0 0 0 0 0 0 0 [
7= 0 0 0 0 0 0 0
612 + €44 T2 — 612 + € T2 — 6112 + €4 Tr?— 6117 + €4 12— 6117 + €4 T2 — 0 0 0
L 0 0 0 0 0 0 0 0 i
r 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01
0 0 0 0 0 0 0o 0 0 0 0 0 0O 0 0 0
en® + €y an®— 0 0 0 0 o 0 0 0 0 0 0 0 0 0 0
0 Pr?  En g T 0 0 0 o 0 0 0 O 0 0O 0 0 0 0
0 0 617 = Erit Tal? 0 o 0o 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0o 0o 0o 0 0 0 0 0 0 0 0 0
0 0 0 pP+1-= 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 T T 0 0 0 0 0 0 0 0 0 0
0 0 0 0 o 0 1T 0 0 0 0 0 0 0 0 0 =1g
0 0 0 0 0o 0o 0o T 0 0 0 0 0 0 0 0
0 0 0 0 o 0o 0o 0 T 0 0 0 0 0 0 0
0 0 0 0 - 0 0 0 0 T 0 0 0 0 0 0
0 0 0 0 0o 0o 0o 0 0 0 T 0 0 0 0 0
0 0 0 0 0 0o 0o 0 0 0 0O T 0 0 0 0
= 0 0 0 0o 0o 0o 0 0 0 0 0O T 0 0 0
0 PP — 0 0 T 0 0 0 0 0 0 0 0 T 0 0
0 0 Bl Tn?— o 0o 0o 0o 0 0 0 0 0 0 0O T 0
L 0 0 0 T o 0o o 0o o o 0o 0o 0 0 o0 T4

I
=

[t7 H]



MULTISTATIONARITY IN CELL CYCLE REGULATION

CHAPTER 5.

68

cooooo

ccoccooocococoo

0
0
0
9rf4Sn? + €4 Tn—
914G — ¥n?
0
94 91? = Eri4 Tr®
94 911? = Eri4 Tr®
9l 4G~
0
0
9 4G + € g T~
Ol 4 Snt?
0

»

0
Gr® + en 4 TP~

o
0 0
0 o
94 Gr® + Engpen®— Gn® t+ Enpn®—
9rf4S1 — ¥® 0
0 0
9 S? ~ Tn? Su? = S 1n?
94 S ~ Fr? €4 Ir? + T~
91t G112~ 0
0 an2—
o o0
91 4Sn? Gr® + Enp TP —
94 Sn? + v 0
0 o
0 o
o0 o
0 o
0 o
0 o
0 o 0
o o o
o 0
0 0
0 Pi? + Er g TP 0
o o o
o o o0
o 0 o
o o 0
) o o
o o o0
o o o
o0 o 0
o o 0
0 o o
17— 0 0
0 T2 0
0 0 S+ T
0 0 0

cococoo

o

O +8? ~ Erif Tn?
i +8? ~ Erit Tn?

914+ Tri?

0
0

O Tn?® + e g TP —

cocoo

ccococooo

0
T2 1
0

Bz

cocococoo

=

comoocToconos0 00000

o ococococcomoco 00000

() 7

€ri4 Ir® + Ty?—
Erip Tn® + 1

cocococoocococomco0CO 00000

Erf4 T~

cooo

o ococococmoocooo

coocoo~

0
0
0

0

cococo oo

o ocococomMocococo o 0000

o ococcoo~cooocooo0 00000

o ococomocococo0cO O 0000

Pr? T € TP
o

o ocoo~cocococooco 00000

¥ I

coco-oco0cocO00O0O0O O 0000

cooco

0

0

comocococcococo o o000

o~ococococoocooco o o000

or 4

~ 0000000000000 00000

cccocopooccoooococococooo
3

°—

ccococooococoooooo

91l 4-Tr1?

cocoo

H



69

coocoococoof

5.2. ANALYSIS OF THE COMPLETE NETWORK N

o = 0 o T o o o o o 0 0 o )
€rf4Tr®— €4 TP~ Gr® + en4Tn®— 0 0 0 9n® + en4Tn®— 0 o T L )
0 0 0 0 o St 4 T2 — 0 T o o 0o o0 T 1
o zn? o o T2 o o o o o o T o 0
9rf+Cr? Qi 4 Grf? en? + 11— 0 T - 0 0 I +1= 1— 0 T T 0 =
Orf 4 Sr?— Ol 4 Gn°— 0 0 o 0 0 o o T T o o 0
94 Sr® + Erp TP~ 94 G1? Sr? + €4 Tn? = 9r4n® t TP Er4 TP 0 0 0 0 0 0o 1 0 o0
o T2 o o 0 T2 o o o o0 T o T 0
TP 0 0 0 0 0 0 Vi o T 0o 0 0 T
- o = o o T
0 9r+Sr® T €4 T~ 94+ Sn? T Ed+Tn®—  Sn? T €y Tn®— 0 0
0 9+ = ¥n? 9riSr? = ¥r? o o 0
0 O+ G117 ~ Erif Tn? 9114 S? ~ Tn? P = Erif Tn? 9487 T ErpIn?  En4Tn® + Tn?—
o 9 +Sr° ~ Er4 T 94 S — Fr? €4 Tr? + 1= 942 ~ Er4 Tn® €4 Tr® + 1= = N®
0 914 97— 9t 92— 0 0 0
o 94 Gr? T Er T2~ 9ri - Gr? G2+ Enp T 94 Tn® t S TP LV i
0 9rf 4 Srt? 94 G2 + T2~ 0 0 0
o Y2 o o o0 0
0 0 0 0 0 0 0 0 o0
0 @n® + e pTn?— 0 0 0 o 0o o0 o
vr? + e 1P~ 0 v+ g 12— 0 [ 0o o o0 o
0 o o o 0 0 o o 0 .
2+ 1 0 o T2 + 1 o 0o 0 0 o0 =
o 0 o o T T 0 0 0
o o o o 0 o T o o
Yr?— 0 o o = o o T 0
o o0 T o T o o o0 T



70 CHAPTER 5. MULTISTATIONARITY IN CELL CYCLE REGULATION

5.3 Analysis of the complete network N},

In Section 5.1 it has been established that multistationarity is possible for three subnetworks of ;. For
the sake of completeness the overall network is analysed using the methods established in Chapter 3.
As for network N, it was not possible for network A7; to determine v, A\ € R1>10 independent of
p € IR. Thus the equation

T E\
y®? u=In oD

is considered in the following form:

(o o ( ) £] (5). (5) >0

Using an unimodular matrix U € R'¥*'8 with UE = [07[;11

equations

1

[ —ans(e) £ (5) =0 (5) >0

=:H(u)
where H () is given at the end of this Section on page 73. Note that the nonzero elements of rows 16
~ 18 of H(u1) always have the same sign, for every p. Thus, positive v, A only exists for those values of
/1, where rows 16 — 18 of H(u) are identical to zero, that is, for p that satisfy

] one obtains the following system of

Ho = 13 + pa (5.20a)
7 = p2 + e (5.20b)
s = s + 6. (5.20c)

Note that (5.20a), (5.20b) and (5.20c) are the only restriction on p € IR?. Thus p can be represented
as (using new variables k € IRS):

= My, (5.21a)

where

1
=]
'

=]

My, = (5.21b)

OO0 OoOOoOO -
oo OO0 O ~RO
= o o oo

_ O OO OMKOOO
oL OoOOoOFROoOOoOO
O M=M=~ OOoOOoOOoOo

Note that each of rows 1,2,4,5,6,8,9,10, 11 contains exactly two entries, thus they are equal to

Vi — e sm) Ai =0,
for some linear form (y;b), ). Further note that rows 12-18 are independent of the v;, i =1, ..., 11.
Thus it is straightforward to obtain

v =eM (5.22a)
Vo = Mt \g (5.22b)
vy = el Ny (5.22¢)
Vs = 6“7 /\5 (522(1)
vg = el Ag (5.22¢)
Vg = et )\g (522f)
vy = el's Ag (5.22g)
vip = e Aig (5.22h)
vip = e’ Ajq. (5.221)
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Thus it remains to determine vs, v7, A1, ..., A11. This corresponds to a system of equations that
involves rows 3, 7 and 12 — 15 and columns 3, 7 and 12 — 22 of H(p). Note that Mg, A5 and Ag do not
occur in these equations anymore, thus the corresponding columns of H(y) can be left out. Then the
following system of equations remains:

Q) A=0, x>0,

where Q(i) = H(p)[{3,7,12,13,14,15},{12,13,14,18,19,20,21,22}] and X = (vs, vz, A1, Ao, As, Az,
A, Ag, Ao, Art )T, Q (p) is of the form

10 0 0 -1 g 0 q qQ q2
01 0 0 0 -1 0 —q G —q2
00 g 0 0 ¢ @6 @& —@G ¢
= 5.23
Qw) 00 0 0 0 ¢ 0 @ —g¢ ¢ (5-23)
000 0 g 0 g g6 9@ 4@ @
00 0 0 go —aa 0 -1 —¢1 —@
with
q = elt:4+lt4 _ 6”5., @ = eu:zﬂu _ 6H5+MG7 q3 = _eu:zﬂm + e‘”*"“,
q4:_1+€#1’ Q5:—1+6#3+#4, (IG:_I“'@‘M:
¢ = —etz eusﬂm, s = _eMatis + et Qo = _ettus + eu3+u47
o = —el2 s 4 ghs
Thus any feasible inequality system
[V —diag(0)] <§> =0,5>0
with o € {1, 0, 1}'* and
- 0 0 — -
-1 -1
-1 -1
-1 -1
V= 00 (5.24)

-1
0
-1

O R OO~ OO OO
—HOoO OO oo OO
[}

—_ OO OO O M -
OO0 OO HKFE O

o= O

defines a feasible signing for @ (u). Following Algorithm 4, first ASM1, the set of all orthants § €
{=1,0,1}° with Sy, NIRY # 0 has been obtained. Then the set AT = {§ € {~1,0,1}°|Mu,, NIRY # 0
and 3o € {-1,0,1}!° such that @ (u) is an L*-matrix } has been obtained. As AV n At # (),
multistationarity has been established by Algorithm 4. The elements of AS¥i1 N AT are

oh=(-1, 0, 1, -1, 1, -1, -1, 1, 0T
So=(—1, 1, 1, -1, 1, -1, -1, 1, 0T
d3=(-1, 1, 1, -1, 1, -1, -1, 1, DT oe
Sy=(—1, 1, 1, -1, 1, -1, 1, -1, 1T (5.25)
O5=(—1, 1, 1, -1, 1, -1, 1 1, nHT
de=(—1, 1, 1 1, 1, -1, 1 1, T
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All signings such that @ (i) is an L* in one of the orthants given in (5.25), are

oy =(-1, -1, -1, -1, 0, =1, 0, -1, 1, —17T
oy =(-1, -1, -1, -1, 0, -1, -1, -1, 1, —17T
o3 =(-1, -1, -1, -1, 1, -1, -1, -1, 1, -7
oy =(-1, -1, -1, -1, 1, -1, 0, -1, 1, -7
o5 =(-1, 0, -1, -1, 1, -1, -1, -1, 1, -7
o =(-1, 0, -1, -1, 1, -1, 0, —1, 1, -7
o =(—1, 1, -1, -1, 1, -1, -1, -1, 0, —1)7T
og =(—1, 1, -1, -1, 1, -1, -1, -1, 1, -7 (5.26)
o9 =(—1, 1, -1, -1, 1, -1, 0, —1, 0, —1)7
opo=(-1, 1, -1, -1, 1, -1, 0, -1, 1, —-1)7
on=(-1, 1, 0, -1, 1, -1, -1, -1, 0, —17T
op=(-1, 1, 0, -1, 1, -1, -1, -1, 1, —17T
o3=(—-1, 1, -1, -1, 1, 1, -1, -1, 1, -1
opu=(-1, 1, 0, -1, 1, 1, -1, -1, 1, -7

Table 5.2 shows, for which orthant ¢ as in (5.25) and which signing o as in (5.26), the system

diag (6) =My, Orox10

13
099 Vv —diag (o) Z & s>0

is feasible.

[ Joi]oa]os]oa]os o6 or]os]og]ow0]on]on]os]ou]
o || +
[ +
d3 + |+ ]+ [+
04
o5 + |+ |+ |+
6 + +

+ |+ [+

+ |+ [+
+
+

Table 5.2: Orthants and sign conditions for the ternary complex model
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5.4 Conclusions

In this chapter two equally plausible hypotheses describing the G1/S transition in Saccharomyces
cerevisiae have been analysed. For both network structures multistationarity has been established,
however, there is a difference: in contrast to the ternary complex model, where individual subunits
can establish the desired switch—like behavior, the integrity of the binary complex model needs to be
preserved for this function. This has important consequences for the robustness of the two models.
Robustness, often, is defined as the resistance of qualitative network behavior to perturbations, for
instance, in network structure or parameter values [60]. Clearly, the ternary model is more robust in this
sense than the binary model, although capturing this effect quantitatively is difficult. Previously, it has
been proposed that robustness can also serve as a measure of plausibility for biological network models
because, in fluctuating environments, robustness of functions should have been key for evolutionary
selection [47]. In this regard, subnetwork analysis could be used for model discrimination—the ternary
complex mechanism would be considered as the more plausible one.



Chapter 6

Robustness of Multistationarity

A variety of biochemical reaction networks give rise to qualitative properties that are robust with respect
to certain parameter variations (see [42, 48] and [60] and the references therein). Nowadays robustness
is often considered as an inherent principle of cellular functions (and, of course, of the biochemical
reaction networks that implement this functionality). However, robustness never comes alone. It is
almost always accompanied by ‘fragility’ with respect to variations of different parameter sets: in [59],
for example, it has been shown that the existence of cyclic trajectories is robust to large variations in
one group of parameters, whereas small variations in a second, different group of parameters lead to a
destruction of this qualitative property. This ‘robust yet fragile’ nature has been observed frequently
both in biochemical and in man-made networks like the Internet [19, 20].

In this chapter robustness of multistationarity in the Activation of an MAPK(K) and in a variety of other
signal transduction motifs is analysed. For the Activation of an MAPK(K) robustness (and fragility)
of multistationarity with respect to variations in the rate constants is examined in Section 6.1. For a
variety of signal transduction motifs, which are the building blocks of many signal transduction networks
robustness (and fragility) of multistationarity with respect to fluctuations in the total concentrations
is examined in Section 6.2.

6.1 Robustness against variations in the rate constants

Multistationarity in the activation of an MAPK is a qualitative property with a robust yet fragile nature.
This is a direct consequence of the results presented in Chapter 4, in particular of the definition of &,
the parameter vector, as given in (4.7a) — (4.7f). Even for a specific steady state a the k; are not unique,
as the vector A € R(;O can still be chosen freely. Thus, a specific pair of steady states is compatible
with an infinite set of parameter values.

Multistationarity is robust with respect to variations in the k;, as long as the k; satisfy the equations
(4.7a) — (4.7f) for positive A;. Note that for a fixed vector a (4.7a) — (4.7f) are linear. In this case
the right hand side of the equations defines a pointed polyhedral cone in R1>20. The generators of this
‘parameter cone’ can be obtained from the generators of ker(Y I,) N IRL%) via the linear transformation

P =diag (¢ (a ")) E, (6.1)

where E is a matrix composed of the generators of ker(Y I,) N Rgzly For a given vector a the vector of
rate constants is given by
k=P Ae R%,. (6.2)

Thus one can conclude that the property multistationarity is robust with respect to variations of k
within the ‘parameter cone’ P. Moreover, as long as k is in the interior of P, the values of the steady
state pair a, b are not affected. To make explicit the robust nature a random set of 197 parameter
vectors was created and simulations for each of these vectors were performed using the initial conditions

given in Table 6.1'. The results are displayed in Fig. 6.1 (for the initial condition zél)

(2)
0

in the upper half

and for the initial condition z;~ in the lower half). The figure shows the temporal evolution of z(t)

ITables and Figures in this chapter are reprinted from [65] with permission from Elsevier

75
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‘ ‘ 2 2 g’

T10 1.4047 4.1339 1.0199
w || 0.12618 | 2.1585 0.11185
w3 || 0.41462 | 0.54691 | 0.38576
w40 || 0.84691 | 0.91462 | 0.89271
50 2.3169 | 0.15236 2.3601
weo || 0.73726 | 0.70497 1.058
w70 || 0.013662 | 0.74596 | 0.0096985
T80 3.9701 1.4605 4.0441
wgo || 0.27818 | 2.0555 0.20815

Table 6.1: Initial conditions for the dynamic simulations in Fig. 6.1.

and zg(t). In in the upper half all trajectories converge to () and in the lower half all trajectories
converge to (2, the stable steady states obtained for k*. Table 6.2 contains the stable steady states
(M and 2 and the unstable steady state z* obtained for k*. Changing A (and thus changing k& within
P) does not change the steady states of the ODEs displayed in (A.la) — (A.1i).

[T =@ [ = [ @ |
z1 1.3199 1.7047 4.6339
T2 0.41185 0.42618 1.1585
z3 || 0.085761 | 0.11462 0.84691
z4 0.89271 0.84691 0.11462
T5 2.3601 2.3169 0.85236
Z6 1.058 0.73726 | 0.0049676
27 || 0.0096985 | 0.013662 | 0.74596
g 4.0441 3.9701 1.4605
Z9 0.20815 0.27818 2.0555

Table 6.2: Lower stable steady state 2(!), unstable steady state 2* and upper stable steady state z(2)
(z* and £ have been published in [11]).

The fragility of multistationarity Multistationarity is fragile with respect to variations of &k per-
pendicular to P (or, more precise, to variations of k in the orthogonal complement of the subspace of
IR'? that contains P). To demonstrate this, the parameter vector was perturbed in the following way:

k=k*+eut,
where
wt=(-1,1,1,-1,1,1, 1,1, 1, =1, 1, )T
Note that <uL, E;) =0,i=1, ..., 6, thus changing k* along ut corresponds to changes transver-

sal to P. To illustrate this, a bifurcation analysis was performed using e as bifurcation parameter
(the bifurcation was performed using Matcont, see e.g. [1]). The result is displayed in Fig. 6.2. This
analysis established upper and lower bifurcation parameters (at € ~ 0.0017 and € ~ —0.1993, respec-
tively). Visual inspection alone shows that ¢ can vary only in a very small interval, without losing
multistationarity. The parameter vectors kP (corresponding to € 2~ 0.0017) and kX% (corresponding to
€ ~ —0.1993) are displayed in Table 6.3, as well. Dynamic simulations displayed in Fig. 6.3 confirm that
multistationarity vanishes, once € is outside the interval (—0.1993,0.0017). As long as the parameter
vector is ‘sufficiently close’ to P, the system retains multistationarity (albeit for different steady states).
If the parameter vector is ‘far’ from P multistationarity is no longer exhibited. Fig. 6.3 shows the effect
of changing € on 1 (¢). In the upper half € varies from 0 to —0.25 and the initial condition :céz) is used.
As long as € > —0.1993 the trajectories reach a steady state that is close to #(?) (i.e. the trajectories
converge to the upper branch of the steady state solutions displayed in Fig. 6.2). In the lower half €
varies from 0 to 0.0017 and the initial condition z;? is used. As long as € < 0.0017 the trajectories
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Simulation using xo=x; Simulation using AO=A;
Simulation using

2 hg=100%y

0 200 400 600 0 200 400 600

Simulation using )»D=A;
0.8

0.7
0.6

0.5

)

0.4

0.3

3.9 0.1 \
AS

3.8
o 0

Figure 6.1: Temporal evolution of z;(t) and zg(t) for a set of randomly generated parameter vectors,
using the initial condition xél). The dashed red line indicates the temporal evolution obtained for the
reference parameter vector £*, the delimiting trajectories correspond to parameter sets labeled ‘upper’

and ‘lower’.

reach a steady state that is close to (1) (i.e. the trajectories converge to the lower branch of the steady
state solutions displayed in Fig. 6.2). (Note that when integrating the ODEs using matlab®’s ode15s
the bifurcation occurs somewhere between € = 0.0018 and e = 0.0019, whereas the bifurcation software
Matcont locates the bifurcation at ¢ = 0.0017.)

Quantification of robustness To quantify ‘robustness’ of multistationarity (or lack thereof) the
parameter sets corresponding to those trajectories marked green in Fig. 6.1 were used to approximate
the parameter range where multistationarity can occur. (This is, of course a poor approximation. But
it is sufficient to back the argument). For each parameter an elasticity coefficient was defined that
measures the difference between the upper and the lower value of the parameter in relation to the
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Bifurcation along u’

LP (¢ = -0.1998)
LP (¢=0.0017)

LP (€= 0.0017)

0
-0.2 -0.1 [ 0.1 0.2 -0.05 0 0.05

Figure 6.2: Bifurcation along u™.

g€ [-0.25,0]

e=-0.1979

)

0 100 200 300 400 500 600
t
€€ [0,0.003]

‘\ £=0.0019

% ¢=0.0018

I ]
0 500 1000 1500

Figure 6.3: Dynamic simulation ‘close’ to bifurcation points for € ~ —0.1993 and € ~ 0.0017. The
bifurcation occurs between the temporal evolution displayed in green.

‘nominal’ value k;:

up _ plow
_ kYK

e (63)

i
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‘ H T ‘ 5P | Elow ‘ 5% ‘ v ‘
k1 10.9293 8.3595 12.6521 10.9275 | 11.1285
ko 34.6381 30.44 46.1592 | 34.6399 | 34.4389
ks 34.6381 22.5474 34.0373 | 34.6399 | 34.4389
kg 21.9991 31.4783 14.6527 | 21.9973 | 22.1983
ks 1.7135 1.3566 1.604 1.7153 1.5143

ke 1.7135 3.5471 0.67864 1.7153 1.5143

ke 788.272 | 1211.7563 | 727.2734 | 788.2703 | 788.4713
ks 1 1.0042 1.4491 1.0017 0.80077
ko 1 2.0701 0.39605 1.0017 0.80077
k1o || 686.2147 | 430.6848 | 647.1921 | 686.2129 | 686.4139
k11 14.2718 8.6237 12.8949 | 14.2736 | 14.0726
k12 14.2718 9.2901 14.0243 | 14.2736 | 14.0726

Table 6.3: Reference parameter vector k* (as given in [11]), parameter vectors k7 and k'°* obtained
by random variations A, with >, A; = Aj and parameter vectors kP and Eklew obtained by varying k

along eut.

Here k"P corresponds to the upper delimiting trajectory in the upper left part of Fig. 6.1 and k' to
the lower delimiting trajectory in the upper left part of Fig. 6.1. Both parameter vectors are given in
Table 6.3. Using k7 and ki"“’ in formula (6.3), the elasticities for perturbations along u* have been
determined as well (see Table 6.4, second colum). The results are displayed in Fig. 6.4: the elasticities
corresponding to variations within P as empty bars and those corresponding to variations along u™*
as filled bars. This figure nicely reflects the robust yet fragile nature of multistationarity: on the one
hand, each k; can vary by large amounts, if variation occurs within the parameter cone P. On the other
hand, if the parameter cone P is left (e.g. by adding eu'), then, for relatively small variations of the
ki, multistationarity is lost. This is best illustrated using k7. From Table 6.3 it follows that k7 can vary
between 727.2734 and 1211.7563 if variation occurs within P (i.e. k7 can vary by at least 60% of its
nominal value k% = 788.272 and multistationarity is retained). If k7 is varied along u*, then again by
Table 6.3 it can vary between 788.2703 and 788.4713 (i.e. by at most 0.025% relative to k% = 788.272)
without losing multistationarity.

N
1 -0.39276 -0.018391
72 -0.45381 0.0058029
73 -0.33171 0.0058029
n 0.76483 -0.0091367
5 -0.14438 0.1173
6 1.674 0.1173
n7 0.61461 | -0.00025499
78 -0.4449 0.20093
N9 1.6741 0.20093
Mo -0.31551 | -0.00029291
M1 -0.29927 0.014084
M2 -0.33172 0.014084

Table 6.4: Elasticities obtained for a random sample of parameter vectors (column one) and for variation
along ut (column two).

A note on quantifying robustness When quantifying ‘robustness’, some care has to be exercised:
as P is a pointed polyhedral cone, it is in principle possible to obtain deviations from k* that are
arbitrarily large without losing multistationarity. To see this, consider two vectors k*7, kl°® and the
vector k*. Let kP = Ao k* and klow = %k*, where \g > 1. As P is a cone and k* € P, any
positive scalar multiple of k* is in the cone as well. Thus the system will exhibit multistationarity for
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i ‘ I |

o = — = - -| o . e -
0.zf . i I I -

0.4 4

S
16 [ variation within P
| =] variation along u* |

(KR

061

0.2

Figure 6.4: Robustness vs. fragility of multistationarity for the activation of an MAPK. Empty bars:
Elasticities obtained for a random sample of parameters contained in the parameter cone P. Filled bars
Elasticities obtained for a set of parameters created along eu™.

w1 g
kup = Ao k* and flow = %0 k* and the elasticity coefficients will be 7; = Xk’kii*%k’ =X -+ & X\
(using klow, kP and k* in formula (6.3))- -

However such an j; is not meaningful, as £*? and k'°* correspond to a mere scaling of time that does not
change the qualitative dynamic behaviour of the system, hence it is ‘obvious’ that the system retains
multistationarity: to see this, let k = Aok and recall that the ODEs derived from any biochemical
reaction network endowed with mass action kinetics are linear in the vector of rate constants k:

& =Y I, diag (k) ¢ (z) =Y I, diag (¢ (x)) k.

Thus using k = Ao ki yields ~
& =AY I, diag (¢ (x)) k.

Clearly this corresponds to a scaling of time ¢ with Ag. To circumvent this scaling of time and thus to
exclude this trivial robustness, these parameter deviations have to be ruled out. To do this, note that
if k* € P, then there exists a \* € Bgo, such that k* = PA*. Then A\ k* = Ao PA* = P (Ao \*) (i.e.
multiplying k* by Ao is equivalent to multiplying A* by Ao). Thus, to deal with the effect of time scaling
we consider only \; contained in the affine linear subspace (1, ) = Ao for a fixed value \g. Elements of
this subspace are given by A = Ao (A1, ..., A5, 1 — Ef;l i), Ai € 0,1],i=1,...,5. Then \g is fixed
as A\j = 23.8207, the value calculated for k*, as given in Table 6.3 (using e.g. the steady state 2* from
Table 6.2, the vector A can be calculated as A = Xjj (0.1667, 0.1667, 0.1667, 0.1667, 0.1667, 0.1667)).
To demonstrate the effect of Ao, Fig. 6.1 contains the trajectories of z1(t) obtained using 100 Ag.
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6.2 Robustness against concentration fluctuations for different
signal transduction motifs

In [53] a variety of small reaction networks called motifs that can be found as subnetworks in many
signal transduction networks is presented and analysed. Among them are network A described in
Section 4 and Nja, Ni3 and N4 given below. Here * is used to denote the activated form of protein A
and F; denotes activating or deactivating enzymes.

e Autocatalytic activation:
ki ks
A+ E \TAE&HA* + E4
2
k k
Ad A === A4 —S A" 4 A7 (Mi2)
s

* ék-, * k9
A +E2\—ks A*Ey ——= A+ E,

e Distributive activation by enzyme E; and distributive deactivation by two different enzymes Fs
and Ej:

k k. k. ki
A+ B ﬁ%AEl A B A B A 1 By
2 5
A**+E; A** EJ—>A*+E5 (N3)
kio K1z
A*+E2k\:‘A*E2‘>A+E2
1
e Autocatalytic activation and distributive deactivation by two different enzymes Es and Es:

A+ B =—

+ By

ka ke
A*JrEgTA*Eg—)A-‘rEg
(Na)
k7 ko kio k12
QAP = A AF e A AR = g AR 22 g g
ks ki1

A**+EgﬁA**E LR N

Network Ay, M2, Ni3 and N4 were the only networks considered in [53] that showed multistationarity.
While in Section 6.1 robustness against variations in the k; has been analysed, in this section robustness
against variations in total concentrations is compared among networks Ny, A2, N3 and N4 This
is based on the results of Section 3. In Section 6.2.1 the steady state equations are analysed in the
way described in Section 3 and in Section 6.2.2 robustness against variations in total concentrations is
compared.

6.2.1 Analysis of the steady state equations
6.2.1.1 Network N,

The equations

E
YOy —m ?:
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for this network are

V1 + Vs

5 =1 6.4
p1 + p2 Il/\1+)\4 (6.4a)
ps=In 2t (6.4D)
AL
ft3 =1In n (6.4¢)
A
Vo + Vs
=1 6.4d
p e = In e (6.4d)
15 = In kel (6.4¢)
A2
Us
=In-~ 6.4f
ps = 3= (6.4f)
v3t+uvy+vs
=In—FF— A4
Ha + e L vy s (6.4g)
pi7 =1n v (6.4h)
A3
Vg + Vs .
= 6.4
124 H)\4+)\5 (6.4i)
These equations are solvable, if and only if
2! vy 2 Vs V3 vy + Vs
nd=m n2 -2 2 =1 .
n N n N n /\2 n e n " n Mt
Thus one obtains v; = \; Kf, Vo = Ao ’;7 and v3 = A3 K:ii and thus
vy Vs Vit Us
Y I VR VN W Tk A I 6.5
v (1)\472)\5, .3)\4+)\5,V4,V.> (6.5)
with \ € R5>U and vy, v5 > 0. Using v as above, one obtains
vyt 1y vy vy + s Vs v3+ vy + s vy + Vs
=1In—, n =In-2, n =In .
A+ A4 A2+ A5 As A3+ A+ As Mg+ As
Using the definitions
vy
:=1In — .
K=o (6.6a)
Ko :=1n :—Z (6.6b)
Vy+ Vs
Kq 1= 6.6 ~
K3 Nt (6.6c)
and solving for 41, one obtains
1 0 0 0
-1 1 0 0
01 0 o™
pu=|-10 10 ! (6.7)
o0 1oll|®
10 -1 1 s
0 0 01
_—
=My,

If the k; are considered as free variables, (6.7) defines a linear subspace of IR7. Note that in this case
V4, Vs, Ag and A5 are determined by (6.6a) — (6.6¢): from (6.6a) follows vy = Mg €™ and from (6.6b)
Vs = As €2, Inserting in (6.6¢) and solving for A5 yields

erl _ ehs

)\5 = A4 (68&)

s — eh’
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Note that A5 > 0, if one of the following conditions holds

K1 > K3 > K2

K1 < Ky < Ka.
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(6.8D)
(6.8¢)

Note that (6.7) together with either (6.8b) or (6.8¢) is a parametrization of positive steady states in the
following sense: suppose (i) the r; are chosen such that either (6.8b) or (6.8c) holds, (ii) A5 is chosen
such that (6.8a) holds and (iii) the remaining \; are assigned some positive values. Further suppose
the vector a is a steady state. Then, by Lemma 1, b = diag (Exp (1)) a is a steady state as well.

To ensure that a is indeed a steady state apply again (3.10a) to obtain:

A A A A
kl = g kz = *1 kg = *4 (69&)
ai ag as as
k:M k,:ﬁ k‘zﬁ (6.9b)
4 ay ay Y as T s ’
A3+ A A5 A A A5
k7 = BTAMTA TMFAs kg = = kg = —4 * s (69C>
a4 ag arz ar

To find pairs of steady states that satisfy the conservation relations for the same ¢;, Lemma 3 is used.
To this end, let x 1= (2, K1, K2, K3)T and My, := { p € IR7 | = My, & and cither k1 > k3 > Ky or
K1 < kg < Ka }7 with My, as in (6.7). Further let Sy, be the stoichiometric subspace for Njs. Using
Algorithm 2, it is straightforward to establish that there are two orthants with My, N RY # 0 and
Sn, NIRE # 0:

o= (1, -1, 1, -1, -1, 1, —-nT

So=(—1, 1, -1, 1, 1, -1, 1T
However, §; = —d2, thus these orthants give rise to the same pair of steady states (see Section 3.3) and
only one of them need to be considered. Thus multistationarity has been established by Theorem 3.
To obtain a pair of steady states, consider d1. All 1 € M, N IR} are given by

(6.10)

p1 = a1+ as (6.11a)
Jl2 = —o (6.11b)
s = o (6.11c)
Jla = —Qp — Qg — Qi3 — Qg (6.11d)
M5 = —Q3 —Qq (6.11e)
e = a1+ az+ oy (6.11f)
ji7 = —az, (6.11g)
for a; > 0,1 =1,2,3. The x;, i = 1,2,3 can, of course, be expressed in terms of the «;:
—o
a
Ll 2 e (6.12a)
—as
Thus one obtains the following expression for \s:
As =\ % (6.12b)
All v € Sy, N IR, are given by
v =1+ P5+2 06 (6.13a)
vy =—Pr—2085— B (6.13b)
v3 =2+ 203+ B4 (6.13c)
v =—P1— B (6.13d)
vs= 03— fo (6.13¢)
ve = f1 + P2 (6.13f)
vy = —p1 — B, (6.13g)
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for B; >0,i=1,...,6. As described in Section 3.3, it is possible to state a and b using the generators
of My, N IRE and SNi> N RY in (3.30a). This leads to the following formulas for the steady state a

B+ Bs+206
aj —

1t emtas
_ Boa+203+ s
ag=——"—""
—1+ e
_ —P3—Ps
a5 = ——"0—""
b 71+67037Q4
= —f1— B
T Tlqees

and the steady state b

by = 14 eortaz by = 1+e
b — (B2 +2 83 + Ba) €2 by — (=4 — f5) em 12—
3= 1+ e 4= —1 4+ e-1—az—az—ay
b — (*@3 _ gﬁ)e—asfml b — (ﬁl +ﬁ2> eq1taztay
5T T I feas—aa 6= T eortaataa
b= A= Ba)em
7 —1+e @
6.2.1.2 Network N3
The equations
T Ev
vy = =22
H=TEA
for this network are
v+ s
=1
p1+p2=1In N
pz =1 “n
A1
ps =1In v
As
Vo + Vg
+ In
M2+ fa Mo+ Mg
s = In 2
A2
ps =1In v
A6
Vs + Vg
1
f6 + p7 = In N 1 ho
g = In L)
A3
ps =In il
A6
vy + s
+ o =In
Ha + [y Mt s
1o = In kel
Ag
s
=1n-—>
H10 "
These equations are solvable, if and only if
21 Vs vy Vg V3 Vg 7 Vs
In—=In— In==In— In—=In—, In—=In—
T EEYR " T REVERD

(1 + 5 +2 ) e 72

B —2B85— P
2T T e
_ —B1—Bs
ay = —— """ —
14 e—az—az—ay
_ B+ B2
ag

T 1 4 ecrtorta

(=f2—203—Pa)e ™

(6.14a)
(6.14b)
(6.14c)

(6.14d)
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Thus one obtains

with A € RS and vs, v > 0, free. Note that using v as above, one obtains

and

Using k1 :=In %’: and Ko :=In ‘A/f and solving for p, one finally obtains

85
vs r
A A ;A s A —, vs, , 6.16
<1)\ 2>\ 3/\ 4)\5,1/ ’/6), ( )
lnl/1+l/57 Vgt+Vs . Vs
A+ s A1+ A5 As
n vy + Vg — vstvs G
)\2+/\6_ /\3+)\6 /\GA
[-1 0 1 0]
1 00 0
0o 01 o0
-1 0 0 1 142
-~ 0 00 1 116
E=1 0 10 of|m (6.17)
0 -1 0 1 K2
0 00 1
1 01 -1
L 0 0 1 0]
- -
=My

Let My, = [Mys,,] and observe that M, N IR # 0 and Sx,, N IR # () holds in the orthant &;:

Thus multistationarity has been established by Theorem 3. Using generators of My, N R(%U

d1=(-1,

1, -1, -1,

1L, L

-1, 1, 1,

-7 (6.18)

and

Sy, NIRE a parametrization of all pairs of steady states a,b that satisfy W7 b= W7 a is obtained:

by
b:i
bs
b7
by

_ —Br=B; _ Bt
ay = 7/]/3+eﬂa:)3a; oy A2 = 71+E:1{0?3}n47
a3 = S5 a4 =y asoar
— Bs _ BotBs+B7+8:
as = it ag = PR (6.19a)
_ =B1—Bs—B6—Ps _ B1+Ba+tBe+Ps
ar = P +§+" s ag = ﬂiH[;eﬂ] 5
— 5 6 — _—P57D6
@9 = Hiees @10 = Syeer-
_ (=Br—fs) e~ 103~ 204 b _ (BatBo) e®1tostes
71+Eﬂ.1 a3—2o0g B 2 —1+ex1taztay
_ (=B3—Bi—Po) e” 4 by = (=B1—Bz)e” 374
“lto—o4 > “as—a1
_ B e“llJre b _ (/32+1~3t;ﬂ7159)80‘1+a2 (6.19b)
— Tlgec1 6 - —1teo1toz ) N
= Pi=Pa—Bs—Ps)e” 2 b _ (A31+34+ﬂc+/38)"“1
3 ’ s = —14e> ’
— by = (= 5*5&)67“

—lt+e 4

Using the a; given in (6.19a) one obtains a parametrization of the rate constants that ensure that

= (a;) and b= (b;),i=1,...,
chosen freely.

k1
ke
kr
k1o

— MitAs

T oarap Ky

— X2tde k

~ asay ? v5

— AstAg k.
ag ay ’ 8

— MatAs ki1

agag ’

10 are steady states. Note that here \y >0, ...,

I
el

)]
=)

[
>

agag’

A¢ > 0 can be can be

>
1

ks =
ke
kg
k 12 =

>
X3

(6.20a)

5 B

o
iz

aio
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6.2.1.3 Network N14
The equations
T Ev
y(&) —ln—
H="EN
for this network are

V1 + Ve
A1+ Ag

=1In 71
L,
w3 N

i1+ p2 =1n

In i
13 = In —
w3 "
+ v
+ s =In 2
Ha + s Mo+ e
In 22
n=2
H )\z
e = ln /\—b
+ vy
21y =In 2
Ha " Az + A7
—In=
H7 s
V7
w7 =In /\*7
vy + Vg
l =1
p4+pg =1In SV
In 24
g = In —
o )\4
—In2
s n 2 )\8
4 ! Vs + V7 + g
=ln—-——
10 + M8 N+ A7+ As
Vs
p11 =In .
111 = In v+ vs
f A7+ As
These equations are solvable, if and only if
111 )\—1 =1In :—Z In )\—Z = ln )\6 In :—; = 111 )\—7 ln /\—4 = ln /\—8

Thus one obtains v, = \; Kf Vo = Ao Kf; V3 = A3 Kf, vy = Mg K and v5 = A5

obtains

X6 Ao A Xs” U A+ s

ln — =In

)\5

V7+VS

1z 1Z V7 + v, r
6 s 7 8
(/\1 — A2 )\s M A5 s V6, V7, Vs)»

Note that using v as above, one obtains

n v+ N vy + Vg e
A+ X6 A2 + g )\67
s +uvr W
A3+ Ar )\7"
vy +uvg Vs
A+ As )\s'
and
vs+rvrt+rvs . vrtus

D VNI VNI VS W W

v7 + g
A+ s’

. Thus one finally
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Using
Ve
K1 :=1In o
Ko 1= e
=m%
K3 o
- vy + g
A7+ Ag
and solving for u, one obtains
[-1 1 0 0 0]
10 0 00
0 1 0 00
o0 L 0o 1o
01 72 0 0 K1
= 0 1 0 00 )
00 1 00 K3
00 —3 10 N
00 0 10
00 3 -11
L 0 0 0 0 1]
=M,

If the k; are considered as free variables, (6.22) defines a linear subspace of IR''.
case vz, vg, A7 and g are determined by (6.21b) — (6.21d): from (6.21b) follows v7
(6.21c) vg = Age”. Inserting in (6.21d) and solving for \g yields
R4 __ pR2
N=
ers — eha
Thus Ag > 0, if the x; have to satisfy either one of the relations
K3 > K4 > Ka
K3 < kg < Kg
Let # = (pa, K1, Ko, K3, k)" and Mys, = {p € R" | = My, r and ecither
K3 < kg < HQ}. Observe that Sy, N IR # 0 and M, NIRE # 0 hold for §; and
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(6.21a)
(6.21b)
(6.21c)

(6.21d)

(6.22)

Note that in this
= A7 e"2 and from

(6.23)
(6.24a)

(6.24b)

K3 > K4 > Ko OT

—0d; as given below:

o=(-1, 1, -1, -1, 1, -1, -1, 1, 1, —1, 1T (6.25)
The pairs of steady states that satisfy the conservation relations are given by:
P Yy Y g Y
_ —B1—Bs—289 _ Bro+2B11+62
ar = a3 a2 = T _qreer
az = ) ay = y
_ B14+2 B15+P4 _ *ﬂm 2d\5 Ba
as = 71+e7u3+% (Zog+zay M6 = “1te-23 6.26
@ = _Bi=Be=pr an = DuwtBiatBiut26it6y (6.26a)
7 “lte2a2-203> 8 ,He%/uu2+2aa>+04+u5 ’
ap = ButButbitberts g _ SH-pa—bi-pa=2ps
—14exat _ L(—2a3-2a3)—a5’
1+e2
_ PrtbatfntBas2ss te
an = SR
by = (=B1—Ps—2Pg)e”*1~*3 by = (B10+2 B11+082) e™!
- —14+e-1-a3 ’ - —1+4e>1 )
b _ (=B10—2B11—P2)e” 3 b _ (—512—2313—63)‘3%(720272()3)
3 = “lte o3 ’ 4 = ltes (—2Zez—2ay) )
by = (But2BitpnecathGoatien (g 281"
5 = Ciqeo3t3 Gaztzag) ’ 6 = —1l+e 3 ’ (6.26b)
L (2as+2ag)tagtas N
b _ (=B5—Be—Br)e 22723 b _ (Bro+Bra+Brat2 Br+Ps) e2 P o2t2en)teates
7 = “1te Z2o2-2a3 ’ 8 - —1+e§(2"7+°”‘3)+“4+“' )
by = Butbutbistfotfo)e™s s -y 1 (CBi=fafafi- 2p5)¢3 ((2oa200) 0
9 —Tteratos 10 el (2aa—zamag ,
by = (B1+B2+B3+Ba+2 P5) e

—14e>
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Using the a; given in (6.19a) one obtains a parametrization of rate constants that ensure that a = (a;)
and b = (b;), i = 1,...,11 from (6.26a) and (6.26b) are steady states. Note that A\; > 0,7 =1,...,7
can be chosen freely, but A\g must satisfy (6.23). To this end a parametrization of the ; associated
with 1 € Sy, N IR is obtained:

i

—ay

k=|-2as—2a3|. (6.27a)
oy + o5
Qg

Then one obtains the following expression for Ag:

—Zaz—2as | ,aa
A=A e (6.27b)

—e 4 eatas

The rate constants are then given by

. — MitAe — M — Ae
ki = TR ke = 0 ks = 0
ky =2t ks =22 ke =28,
prES A3 Az
oSk g 8 g % (6.282)
EPVESW oA P
ki = KOTRN ki = @ ki = |
L AstArtas _ 3 _ ArtAs
kig =2t kg =25 ks = A0SR

6.2.2 Comparing robustness against concentration fluctuations

In this section the robustness of multistationarity with respect to variations in Ap, the total concentra-
tion of protein A is analysed. This is done to asses the usability of Ny, N2, Ni3 and N4 as a switching
device. Since concentrations typically fluctuate, a useful switch should maintain bistability over a wide
range of concentrations. To this end, the following steps have been performed:

(1) For each of the parametrizations of steady state pairs obtained for N, N2, Nz and Ny in
Section 6.2.1, the vectors a and 3 were chosen randomly (for each network approximately 1000
vectors a and 3 were created). Thus one obtains a set of 1000 steady state pairs for each network:

(a,6), i =1, 1000, j = Ny, Nz, Mg, M.

(2) Using parametrizations of the rate constants, a vector of rate constants was obtained for each
pair of steady states: kéj), i=1,...,1000, j = Ny, Ni2, Ni3, Ni4. Thus one obtains triplets
79 = ((1,21)., b, kij))_’ i=1,...,1000, j = Ny, Nia, Ni3, Nig for which networks Ny, N1, Nig

() @)

L

and N4 show multistationarity (with a; as steady states and kl(j) as vector of rate constants).

For every network and every triplet Ti(J )

—
w
=

, a numerical continuation of steady states was performed,

using A as bifurcation parameter. Bistability was confirmed numerically for each Ti(] ),

Lower and upper turning point Al(f)ll and Afjp),i of the numerical continuation were determined

—~
N
=

(see Fig. 6.5, where turning points are labeled LP, limit point). Using A9 and Ailjp)‘i. for each

low,i
7',[(] ), the relative range of bistability was determined as

(4) ()
A(j) _ IAup,i - Alow,'il (6 29)
A, A a0 :

low,i up.i

(5) Finally Ag;, the mean of all A(X)T was calculated for each network.

The mean AE«Q can be interpreted as the average range of total concentration Ap, where bistability

is possible. That is, in the average over all realisations of a particular network, where bistability was

confirmed (represented by the triplets ‘ri(] )) the relative difference between upper and lower bifurcation
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I
9 9.5 AD 10 1&5 1 1.5 A 12

Figure 6.5: Numerical continuation for Ay using A7 (total concentration of A) as bifurcation parameter.
Here the value of z; (concentration of A) is plotted against Arp.

point is given by A(/{_)F . The significance of this number is based on the following idea: if a certain

network is designed to be a switch, and optimised against noise, its total concentration Ay should be

1 2
approximately in the centre of the bistability region, that is close to ¢, = %. If this is the case,
A

A _
then Ap can in the average vary by at most £ ’;T without leaving the bistability range. Thus the A&Q,

seem to be well suited to asses the robustness of the switch-like behaviour against fluctuations of protein
concentration. The values of AX:_ for Ny, Nia, N3 and Ny4 are given in Table 6.5, while Figure 6.6

contains the distribution of the A(X;—.l for each network. Apart from network A3, all networks have

‘ Ny Nio Nz N
AE{; 0.2562 | 0.2708 | 0.0786 | 0.2773

Table 6.5: Mean values AE‘Q

an average value of ~ 25 % for AX-),- . Network A3 shows a much lower value (=~ 8 %, see Table 6.5).
Note that in case of N3, a single distributive double-step activation mechanism is responsible for
multistationarity. In the other cases either two double-step activation mechanisms (for network N) or
an explicit autocatalytic activation (for networks Nq2 and Nj4) are responsible for multistationarity.
These results thus suggest that, as a mechanism to cause multistationarity, an autocatalytic activation
is stronger (i.e. more robust to concentration fluctuations) than a distributive activation, since one of
the earlier leads to similar ranges of AX:_ as two of the latter.
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Histogram of degree of abusiness

Histogram of degree of obustness.

(a) C2p

Histogram of degree of robustness

(b) C3dd

Histogram of dogreo of obustness,

(c) C3di

Figure 6.6: Distribution of A(Aj

(d) C3sr

for N2, Ny, Ni3, and Nyy.

)
T,i



Chapter 7

Multistationarity and Beyond

While in the previous chapters biochemical reaction networks have been analysed with respect to
the qualitative phenomenon multistationarity, the topic of this chapter is a different qualitative phe-
nomenon: the occurrence of limit cycles. As it turns out, for some biochemical reaction networks it
is possible to determine analytically points in state space (critical states’) and in parameter space
(Ceritical parameters’), where the Jacobian has a zero eigenvalue. Thus it is, for example, possible
to determine critical points (states and parameters), where necessary conditions for saddle node bi-
furcations and certain bifurcations of codimension one (e.g. Takens-Bogdanov type bifurcations) are
satisfied. The occurrence of a Takens-Bogdanov bifurcation can lead to limit cycles, while the only
qualitative behaviour associated with saddle-node bifurcations is multistationarity.

This chapter is organized as follows: in Section 7.1 the Jacobian of f(z, k) :=Y I, v(k, x) is analyzed
with respect to zero eigenvalues and necessary and sufficient conditions for the existence of a saddle-
node bifurcation are given. In Section 7.2 the results are applied to network N for the activation of
an MAPK, where the Takens-Bogdanov type bifurcation is used to determine states and parameters,
where the ODEs defined by N} exhibit limit cycles.

7.1 The Jacobian matrix

Let J (x, k) denote the Jacobian matrix of f(x,k) :=Y I, diag (k) ¢ (z) as defined in Chapter 2, that
is J (x,k) := D, f (z,k). The structure of f(z, k) leads to a special form of J (z, k) [35]:

1
o

J (k) = N diag (k) diag (6 (z)) YO diag ( ) , (7.1)

T
for > 0 where % is shorthand for (LIT R le) . In the remainder of this chapter the following
assumption regarding J (z, k) is made:

Assumption 3. The image of J (x,k) is equal to the image of the matriz N, that is im (J (z,k)) =
im(N).

Note that the set of networks that satisfy Assumption 3 is neither empty nor academic, as it includes,
for example, Ny, N5 and Ng.
7.1.1 Zero eigenvalues of the Jacobian

The following notation will be used: as usual, let S = [V I,] and let S € R™*, W € R™ (") be two
matrices whose columns are orthonormal bases for im (Y I,) and im (Y’ Ia)l., respectively, with [61]:

S =[5 =im(J (z,k)),
St = [W] =im (N)" = ker (NTY.

Then z can be written as
r=¢&(y,z)=Sy+Wz
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with y = STa € R®, 2 = WT2z € R" 5. In the new coordinates y and z the system of ODEs
& = f(z,k) reads

§=5"i=5"f(E(y 2) . k) =gy, 2, k),
T (7.2)
t=W"'i=0

showing the invariance of the subspace im (Y I,). Consider the reduced system
I=9y 2k =g(yv) (7.3)
with v = (z, k) as parameter vector. The Jacobian D, g is then given by
D, g(y.z,k) = STDs f (£(y,2), k) S (74)

As im (N) is invariant under the flow of & = f (z, k), as the equation Z = 0 in (7.2) shows, D, f(z,k)
always has n — s eigenvalues Ag = 0. Values of y, z and k where D, g(y, z, k) has a zero cigenvalue are
thus candidates for bifurcation points.

The following lemma, based on the fundamental result im (4)* = ker (AT) for any (m x n)-matrix A
and Fredholm’s Alternative [61], will be used to link zero eigenvalues of Dy, g(y, z, k) to zero eigenvalues
of J(&(y,z),k). As for example in [64], an eigenvalue X is called defective, if its algebraic multiplicity
Maig(A) is greater than its geometric multiplicity mgeo(X) (i.e. if the multiplicity of A as a root of the
characteristic polynomial is greater than the number of linear independent eigenvectors corresponding
to A). Recall

Fact 6. \g = 0 is a defective eigenvalue of a matrix A € IR™™ iff there exists an x # 0 with
z € im (A) Nker (A).

Fact 7. \g =0 is a defective eigenvalue of a matriz A € IR"*" of order r iff there exists a nontrivial
z - w.log 0#x€im (AT) with

Ar40,7=01,...,r and A7z =0.

Such an x will be called principal vector of order r and principal vector of mazimal order r,
if, in addition, x ¢ im (A) holds.

Lemma 7. Let A € IR"*™ be a matriz of rank s < n. Let S and W be orthonormal bases for im (A)
and ker (AT), respectively, and let V be a basis for ker (A). Consider the matriz By := ST AS € IR***.

1. Ao =0 is an eigenvalue of By iff Ao = 0 is a defective eigenvalue of A.
2. Xo = 0 is a defective eigenvalue of A iff I = WTV is singular.

3. If x is a principal vector of order r for A then any y with Sy = Ax is a principal vector of order
r—1 for By — note that y is to be taken as y = ST Az € im (Bf)

4. If y is a principal vector of order r for By then any x with Sy = Ax is a principal vector of order
r+ 1 for A — note that z can be taken to be ¥ = A#*Sy € im (AT) with the Moore—Penrose
inverse A% of A.

5. Mo = 0 is an algebraically simple eigenvalue of By if and only if Ao = 0 is a defective eigenvalue
of A with maig(Ao) = Mgeo(Xo) + 1.

6. Ao =0 is an algebraically simple eigenvalue of By if and only if By has one-dimensional left and
right nullspace [37] and [b], respectively, with 37 b # 0.

Proof. Apply the orthonormal transformation matrix ¢ = (S, W) € IR"*" to obtain B = ¢* A ¢ with

_[STAS STAW] _[Bi B,
B=|" ] 0 }_{0 ol (7.5)
Note that one has
A=¢B¢" =5B, ST+ 5B, WT (7.6)

and thus ) )
A'S = SBj. (7.7)
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ad(1) If A is a defective eigenvalue of A then there exists by Fact 6 a nontrivial vy € im (A) Nker (A)
so that W7 vy =0 and vy = Av; = S z for suitable nonzero v; and z. Thus by (7.6) 0= Avy =
S By STvy+0 =8Bz (as ST S = I,). As S is of full rank, By z = 0 follows. Vice versa, suppose
that there exists ¢ € IR® with By ¢ = 0, ¢ # 0. Define v := S¢ € im (A). Then WT v = 0 and,
again by (7.6), Av = SB;STv+0=S5B1¢=0. Thus v € ker (A4) so that Ao is a defective
cigenvalue of A by Fact 6.

ad(2

If Ao is a defective eigenvalue of A then we employ Fact 7. Choose a nontrivial x with y := Az # 0
and Ay = A%z = 0. Since y belongs to ker (4) it can be written as y = V z with a nonzero 2.
Since y belongs to im (A) it is orthogonal to [W] = ker (AT). Hence I'y = W'V z = 0 for a
nonzero z. Vice versa, if 2 is a nullvector of I' = WT'V then V z € [V] = ker (4),V z # 0, and
V z is orthogonal to [W] = im (A)*. Hence the nonzero V z belongs to ker (A) and im (A).

ad(3

If z is given as in 3) the element £ := Az can be written as ¢ = Sy with S7¢ = ST Az =
ST Sy =y. Because of (7.7) we have S Bi y = A’ Sy = A" 2. Hence y is a principal vector of
order r — 1 for By (as S has full column rank).

ad(4

If y is given as in 4) the element 1 := Sy can be written as n = Axz. Because of (7.7) we have —
as above — SBiy = A" 2 so that = (e.g. © = 2#) is a principal vector of order r + 1 for A.

ad(b

Assume )¢ is a multiple eigenvalue of By with two linearly independent nullvectors y; and ys.
Each y; generates a corresponding principal vector z; of order 1 for A. Since the z; are necessarily
linearly independent, A has 0 with m414(Ao) > Mgeo(Ao) + 1. Assume now that A is a defective
eigenvalue of By of order » > 1. By 4), Ao is a defective eigenvalue of A of order r +1 > 2.
Thereby we have shown < of 5).

For = we refer to 3) stating that a principal vector of order 2 for A yields a principal vector of
order 1 for By. In case \g = 0 is a non-defective eigenvalue of A we recall 1) stating that Ay is
not an eigenvalue of B; at all.

ad(6

Note that the statement in 6) is a particular case of the one in 2). The equation Byy = b is
solvable for y iff 27 By = 0 implies 27 b = 0. Since the left nullspace of By is spanned by 37, the
equivalence in 6) follows.

The following Corollary uses Lemma 7 to establish a link between right (left) principal vectors of A
and right (left) nullvectors of B.

Corollary 5. If B has an algebraically simple eigenvalue Ao = 0 or, equivalently, if A has \o as a
defective eigenvalue with maig(Ao) = Mgeo(Ao) + 1, one has the following:

A principal right nullvector a of A yields a right nullvector b of B if b = ST Aa is chosen (with
Aa=5D).

A principal left nullvector o of A yields a left nullvector 7 of B if 37 = a*' S is chosen (with
a’ A=pTSTA).

Vice versa: Nullvectors b and 37 of B give rise to corresponding principal vectors a and o™ of A of
mazimal order 1 via Aa = Sb and o A = 7 ST A respectively, that is a = A% Sb € im (AT) and
a:SﬁEim(AT).

Proof. Consult Lemma 7 for right eigenvectors and principal vectors. Turn to left eigenvectors and
principal vectors.

If 37 B = 0 for a nonzero 87 then o := g7 ST (satisfying a” S = B7) is nonzero. The equalities
a’ =7 ST and a” A = 7 ST A imply o A # 0 as ST A has full row-rank (proof by contradiction).
Furthermore one deduces o’ A% = g7 ST ASST A=p3T"BST A=0.

Vice versa, given a left principal vector a” # 0 with a” A # 0 and o” A% = 0 we take the nonzero
o’ § = g7 (with o = 87 ST 4+ o7 with o € ker (AT)) and verify g7 B =T ST AS =aT AS =0 (as
AT o € ker (AT) = [S]1). u

As discussed above, Lemma 7 and Corollary 5 establish a link between spectral properties of the
Jacobian A =J (€ (y,z) , k) and the Jacobian B = D, g (y, 2, k) of the reduced system (7.3).
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7.1.2 Saddle-node bifurcations

In this section the focus is on saddle-node bifurcations. The following well-known theorem gives nec-
essary and sufficient conditions for a saddle-node bifurcation of the system § = g (y, z,k) as defined
in (7.3). Let g be the component of the parameter vector v = (z, k) that will be used as bifurcation
parameter.

Theorem 5 (see e.g, [51], p. 330 and [7], p. 497). Suppose (yo,v0) is a zero of g and suppose that

the s x s matriz Dy g(yo, vo) has an algebraically simple eigenvalue g = 0 with right eigenvector b and
left eigenvector 3T. Furthermore suppose that the following conditions are satisfied:

BT Dy g(yo, o) # 0, BT [D2 g(yo, 10)(b,b)] # 0. (7.8)

Then there is a smooth curve of zeroes of g passing through (yo,vo). Depending on the signs of the
expressions in (7.8), there are no or two zeroes near yo for p # po whereas the other components of vy
remain fized.

In the remainder of this section it is examined, when conditions (7.8) are satisfied for the system (7.3)
in terms of the Jacobian J (£ (y,z), k). First note:

(N1) From Lemma 5 follows that Dy, g(yo, ) has an algebraically simple eigenvalue Ao = 0 if and only
if J(&(y,2),k) has A as a defective eigenvalue with mqiq(Ao) = Mgeo(Ao) + 1.

Now, if Dy, g(yo, ) has an algebraically simple eigenvalue Ag = 0, observe the following:
(N2) Ad 7D, g(yo, o) # 0: if pu is any rate constant k;, then
D, 9(yo. 1t0) = ST Dy, f(z, k) = ST N diag (¢(x0)) €;

and therefore
BTD,, g(yo, p10) = di (x0) BTST Nei #0
for at least one i (as ¢;(xg) > 0 and [S] = im (N)).

(N3) Ad g" [Di 9(y0, ) (b,b)] # 0: From Lemma 7 and Corollary 5 follows
B [D 9(yo, 20, ko) (b,b)] # 0 " [D2 f(&(yo, 20), ko)(Aa, Aa)] #0 (7.9)

with A := J (£ (y, 2), k), left and right principal vectors o’ and a of J (€ (y,2),k). To see this,
note that Aa = Sb, thus the evaluation of D? g at (b,b) and of D2 f at (4 a, Aa) amounts to the
same. Since o’ S = 7 (or equivalently o’ = g7 ST 4 [W7]) and since — by the particular form
of f—D2 f(&(yo, 20), ko)(Aa, Aa) C im (N) the equivalence (7.9) holds true.

As consequence of this discussion the following fact concerning the originally given system (2.4), (2.5)
holds:

Fact 8. The system (2.4), (2.5) has a saddle-node bifurcation at (zg,ko) (within the plane Wz =
W7z =: ¢) if the following conditions are satisfied:

(a) Xo =0 is a defective eigenvalue of J(xo, ko) with mag(Ao) = Mgeo(Xo) + 1.
(b) o™ [D2 f(o, ko)(Aa, Aa)] # 0 is satisfied for left and right principal vectors wi and vy of J(xo, ko).

Proof. By the present assumptions, Dy g (30, 20,k0) has Ao = 0 as a simple eigenvalue at yo =
ST 29,20 = W0 and ko. By assumption (a) and Note (N2) from above the condition 87 D, g(yo, f10) #
0 is satisfied for at least one choice of y = k;. Combined with Note (N3) and the assumption (b), all
conditions of Theorem 5 are satisfied and the reduced system (7.3) has thus a saddle-node bifurcation
at yo = ST wo, 20 = WTxg and ky. As system (7.3) is on {z : WTa = W2y = 2} equivalent to the
original system (2.4), this has a saddle-node bifurcation at (zo, ko) as well. u
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7.2 Application to a double-phosphorylation mechanism

In this section the consequences of Fact 8 for network N are determined. As in Section 4.2.1, let E €
IR°*% be a set of generators for the pointed polyhedral cone ker(Y 1,) N R%O. Then, as in Section 3.1,
the following relation must hold for a solution (zg, ko) to Y I, v(ko, z¢) = 0 (with 2o > 0, ko > 0):

diag (ko) ¢ (zo) = EA (7.10)
for some positive A € RS . By (7.1) and (7.10) the Jacobian J (zo, ko) evaluated at this zero state
is thus N diag (E'\) y®’ diag (z5"). One has to determine nonzero vectors v with J (2o, ko) v = 0.
With « := diag (%—1) v one is thus looking for +’s with

JA) 7 =0, J(A) =N diag(EN) Y.
Thus diag (E'\) Y(“T'y € ker (V) and therefore v’ v = diag ((E /\)71) E a, for some o € IRS. This
leads to the following set of equations (note the similarity to (4.1a)-(4.11)):

ay + as [&51 Qs

Tty = N 73 = N V3= ~ (7.11a)
Yo+ s = izii? 75:%, ’Ys:%z (7.11b)
Y6+ 7 = i; j: ;127 .= %;’, = %z (7.11¢)
Yatr= jzif\v? 792%, Yo = ;\v: (7.11d)

The system (7.11a) — (7.11d) is solvable, if

ﬂ_%_al+a5_%_a4+a5__ﬁ
YR VD VT D VD VR

and
ay g axtag a3 gt Qs e
A2 A6 A2+ Ag A3 A+ 2

Using x1 and ks and solving for « yields:

v=m (1,-1,0,1,0,1,-1,0,0)"
+r1(0,1,1,-1,0,-2,2,0,1)7 (7.12)

+r2(0,0,0,1,1,2, -1, 1,0
Note that v as defined in (7.12) is equivalent to p as in (4.5): both define the same linear subspace

M n,. Denote this by
"
v =My, |k
K2
with My, as in (4.6a). Now the right null space of J(zo,ko) can be represented as [V (zg)] =
[diag (z0) Mps,] with V(zg) given by

I x10 0 0
—T0 0 T20
0 0 T30
Tgo T —Ta0
V (z0) = diag (v0) My, = | 0 w350 0 . (7.13)
Téo  2Te0  —2Teo
—x70 —T70 270
0 g0 0
L 0 0 T9o ]

Since J(x, ko) € IR?*? has a 3-dimensional nullspace and thus a 6-dimensional range and since, by
(7.1), the range of J(z¢, ko) belongs to im (), Assumption 3 is satisfied for Nj.
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7.2.1 Zero eigenvalues

To check whether J(zg, ko) has A\g = 0 has a defective eigenvalue consider the matrix I" in Lemma 7,
now given by T' (zg) = WT V (z4). It can be obtained as
—x20 50 T20 + T30
I (z0) = —T70 —T70 + T80 2170 + T90 . (7.14)
210 + 240 + oo  T40 + 50 + 2260 + Tso  Tz0 — Tao — 2 Te0 + T90
T'(x) is singular if and only if
T (w0) mo = WTV (29) mo =0 (7.15)
has a nontrivial solution 7wy € IR3. Note that
' (z0) mo = W7 diag (z0) My, mo = W' diag (M, m0) 2o

and that [W] is the orthogonal complement of the stoichiometric subspace Sy, that is WT'S = 0,
where S € IR?%% is an orthonormal basis for Sy;,. To obtain z, the following observation is useful: if
u € IR% is a solution to W u = 0, then @ = diag (5= ) u satisfies W7 diag (M 7) @ = 0 (for nonzero
m € IR?). The following results establish parametrizations of points where I' (zg) is singular:

Corollary 6. Points x9 € IR® where T (o) is singular are given by

S po
— .16
z0 My, 7o’ (7.16a)
with (My, mo); # 0, i=1, ..., 9. Right Eigenvectors o of J (x,\) with W vy =0 are given by
Yo =S po (7.16b)
Proof. oy = % follows from the previous discussion. Recall that by (7.12) vo = diag (z0) My, mo
and thus v = diag (ﬁi%) My, mo = S po. Note that W' vg =0 by [W] = Si,. | |

For biochemical reaction networks only positive o are of interest. To obtain those, the condition
W diag (M, m9) 20 = 0
must hold for positive zp. The following Corollary can be established:
Corollary 7. The equation
W7 diag (M, m0) 20 = 0
has a positive solution xy € Bgo for some mo € IR®), if and only if an orthant § of IRY exists, where
(i) Sx, IR # 0
(ii) M, N IR # 0.
In this case collect generators of Sy, N IRY and My, N IRY in ng and E?-‘ANA . Then

Na
2o = (7.17)
EMJ\Q a
for o, B> 0 of appropriate dimension and (E}s\,w4 a) #0,i=1,...,9.

Note that a different representation of z exists for each orthant, where M‘(S_V4) NIRY # () and Sy, NIRY #
0. For network Ny, 14 such orthants exist (see Section 4.3.1, in particular (4.16) and Table 4.1 for
representations of My, N IR, and Table 4.2 representations of Sy, N IR).

From Table 4.1 and Table 4.2 follows, that, for example for d;, all solutions z( to (7.2.1) can be obtained

as:

151:(ﬂ1+53+[34+/35 b B Bs Bt pe
0 a Tay ot astaz’ az (718)
B4 Bs B5 + Bo Be )’l‘ ’

a;+2(ax+a3) a1 +2a2+az’  az o+

Finally one obtains the following Corollary:
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Corollary 8. Given a positive zero (zo, ko) of Y I, v(ko, xo) = 0, the Jacobian D, g(yo, o) has the
eigenvalue o = 0 with mgeo(No) = 1, if and only if xo can be parametrized as in (7.17) for some
orthant 6. For a x¢ as in (7.17) to be a component of a zero of Y I, v(ko, xo) = 0, the vector of rate
constants ko needs to be of the form (see (3.10a)):

ko = diag (¢ (z5')) E A (7.19)

Remark 14. Equation (7.16a) and equation (7.19) give an explicit representation of the manifold
of potential critical points (in the sense of the Jacobian D, g(yo,vo) having a geometrically simple
eigenvalue 0). The eigenvalue Ao = 0 will have algebraic multiplicity 1 too, iff part (6) of Lemma 7
holds true, i.e. if the one—dimensional left nullspace [37] is not orthogonal to the right nullspace spanned
by STV p: .
[BISTV pl
In case the additional hypotheses (7.8) of Theorem 5 are satisfied, saddle-node bifurcations do occur in
the reduced system (7.3) and hence in the full system (2.4).
By Fact 8, these bifurcation conditions can be checked with the right eigenvector Vp of J and the left
principal vector o of J satisfying o7 = T ST. [ ]

BTSTVp#£0. (7.20)

7.2.2 Saddle-node bifurcations

To illustrate the consequences of Fact 8 and Remark 14, the positive steady states for N} obtained in
[11] were analyzed. To this end, the parameter vector

k= (10.929273, 34.638118, 34.638118, 21.999084, 1.7135134, 1.7135134, 788.27203,
1, 1, 686.21469, 14.271831, 14.271831)". (7.21)
and the steady state
=M = (1.7047107, 0.42617769, 0.11461683, 0.84691022, 2.3169421, 0.73726101, 1.3662¢ — 2,
3.9701114, 0.27817813 )T
were used. Numerical continuation of 2(!) using the rate constant k; as bifurcation parameter revealed

the existence of two positive limit points (c.f. Fig. 7.1): & at k{" = 10.78047065415938 and & at
k) = 16.92069563203855:

1.5081503832748009¢ 400 3.2452663058283555¢ 400
4.1794279971945869¢ —01 6.7851703331421120e—01
9.8087786724483220e — 02 5.3783000287414795¢ —01
8.7282751801919412¢ —01 3.7684592311080473¢—01
fl = | 2.3417060335560578¢+00 ‘62 = | 1.6413895838116406¢+00
8.9735230240123864e—01 | 4.0527633841469319¢ —02
1.1345163975775674¢—02 1.4408058946641877e—01
4.0125446673591174e+00 2.8125430464816645¢+00
2.3806169866510707e—01 1.3053278940519168e+00

Evaluated at each of these points, rank(I' (§;)) = 2 (as expected). Corresponding kernel vectors p; and
p2 are:

p1 = | —8.0163523743329912¢—02 —5.0805188443278348e —01

+1.1303636028285451e+00 +3.5343229854352359¢ — 01
+1.2792783002819293¢+00 | P2 +8.8274223950851360e — 01

The observation rank(I" (¢;)) = 2 implies that A; := J (&, %) has Ao as a defective eigenvalue. (The
saddle-node bifurcation occurs at (&,k?), where k() = k as (7.21), apart from kgi), which is the
value of the bifurcation parameter given above.) Thus D, g (y,v) has Ag as an eigenvalue of geometric
multiplicity 1 (Corollary 8). To show that mgaqg = 1 as well, we use Remark 14 and (7.20): left and
right eigenvectors 31 and by of ST A; S and 3> and by of ST Ay S are

—4.1964341933838814e —02 —7.2991592453109961e—04
2.5294006493730586¢ —01 }1.7089171544296726¢ —02

B = —1.2501904579758152e —01 by = | T5:3917073343408051e—01
1= 3.0246504922821843¢—01 | » V1 = }1.2651324391400867e —01
—3.8819920238340994 —01 —6.8437325239016328¢ —02
+8.2246387702299073e—01 +8.2964635795940922¢ —01
—4.2053043375917150e — 02 —4.2053043375917150e —02
2.5397520447083777¢ —01 2.5397520447083777¢ —01

Bs = —1.2652496096167992¢ —01 by = | —1-2652196096167992¢—01
2 = 3.2740827851964677¢—01 | » V2 — 3.2740827851964677¢ —01
—3.8987406404680935¢ —01 —3.8987406404680935¢ —01

+8.1149344091673992e —01 +8.1149344091673992e —01
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Tt is straightforward to verify that 37 by # 0 and 82 by # 0. Thus Maig(Ao) = Mgeo(Ao) =1 for Ag as
an eigenvalue of ST 4; S (and thus Maig(Ao) = Mgeo(Ao) + 1 for Ag as an eigenvalue of A;). To check
hypothesis (b) of Fact 8 note that DZ f(2,k) (v,v) evaluated at v € IR? is given by

Df/f(rk) (v,v) = (2U1 v2, 0,0, 2v2v4, 0, 0, 206 v7,
0,0, 2vgv7, 0, 0)".

Using this equation together with a; = S 3; and J ({1, k("')) a; = Sb; in (7.9), it is straightforward to
establish that condition (b) is satisfied for (¢,, k(1)) and (&5, k).

To see the consequences of Corollary 8, choose pg € RS, and my € IR%,, and verify numerically that
a saddle-node bifurcation occurs at the corresponding pair (z(%), ko) (with 2(*) as in (7.16a) and ko as in
(7.19)): choose, for example, (¥ = (6, 1,1, 1,1, 1, 1, 3, )T and ko = (4, 1, 1,2,1,1,2, 4, £, 2,1, 1)T.
Numerical continuation of #(*) using rate constant k; as bifurcation parameter confirms a saddle-node
bifurcation at 2(®) (see Fig. 7.2, where z3 is plotted against k1).

Contiustion 2,

Figure 7.1: Continuation of (1) using k;. The figure shows 3, the third component of the state vector.
Along the continuation two positive saddle-node points have been identified (§; and &2).

Continuaton of

k

Figure 7.2: Continuation of 2(%), using rate constant k; as bifurcation parameter. The figure shows a3,
the third component of the state vector. The starting point of the continuation (%) can be identified
as saddle-node point.

7.2.3 Bifurcations of higher codimension: Bogdanov-Takens

The ideas discussed in the previous section can be used to determine points where bifurcations of higher
codimension can occur. For bifurcations of Bogdanov-Takens type the Jacobian of the reduced system
must have a Jordan block of the form [{ }], see e.g. [51, p. 456] or [43, p. 272]).

From Lemma 7 follows that this is the case, iff the Jacobian of the original system has a zero eigenvalue
with algebraic multiplicity three and geometric multiplicity one, that is, the following vectors must
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exist:
J(x,k) v =0
J (@, k) 1=
J(@. k) 2=m
These are equivalent to the condition
J(x,k) 70 =0, W g =0 and W~ =0. (7.22)

From Section 7.2.1 it is known that the first condition is equivalent to I'(zg) mo = 0 (in this case
~o = diag (xg) My, mo). For the remaining conditions recall the special form of the Jacobian

J (A @) = J (\) diag ( ! ) with J (A) = N diag (EA) Y&

o
Using Corollary 6 one obtains xg = ﬁ/j"Tﬂ and 79 = S pp. Thus a solution v, to
7 diog (1) 1 =5 (7.23)
with W7 41 =0 and A > 0 is required. By definition of .J (X)
[S]H S [T I

thus (7.23) has a solution. Using v := diag (%ﬂ) 71 one obtains the equations

J(A)v==Spo (7.24a)
Wt diag (z9) v =0 (7.24b)
Using the transformation matrix
r_1 A 1 1 1 1 1
Y 0 “xoure 0 _A21+Ac, _175 0 _175 Aatds
0 0 0 0 S X6 0 Xo T NS
-+ 0 -+ 0 0 0 0 0 0
0 0 0 0 0 0 0 0 xin
U\ = 0 0 0 0 0 ﬁ 0 A% 0
0 0 0 0 0 0 0 iw 0
0 i 1 0 i 0 0 0 0
R e e 0 1 1
Xo Xo Xo X6 X6 L X ¥
L 0 0 0 0 0 Astde  AztAe Az+Ag
one obtains for (7.24a)
Is K
v="US po,
|:03><6 03><3] ro.

where N
ker (J (V) = [‘IK] = My, m.
3

Thus one obtains
v = diag (zo) [U (N\) S po + My, m1] . (7.25)

Note that U (A) is invertible for X; > 0, as det (U (A)) = 5 (A1+A=,>(A4+A~)/\lrz(A2+A,)2(M+Ar)z. Thus
multiplication with U () is justified. Condition (7.24b) now becomes

W7 diag (z0) U (\) Spo + W7 diag (vo) Mn, 7 =0,
that is one has to find py € R® and m; € IR® such that

Q(xg,A) po + T (z9) ™1 =0, (7.26)
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where T (z) as in (7.14) and

Q(wo, A) := W7 diag (zo) U (\) S. (7.27)
Recall that o depends on my € IR®, py € RS via (7.16a). Equation (7.26) has the following form
af 9f
0 |po+ |95 |m =0, (7.28)
@ 95

where ¢! = (gi1,---,qi6) and g7 = (gi,, 9ir,9is) are vectors of rational functions of po,, i = 1,2,3,

7o,y i=1,...,6and \;, i =1, ..., 6. Solve in a first step g 71 = 0 to obtain a solution for :
1 0
m=10 1 (WI‘) R
T,
c1 C2
with ¢; 2 rational functions of py,, i = 1,2,3 and m,, i =1, ..., 6 and 71, , € IR. The resulting system
is
@ a\l fn
0] po+ |0 (ﬂ_ 1) =0,
@ g
with r r
91 91 1 -
0 =gl |0 1 (ﬂ“)
7 93] la e 12
That is

Multiplication with an invertible matrix, yields

T T
1 g0 4 "
[U 0o ’;10 =0

Thus 2 po = 0 must hold. Note that ¢4 po = 0 is a lengthy rational functional of the 15 unknowns po, ,

i=1,...,6,themy,,i=1,...,3and the A\;, i =1, ..., 6 that fills several rows. If one is interested in
positive zo, the analysis described above is required for each § where My, NIRY # () and Sy, NIRY # 0:
EY .. p
in this case zj = bi:M :U from (7.17) and 7§ = E2 po have to be used. Note that in this case one has
4

to look for positive my and p and arbitrary =, ,.

To demonstrate the usefulness of this approach, consider mp, = 1,i=1,...,3,p0, =1,i=2,...6 and
Ai =1,4=1, ..., 5. The resulting rational function in py, and X¢ is given by:

190842937 Ag+977 Ag2+40 pg, 2 (24436 Ag+11 X62)+8 pg, (4174686 Ag+231 Ag2)

po, = (7.292)

426 (72457 A6 +10 po; 2 (443 X6)+8 po; (23415 Xg))
Solving for Ag as a function of pg, one obtains (as one root):

—2937—5776 pg, —2176 po; 2160 pg, *—/(1169505+5047104 pg, +T7668736 pg, 2+4912832 pg, 3 +1449216 po, 44235520 pg, 7+25600 g, ©)

A6 =

2 (97742076 pg, +920 po; 24120 pg, 3)

(7.29b)
For py, € (—5,5) equation (7.29b) is plotted in Fig. 7.3. For example, in the interval (—0.721918, —0.634033)
one obtains positive values of A\g. Choosing py, = —0.7 yields A¢ = 0.363018 and

T
11 11 1
zo= (23, -07, =, 2,03, =, -, 2 = .30a
0 <3, 07, 505003, 2. 5 2) (7.30a)

and thus

ko = (—1.24224, 2, 2, —3.89434, 3.33333, 1.21006, 27.2604, 0.5, 0.181509, 16, 2, 2)T, (7.30Db)
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10

20

Figure 7.3: Plot of (7.29b) for p;, € (—5,5)

Using this data for a numerical continuation with respect to the conserved moieties, one finds that
at (z9, ko) indeed a Takens-Bogdanov bifurcation occurs (that is sufficient conditions for a Takens-
Bogdanov bifurcations are satisfied as well; see Figure 7.4, where (x¢, ko) are used as initial point of the
continuation. The numerical continuation software Matcont finds a Takens-Bogdanov bifurcation after
one step.). Note that the bifurcation diagram depicted in Fig. 7.4 is quite involved: in the ¢i-¢3 plane

0.1051
01 BT
T
o
0.0951 H
0.09 : ; !
6.25 6.3 6.35 6.4

Figure 7.4: Continuation of (z¢, ko) as given in (7.30a) and (7.30b)with respect ¢; (total concentration
of E1) and c3 (total concentration of A)

the Takens-Bogdanov bifurcation at (0.1,6.3) is followed by another Takens-Bogdanov bifurcation at
(0.098678,6.2938) and a Generalized-Hopf bifurcation at (0.09455,6.2859). To gather further numerical
evidence for the Takens-Bogdanov bifurcation an initial point in the parameter region where sustained
oscillations occur was chosen:

Figure 7.5 shows the numerical integration of the ODES x, ko as given above and ¢; = 0.099603388.
Fig. 7.5 suggest a limit cycle with period 7" = 0.4. Using this cycle as an initial point for a numerical
continuation of limit cycles in Matcont, the bifurcation diagram depicted in Fig. 7.6 was obtained.
Here two bifurcations of limit cycles occur: a limit point of cycles (LPC) or fold bifurcation of cycles
(see e.g. [43, p. 149]) at (c1, ¢3) = (0.099225, 6.3101) and at (c1, ¢3) = (0.09852, 6.3099). The second
fold bifurcation of cycles is immediately followed by a neutral saddle (of limit cycles labeled NS) at
(c1, ¢3) = (0.098457, 6.3099).

Note that for obtaining Fig. 7.6 the continuation of limit cycles was performed using ¢; and c3 as
bifurcation parameters.

Remark 15. For the numerical analysis used to obtain Fig. 7.5 and Fig. 7.6 each ODE was scaled by
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a factor s = 100. This corresponds to a time scale t := s7. Then z(t) = z(s7) and &’ := L y(s7) =
La(sT) d‘—lT t=s&(t)=sY Iov(k, z(t)).

Remark 16. Equation (7.29a) has been obtained using generators of My, N Rf,?] and Sy, N R?;] for
01 as in (4.16). Obtaining negative values for po, is justified in this case, as generators of a cone are
a basis for the linear subspace that contains the cone, in this case Mys,. The idea was to try to find
solutions to (7.29a) with as many positive components as possible.

25¢

05 ‘ ‘ |
0 05 X,

Figure 7.5: Numerical integration starting at ' using ko

1.5

05 L L ,
0

Figure 7.6: Continuation of limit cycles starting with the limit cycle shown in Fig. 7.5



Chapter 8

Conclusions

In this thesis multistationarity in (bio)chemical reaction networks with mass action kinetics is analysed.
As variables typically describe concentrations of chemical species, only positive steady state solutions
are of interest. In general one therefore has to look for positive solutions to a system of polynomial
equations with unknown coefficients. In its most general form, these equations are given by (see
Chapter 2):

Y I,v(k, x)=0

Wtz

C.

From these it is possible to derive a system of nonlinear equations with known coefficients:

W’ BV

Y p#=1In b
Vectors p and v > 0,A > 0, that are solutions to these equations, define, in general, a parameterization
of pairs of steady states a, b with Y I, v(k, a) = Y I,v(k, b) = 0 (Lemma 1, Chapter 3). That is,
one has established an infinite set of positive solutions to the polynomial equations Y I, v(k, z) = 0.
But, in general, these solutions do not satisfy the conservation relations W7 a = W7 b. Once solutions
e R and v, X € IRQO to the nonlinear equation Y(L)T n=1In gi have been established, one has
to find a vector v € § with sign (v) = sign (u) (Lemma 3, Theorem 3) in order to find solutions with
W7Ta=WTb (Lemma 3, Theorem 3).
Note that in special cases Theorem 3 contains in fact necessary and sufficient conditions for multi-
stationarity in a given (bio)chemical reaction network. This is the case, if vectors v, A € IR% can
be determined independently of vector p (as is, for example the case for the networks discussed in
Chapter 4 and 6). In this case one obtains an explicit representation of p: p € M, a linear subspace
of IR™. Thus one can test all orthants § of R"™ for SN R} # 0 and M N IR} # 0. If a § can be
established with SNIRY # ) and MNIRY # 0, then multistationarity is established. If no § exists, then
multistationarity is excluded by Theorem 3. However, if vectors v > 0 and A > 0 cannot be determined
independently of vector u (as, for example, for the networks discussed in Section 5), then Theorem 3
gives only sufficient conditions for multistationarity: if, for a given p, one can establish a v € S with
sign (u) = sign (v), then multistationarity is established, if no such v € S can be established, there is
no guarantee that there does not exist a different p that satisfies this condition.
The usefulness of the methodology developed in Chapter 3 has been demonstrated by applying it
to (bio)chemical reaction networks from signal transduction in Chapter 4 and cell cycle control in
Chapter 5. Of particular interest in a systems biology oriented context is the potential application for
model discrimination (as discussed in Chapter 4.5 and 5.1) and as an explanation for robustness (as
discussed in Chapter 6). Note that both is possible, if vectors v > 0 and A > 0 can be determined
independently of vector p. In this case it is furthermore possible to determine potential bifurcation
points analytically (as discussed in Chapter 7). Thus, this thesis closes with one question for further
research: which structural properties of a (bio)chemical reaction network allow to determine vectors v,
A € IRY; can be independently of vector u?
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Appendix A

Models for the activation of an
MAPK(K)

A.1 Distributive mechanism for phosphorylation and dephos-

phorylation

A.1.1 Species and complexes of network N}

Species | ; || Complex | y;
A 1 A+ E; Y1
Ey T3 AE, Y2

AEy |m3 | Ap+E1 | s
Ay Ty Ay Ey Y4
AyEr | x5 || App +E1 | ys
App 6 || App + E2 | Y6
Ey z7 || Ap By | yr
App By | wg || Ap+FEs | ys
Ap E2 ffs) Ap EQ Y9
A+FE> |y

A.1.2 Ordinary differential equations

&1 = —ky 21 20 + ko x3 + k1o g

&g = —ky 21 22 + (k2 + k3) x5 — kaxa x4 + (ks + ke) 25
i3 = k1 a1 22+ (—ke — k3) 3

iy = k3 g — kg wa g + ks x5 + ko w8 — k1o T4 27 + k11 29
i5 = kaxoxa + (—ks — ke) x5

&6 = ke x5 — krx6 x7 + ks xg

@7 = —k7 e w7 + (ks + ko) w5 — k1o xa w7 + (k11 + K12) 2o
ig = kyxe w7 + (—ks — ko) s

&g = kio T4 z7 + (—k11 — k12) 29

X2+ X3+ x5 =C1
x7 + T8+ T9g = Co

1+ a3+ 2+ a5+ 36+ a8+ 29 =03

105

(A.la)
(A.1b)
(A.lc)
(A.1d)
A.le)
AL1f)
Alg)
A.1h)
(A1)

—_

—~ o~

(A.2a)
(A.2D)
(A.2¢)
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A.1.3 Structural data

The ordinary differential equations (A.la) — (A.1i) can be written as
& =Y I, diag (k) ¢ (z)

using matrices

100 00O0O0OO0O0T1
1010100000
01 00 0O0O0OO0OTO0O0
001 00O0O0T1TO0O0
Y=|0 0 01 00 0 0 0 0f,
000011 O0O0O0O0
00 00O0OT1TO0T1TO01
00 0O0O0O0OT1TUO0OTO0OO
00000000 1 0
[ -1 1 o o0 o o0 0 0 0 0
1 -1 -1 o o0 o0 o0 0 0 0
0 0 1 -1 1 o 0 0 0 0
0 0 0 1 -1 -1 0O 0 0 0
I = O 0 0 0 0 1 0 0 0 0
o o o0 o 0 0 0 -1 1 0 0
o o0 o 0 0 O 1 -1 -1 0
o o0 o o0 0 0 0 ©0 1 -1
o o0 o o0 o0 o0 0 0 O 1
. 0 0 0 0 0 0 0 0 0 O

and the monomial vector
o () = (w1 22, T3, T3, T2 T4, T5, Ts, T6 T7, Ty, T, T4 L7, Tg,

,
. (o . .
A representation ¢ (x) = (:L.y, ), . ,wysm) can be obtained using

y(&) —

[ e e e = =
OO oo OoOO~=OO
oo ocoocoo~roo
OO OO O OO
oo o OO0 O
oo OO0OO
oo R OO OOO
(el == e R R e R o R an R )
[l e e N N N N N
oo OO, OOO
_OOOoOOOO OO
— OO0 OoO0 OO

The conservation relations (A.2a) — (A.2¢) can be written as

WTlze=c
using the matrix
01 1010000
wr'=1000000 111
1011 11011

and the vector ¢ = (¢1, ¢, 3 )T.

O FRFOOoOOoOoOO OO

)

OO OoOOoOOoOOoOOo

(A.3a)

(A.3b)

(A.3¢)

(A.3d)

(A.3e)

(A4a)

(A.4b)
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A.2 A processive mechanism for phosphorylation and a dis-
tributive mechanism for dephosphorylation

A.2.1 Species and complexes of network Nj

Species | z; || Complex | y;
A 1 A+E |wn
£y €2 AE; Y2
AE, |3 A, Er | ys
ApEy | @y || App + By | ya
App x5 || App + E2 | Us
By Te App Ey Yo
AppEs |z || Ap+Es | yr
Ap Ty Ap Ez S
Ap FEy | xg A+ Ey Yo

A.2.2 Ordinary differential equations

&1 = —ki 2122 + k23 + k11 w9 (A.5a)
To = —ky w1 29 + ko3 + ks 24 (A5b)
T3 = ki1 10 +(7]§2 7]{';) x3 + kg x4 (ASL)
@y = kgxg + (—ky — ks) a4 (A.5d)
&5 = k5 T4 — ke T5 Te + k7 27 (A.5e)
i = —ke w5 w6 + (k7 + ks) v7 — ko w6 w5 + (k1o + k11) 79 (A.5f)
@7 = ke x5 w6 + (—k7 — kg) w7 (A.5g)
T8 = kg 7 — kg x5 w8 + k10 T9 (A5h)
Z9 = ko x6 x5 + (—kio — k11) 29 (A.51)
To+a3+T4 =01 (A.6a)

Te +T7 + Tg = C2 (A.6b)

T+ X3+ T4 + X5 + 27+ T8+ Tg = C3 (A.6c)

A.2.3 Structural data

The ordinary differential equations (A.9a) — (A.9h) can be written as

& =Y 1, diag (k) ¢ (z) (A.7a)
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using matrices

(A.7h)

)

00 00 O0O0O0T1

1
1
0

001 0 0O0O0O0

0000O0O0O
001 000O0O0O0
0001 10000
0000T1TO0T1TO0T1
0000O0T1TO0O0O0
0000O0O0CTO0OO0

1

1

00 00O0O0O 0

(A.7¢)

0

0

Y =

and the monomial vector

(A7d)

(2129, T3, T3, T4, T4, T3 T6, T7, T7, TG Ty, To, Tg )’

o (z) =
(o

’

(L)

L, xY ) can be obtained using

(L)
1

A representation ¢ (z)

(A.7e)

00 00

0
0

1 0 0 0 0
1 0 0 0 0

1 000 0O0O0O0OO0

1
00 01

100 0000

10 00 00

00 000 T1TO0O0

00 000

0 0

1
1000

1

00 00 00
00 00 O0O0O0O0

0 0
11

1

00 00O0O0OO0OO 0O 0

vy

(A.10c) can be written as

The conservation relations (A.10a)

(A.8a)

wWhe=c

using the matrix

(A.8b)

|

—

S o~

11100 0 0 0
00 0O0O0T1TT1
1 01

;s

wt

(e1, e2,¢3)"

and the vector ¢



A.3. PROCESSIVE MECHANISM FOR PHOSPHORYLATION AND DEPHOSPHORYLATION109

A.3 Processive mechanism for phosphorylation and dephos-
phorylation

A.3.1 Species and complexes of network N

Species | z; || Complex | y;
A 1 A+E |wn
E, ) AE; Yo

AE, | a3 Ap By Y3
ApEy | x| App +E1 | ya
App | s || App + B2 | ys
Es L6 Ap B> | ys
App Ez Ty Ap EQ Y7
AP FEsy | xs A+ Ey Y8

A.3.2 Ordinary differential equations

1 = —kyx1 22 + ko 23 + k1o 78 (A.9a)
iy = —kix1 w2+ kyxz + ks ay (A.9b)
i3 = ka1 xo — (ko + ks) xg + ka 2y (A.9¢c)
&y = k3 w3 — (ka + ks) x4 (A.9d)
I5 = ks g — ke x5 16 + k7 27 (A.9e)
¢ = —ke x5 w6 + k7 27 + k1o T8 (A.9f)
@7 = ke xs a6 — (k7 + ks) x7 + ko 2 (A.9¢)
iy = kg xy — <kq + klo) Ty (Agh)
Ty 4+ a3+ T4 =01 (A.10a)

Te + o7 + T8 = C2 (A.10b)

Ty + T3+ T4+ 5 + X7+ T8 =C3 (A.10¢c)

A.3.3 Structural data

The ordinary differential equations (A.9a) — (A.9h) can be written as

& =Y 1, diag (k) ¢ (x) (A.11a)
using matrices
[1 0000001
1001 0000
01 000O0O0O0
001 00O0O0O0
Y= 00011000 (A-11b)
000O01O0O0T1
00 00O0T1O0O0
L0 0 0000 10
[ -1 1 0 0 0 0 0 0 0 0
1 -1 -1 1 0 0 0 0 0 0
0 0 1 -1 -1 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
=19 0 0 0o 0o-1 1 0 0 o0 (A-d1c)
0 0 0 0 0 1 -1 -1 1 0
0 0 0 0 0 0 0 1 -1 -1
. 0 0 0 0 0 0 0 0 0 1
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and the monomial vector
o !
¢ (x) = (z1 22, T3, T3, T4, Ta, T5 L6, T7, T7, Ts, Tg)

(L) (L

A representation ¢ (I) = (;L»Zh Yol J) can be obtained using

1000 0O0O0O0O0O0
1000 0O0O0O0O0O0
01 100O0O0O0GO0O0
y@_ [0 001100000
00 0O0O0OT1TO0O0O0TO0
00 0O0O0OT1TO0O0TO0T®O0
000O0O0OO0OT1TT1TTO0FO0
0000O0O0OO0OO0OT1T1
The conservation relations (A.10a) — (A.10c) can be written as
Wha=c
using the matrix
01 110000
wWi=100000 111
10111011
and the vector ¢ = (¢1, ¢z, c3 )T.
A.4 Open systems
A.4.1 Network N+ N
The network is given by
A+E14\AE1‘>A +Ep =—= PP
ki
App+E2 AppEz—>A +E2
kis
Elékm 0

For network N5 the equation

T FEv
y(&) —In ==
H=TEN

(A11d)

(A.1le)

(A.12a)

(A.12D)

Wis)
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reads
v+ Vg
pi1 + p2 = In Ai - A‘ﬁ (A13)
s = In % (A.14)
1
py =1 28 (A.15)
A6
Vo + v
Jo + g =In ﬁ (A.16)
ps = In ? (A7)
2
s =In n (A.18)
A7
v3 + U
6 + p7 = 1n /\z ¥ )\77 (A.19)
pg =1In :—3 (A.20)
3
=2 (A21)
A7
vy + 1
fia + pr = In ): - AZ (A.22)
fo = In :—4 (A.23)
4
fo = In % (A.24)
6
0= (A.25)
As
po2 =1In Ly (A.26)
As
These equations are solvable, if and only if
2! V6 V2 vr V3 vr V4 V6
In—=In— In—==Inh— In—==Inh— In—=Inh— 5 = As.
n N n o n /\2 n pe n i n pe n o n o Vs ;

That is, if
T
Ve V7 V7 Ve
v=1| A —,d2—, A3 —, s —, A5, U, V s
( 1>\6, 2)\77 3)\7 4/\6, 5, V65 7) )
with A € B7>0 and vg, v7 > 0 free. Note that it is possible to determine v and A € B7>0 independent
of 4 € IR?. Using v as above, one obtains

nV1+V6 _ nV4+V4 7111E
M+ Xs As+ X6 A6

and
In vatvr In vs+ vr I
Ao+ A7 A3+ A7 A7’

Using #1 :=In 5* and #2 := In §T in the right hand side of (A.13) — (A.26) and solving for y yields

()

=
|
I = R e e =)

OHHNRHEROOO
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A.4.2 Network N;+ Ny

The network is given by

A+E16AE14>A + Ey=—= PP
App+E2 AppEz - A, +E2QA E: % A +E, o)
kis
E; =0
14
For network N the equation
Ev
vy = =2
"EA
reads
v+ Vg
=1
p1+p2 =1In Mt Ao
1
=In—
w3 N
In i
i3 = In —
w3 e
Vo + V7
) =1
2+ pa n Fop
Hs = A
vr
5=’
1 n pw
v + U7
=1
e + 7 n Xs £ A
1 V3
=Iln—
M8 s
vy
ps =1In =
+ g
— A
p4+pr =1In )\ e
Py = )\4
=1In Ll
Mo = e
Vs
0=1In—
n W
Vs
pr =In »
These equations are solvable, if and only if
vy Vg 15} 1 %4 V3 vy Vy Vg
In— =In— In—==In— In—==1In— In—=In— = X5
n N n N n N n e n " n e n " n o Vs

That is, if

T
Vg 1 %4 1 %4 Vg
=AM A, A —, A —. A5, v, v
( 1)\07 2>\7, 3)\7, 4)\6, 55 V6, 7> )
with A\ € IR7>0 and vg, v7 > 0 free. (Note that v as given above is equal to the vector v obtained for
network N5 in Section A.4.1). As network A5 it is possible to determine v and A € JR7>0 independent
of u € IRY. Using v as above, one obtains
v+ Ve Vs + Vs Ve

In =1In =1n
AL+ X As+ Xg A6
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and

vo +v7 vs+uvr 1 %4

n .
A2+ A7 A3+ A7 A7

113

Using 1 :=1In Kf and ko :=In Kf in the right hand side of (A.13) — (A.26) and solving for x yields

2 -1
-1 1
1 0
1 0 p
SEE

0 1| V2

0 0

0 1

L 1 0 |
A.4.3 Network N+ N,
The network is given by
Ja ks ke ke
A+E1\7k2 AE1‘>Ap+E1 P ApEI‘)App+E1

k k
APP+E2$APPEZ$AP+E2%APEZ£>A+E2

E kis 0 kis E
! s P

For network N7 the equation

E
YOy —m F:

Wi7)
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reads
vy +uvr
=1
1+ e n Nt
In n
13 = In —
w3 N
In v
i3 = In —
w3 Py
Vo + Vg
=1
o+ pa n Mot A
Hs = A
Vg
ps =1In )\—8
V3 + g
1
e + 7 n Nt s
V3
g =In N
Vg
ps =1In N
vy + U7
+ p7 =1In
Ha T p7 V.
1 vy
=1m
H9 W
=1In v
o = Py
Vs
p2 =1In .
Vs
0=In—
n "
Vg
0=In—
n "
V6
pr =1 /\76
These equations are solvable, if and only if
21 vy 2 Vg V3 Vg vy vy
In—=In— In—==In— In—==In— In—=In— 5=\ = X¢.
Y e T T T T VD
Thus one obtains
14 vy
=\ — 2 = Ay —
V1 1 o V2 2 I
Vg Vg
=3 — =\ —.
V3 3 s V4 4 s

Note that gz = 0 and p7 = 0 and thus gy = In ;ji;’; and gy = In ;zﬁ follows. Thus one finally

A7
obtains {T = Kf’; and therefore

” T

8

, Ay Aey A7 *,Vf;)
8

173 vg Vg 123
= — A, A3—, 4 —
v (1)\87 z/\S, 3)\8, 4/\8 by

with A € Rio, vg > 0, free. As network N5 it is possible to determine v and \ € Rio independent of
u € IR°. Using v as above, one obtains
lnu1+u7 1 Vo + g —n v3tuvg nu4+u7 —lnﬁ
A+ Ay A2 + As A3+ g A1+ A7 As

Using x1 :=In ;73 and solving for p yields

p=11,011,11011]" x
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A.4.4 Network N3+ N

The network is given by

ki1 ks ks
A+E1?‘AE1TAPE1‘>APP+E1

k 13 k-
App+E2%AppEzi>Ap+E2$AFE2$A+E2

kiz

Ex kis
For network Nig the equation
T
Yy =1 E—;
reads
v+
M1+uz:1n)\1+/\z
155}
p3 =In )\*1
V2 + Vg
p3 =In Nt
In v
pg = In —
A2
Ve
pg = 1In I
V3 + v
s + pe = In /\2 ¥ )\Z
vs
pr=In X
2
7 =1In /\—6
V4 + Vg
M6+Ms:1n)\j+/\(6
vy
Ho =In N
Vg
po = In "
Us
0=1In-">
As
vs
p2 = In N
These equations are solvable, if and only if
12! vy + g 2] Ve V3 Vg vy Ve
In— =1 In—==In— In==In— In—=In—
AT T A " T M "N T M RS VEREW
Thus one obtains
Ve Vs Vs
=X —, =, =\ —.
V2 2 A V3 N V4 4 N

Note that L2+ — Y6 and thus v = A Kf as well. Therefore

A2+ Ae
14 1 Z 1% 1 4 r
6 6 (i} 6
v={ A1 A, 1 A Ay e
A6 Ae’ Ao A6

115

Wis)

with A € IR(;OA, v > 0, free. As for network N5 it is possible to determine v and \ € R6>O independent

of € IR. Using v as above, one obtains
vitve  v3tvs V4+V6_n@
M+ A+ A6 A+ e pYy
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Using k1 :=In ”5 and solving for p yields

0 1
0 0
0 1
0 1
n= 1 0 (#s)
-1 1| \™
0 1
10
L O 1 d

A.4.5 Network N;+ N

The network is given by

A+E1\ﬁAE1

PP

A,,,,+E2 AppBz > Ap+ Bz ——= A Bz A 1 E,
E kio
2 kis 0
For network N9 the equation
Y(L)T pw=1In %
reads
p1+p2 =1In :] i zﬁ
1 6
2
ps =1In ~
1
=1 vy + g
K= N e
Vo
pa =In /\72
In 28
fg =In—
A6
V3 + 1
fi5 + pig = In Ai+Aﬁs
vs
7 =In N
Vg
pr=1In N
vy + 1
pe + ps = In )\i n )\i
vy
Lo =In )\—4
o = In 2 )\—
6
0= %
)\r
v
16 = In »
These equations are solvable, if and only if
m2 - V2t v nZ m2 - m2 -

A1 A2+ A¢ Ao A6 A3 )\76 A A6

l/5:A5

(M)
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Note, that these conditions are equivalent to those obtained for A.4.4. Thus one obtains the same

solution v € IR, as in Section A.4.4:

T
Ve Ve Vs Ve
=M A, o A As,
v (1>\6, 2)\6,)\6, 4/\6 Ve)

with X € IR6>0, vg > 0, free. As for network A5 it is possible to determine v and \ € Bio independent

of 1 € IR°. Using v as above, one obtains

v+ g V3 + Vg vy + Vg Vs

M+X Ast+Ag n/\4+)\6 N n/\e'

Using x1 :=In Kf and solving for p yields

|
—

()

— e O R e O

oo ocoococoo-

A.4.6 Network N;+ N

The network is given by

ki ks ks
A+E1$AE1 TAPEI‘)App+E1

ke ks ko ki1
App+E2?AppEzﬁAp+E2kﬁApE24>A+E2
7 10

ki2 k

Ei—=()—=E
! s kis 2

For network Nag the equation

E
YOy —m ?:

(WNa0)
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reads
vy + vy
=1
1+ pe n Nt
=1In n
w3 = by
1 vo + 7
3 =1In
Hs A2+ A7
2]
s =1n )\—2
NG
—=1n—
Ha A
v3 +vr
=1
M5+ pe = In s A
V3
pr =1 /\*3
V7
pr =In )\*7
vy + V7
=1
6 + pg = In Nt
In !
19 = In —
Mo W
vy
1o =1In >
=1In Y5
M2 = A
Us
0=In-"
n "
Ve
0=1In—
n "
In 28
. —In 2
He Ao
These equations are solvable, if and only if
121 vy + vy 12} vy V3 vr Vy vr
In—=1In In—=In— In—=In— In—=In— Vs = A Vg = g
A1 Ao + A7 A2 A7 Az A7 A4 A7 ° ° ¥ o
Thus one obtains
v v vr
5= Ao —, =+, =\ —.
V2 2 P v3 P vy 4 e

Note that ;’ii;’; = ”f and thus v; = A\; K{, as well.

T
v= <>\1 ﬂ, Azﬁ-, 27 /\4£¢ As5 A6, V7>
7 7 A7 Az

with A € IR, v7 > 0, free. As for network N5 it is possible to determine v and A € IR, independent
of € IR. Using v as above, one obtains

vi+uvr  vgtvr _1

vy + vy 7111ﬁ
A+ A3+ A

" A+ A7 A7

Using k1 :=In ;7: and solving for p yields

p=11,01,110111]" x.



A.4. OPEN SYSTEMS 119

A.4.7 Network N+ N~

The network is given by

ki
A+E; k\:\ AE, = PP
2
App+E2 AppEzﬁA E; % A 4B, (Na1)
E 13
1Y%, 0
For network Na; the equation
T Ev
vy = =22
p=Ino
reads
v+ Ve
S =1
H1+ p2 = In )\1 T
— 1 i
M3 = 11 )\1
p3 =In v2+ v
# A2+ A6
In v
1y =In =
22 N
Ve
pa=In )\76
s + pe = In ;3 :[ Z\z
=1In
pr = )\3
N vy + Ve
H A+ Ag
Vy
ps =In )\*4
Ve
ps = In )\*h
Vs
0=In—
n )\5
fo = In” /\—5
These equations are solvable, if and only if
lnﬂflnyzju/(i lny—zflnﬁ nﬁfny4+y6 nﬂflnﬁ Vs =\
A1 A2+ g A2 A6 A3 As+ Ae As A6 N v
Thus one obtains
Ve
— A\ =X —.
Vo = A2 )\6 V4 4 o

Note that therefore ;’21?2 = ;’:ii‘; = ;’7? and thus vy = \ AG and v3 = \3 £& A . Thus one finally obtains

T
Ve Vs Vo
A ;g LA —, As, g
( 3 20 e /\ e )

with A € Bgo, vg > 0, free. As for network N5 it is possible to determine v and \ € R‘;O independent
of 1 € IR°. Using v as above, one obtains

vitve VstV Vs

M+ As+Xs e
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Using k1 :=In ”5 and solving for p yields

0 1

0 0

0 1

_| 01 e
F=1 11 (n-l)

1 0

0 1

0 1
A.4.8 Network N+ N
The network is given by

A+E, = = AE, =— PP
App+E2 AppEZﬁA E; % A 1 E, (Naz)
kis

Ex=——0

14

For network Na» the equation

E
Y(L)T/l, —m2Y

EX
reads
vy + Vg
l =1
B+ pe n)\l+)\6
f3 =In n
A1
s = In Vo + Vg
3 /\ + A6
—In-2
/\2
Vg
pg =1In —
A6
+ v
B
ps + pe = In )\ e
W = 2
7 = )\3
yr=n Vs + Vg
7 ,\ + X
g = ln —
I )\4
Ve
pg = In —
8 )\6
0= ln —
>\5
—mZ
He A
These equations are solvable, if and only if
ln—lf Vet Vo nﬁzlnﬁ In-2 = V4+VG nﬂzlnﬁ vs = As.

AL A2+ Ag A2 A6 /\3 /\4 + X6 A4 A6
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Note, that these conditions are equivalent to those obtained for A.4.7. Thus one obtains the same
solution v € IR, as in Section A.4.7:

T
14 1% 1% Vg
V= (/\1 7\6 A2 )\6 /\6 A o /\57V6)

with A € IR(;O., vg > 0, free. As for network N5 it is possible to determine v and \ € JR‘;O independent
of 1 € IR®. Using v as above, one obtains

vt V3tvs s

M+X A3+Xs A

Using k1 :=In i\’A: and solving for p yields

-1 1

1 0

0 1

_ | 01 o
=10 1 <m> :

0 0

0 1

0 1
A.4.9 Network NVg+ N
The network is given by

A+E =—=AE, == op
App+E2 AppEzﬁA E; % A +E, (Nas)
ki1 ki3
E; Yo 0 . E;

For network N3 the equation

E
YOy —m ?:
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reads
vy + vy
=1
1+ pe n Mt
fi3 = In n
A1
45 = In vy + vy
' A2+ A7
—m2
Ha A
s =1In L
A7
vz + vy
+ pe =1n
s+ He N + A7
7 =In vs
A3
wr=1In vy + 7
As+ A7
pg = In Ll
Ag
g =In n
A7
pa =122
As
Vs
0=In—
As
Vg
0=1In—
A6
In 28
L —1n %
He Ao

These equations are solvable, if and only if

121 vy + 7 12} v V3 vy + 7 vy 124
— = In—==Ih— In—==In =

A _
"N X2+ A7 A2 A X3 M+ A7 M Ar

Thus one obtains

vr

vr
A? !

1/3:)\3A7., A7.

1/2:)\2

and therefore T
v vr V7 vr
v=1_ Al —, A2 —, A3 —, A —, A5, Ag, I s
(1)\7,2/\7,3)\7 43,7 A6 7),
with \ € 1R7>m vy > 0, free. As for network N5 it is possible to determine v and \ € JR7>U independent
of 1 € IR?. Using v as above, one obtains
v+ 7 vs+uvr  vg

MM Mt A

Using k1 :=In ;47 and solving for p yields

p=11,01,1,1011]" x.



Appendix B

Models for cell cycle regulation

B.1 Binary complex model

B.1.1 Species and complexes of network N

Species T Complex Yi
Sicl 1 0 Y1
SiclP To Sicl Yo
Clb T3 SiclP Y3
Clb- Sicl Ty Sicl - Clb Ya
Clb - SiclP 5 Clb+ Sicl Ys
Cdcld T Clb- Sicl Y6
SiclP - Cdcl4 T7 Clb yr
Clb- SiclP - Cdcl4 | g Clb + SiclP ys
Sicl - Clb T9 Clb- SiclP Yo
SiclP + Cdcl4 Y10

SiclP - Cdcl4 Y11

Sicl + Cdel4d Y12

Clb - SiclP + Cdcl4 | yi3
Clb- SiclP - Cdeld | y1a

Clb - Sicl + Cdecld | y15

B.1.2 Ordinary differential equations

i1 =ky —koxy + kg xo — ks xy 3 — ke 11 3 + k7 14 + K15 T7

&g = —ksxa + ko xg — k1o X2 x5 + k11 ©5 — k13 X2 k6 + k14 27

i3 = kaxg — ks 13 — kg w1 w3 + k7 x4 + ks x4 + ko xg — k10 22 23 + k11 25 + k12 25
&y = ke v1 @3 — ky T4 — ks 74 + k1s 78

&5 = ko ko k3 — k11 T5 — k12 @5 — k16 5 T + k17 28

&6 = —ki3 T2 6 + k14 27 + k15 17 — k16 5 6 + k17 x5 + kis a8

&7 = ki3 w2 26 — k1a ¥7 — k15 @7

iy = ki 25 6 — k17 28 — k1s T8

&g = —kq 29 + k5 x1 23 — ko X9

Te+T7+x8 =01

X3+ x4 + 25 + T8 +Tg = C2

123
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B.1.3 Structural data

The ordinary differential equations (B.1a) — (B.1i) can be written as

@ =Y I, diag (k) ¢ (z)

using matrices

)

01 0010O0OO0OO0OO0OO0OT1TUO0OTGO0OO
001 00O0OO0OCT1TO0OT1TO0UO0UO0OTGO0OO0

0000101

00 0 00

1 0 0000 O0O0

1
00 01T 00

1
0

1 00000O0O0OO

1

00 00 O0O0O0O0

00 00O0O0O0OO0OO0
00 00O0O0O0OO 0O O
00 00O0O0O0OO 0O O

1
1 0 0 00

0

0

00 10

0

000O0O0OOOOOO0OO0

1

00 0

Y =

—
coocoocoocoocoo00O M~
|

cococococoococoo O
[

cococoocoococoo~mo

coococco-o-oO0O0OOO
|

cococococo~nococOCO
[

cococococo~moocOCO
[

coomocoomoooO0OOO
[

cococoo~-oc0o0COOCOO
|

cocommocOCOCOGO
|

cocommoococOCOGO
[

coo~-HocOCOOOOOO
[

coo~mooocococoCO

~omooooco0O0COCOOCO
|

~~Hocoocococococcocooo

~~“ocococococoooo
|

N —

<

and the monomial vector

"
(1, @1, w2, x9, T1 T3, T1 T3, Ta, Ta, Tg, T2 T3, T5, Ts, T2 T¢, T7, T7, T5 T, Tg, Tg )

é (x)

’

L . .
L )) can be obtained using

(L)
(Illl

A representation ¢ (z)

00

00 0O0O0O0O0

11000
0000O0OO0O11TO0OO0T1TO0GO0OO0OTO0O0

0

0 1
000 01

0

0001O0O0OO0OO0OO0OO0OTO0O0

1

0000O0O0O0T1

000O0O0O0O0OO0OO0OO0

1

o0o0O0O0OO0OO0OO0OO®O0OT1

0
0

1
1

0 0 0
1000

1

oo0o00O0O0O0OO0OO0OOOOOT11TO0T®O0

0

1
000O0O0OO0OO0ODOOOO0OO0OO0

o0o0O0O0OO0OO0OO0OOOOO0OO0

00
00

1

1

0
0

1 000010O0O0O0O0OOOOO0

y(&)

The conservation relations (B.2a) and (B.2b) can be written as

wWhe=c

using the matrix

S~

—

000001
001 11

(e1, ).

and the vector ¢!’
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B.2 Ternary complex model
B.2.1 Species and complexes of network N;
Species ;i Complex Yi
Sicl T 0 Y1
SiclP To Sicl Ya
Clb T3 SiclP Ys
Clb - Sicl Ty Clb + Sicl Y4
Clb- SiclP x5 Clb- Sicl Ys
Cdcl4 T6 Clb Y6
SiclP - Cdecld T7 Clb + SiclP yr
Clb- SiclP - Cdcl4 | xg Clb- SiclP Us
Clb- Sicl-Clb Tg Clb- Sicl +Clb Yo
Clb- Sicl - Clb Y10
Clb- SiclP+Clb | yn
SiclP + Cdcl4 Y12
SiclP - Cdcl4 Y13
Sicl + Cdcl4 Y14
Clb- SiclP + Cdcl4 | y15
Clb- SiclP - Cdeld | yi6
Clb- Sicl + Cdcld | yi7
B.2.2 Ordinary differential equations
i1 =ky —kowy — kg 23+ ks xq + kis 27 (B.5a)
Fy = —k3 s — kr 223 + ks x5 — ki3 22 6 + k1a 77 (B.5b)
i3 = —kqar w3+ ks g + ke g — kr o w3 + kg w5 + ko x5 — k1o w314 + k11 9 + k12 79 (B.5¢)
Ty = kax1 23 — ks x4 — ke T4 — k10 23 x4 + k11 T + ki1g a8 (B.5d)
5 = kyxo w3 — kg x5 — ko x5 + k12 w9 — k16 x5 26 + k17 T8 (B5e)
@6 = —ki3 w2 w6 + k1a x7 + kis 17 — k16 5 w6 + kir w3 + ks o (B.5f)
7 = ki3 w2 26 — kg 27 — k15 7 (B.5g)
i = kie x5 x6 — k17 s — k1 T3 (B.5h)
&g = k1o T3 T4 — k11 Tg — k12 g (B.51)
Te+ 7+ T3 =01 (B.6a)
T3+ X4 + 75 + T3+ 219 = C2 (B.6D)

B.2.3 Structural data
The ordinary differential equations (B.5a) — (B.51) can be written as

& =Y I, diag (k) ¢ (z)

using matrices

010100O0O0OO0OO0OO0OOO0OT1TO0TG 0O
00100O011TO0O0O0OO0OT11TO0O0®O0O® 0O
000101101 O01O0O0O0O0TO0O0
000010O0OO0CT1TO0O0OO0O®O0O®O0O®O0O0T1
Y=|000O0OO0OUOOT1TO0OT1O0O0GO0OT1O0O0],
0000O0OO0OO0ODOOOOT1TO0OT1TT1TOQ0°71
0o000O0OO0ODODCOOOOOT11TIO0O0OT®O0OO0
0o000O0OODOCOOOOOOOO0OT1O0
L1000 0O000O0O0OT1O0O0O0OSO0O0O0O0 |
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coococoococoococoo000 N
|

cococcoccocococoN~O
|

cooccococoocoocooom~O
[

coccococococooco0co~~0OO
|

coccoccoccoocoo~~00O0
|

cocococococoocoom~oOO0
|

cooccocococoom~00O00O0
|

cococcocco~~HcoOCOOOO
|

cococcocco~rooCOOOO

coccomomooocO0OOO0O0
|

coccocco~-Hco0c0COO0O0
|

cocococo-mooocOOOOOO
[

coco~mooococOOOOOO
[

coom~ococ0COOCOOCOO0OO
[

coom-ocoOOCOOCOCOOO0

~o~ocoocooooocooo000
[

~~oocoocoo0o00000O0000
|

H~ococcocc0CO0CO0CO0000
[

and the monomial vector

¢ (x) = (1, x1, 2, T1 23, T4, Ta, T2 X3, T5, T, T3 T4, T9, T9, T2 Te, L7, L7, T5 Te, Ts, Tg )T

(L)

e ) can be obtained using

b

(L)
1

0000O0OO0OOOOOOO0OO0O0

1
001000

00 00O0T1TO0O0O0TO0TO0

1

1
1 000100O0O0O0O0O0OO0

000 00 O0O0O0O0

0 0 001
1

1

0 0 0
0000

100 00O0O0OT1TO0O0

0000O0O0O0T1

0 0

1
10 00

0o00O0O0OO0OO0OOOOOOT11TO0T®O0

1

o00O0O0OO0OO0ODOOOOOOO0O®O0OO01

00O0O0O0OO0OO0OO®OOOTO0OO0

1

00 0 0 00

1

o0o0O0O0O0OO0OO0OOO0OT1

A representation ¢ (z) = (a:y

y (L)

The conservation relations (B.6a) and (B.6b) can be written as

wWhe=c

using the matrix

)|

00 00O0T1T11
001110012

VVT —

(c1, c2).

and the vector ¢!’

A matrix whose columns are generators of ker(Y I,) N R is

)

mm
r
O 4 41000 40104000000
OO OO0 O OO0 OO
OO0 HOOO—HOHOA—-O—OOO
SO0 O HOHOOO HO A
iplleleloBell el =cloRohoRe el -]
[eleoleBoloolsRehc oo ool =Roh e =]
DS OO OO0 OO ~=HHOOOoOO
DO DD HHTODODDODDODO OO
oo oo o -0 0O OO OO OO Oo
OO O -H-HOOODODOoOOoOOoOoOoOOoO OO
O OO OO OoOOoOOoOoOOoOoO OO OOoOO
L

I

=



Appendix C

Models of the signal transduction
motifs

C.1 Network Ny

C.1.1 Species and complexes of network N,

Species | z; || Complex | y;
A || A+E | wn
El T2 A E1 Y2

AFE, T3 A"+ FEy | ys
A* T4 || A+AY | ys
AA* | s AA* Ys
E, xg || A* + A* | ys
A*Ey | a7 || A*+ Ey | yr

A* E2 ys
A+Ey |y
C.1.2 Ordinary differential equations
@1 = —kix1 22 + ko ws — kg 21 x4 + ks x5 + ko 7
Gy = —ki w1 22 + k2 w3 + k3 a3

i3 =k1x122 —kaowy — k3 a3

4 = k3 xz — kaxy x4+ ks xs + 2ke x5 — k7 x4 6 + kg 27
&5 = kyxy g — ks x5 — ke x5

T = —ky x4 26 + kg w7 + ko 27

&7 =krxgxe — kg w7 — ko 27

To + T3 =C1
X + a7 = C2

T1+ 23+ T4+ 225+ 27 =3

C.1.3 Structural data
The ordinary differential equations (C.1a) — (C.1g) can be written as

& =Y I, diag (k) ¢ (x)

127

(C.1a)
(C.1b)
(C.1c)
(C.14d)
C.le)
C.1f)
(C1g)

(C.2a)
(C.2b)
(C.2¢)
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using matrices

100100001
101000000
010000000
Y=[001102100]|,
000010000
000000101
000000010
(-1 1 0 0 0 0 0 0 0]
1 -1 -1 0 0 0 0 0 0
00 1 0 0 0 0 0 0
00 0 -1 1 0 0 0 0
L=/ 0 0 0 1 -1 -1 0 0 0
00 0 0 0 1 0 0 0
00 0 0 0 0 -1 1 0
o 0 0 0 0 0 1 -1 -1
L0 0 0 0 0 0 0 0 1 |

and the monomial vector
— . - p T
¢ (x) = (z1 22, T3, T3, T1 L4, T5, Ts, T4 T6, T7, T7)

(L

L
i ),..A,wyr

T
A representation ¢ (z) = (;L’yl ) ) can be obtained using

vy —

OO0 OO
[=NeNeNeil e N
oo oOoO~=OoOOo
oo~ O O
(=R eNeNe Nl
o oo oo
_— O OO OOCO
o oo o oo

The conservation relations (C.2a) — (C.2¢) can be written as

wle=c
using the matrix
01 10000
wh=10000011
1011201

and the vector ¢’ = (¢y, ¢2, c3).



C.2. NETWORK N3

C.2 Network N3

C.2.1 Species for and complexes of network N3

Species | x; || Complex | y;
A 1 A+Er | n
£, T2 AE, Y2

AE, | w3 || A"+ By | ys
A* Ty A* By m
A*Ey | w5 || A+ E1 | ys
A z6 || A+ FE3 | ys
E3 a7 A B3 | yr

A Ez | ag || A* +E3 | ys
Es zg || A+ Ey | yo

A*Ey | xy0 A*Ey | yio

A+ Ey | yn
C.2.2 Ordinary differential equations
i1 = —ky 2122 + k223 + k12 10
T9 = —kix1 22+ koxs +ksws —kaxoxs + ks w5 + ke xs

i3 =k 2120 — koxg — k3 a3
Ty = k3 a3 — kax2 vy + ks 25 + ko 28 — k10 24 ¥9 + k11 710
&5 = kyxoxy — ks s — ke s
T = ke x5 — k7 x6 T7 + kg Ts
i7 = —krxg w7 + kg xs + ko g
3'38 = k7£€6 Ty — ksﬂ:g - kg:ﬂg
dg = —kio x4 T9 + k11 T10 + k12 T10
10 = k10 T4 T9 — k11710 — K12 710

T2+ T3+ 25 =01
X7+ a8 = C2
Tg + T10 = C3
Ty + 23+ T4+ 25 +T6+ X8+ T10 = Ca
C.2.3 Structural data
The ordinary differential equations (C.5a) — (C.5)) can be written as

i =Y I, diag (k) ¢ (z)

using matrices

10000000001
10101000000
01000000000
00100001100

y_|000 10000000
0000110000 0]
00000101000
00000010000
0000000O0T10 1

L0 00O0O0O0O0DO0O01 0|
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-1 1 0 0 0 0 0 0 0 0 0 0
11 1 0 0 0 0 0 0 0 0 0

0 0 -1 1 0 0 0 0 0 0 0

0 0 0 -1 -1 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

I, = 0 0 0 0 0 0o -1 1 0 0 0 0
} 0 0 0 0 0 0 1 -1 -1 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 0 0o -1 1 0

0 0 0 0 0 0 0 0 0 -1 -1

0 0 0 0 0 0 0 0 0 0 0 1

and the monomial vector

T
¢ (x) = (w122, T3, T3, T2 T4, Ts, T5, Te T7, Tg, T, T4 T9, T10, T10 )

T
A representation ¢ (x) = (Il/ﬁL)7 L 711/5“) can be obtained using

1.0 00 000 0O0UO0O0 0]

1001 000O0O0O0O0O

001 100000O0O0TO0OO0

000100000100

v _ [0 00011000000

0000O0O0OT1TUO0O0GO0TO0OTFO0

0O00O0O0OO0OT1TUO0TO0TO0TO0O°O0

000O0O0OO0OO0OT1T1TTO0TQO0O0

000O0O0OO0OO0OO0OTO0OT1TQO0O0

00000000001 1|

The conservation relations (C.6a) — (C.6d) can be written as

Whe=c
using the matrix
01 10100O0O0TU0
WwT — 00 0O0O0OOT1TT1O0O@O0
000O0O0OOO0OO0OT1T1
1011110101

and the vector ¢! = (1, ca, €3, c4).

C.3 Network Ny,

C.3.1 Species and complexes of network N,

Species | x; || Complex | y;
A 1 A+E1 | wn
Ey o) AE; Y2

AFE, T3 A*+ Ey Y3
A* zq || A"+ E3 | s
Es x5 A* E3 Ys

A*Es | x6 A+ Es Y6

A A" | xp 2 A" Y7
A** g A*A* ys
Ey Ti || ATAT |y

A By | 21 247 | yn

A+ By | Y12

A™Es | 13

A*+ By | yia




C.3. NETWORK N4

C.3.2 Ordinary differential equations

Ty = —kyx1 T2 + ko x3 + kg T6
—ky a1 w9 + ko xs + ks xs

5.
IS
Il

j73=]€1(t1502—k2£03—k3‘%3

I'4:k‘31:37k4z,1x5+k51:672k7zi+2k81‘7+k9w77k101'4zg+k111'9+k151'11

T5 = —kyxg x5 + ks x6 + ke X6

26 = ka g x5 — ks 26 — k6 T6

1'7 = k‘7.TZ - k8I7 7k‘gI7

ig = ko7 — k1o xg w8 + k11 wo + 2 k12 w9 — ki3 xg 10 + K14 11
9 = k1o r4 28 — k119 — k12 T9

i10 = —k13wg w10 + k1a w11 + k15 w11

11 = k13w w10 — k14w — kis 711

T2 + T3
T5 + Te
T10 + T11
1+ a3+ x4+ 26+ 207 + a8+ 229 + 711

C.3.3 Structural data

The ordinary differential equations (C.9a) — (C.9k) can be written as
@ =Y I, diag (k) ¢ ()

using matrices

100001000000
101000000000
001 000000O0O0GO0O0O
001100201000
000101000000

Y=|[000010000000
000000010000
0000000010 21
000000O0O0O0TLO0O
000000O0O0O0OO01
L0 0O O0O0DO0OD0DO0O0D0DO0O0O0

-+ 1 o0 o0 o0 o o o o 0o o0

i -1 -1 0O O 0O 0o 0o 0o 0o o0

o o 1 0o 0o o o o 0o 0 0

o o o0 -1 1 0 0 0o 0o 0o 0

6 o o 1 -1 1 o o o o o

o o o 0o 0o 1 0 0o o0 0o 0

L=| 5 o o o o o 1 -1 -1 o o

o o o 0o 0o o o o 1 -1 1

o o o o o o o o o 1 -1

o o o 0o 0o o 0o 0o 0o 0 0

o o o o o o o o 0o 0o 0

o o o o o o 0o 0o 0o 0o 0

6 ¢ o o o o o o o o o

and the monomial vector

5 2
é(x) = (901 T2, L3, T3, T4 T5, T6, T6, Ty, L7, T7, T4 T8, T9, T9, T8 T10, T11, 9011)

=0
=y
=c3

=cy

HO OO0 0O0

cocorroocococooon

O~ OO0 O~ROOO

crrococcoccoccooo

crrocococococococoo

~rocococcocoocoo
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T
L . .
20 ) can be obtained using

Sy

(L)
1

A representation ¢ (z) = (a:y

00 00O0OO0OO0OOTO OO OO O®O0OO0OO0

1

0
0

00000
00000
1
0001O0O0OO0OOOOOO®O0O®O0OO0

0

1 00 0000

00 000

1

1
000100200

00000

1 00 0O0O0OO0OOOO

1
000 0O0O0O0

00 00

110000 00

0000O0O0O0OO0OO0

00 10
1

1
0000O0OO0OOGOOTOTO0O0

0000O0O0O0OO0OO0OO0

00 0
1

1

0000O0OO0ODOOOOOO0OO01

vy (&)

(C.10d) can be written as

The conservation relations (C.10a)

wle=c

using the matrix

;l

1

00 00O0O0TO0OO® O
01 2 1 20

1
1

1
000O0T1T1TO0O0O0O0O0

0000O0O0O0O0O0

0
1 01

wT =

and the vector ¢’ = (c1, ca, c3, c4)-



Appendix D

An Algorithm to check Lemma 3

D.1 Preliminary ideas

The starting point is a software to calculate the extreme rays of a pointed polyhedral cone ker (A)NIRY,,
where A € IR™*™ is an arbitrary m x n matrix. It is possible to use this software in order to calculate
extreme rays of a different cone ker (4) N IR . To see this, recall the definition of an extreme ray v of

ker (A) N IRy, (see Chapter 3):

v e IR .
Av=0,

Given u, v with Au =0 and Av = 0. Then
supp (u) Csupp(v) = u = Oorv = au, @ € Rso.
Further note that any v € IRy, can be expressed as
v = diag (6;) w, w € RYg, with w; = |v|, i =1, ..., n. (D.1)

Using eq. (D.1) in Av = 0 yields
A diag (6;) w = 0.

Then extreme rays of a cone ker (4) N IR}, can be defined as

v e Ry (D.2a)

given by v = diag (§;) w with
w € RY, (D.2b)
Aw=0, (D.2¢)

where A := A diag (§;). Given w®, w® with Aw™® =0 and Aw® = 0. Then

supp (w(l)) C supp (w(z)) = uw® = 0orw? = au, o € Rsp. (D.2d)
If El, Ep are generators of ker (Z) NIRY,, then E; = diag(d;) E,, i =1, ..., p are generators
of ker (A) N IRY,. To see this, consider AE; = Adiag(d;) E; = AE; =0,i=1, ..., p. Using this

definition it is thus possible to calculate generators of ker (A) NIRY, using software designed to calculate
generators of ker (A) N IRY,,.
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D.2  Deciding ker (A) N IR # 0

To decide ker (A)ﬂle # () the following algorithm is used: Generate all §;, i.e. all combinations of n ele-
ments from {—1, 0, 1}. This is done using the m-file combn .m, obtainable at http://www.mathworks.com/matlabcentral
For all §;

(i) A:=diag(d;) A

(i) calculate generators E;, i =1, ..., p of ker (A) N IRY,. Tf

Fje{1,... ,n} with j %supp(ﬁl),izl, D
then ker (A) N RE, # 0. Thus keep d;.

The condition in (ii) requires that no entry E,-,J exists that is zero in every generator. Those correspond
to generators for a different orthant, namely the one where ¢;; = 0.
The above mentioned algorithm is by no means efficient. It could easily be made more efficient by

1. Considering that M and S are subspaces, that is, that ye M= —pe Mandve S = —veS.
Thus, if M N R} # 0 and SN R} # 0, then MNIR"; # 0 and SN R"; # ) as well.

2. Using the implicit information given in step (i) that even though ker (A) N R = 0, there exists
an orthant ¢ with ker (4) N R? # (). For ¢ holds the following
5 0j,if Fi e {1,...,p} with E;; #0
/ 0, else.

The algorithm is available in the matlab file sign_comp_subs.m displayed below:

function E=sign_comp_subs( W )

% E=sign_comp_subs( W ) returns a matrix E whose columns correspond

% to those orthants of R"n that are sign compatible to the linear

% subspace that is defined by the matrix W: W is the orthogonal

% complement of the subspace under consideration. Each column

% vector e entirely consits of entries e_i=1, e_i=0 or e_i=-1, indicating
% x_i>0, x_i=0 and x_i<O0, respectively. Thus each e defines an

% orthant.

n=length (W)
M=combn([-1 0 1], n);
[Mnrows,Mncols]=size(M);

or_count = 1;
for i=1:Mnrows
disp(’Processing orthant:’); M(i,:)
[elm,num_modes,revs,mode_rates,fix_rates]= ...
elmodes_calc((diag(M(i,:))*W)’,[],[], ones(1,length(W)),
[1,1e-10, useMex’,’1%);
if length(fix_rates)==0
E(:,or_count) = M(i,:)’;
or_count = or_count+1;
end;

end;

The command [elm,...]= elmodes_calc(...) invokes a routine to calculated the generators of the
cone diag(M (i,:)) * W N IR%,. It is contained in the software package CellNetAnalyzer [32].
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D.3 Determining generators

The following steps were executed to derive the generators for all orthants where M N IRy # 0 and
SNIRY #0.

Step 1: Reformulate M and S: Let W = [wy, ..., w,| be a matrix whose column vectors are a basis for
S+ and B = [by,...,by] be a matrix whose column vectors are a basis for ML. Then all v € S
can be represented as {v € R" [ WTv =0} and all y € M as {u € R" | B p=0},ie.v €S
and p € M are in a form suitable for the algorithm described above (using either W or B as
matrix A).

Step 1: Determine all §; that are sign compatible to S: AS.
Step 1: Determine all §; that are sign compatible to M: AM,
Step 1: Determine A = AS 0 AM.

Step 1: For each §; € A calculate the generators of M N Ry and S N IR} (see the matlab file
all_cones.m).

The following matlab commands were used to perform these steps:

orthi=sign_comp_subs(W);
orthi_mu=sign_comp_subs (mu) ;

k=1;for i=1:length(orthi) for j=1:length(orthi_mu) if
(orthi(:,i)==orthi_mu(:,j)) Erg(:,k)=orthi(:,i);k=k+1;end; end;end;

MuCones=all_cones (Erg ,mu)

SCones=all_cones (Erg,W)
The matlab file all_cones.m:

function ConeSet=all_cones(orth_mat,w)
[Orows,0Ocols]=size(orth_mat);

ConeSet={};

ConeCounter=1;

for k=1:0cols
SomeCone = calculate_cone(orth_mat(:,k),w);
ConeSet (ConeCounter)={SomeCone};
ConeCounter = ConeCounter + 1;

end;

And the matlab file calculate_cone.m that calculates generators for a particular cone:

function C = calculate_cone( orthant, w)

[C, num_modes, revs, mode_rates, fix_rates] = elmodes_calc( ...
(diag(orthant)*w)’, [1, [1, ones(1,length(w’)), [1, le-10,
‘useMex’, ’1°);

if (num_modes > 0)
C=diag(orthant)*C’;
else
c=[1;
end;
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