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DYNAMICAL ELASTIC BODIES IN NEWTONIAN GRAVITY

LARS ANDERSSON, TODD A. OLIYNYK', AND BERND G. SCHMIDT

ABSTRACT. Well-posedness for the initial value problem for a self-gravitating
elastic body with free boundary in Newtonian gravity is proved. In the material
frame, the Euler-Lagrange equation becomes, assuming suitable constitutive
properties for the elastic material, a fully non-linear elliptic-hyperbolic system
with boundary conditions of Neumann type. For systems of this type, the
initial data must satisfy compatibility conditions in order to achieve regular
solutions. Given a relaxed reference configuration and a sufficiently small
Newton’s constant, a neigborhood of initial data satisfying the compatibility
conditions is constructed.

1. INTRODUCTION

In Newtonian physics, the two-body problem is solvable for point particles mov-
ing around their common center of gravity on Kepler ellipses. However, if one
considers extended bodies, the situations changes drastically. Assuming that a so-
lution exists for extended bodies, one can show that the centers of mass of the
bodies move as point particles, but existence could not be established for a long
time.

The first sucessful attack on the problem was made by Leon Lichtenstein [21]
who considered self-gravitating fluid bodies moving on circles about their center of
gravity. In this case the Euler equations for a self-gravitating system become time
independent in a coordinate system co-moving with the bodies. For the case of
small bodies or widely separated large bodies, Lichtensten showed the existence of
such solutions.

Well-posednedness for the Cauchy problem for fluid bodies with free boundary
was proved only recently. Lindblad [22] proved well-posedness for a non-relativistic
compressible liquid body (i.e. positive boundary density) with free boundary. In
this paper one can also find references to earlier work. A different proof of the
result of Lindblad that is valid for both the relativistic and non-relativistic cases
was given by Trakhinin [33].

The more singular case of fluids with vanishing boundary density is discussed in
[12, 17]. Unfortunately, the problem of proving well-posedness for self-gravitating
compressible fluid bodies with free boundary is still open in general relativity and
even in Newtonian gravity. However, see [23] for the case of self-gravitating in-
compressible fluids. See also [29, 10, 18] for results dealing with various restricted
versions of the Cauchy problem for fluid bodies in general relativity.

One can argue that the Cauchy problem should be simpler to handle if the bodies
consist of elastic material, since such a body can, at least in the case of small bodies,
be said to "have a shape of its own’. In this paper we solve the boundary initial value
problem for self-gravitating deformations of a relaxed body. In particular, consider
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a relaxed (i.e. with vanishing stress) elastic body in the absence of gravity. Then
we show existence of a self-gravitating solution for initial data close to those of the
static relaxed body and for a small gravitational constant. Thus, the motion of the
body will consist of small nonlinear oscillations around the equilibrium solution.

The Cauchy problem for a Newtonian elastic body with free boundary is, under
suitable constitutive assumptions on the elastic material, a fully non-linear elliptic-
hyperbolic initial-boundary value problem with boundary values of Neumann type.
The case of purely hyperbolic problems of this type is covered by a theorem of Koch
[19]. The method of proof of this theorem can be adapted to include the non-local
elliptic terms in the which appear in the system of differential equations considered
in this paper via the Newtonian gravitational field.

In order to achieve a regular evolution for the initial-boundary value problem,
the initial data must satisfy certain compatibility conditions. The problem of con-
structing an open neighborhood of initial data satisfying the compatibility condi-
tions given one such data set is discussed in the work of Koch. The work of Lindblad
contains a related discussion for the fluid case. For the case of a Newtonian elastic
body, we construct, for small values of Newton’s constant, initial data satisfying
suitable compatibility conditions near data for a relaxed elastic body in the ab-
sence of gravity. It should be noted that due to the presence of the Newtonian
gravitational potential this problem is non-local.

The situation considered in this paper has several interesting generalizations. If
we consider a large static, self-gravitating body, a relaxed state may not exist. Re-
stricting to the spherically symmetric case, solutions to the field equations can be
found by ODE techniques [28]. If we perturb the data slightly, there should exist so-
lutions with small oscillations around the equilibrium configuration. Our approach
allows one to consider also such more complicated problems; the essential difficulty
is the construction of the initial data satisfying the compatibility conditions and
not the time evolution. However, the results in this paper do no immediately cover
these more general situations. In particular, a proof of a suitable version of the
well-posedness result for the Cauchy problem, in these situations, requires a more
general treatment of potential theory in Riemannian manifolds. This problem will
be considered in a separate paper.

Given a solution u to the Cauchy problem for the Newtonian elastic body which
exists for for times ¢ € [0, T], one may conclude from the main result of this paper,
see theorem 4.3, that by choosing initial data sufficiently close to that of u, the time
of existence of the resulting solution can be arbitrarily close to 7. In particular,
given a a static solution, there exist nearby data such that the corresponding solu-
tion to the Cauchy problem has a time of existence not less than any given time 7.
The proof of existence of static self-gravitating bodies in Newtonian theory [6] could
be used together with a generalization of theorem 4.3 that allows for more general
initial data, as alluded to above, as well as a generalization of the construction of
initial data to show that shows that nearby data define solutions which exist up to
some time 7.

The treatment of two fluid balls in steady rotation due to Lichtenstein, which
was mentioned above, has been generalized to the case of elastic bodies, see [§].
Using these solutions in the manner just described, it is possible to obtain classes
of solutions of the two body problem in any prescribed finite time interval. We
leave these problems for later investigations.
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Global existence for small data is an important question. For unbounded fluids
in 3-dimensions, it is now known that shocks form for a large class of initial data
[31, 11], and it is widely believed that for most equations of state shocks will always
form for arbitrary small perturbation of constant density state. On the other hand,
there do exists small data global existence results for unbounded elastic bodies
provided the material satisfies certain additional conditions, cf. [32, 14]. For elastic
bodies of finite extent, it appears to be an open question whether there exists
solutions that are global in time or under what conditions shocks form.

Overview of this paper. The paper is organized as follows. Section 2 describes
Newtonian elasticity, sets up the basic equations and gives the conditions we impose
on the material. We derive the equations in the material frame and in spacetime
from a variational principle. Section 3 deals with the problem of finding solutions
to the compatibility conditions needed for the proof of local existence. Due to the
non-local terms in the equations, these condition imply conditions on the Cauchy
data on the whole initial surface. To find initial data satisfying these conditions, we
make use of some results from potential theory. These are developed in section 3.1.
Further, the Poisson equation must be studied in the material frame, see section
3.2. The results concerning the linearized elasticity operator which are needed can
be found in section 3.3. Section 4 generalizes Koch’s theorem and proves our main
theorem. Appendix A contains some background material for the function spaces
used in this paper.

2. NEWTONIAN ELASTICITY

2.1. Kinematics. The body B is an open, connected, and bounded set with a C'*
boundary in Euclidean space R%. We refer to R}, as the extended body. We consider
configurations, i.e. maps f: R% — B, and deformations ¢ : B — R with

fod=idg. (2.1)

Thus, the physical body is the domain in space RE given by f~1(B) = ¢(B).

We shall make use of the extension ¢ of ¢ to a map R — R% and let (X4) 4—1 2.3
and (l’i)i:l)zg denote global Cartesian coordinates on the body R‘;’g and the config-
uration Rgs spaces, respectively. Since we shall consider the Newtonian dynamics
of a body, we let f, ¢ depend on time, denoted by t. Equation (2.1) gives

At ot, X)) =X inB and ¢'(t, f(t,z))=2" in f7YB). (2.2)

AWritingAx” = (t,2"), we introduce f4, = 9,f* and ¢* 4 = da¢". In particular,
o =0 f*. We have

(bkAng = 5kg and ka(bkA = 6BA (2.3)
where these expressions are defined. This implies
9¢’ i afr
5 fB’i = —¢'5¢ka, and 3 ¢i: =B (24)

Let

in f1
Xf-1(8) = { (1) in I{Q% \(ljc)—l(B) (2.5)
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be the indicator function of the support of the physical body. Using the above
identities, one may calculate the variation of x j-1(5) with respect to 1A,
1B _
— s = 9" a0ixs-1 (s 2.6
a(f4) f=1(B) (2.6)
Let HAB = fA7ifB7j6ij and define Hap by HapHB® = 6,¢. Then Hap =
(biA¢j35ij. We have

OHAB
e = 26" A ), 2.7
9% o >0
Differentiating (2.3) gives the usual formulas for the derivative of the inverse,
8u¢iA = _¢iBauka¢kA 5 (2'8)
Opfit = — 14084 . (2.9)

We let v*0, = 0 + v'0; be defined by v“fA# = 0. This determines the vector
field v'(z) on RY uniquely in terms of f. The velocity field v*d,, describes the
trajectories of material particles. From the relation v, fA =0, we get

vl = — i 4 f .
On the other hand, time differentiating (2.2) gives
vi(t,z) = (") (¢, f(t,2)).
Thus, we have
OF"(t, X) = 9y (v* (¢, ¢(t, X))
= (0")(t, 6(t, X)) + 9 (L, 6(t, X)) 09" (¢, X)
— (00,0t B(t, X)).
Further,
V0" 9,0, f4 = —vr 0k fA, (2.10)
which shows that
Hapv"v” 9,0, 8 = 0", 0™ 8pmnd™ . (2.11)

The body B carries a reference volume element defined by a 3-form Vagc on B.
The number density n is defined, cf. [3, eq. (3.2)], by

FAFP O Vaso(f(2)) = n(@)eyn (z)
where €51, is the volume element of the Euclidean metric d;; on R%. Since we are
considering the Newtonian case with Euclidean geometry, we have simply

n=det Df.

The mass density is

p=nm (2.12)
where m is the specific mass of the particles, i.e. mV is the mass density! for the
material in its natural state, see [3]. See also [7] where the specific mass is denoted

po. We have the relation

% =ne's. (2.13)

Lour techniques allow for m to be a function on the body, m = m(X), but for simplicity, we
will assume that m is constant.
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The following equations for n follow from the above definitions, using (2.13),

Ou(nvt) =0, (2.14)
and
O(ne® 1) = 0. (2.15)
The elastic material is described by the stored energy function
e =e(f4, HAP).

The various forms of the stress tensor? are defined from the stored energy function
via
Oe A B
Tap = +t250mg s Ty =l Tas,

A B CA ] B gji
7% = [PitBcHY ", 1A' =nTapf”;07".

We have
e n L
= TA
a(f4)
86 A
- = —T;
9 a)
The elasticity tensor L;4; P is defined by
ort
LA = 1 2.16
A (210

It follows from this definition and the assumptions above that the elasticity tensor
has the symmetries
[iAIB _ [iBiA _ [iABj _ [AijB (2.17)
where
LIAIB — gilgik A B,
Clearly, we also have
Oati = Li*,P040p4".

2.2. Variational formulation. We derive the field equations for a self-gravitating
elastic body from the elastic action, supplemented by a term giving Newton’s force
law and Newton’s law of gravitation. The Lagrange density is of the form Aepias
where €p123 is the 4-volume element on spacetime R x R% in Cartesian coordinates,
and

A = AITaV +Apot _|_Akzn _|_Aelast

where
VU |?
Agrav —
8rG "’
APt = pUxp-1(8),
in 1
AP = §P02Xf71(5),

Aelast — _HEXffl(B) ,

2The sign of the stress tensor here is the opposite of that of o4p defined in [3, eq. (3.5)], but
agrees with the usage in [7, equation (4.2)].
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with xs-1(g) given by (2.5),
|VU|? = 0,U0;U8",

and
2

v? = vl ij.
2.2.1. Eulerian picture. The action in the Eulerian picture then takes the form

L= /A60123d3:0d:171d:172d:173

with A = A(U,0;U, f4, f40, f4;). The Euler-Lagrange equations are of the form
Ea =0, &y =0 with

e O 0A
AT a0
oA oA
~ =000 U

We have
& AU
UT ma — PXf-1(B)-
Next, we consider the Euler-Lagrange terms generated by variations with respect
to the configuration f4. A calculation using (2.15) shows that the factor PXF-1(B)

gives no contribution to the Euler-Lagrange equations, and hence the kinetic term
in the action gives

. OApin  OAFIT
kin __ a k _

IR TR R
= [0k(506" 40%) — OBt 6" 4) — Bt 06" )X -1,

which after some calculations, using (2.14) and (2.15), gives

—Eff" = —pv" 00" S d"™ AXF-1(B)
use (2.11)
= pHAB’U’u’UVfAXffl(B).
The elastic term gives, using (2.15) and (2.6),
Aelast aAelast
_(c/’zlast _ al - _ ~
o(f4)  of4)
= —6i(TAZXf—1(B)).

In view of [3, lemma 2.2], we have that the divergence 8;(7a’x-1(g)) is integrable
only if the zero traction boundary condition

TAJnj}Bffl(B) =0
holds, in which case the identity
8i(TAin—1(B)) = aiTAin—l(B)

is valid.
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Finally, the potential term gives, using (2.15) and (2.6),
Apot aApot
et — g — T
Aoy ot
= 0i(pd" aUx-1()) — ¢ 40iXf-1(B)
= p¢’ A0 UXs-1(5)-
Adding the terms, we have
—Ea = pHapv"v” 0,0, f* — 8;ma’ + pd' 40U in f~1(B), (2.18)
subject to the boundary condition
TAjnj‘f,l(B) =0.

Hence, we find that the Euler-Lagrange equations £4 = 0,y = 0 are equivalent to
the system

—pHABv“v”aua,jfB +0iTaA" = pd' 40U, in f71(B) (2.19a)
AU = 47TGpr—1(B), (219b)
TAini\af,l(B) =0 (2.19¢)

where n; is the unit outward pointing normal to df~1(B). These are the field equa-
tions for a dynamical elastic body in Newtonian gravity displayed in the Eulerian
frame. We note that, by using (2.11) and multiplying by f4;, equations (2.19a)
and (2.19¢) take the form

pv"0,v; —I—ajnj =po;U in fﬁl(B) and Tijnj‘6f7 0. (2.20)

LB~
2.2.2. Material frame. Similarly, the action in the material frame is given by
L£mat — / #* (Aeg123)dXd X dX2dX3

= / JA X Vs pedXAdXBdxC
where

J = (¢*n)"" = det(9a9¢")
is the Jacobian of ¢, and A™ = A (U, ¢, b, ¢ 4) is given by the relation

VU2 .
amet = VUl 8%';{ +(mU + 5mv? — s (2.21)

where g is the indicator function of the support of the body and U, € are defined
along the lines of [3]. In particular, U = U o ¢, and

VU3 = HABo,UdRU
is the pullback to R} of |[VU|? where we recall that
HAB _ fAifBj(Sij and fiA — (8,4@/)1.)71.
Similarly, € = € 0 ¢ so that € = €(f4;, HAP). We note also that
det(HAP) = det(f4;)? = J>.
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The Euler-Lagrange equations in material frame are & = 0,7 = 0 where

_g_ B aﬁmat 3 aﬁmat
O A
aﬁmat aﬁmat
—g* = 6 = —_— = .
U= "490.0)  o(0)

This gives the system of equations

—moi ¢ + 0a(7) = ms f04U  in B, (2.22a)
ApU = 47GJ 'myp in Ry, (2.22b)
vaTop =0 (2.22¢)

where v4 is the unit outward pointing normal to 9B,
FA = 5k J(fA ) 0 ¢
is the Piola transform of 7;7, and
H = HpdX dXP = ¢*(6;;dx'da?)
is the pull back of the Euclidean metric 6;;dz*dz? under the map ¢. Observe that
in (2.22b), we could also have used the notation p = J~'m since J~! = n o ¢.

Rescaling time and the Newtonian potential, we can write the evolution equa-
tions (2.22a)-(2.22¢) in the form

—07¢" + 047N — X267 fA0,U =0 in B, (2.23a)
AU =J 'mys inR%, (2.23b)
vatog =0 (2.23¢)
where
N = 47mG.
We note that the Poisson equation (2.23b) can be written out more explicitly as
Oa(JHAPORU) = mys. (2.24)

It follows from the symmetry properties (2.17) of the elasticity tensor that

ciap_ 0T
! 00p ¢

(2.25)
satisfies
[#AIB _ [jDiB _ [iABj _ [ AijB (2.26)
where
FiAj ik TiA
LB = gik[iA B,

Since we will be working in the material representation for the remainder of the
article, we will drop the B from the body space Rz and denote it simply by R3.
For latter use, we define the following nonlinear functionals:

E'(¢) = 04(74(0¢)), and  Ej(¢) = troprat” (99) (2.27)
where 0¢ = (0a¢?).
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2.3. Constitutive conditions. We make the following assumptions on the elastic
material:

(1) 74 is a smooth function of its arguments (9¢) in the neighborhood of the
identity map
Yo RE— R (X)) — (05(X) = X9,
(2) the identity map is an equilibrium solution to (2.23a)-(2.23c) for A = 0,
ie.
(B (%0), Ey(t0)) = (0,0),
and

(3)

a4, B = LiAjB‘
09=0v0

satisfies the following properties:
(a) there exists an w > 0 such that

a" B (X)) aninp > wlé)?|n|?

for all £, € R3, and
(b) there exists a 7 > 0 such that
%aiAjBUiAUjB > lo]?
for all o = (0;8) € M3x3 with 0,5 = 0p;.

We remark that condition (2) above is satisfied for a stored energy function which
has a minimum at some reference configuration. See [3, equations (3.20)-(3.22)].

3. CONSTRUCTION OF INITIAL DATA

In order to prove the existence of dynamical solutions to the evolution equations
(2.23a)-(2.23c), we first need to construct initial data that satisfy the compatibility
conditions to a sufficiently high order. The compatability conditions are defined as
follows.

Definition 3.1. Fixing s > 3/2 + 1, we say that the initial data
(61=0, Belemod’) = (6, #1) € W L2(B,R?) x W*2(B,R?)

satisfies the compatibility conditions to order r (0 < r < s) if there exists maps

¢ e WHI=E2(B R £=23,...,r
that satisfy

0y 2 (—07" + 0aTh — N2V f04U)|,_, =0 in B,
Of (AU — J 'mxs)|,_, =0 in R
O (vat)os)|,_, =0,

for £ =0,1,2,...r where, after formally differentiating, we set 0f|;—o¢* = ¢i.

li=o
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3.1. Potential theory. Before we can solve the problem of existence of initial data
satisfying the compatibility conditions and the time evolution of this data, we first
need to develop some potential theory. To begin, we set By = B, B_ = R?\ B, and
let

1
4| X - Y|
denote the Newton potential so that AE = §. We also let S and D denote the
single and double layer potentials

S[f)(X) = / E(X.Y)f(Y)do(Y) X ¢0B

oB

E(X,Y)=—

and

/ —E X, V)fY)do(Y) X ¢ 0B,
o Ovy

respectively, where do is the induced surface measure on 93, and v is the outward
pointing normal. Restricting to 05, we have for X € 0B that

[f”aB(X)_/BBE(va)f(Y)dU(Y) and  D[f]], (X) = (£3] + K)[f](X)

where

0

K[f](X)=PV. / —EX,Y)f(Y)do(Y).

o Oy

Further,
0
58[][] lagi
where K* is the adjoint of K. We recall the following well known relations between

the boundary value problems for A in B4 and these potentials:

(i) The solution to the Dirichlet problem

= (I + K*)[f]

Au=0, tropu =71
on By is given by
u=DIf]
where f solves
(£3T+ K)[f] = .
(ii) The solution to the Neumann problem
0
Au=0, trogp—u=7
v
on B4 is given by
u=S[f]+C
where f solves
(F3 + K1 =v,

and C' is an arbitrary constant. The solution exists if and only if |, gV do =
0.
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For the moment, we consider the interior Dirichlet and Neumann problems on
B = B. The solution for the Dirichlet problem has the property that

u€e WP(B) if trgpu € Bsfl/p’p((?B), (3.1)
while for the Neumann problem, we have
0
u€WP(B) if trop-u € B~ 1=Ure(9B).
These results are classical, see [2]. Defining the volume potential of a density f in
B to be
V) = A7 (Pe)(X) = [ By ay,

we abuse notation and say that V[f] € W¥P(B) if the restriction to B has this

property, and similarly for the other potentials. Using the fact that x4 E(X,Y) =
—0yaE(X,Y), we have

OAVIIX) == [ OyaBX YY) &Y,
B
This gives, after a partial integration,
OaV[f] = V]oaf] — Sltrosfr?. (3.2)
Let u be the solution of the Dirichlet problem
Au=0, trogpu=1.

By Green’s theorem, we have

/(Ayu(Y)E(X, Y)—u(Y)AyE(X,Y))d®Y =
B

/68 (%U(Y)E(X, Y) - u(Y)%E(X, Y)) do(Y).
Since u solves the Dirichlet problem with boundary data v, and
AyE(X,Y)=46X-Y), (3.3)
this gives
Dlul|s = S[traB(%U] + u. (3.4)
Upon taking the limit from the interior at 0B, we have
(%I+K)[u]|aB:S[traQ u] + u.

Consider a metric gap on R3 with covariant derivative V4. Let {€a}a=12 be a
tangential frame on 9B, and let hyp, denote the induced metric on 9B with covariant
derivative D. Let a vector field £ be given. Decompose £ into tangential and normal
component at 0B,

&= P, + (&, v)v.
Introduce a Gaussian foliation near 9. Then g takes the form
gapdXAdXP = dr® + hay(y, r)dy" dy

where y* are coordinates on 0B. Extending v in a neighborhood of 9B using a
Gaussian foliation, we have

VAgA = habvagb + (Vé)(u, V)'
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The last term vanishes due to V,v = 0, which is valid in a Gauss foliation. Then
we have

Vaeh = V& = h** (Do Py — Aap (€, 1))

where A\ = (Vav,ep) = %El,hab is the second fundamental form. Let H = A%\,
denote the mean curvature of 9B. Then we have

D, P® = H{£,v) + V A&7,

Now specialize to the Euclidean case; let gap = dap be the Euclidean metric and
let & = 4 for some fixed A. Then V44 = 0, and we have

D,P® = Hv™, (3.5)
For X € B, we calculate using (3.3) and the divergence theorem that
aS[f1(X) == [ f(Y)P*DoE(X,Y)do(Y)
oB
0

15] vy

- an(Y><v,8yA> E(X,Y)do(Y)
= / (Do Pf(Y)+ P*D,f)E(X,Y)do(Y)
oB
[ 8,0 5 By do (Y ).
oB Vy

Thus we have by the above result and (3.5) that

OaS[f] = S[fHV" + 0\, f] — DIfv4]. (3.6)

Proposition 3.2. The operators S, %I + K have the mapping properties
L1+ K :BFYPr(9Q) — BF-1/Pr(9Q), (3.7a)
S :BF1=YPP(90) — BFY/PP(90), (3.7b)

fors=k—1/p, k > 1, k an integer. The corresponding statements for the single
and double layer potentials are

D: BFYPP(9Q) — WEP(Q) (3.8a)
S: BFITVPP(90) - WEP(Q) (3.8b)
for k> 1, k integer.

Proof. We use induction to reduce the statement to the case k = 1. This case
follows from [15], see also [26]. Suppose then that we have proved the statement
for k — 1. To do the induction, assume f € B¥~1/P2(9Q). Let u be the solution
to the Dirichlet problem with boundary data f. Then u € W*P(€), and setting
¥ = tragu, we have ¢ € BF~171/PP_ Equations (3.4) and (3.6) give

= S[YHV' + )] — D[pv'] + Opeu

which by the induction assumption is in W*~1P. Tt follows that D[f] € W*P(Q)
and hence (31 + K)f € BF=1/pP(9)). This proves the statement for for D and
(I + K) at regularity k.
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Next, for S, we use the equation (3.6) for f € BF~171/P2(9Q). Using the
induction assumption and the statement for D and (%I + K) just proved, we have

0, S[f] € WP,

which gives S[f] € W*P(9Q), and S[f] € B*~1/P?(9Q). This completes the induc-
tion and the result follows. O

Ezample 3.3. Let f € WHP(Q). Then traqf € B'"Y/PP and V[d,: f] € W?P(Q).
Further, S[trapqfr?] solves a Dirichlet problem with boundary data S[traofv?] €
B?~1/Pr(9Q), and hence Sltroqfr'] € W2P. Tt follows, in view of (3.2), that
(Vf)xa € WHP(Q).

Ezample 3.4. Let f € WP (B). We have

Since 0, f € WHP(B), we have from Example 3.3 that V[0,: f] € W3P(B). Further,
troaf € B2~1/PP(9Q) and hence S[trpq fvi] € W3P(B). Therefore V[f] € W4P(B).

Proposition 3.5. Let k > 1, and assume f € W*P(B). Then V[f] € WF+2P(B).

Proof. The proof proceeds by induction, with base case ¥ = 1. For this case,
the statement follows by the argument in Example 3.3. Suppose we have proved
the statement for k — 1. We will make use of the identity (3.2). By induction,
V[0, f] € WFHLP(Q). Further, trapof € B*1/P and hence by (3.7), S[tronfvi] €
BFF1=1/P(9Q). Tt follows by (3.1) that S[tranfr'] € W*+LP(B). This shows that
0,:V[f] € WF+LP(B) and hence V[f] € Wk+2P(B). O

Similar arguments combined with the mapping properties (A.7)-(A.8) of the
Laplacian on the weighted Sobolev spaces can be used to establish the following
proposition for the volume potential on B_.

Proposition 3.6. Let k > 1, —1 < § < 0, and assume f € Wff;(B_). Then
V[f] € WETP(BL).
3.2. The Poisson equation in the material frame. The next step in solving
the problems of the existence of initial data satisfying the compatibility conditions
and the time evolution of this data is to establish a number of smoothness properties
for solutions to the Poisson equations in the material frame. We begin by defining
the spaces
WESP(R?) = {u € WPPR3, V) | ulg € WH*P(B) and ulp. € WSTP(B_)}

for 1 <p<oo, k€Zandd e R. It is not difficult to verify that these spaces are
complete with respect to the norm

||U||W§,s,p(R3) = |‘“|B|‘W’€+Svp(8) + H“|Bf||W§+SvP(37) + ||u||W§,p(R3), (3.9)
and hence Banach spaces.

Theorem 3.7. Suppose 1 <p <00, $ € Z>g, s+1>3/p, and =1 < § <0. Then
there exist an open neighborhood OT2P C Ws+t2P(B R3) of 1, and an analytic
map

U OF2P 5 WISP(R®) & ¢ — U(9)
such that
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(i) U(¢) satisfies the Poisson equation (2.23b) on R?,

(ii) for each ¢ € (5”2’7”, the map ¢ = vo+Ep (¢—1/)0|B) is a C diffeomorphism
on R3 that satisfies p—py € W2T5P(R3,R3) € CL(R3,R?) and ¢~ —1p €
W27 (R, R?),

(iii) U=U(¢)op™ ' e W[;Q’p(ﬂ@) satisfies the Poisson equation AU = mpX4(s)
on R® and U(x) = o(|z]°) as |z| — oo, and

(iv) for k € Z>1 and k < s+ 1, the derivative of U can be extended to act on
WkP(B), and moreover, the map

O°t2P 3 ¢ —s DU(¢) € L(WF?(B))
is well defined and analytic®.
Proof. (i) Fix 1 <p < oo, s+1>3/p,and —1 < § < 0. Given ¢ € W2+P(B), we
define ~ _ _ _
¢ =10 +Ep(®), ¢4 =0a¢", and (') =(¢4) "
Since matrix inversion and the determinant both define analytic maps in a neigh-
borhood of the identity, it follows from (A.6), proposition 3.6 of [16], the continuity
of extension and differentiation, the analyticity of continuous linear maps, and the
property that the composition of analytic maps are again analytic that there exists
a R > 0 such that the maps
Br(W P (B,R?%)) 3 ¢ — det(¢}) — 1 € W TPP(R?) (3.10)
and
Br(W*P(B,R%)) 3 ¢ — (f — 61) € W TPP(R3, M3y 3) (3.11)
are well defined and analytic. Recalling that HAZ = fA§% fJB, we see from the
same arguments that the map
Br(W?tsP(B,R%)) 3 ¢ — JHAP — 648 ¢ W' T5P(R3 M) (3.12)

is analytic where J = det(¢%). Using the multiplication inequalities (A.2) and
(A.6), we find that

104 (THAB05T) | yllwesi S 10llwasesqo o |0lslwscnsiy,  (313)

HaA (JHABaBU) ’87 HW;’:D(B,) S ||Q/JHW2+5’P(B,R3)HU|37 ||W52+S’p(37) (314)

and

04 (JHAB@BU) ||W§;P2(R3) < ||1/’||W2+S,P(B,R3) ||U||W§vP(R3)- (3.15)

From the analyticity of the map (3.12), the bilinear estimates (3.13)-(3.15), the
analyticity of continuous bilinear maps, and the property that the composition of
analytic maps are again analytic, it follows that the
Br(W?P(B,R?)) x Wi*P(R®) 3 (¢, U) — 04 (JHAPORU) € WP (R?)
(3.16)
is well defined and analytic. Together, (A.7), and Propositions 3.5 and 3.6 imply
that
A~V (xs) € WITP(R?), (3.17)
and the Laplacian
A W2PP(R?) — WP (R) (3.18)

3For a Banach space X, L(X) denotes the set of continuous linear operators on X
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is an isomorphism with inverse given by (A.8).
From (3.16), (3.17), and (3.18), we see that

F: BR(W*™P(B,R?)) x Wy*P(R?) — W*P(R?),
(6, 0) — A7 (0a(JHAPORT) — mxs)

is well defined and analytic. Evaluating F' at ¢ = 0 gives

F(0,U)=A"" (AU - mng),
which shows that -

Uo = mA™ (x5) € WP (R?) (3.19)
satisfies -

F(0,Up) =0. (3.20)

Also, by the linearity of F in its second argument and the invertibility of the
Laplacian, it is clear that

F(0,0) 60 = A~ (Aaﬁ) =40 (3.21)

Results (3.20) and (3.21) allow us to apply an analytic version of the implicit
function theorem (see [13], theorem 15.3) to conclude the existence of a unique
analytic map, shrinking R if necessary,

U : Br(W*sP(B,R%) — WP (R?) (3.22)
that satisfies - -

U(0) = Uy,
and -
F(y,U@®)) =0 Y4 € BR(W**>F(B,R?)).

From the definition of F' and the invertibility of A~!, it then follows that U(v))

satisfies -
Oa(JTH*POpU (¥)) = mys. (3.23)

(ii) & (iii) Following Cantor [9], we consider the following group of diffeomorphisms
on R3
DyI(R%) :={¢: R®> = R*| ¢ — hp € W4(R? R?), and ¢~ " — 1hp € W;4(R? R?) }

where s > 3/q+ 1 and 1 < 0. Fixing ¢ € BR(W?T5P(B,R3?)), we get from (3.10)
and (3.11) that

¢ = o(yp) € DXGP(R?).

Defining, ~
U:=U@)og?, (3.24)
we can apply Corollary 1.6 of [9] to get?
U € W2P(R®). (3.25)

A straightforward calculation using the chain rule and (3.23), (3.24), and (3.25)
then shows that B
AU = mdet(D(¢_1))X¢;(B),

4n [9], Cantor required that 6 < —3/2 because that was what he needed to prove the weighted
multiplication inequality (A.6). It is clear that his proofs are valid whenever the multiplication
inequality holds and Wf'p C C;. Consequently, the only restriction on ¢ is that § < 0.
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while the fall off condition U(z) = o(|z|?) as |z| — oo follows from the weighted
Sobolev inequality (A.5).

~ (iv) To begin, we assume that k& = 1 and observe that for §" € W'?(B) and
U e W?sP(R3)

IE5(0c0")08U || e 23y < 0c0°08U || Lo(s) + |Es(0c0")08U ||z (5_)
N ||9||W1”’(B)||U|B||W§+2‘p(6) + ||0||W1vP(B)||U|B, ||W;+21P(57)
S 0llwre @ 1T w2.om 3 (3.26)

where in deriving the result we have used property (A.9) of the extension operator
Eg, the multiplication inequalities (A.2) and (A.6), and the assumption 14+s > 3/p.
Letting
1 - ] )
0P,
we get, using the estimate (3.26) and the same arguments as above, that for R
small enough the map

Ga : BR(W*TP(B,R%)) x W'P(B,R?) x Wy *P(R?) x WP (R?) — W, P (R?)
(', 0°,0,V) — JH*P 0V + H{* P Ep(0c0")0p(U)

is analytic. From the continuity of differentiation and the trace map, we then have
that the map

G : BR(W?t5P(B,R?)) x WHP(B,R3) x W2 *P(R3) x W, P(R?) — W; 5P (R?)
defined by

G(djiu 91', U7 ‘7) = 8AGA(Q/JZ.7 iBa Uu V)
is analytic. Taking Uy as defined by (3.19), a straightforward calculation and the
invertibility of the Laplacian show that
G(0,0,Up,0) =0 and D4G(0,0,Up,0) -6V =6V.

Therefore, we can again apply the analytic version of the implicit function theo-
rem (see [13], theorem 15.3) to conclude the existence of a unique analytic map,
shrinking R if necessary,

V : Br(W?*2(B,R%) x WhP(B,R?) x (Uy + BrR(W;*?)) — W, P(R?) (3.27)

that satisfies
V(0,0,Ug,0) =0,
and
G(djz7 7B7 Uu V(¢l7 B> U)) =0
for all (¢7,07,U) € Br(W?t*P(B,R3)) x WIP(B,R?) x (U + Br(W;*P(R?))).
From the construction of GG, and the uniqueness of the maps (3.22) and (3.27),

it is not difficult to verify that

V(9" 0469, U()) = DU($)-0¢  ¥(3,0¢) € Br(W**P(B,R?))xW***P(B,R?).

From this and the density of W**12(B) in WP(B), it follows that the derivative
of U can be extended act on WP?(B), and moreover, that the map

Br(W?T*P(B,R%)) 3 ¢ — DU() € L(WP(B)) (3.28)
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is well defined and analytic. By (3.22) above, we also have that the map
Br(W?T5?(B,R?)) 3 ¢ — DU(3p) € L(W?*T5P(B)) (3.29)

is well defined and analytic. Together, the maps (3.28)-(3.29) and interpolation
imply that the map

Br(W*(B,R*) 5 ¢ — DU() € LIW*"(B))
is well defined and analytic for k € Z and 1 < k < s + 2. O
Corollary 3.8. The map
A OF2P Wethe (B, R3)

defined by

A (9) = =0 040 (0)  ((F) = (9a0")7")
is analytic. Moreover, for k € Z>1 and k < s+ 1, the derivative of A can be
extended act on WEP(B), and the map

O*2P 5 ¢ DA(¢) € L(WHP(B), WF=12(B3))
is well defined and analytic.

Proof. This follows directly from theorem 3.7, the multiplication inequality (A.6),
proposition 3.6 of [16], and the fact that compositions of analytic maps are again
analytic. O

3.3. The linearized elasticity operator. We define the operator linearized elas-
ticity and boundary operators by

A(¢)" = 0p(a'® ;P 0pe?) (3.30)
and

Ao(¢)' :=vpa'?;Pop¢’, (3.31)
respectively. We also define

ysp — Ws’p(B,R3) ~ BS+1—1/p’p(8B,R3),
and for each ¢ € W*T2P(B,R3),
Y = {(b,t) € Y¥P|Ci(b,t) =0, Ca(,b,t) =0}

where
Ci(b,t) = / b +/ t, (3.32)
B oB
and
Cg(¢,b,t):/bx¢+/ tx o (3.33)
B oB
Here, we are using the notation
(bx ¢) =e ka]qﬁ , (3.34)

/b—/de (3.35)
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/aBt_/BBtda. (3.36)

For later use, we recall the following theorem from [24] concerning the surjectivity
of the linearized elasticity operator.

and

Theorem 3.9. [[24], theorem 1.11, Section 6.1] Suppose 1 < p < 0o, s > 0, and
P:Y*P — Y P is any projection map. Then the map

A WP(BRY) — Y ¢ — P(A(6), Ao (9))
is surjective and
kerA ={a+bx X|a=(a"), b= (b") € R?}
where (bx X)! = €407 XA,
Remark 3.10. Letting

) 1 )
Xi=——— [ XId*X
Vol(B)/B d

denote the center of B, a short calculation using the change of coordinates X7 =
X7 — X7 and B = B — X shows that

/ X' dPX = / X - X7 d*X.
B B
Therefore, we can always arrange that

/ XId3X =0 (3.37)
B

by translating the domain 5. For the remainder of this article, we will always
assume that the condition (3.37) holds.

Next, for p > 3/2, we define the spaces

xor = {o e W (B, R?) }/ 6=0},
B
and observe, using Sobolev’s and Holder’s inequalities, that

‘/zs(b X ¢’ <o x Yllprsrs) S N9l L) |1V L1 (8,23

S 1 llwzrsrs) 9] Le (8,R3)
S ollwztsr w3l llwer8,rs)

from which the continuity of the bilinear map
B : X*t2P x X% — R3 . (¢,1/))»—>/¢><1/)
B

follows. Setting
By(¢) := B, 1),
we define for p > 3/2 the following spaces

UP = {1 € X*P| By : ker AN X*T2P — R? is an isomorphism }.
Lemma 3.11. ¢y € U%P for all s >0 and 3/2 < p < 0.
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Proof. By (3.37), we have that

Yo d*X = / Xid3X =0,
Be B

/a+be:/a+b></X:Vol(B)
B B B

for all a,b € R3. Consequently,

and

1/)0 € X57p7
and
ker AN X*T2P ={bhx X |be R*}

by theorem 3.9. Next,

Bwo(be):/

B

(be)xz/Joz/B(be)xX
— [xbx -oixp,
B

which, after taking the innerproduct with a € R3, yields

b-BwO(be):/B(X-b)(X-a)—a-b|X|2.

The Cauchy-Schwartz inequality shows that

(X -0 = [pPIX[* <0
and

(X-b)2—b*IX|*?=0 VX eB«=b=0.
Combining (3.40)-(3.42), we arrive at
b-By,(bx X)=0<=b=0.

By way of contradiction, suppose that the map

ker AN X5T3P — R3

19

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

is not surjective. Then the image By, (ker AN X*%2?) is contained in a two dimen-

sional subspace, and therefore, there exists a non zero a € R3 such that

a-By,(bx X)=0 VbeR3

But this is impossible by (3.43), and hence the map (3.44) is surjective. Since

dimker A N X*+2P = 3 the map (3.44) must, in fact, be an isomorphism.

O

3.4. Existence of initial data satisfying the compatibility conditions.

Lemma 3.12. Suppose that Yo, V1, ...,Vr, and Z are Banach spaces with contin-

uous (linear) embeddings
L’Ljyl—)yj i,jE{O,l,...,T},i<j,
U C Y, is open, and F € C" Y (U, Z). Then the map defined by
d’l‘

Fr(yo,y1, -5 yr) = e t_OF(c(t)) where c(t) =Y t/1,(y;)
_ =~

s in Cl(La)i(U) X H;Zl Vi, 2).
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Proof. Since U € Y, is open, it follow from the continuity of the map ¢, that
Lo (U) C Yy is open. Next, fix yo € 15 (U) and y; € Y for j =1,2,...,r. Then
the continuity of the maps ¢;, : Y; — Y, and 1, (y0) € U guarantees the existence
of a & > 0 such that

c(t) = itjbj7T(yj) eU VYite(=6,0).

§=0
Clearly, this implies that ¢ € C*°((—46,6),U), and hence, that the map

T ey ez

La,i(u) X Hyj 5 (Yo, Yr) T o
j=1 N

is well defined and continuously differentiable. (|

Proposition 3.13. Suppose 3 < p < 00, s € Z>q, and Os+2p C Wt2P (B, R3) is
the open neighborhood of vy from theorem 3.7. Then the maps (see (2.27))

E : O°t2P 5 W5P(B,R?),

Ey : O5T2P — Bst1-1/pp(pP)
are C*°.
Proof. First, we recall that, by assumption 7*4, is a smooth function of its argu-
ments d4¢" in the neighborhood of the identity map 1§. Since p > 3 and s > 0,
we have that s+ 1 > 3/p, and it follows from theorem 1, Section 5.5.2, of [30], and
the continuity of differentiation (cf. (A.1)) that the map O*t2P 3 ¢ — 74 €
WetLp(B RS is C°°. The proof then follows directly from the continuity of the
trace map (A.3). O

s+2,p ~S+2 P )(S+2 P
O P — O PN ) ,

we have that
P € O°FHP
by (3.38). We also define®
F: OFP x X9P xR — Y5 x R® : (¢g, g2, A) — (F(¢o, 2, A), B¢, tho))
where
F(¢o, d2,N) = (E(o) + NA(o) — ¢a, Ea(¢o)),
and we let
P:OT2P 5 L(YSP,YP) (3.45)

denote any C*° map for which Py, coincides with the projection operator from
theorem 3.9. Furthermore, we assume that for each ¢ € O*+2?, the linear operator

P(¢O)|Y;6p : Y;OP — onp (3.46)
is an isomorphism and
YS$P = Y(;’p (&) keI‘P(d)()). (347)
The existence of a map (3.45) satisfying (3.46) and (3.47) can be found in [20].

5For two Banach spaces X and Y, L(X,Y) denotes the set of continous linear maps from X
toY.
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For r € Z>(, we define
T
¢r = (¢05¢15"'7¢T) )
T t]
60(8) = b0+ YN0,
j=1

T tj
Gra(t) = /\ﬁéf’ﬂz,
)

and
F0(¢07¢27)\) = F(¢07¢27)\)7

Fi(1,05, ) = 5 (Fi(s, 63, N, 120, ), AB (Yo, 61)

1 d"
Frio(b,, ori2, A) = X (]:7"+2(¢r+27 Gria, N), a

Bléo(h), ¢0,2(t))) r>0)

t=0

where
s

d
Frl@, bria, N) = prl

Remark 3.14. Under the identification
or = (079)|,_o»

it follows from the definition of ¢, (¢) and ¢, 2(¢t) above that

T 6r(1),0r2(6), V).

dr ) e
ar t:0¢r(t) :)‘(at@}t:o and s

_ Oral®) = A7),
Moreover, under this identification, we have that
F(¢o0,¢2,A) =0
if and only if
(0a71(09) = X267 f04U(¢) = 99" )|i=0 =0 and  (vaT'*(99)|o5)|i=0 = 0.

Also, by repeatedly differentiating the equations of motion (2.23a)-(2.23c¢), it is not
difficult to see that

]:r(d)ru ¢7‘+27 )‘) =0 (348)
if and only if
0] (0474 (06) = A\*6" [ 04U (¢) = 07 ¢ ) |i=0 = 0 and 3] (va7*(9¢)|a5)| =0 = 0.

This shows that solving (3.48) for » = 0,1,...,¢ will produce initial data that
satisfies the compatibility conditions to order £.

In order to use the implicit function theorem to solve the equations (3.48), we
need to introduce the following maps which are a closely related to the F, and F,
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maps introduced above:

g(¢07¢27 )‘) = P(¢O)I(¢Ou¢27)\)u
GO(¢07¢27)\) - (g(¢07¢25 A),B(?/)O,(b())),

G116 3) = 5 (G1 (b1, 63X, AB(Wo,61)
G’I"+2 (¢r+25 ¢T+47 )\)

_ 1 fa ‘ G t \) d
— N dtr+2 =0 r+2(d)r+2( )7¢7‘+47 7dt,r ‘0

T

B(%(t)a(bo,z(f))) , (r=0)

and

GO(d)Ou ¢27 )‘)
Gl (d)lu ¢37 )‘)
Gr(¢r7 ¢7‘+17 ¢T+27 )‘) =
G’I‘—l(d)r717 (b’r‘-‘rlu )‘)
G, (d)ru ¢r+27 )‘)

where
T

d
gT(¢r7 ¢T+25 A) = %

Proposition 3.15. Suppose s € Z>, and 3 < p < co. Then the maps

g(¢r (t>a ¢r,2 (t)v )‘)

t=0

r+2

F. . OsT2p « (H W”Q*j’p(B,RB)) xR — V5P x R3
j=1
and
~ T+2 .
G, : O°T2P « (H WS”*”’(B,RP’)) X R3 — V5P x R3
j=1
are C1.

Proof. First we note that the maps Fy and G are C*° which follows from Corollary
3.8, proposition 3.13, and the smoothness of the map (3.45). The proof then follows
immediately from lemma 3.12 and the definition of F,. and G,. O

Introducing
E(9,N) = (B(¢) +X*A(9), Eo(9)),
we get that
Fo(o, ¢2,A) = (E(do, A) — (¢2,0), B(o, ¢0)),
and it follows easily from the definition of the F, maps above that

Fl(d)17¢37)\) = (D¢g(¢07)‘) : (bl - (¢370)7B(w07¢1))7

and

F2(¢27¢45 A) = (D¢g(¢05 A) ! ¢2 - (¢4;0) + AD;E‘(QSO; A) ! ((blv(bl)aB((bOa ¢2))

Proceeding inductively, we obtain for r» > 1,
F’r(d)rv ¢7‘+27 )‘) = (Dti)g((bfh )‘) : (b’r - (¢T+27 0)7 B(¢07 ¢7‘)) + )\FT(d)r+17 )‘) (349)

where the map F) is C*. Setting,
d’l"
P, =— P(or(t)),
(@) = 2| P6.(0)
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the product rule shows that
"/
G620 = Y (D )Prss00 )Fi0p 05000 (350)
j=0
This and (3.49), in turn, give

G’I" (¢ra ¢T+27 )\) = (P((bo) I:qug((bOv A)'¢T_(¢T+27 0)] 5 B((bOv ¢T))+)\é7“ (¢r+1a A) r Z 1
) (3.51)
where G, is C.
Letting
¢r = (1/}0705"'70)5
it follows directly from (3.51) that the derivative of G, evaluated at (@,., ¢r41, Pri2, ) =
(v,.,0,0,0) is

D¢TGT(2/JU, 0,0, 0) 0, =A-00, (3.52)
where
L(vo) 0 M(3bo) 0 e 0
0 L) 0 M (%)
0 L(to) M (o)
0
0 0 0 e 0 L(vo)
L(thg) - 61 = (P(vo)Ad, B(vg, 6v)), (3.54)
and

M((tho) - 6¢ = (—=P(t0)(6¢,0),0).
We note that in deriving (3.52)-(3.53), we have used
E(0,0) =0 and DyE(1o,0) - d1p = Adip.

Although our main objective is to solve the equations (3.48), we first solve G, = 0
and later show that this implies that compatibility conditions are satisfied to order
r. To solve G, = 0, we use the implicit function theorem. The proof we present is
modeled on the existence proof for static, self-gravitating elastic bodies presented
in [7].

Proposition 3.16. There erists an \g > 0, open neighborhoods Nyyq C XsT1=mp
and Ny,yo C X~ 7P both containing 0, and C' maps

Dy i Noy1 XNog2 X (=Ao, Ao) — X272 1 (¢, frpa, A) — @5 (drgr, drya, N),
for 5 =0,1,...,r, such that

04(0,0,0) =, @,(0,0,0)=0, j=1,2,...,r
and
G (@ (Dri1s Grr2), i1, G2, A) =0 V(i1 Gri2, ) € Noj1 X N2 X (=0, Ao)
where ®, = (Pg, P1,...,P,).

Proof. We begin by verifying the the linear operator (3.53) is an isomorphism.
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Lemma 3.17. For s € Z>, and 3 < p < oo, the map
- T T
A JIxer — JI(ve77 x R?)
j=0 j=0
is a linear isomorphism.

Proof. By lemma 3.11, 19 € U*P and so it follows from the definition of L(tg) (see
(3.54)) and theorem 3.9 that £(1)g) : X5+279P — Y$77PxR3 is an isomorphism for
7 =20,1,...r. The proof now follows immediately from upper triangular structure
of the map A (see (3.53)). O

Recalling that (1) = 0, it is clear from the definition of F that
F(%0,0,0) =0,
and hence, by the antisymmetry of the map B, that
Go(10,0,0) = 0.
Furthermore, it clear from (3.51) that
Gi(;,0,0)=0 j=1,2,...,m

which, in turn, shows that

G.(v,,0,0,0) =0. (3.55)
The proof of the proposition now follows proposition 3.15, lemma 3.17, and the
implicit function theorem. ([

Theorem 3.18. The maps ®; j =0,1,...,7 from proposition 3.16 satisfy
Fi(®j(¢rs1, Orr2), Djga(bran, dr42),A) =0 j=0,1,...,7 =2,
Fr1(®r_1(dri1s dra2), b1, A) =0 and  Fr(Rr(dry1, dri2), dri2, A) =0

for all (¢r+41, dr+2,A) € Ni1 X Niga X (=0, Ao)-
Proof. Tt is shown in [7] that

C(E(¢.A) =0 and Ca(¢,E(¢,N) =0 (3.56)
are automatically satisfied for all ¢ € O*T2P and —\g < A < \g. Setting

Ei(gj,A) = ((br(t),/\) J=0,1,...,m

dtJ
the formulas

Ci(&i(¢;,A) =0 and Z()@ Oy &k, N) =0 j=0,1,...,r

follow from differentiating (3.56). In particular, this implies that the maps ®; from
theorem 3.16 satisfy

Cl (gj(‘I’j (¢r+1;¢r+27)\));/\)) =0 for j = O, 1, e, T (357)
and for j =0,1,...,7r— 2,
J

> (i)& (®r (P11, Pri2; A)s Eji (Bj i (Dri1, dri2, M), A)) =0, (3.58)

k=0
for all (¢7«+17 ¢T+2, /\) S ./\/;url X Nr+2 X (—/\0, /\0)



DYNAMICAL ELASTIC BODIES IN NEWTONIAN GRAVITY 25

Next, we note that

Ci((¢5,0)) =0, Vo, € X597, (3.59)
and
& 47
271, B(85(8):62,5(1) =0 4= —|  Ca(;(1), (62,-(1),0)) =0
<:>Z< >02 Ok, (Bj+2-1,0)) = 0. (3.60)
If we define

Pri1(Pri1s Graz, A) = drp1 and - Prio(dri1, driz, A) = drg2,
then it follows from (3.59), (3.60), and the definition of G, that the maps ®; satisfy

C1(Pj(Prs1, Pri2,A),0) =0 5=0,1,...,r+2, (3.61)

and
] .
Z ( )CQ (I)k ¢T+17¢7‘+27 )7 ((I)j+2—k:(¢’r+lu¢7‘+27)‘)70)) =0 .7 = 07 17 e, T
=0
(3.62)

for all (¢ry1, Pry2, A) € Nog1 X Nogz X (—Xo, Ao).
Fixing (¢r+1; ¢r+27>\) S ./V;url X Nr+2 X (—/\0,)\0), the identities (357), (358),
(3.61), (3.62) and the definition of the maps F; show that

Cl (]:j((ﬁj(¢7‘+17¢7‘+27 )‘)7 q)j+2(¢7‘+17 ¢T+27 )‘)7 )‘)) = 07 (363)

and

i,
Z ( )Cz D (D1, Prr2s N)s Fjmk (b (Drs1, 2, A)s @jok (Bran, b2, A), A)) =0
(3.64)
for 0 < j < r, while
Go(Po(@rs1: Pre2, N), Po(Prg1, Praas A),A) =0
follows from theorem 3.16, or equivalently, by the definition of Gy, and
P(@0(Prt1s Pra2, N) Fo(Po(dra1, Praas ), Po(drir, draz, A),A) =0, (3.65)
But, we also have that
Fo(Po(¢ri1, dria, ), Pa(dri1, driz, M), A) € Y besr bria )
by (3.63)-(3.64), and thus,
Fo(Po(dri1, Ori2, A), Po(drs1, dra2,A), A) =0

by (3.47) and (3.65).
To finish the proof, we proceed by induction. So, we assume that

]:0 (‘PJ (¢7‘+17 ¢T+27 )‘)7 (I)j-‘rQ((b’r-‘rla ¢’r+27 )‘)7 )‘) =0 (366)
for 0 <k <j<r. Then

G (Pr(Pri1, bryz, A), Prya(dri1, dria, ) =0 (3.67)
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for 0 < k < j by theorem 3.16. Clearly, (3.50), (3.66), and (3.67) imply that
P(Po(Prt1, Orr2, A)) Fj1 (Rj1(drs1, Sraas ), @jpa(drp1, dria, A), A) = 0.

(3.68)
But, since
Fir1 (i1 (dra1, dra2, A), @gs(dra1, dryz, A), A) € Yo b i)
by (3.63)-(3.64), we must, in fact, have
Fir1 (i1 (dra1, dri2, ), @js(drgt, draa, A), A) =0
by (3.47) and (3.68), and the proof is complete. O

In light of remark 3.14, the following corollary is a direct consequence of the
above theorem.

Corollary 3.19. Suppose s € Z>qg, 3 < p < 0o, and the maps ®;, the neighborhoods
Noy1 € X2 C WEP(B,R?) and Nyio € XOP C WOP(B,R3), and Ao are as in
proposition 3.16. Then for each (¢psi1,Psi2, ) € Nst1 X Nor2 X (=Xo, \o), the
initial data

(Dli=0, Ftli—0®) = (Po(Bri1, Sras N), @1 (Brit, Braa, N)) € OF2P 5 OsHLP

satisfy the compatibility conditions to order s.

4. LOCAL WELL-POSEDNESS

In this section, we prove local well-posedness for the system (2.23a)-(2.23c) using
the approach of [19]. The system under consideration is an initial-boundary value
problem of elliptic-hyperbolic type, due to the presence of the equation (2.23b)
in the system, and hence the results of [19] do not apply directly. However, the
techniques of [19] are readily adapted to include non-local terms, and we will present
an outline of the proof of this fact below. To conclude this section, we will apply
the resulting existence theorem to establish the existence of dynamical solutions to
(2.23a)-(2.23c).

4.1. Setup and notation. For ease of reference, we adopt the index and other
notational conventions of [19], with some exceptions, as pointed out below. We are
interested only in the case n = 3, but it is convenient to treat the case of general
n > 3. The number of components of the system of equations is in the case of
elasticity equal to N = 3, but the treatment below applies to general V.

Let 0 < ik <n, 1 < a8 <n 1<jl < N. We work in a coordinate
system (z;) and let ¢ = zy. The summation convention is used. Further, we shall
denote the unknown field by u rather than ¢. Let Du = (Oiu, 0 u, ..., 0z, u),
and Dyu = (O, U, ...,0,,u). Fix some s > n/2 4 1, s an integer, and consider
the system in the domain 2 with boundary I' of regularity class C**2, and denote
Qr =[0,T) x Qand I'r = [0,T) x I’ where 0 < T' < 0.

Following [19], we consider equations of the form

O, F}(t,x,u, Du) = w;[t, z, u, Du] in Qr, (4.1a)
UjF;(t,x,u,Du) = g;(t, z,u, Du) in I'r, (4.1b)
u=1up, O =1u in {0} x Q (4.1c)

where, in contrast to [19], w;[t, z, v, Du] is a functional of (u, Du) that we allow to
be non-local. The properties required of w are specified below in Assumption w.
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Assumption 1. We assume ug € WT(Q), u; € W*(Q). We assume F, g € C51(U)
where U is a neighborhood of the graph of ug, u1, Dyug as in [19, §1], and

ik _ 6Fj g,
it 9(Oyul)’ (O, ut)

We decompose h?z = hjlk + h}‘ﬁ where h;’f = hfﬁ) is the symmetric part and hylk =

k _

sk

h%’l“] is the antisymmetric part. We assume that the symmetric part h ) is of the

form hfj’.“l) = Hkhjl where 6(t, 2, u, Du) is a vector field which is tange(z;ltial to I'r
and satisfies ° = 1, and h;; is symmetric.
For the elastic body, we have
hy =0 (4.2)
while az-’f can be calculated in terms of the elasticity tensor L, cf. (2.16).

Assumptions 2-5. The structural relations of the elastic body imply the hyperbolic-
ity of the system. In particular, for the self-gravitating elastic body, the symmetry
and coerciveness assumptions, Assumptions 2 and 3 of [19], hold. Further, Assump-
tion 4 of [19] on the time components a]Q? follow directly from the structure of the
elastic system. For a discussion of the compatibility conditions on the initial data,
see Assumption 5 in [19].

Following [19, p. 25], we introduce the spaces E*, G*, and F*®* with norms

s 1/2
lullE=(t) = <Z |I3§U(t)||§w+u> :
i=0

u s = su u s (t
lullo , = sup, (1)
and
ta
lulley,,, = [ lullo-(2) .
1
respectively.

Assumption w. For non-local w, we make the following further assumptions. We
assume w to be well defined if the graph of (u, Du) lies in a suitable subset of U,
where U as in Assumption 1 above. There, the following conditions are imposed.

(1) It _ _
u€ ﬁogjgscj ([O’ T]v wett= (Q))v
we have _ _
wlu, Du] € No<;j<sC7 ([0, T], W7 (£2)).
(2) We require the map u — wu, Du] to be Lipschitz in the above topology.
In particular, see section 4.3.1 below, we shall make use of the estimate
1107 (w(v1) = w(wo))llz2 < ll(De(vr — wo)|| 2 (4.3)
(3) Finally, we require the following uniform estimate
e < c(1+[[D?u||p) (1 + [|ul| pt1)

where ¢ is a constant depending on ||Dul|r as well as the coercivity con-
stants k, i for the system.

[|w]

We have the following result, which is the analog of [19, theorem 1.1].
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Theorem 4.1.

(1) Ezistence, regularity: There exists a unique 0 < to < T, and a unique
classical solution u € C?(Qy, UTy,) of (4.1) with D°u(t) € L?(Q) if 0 <
o < s+ 1. Here D°u denotes all derivatives of order o.

(2) Continuous dependence on initial data.

(3) Blow up: to is characterized by the two alternatives: either the graph of
(u, Du) is not precompact in U or

t
/||D2u(7)||Lm(Q)dT—>oo, as t — to.
0

4.2. Linear systems. For a solution to the system (analogous to [19, (2.10)])
D, (@ 0y, u) = w + Oy, f° in Qr, (4.4a)
0o (a®* 0y u — fO) = h**0,, u inT'r (4.4b)

with the coercivity and structure conditions as in [19, §2], and in particular, the
regularity assumptions (see [19, Assumption 2s, p. 26])

a,h € G*NC*Qr) 0a,0:h € F*,
we G WEL([0,T], L2(Q)) n WL ([0, T], W(Q)),
fle G, Df e WH([0,T), L*(R)), (4.5¢
ug € WHH(Q)  uy € WH(Q), (4.5d

we have the estimate

ullgos (t) < e(uu(tl)nw T lwllges

to .
Hifllor+ [ o7u0lla) + ||<9f“fl(t)llm<mdt) (4.6)

ty
where
¢ = &k, s |lallg=ncr@ry, 10wl po, |Ih°]|gsncr@r), [10eh° [ Fe).
Note that the system given in (4.4) is of a restricted form with ¢ = 0, h* = 0.
These terms can be absorbed into the others, cf. the discussion in [19, §2]. This
is achieved by introducing the modified coefficients a@**, f*,w as in [19, p. 31], see
also (4.12) below.
Applying the above estimate to a system of the form

D, (@ 0y, 1) = w + Oy, f° in Qr (4.7a)
0o (a®* 0y u — fY) = h*O, u+g in T'r, (4.7b)

we get, in view of the above discussion, the inequality

(lullpet (t2) < 5<||u(t1)||E3+1 + l[wllgs—r + I flles + llglle

to )
+ / 103w ()] ey + 1105 £ ()] dt

ty

ta
+ [ 18l + ||<9f“g||m<n)d5) (4.8)
ty
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4.3. Proof of theorem 4.1. In this section, we discuss the main steps in the proof
of theorem 4.1. In the following calculations, we suppress the indices u; on u and
the corresponding indices on az-’f, wj, etc. First, we apply a time derivative to (4.1)
which gives®

Oz, (aikazwu) = 0w + Oy, f* in Qp, (4.9a)

x

0a (%02 u—f)=hk02 ,+3 in T'p, (4.9b)

x x

where
fi(t, x,u, Du) = aik(ﬁwu — O, F', g=0i9— hk[)ik’tu.
For the elastic system, the coefficients have no explicit time dependence, and the

boundary condition is homogenous. So we have that

ff=0, g=o. (4.10)
Next, the system is rewritten in the form
8mi(dik6£k7tu) =0+ 0y, f' in Qrp, (4.11a)
v (@02 u— f*) = P02 u in T'p, (4.11b)
where
fi=f+0'g, a*=ad* - v'h* 4 oFpw (4.12a)
and

= 0w — ((Oy + divv)h“k)agkytu + (Bwiv'@h“i)aiﬂytu — 0yg — (dive)g. (4.12Db)

Remark 4.2. By introducing the modifications a**, f*,w of a™*, f*,w as in (4.12),
the resulting system (4.11) has no term g and also h* = 0. Thus it is of the form
of the system (4.4) considered in [19, theorem 2.4].

For the elastic system, we have f = g = h = 0 and hence
at =a'*, W= ow. (4.13)

We have that a, f depend on (,2,u, Du) and @ depends linearly on D?u.

For technical reasons, we assume s > n/2 + 2 for the differentiability index s.
This is one more degree of smoothness than one would normally expect to require
for a solution of a non-linear wave equation using energy estimates. However, this
assumption reflects the use of v = d;u as the main variable in Koch’s approach [19],
which has one less degree of differentiability compared to u. The stated result for
initial data with s > n/2+1 is recovered by a smoothing and a limit argument, see
the discussion in [19, p. 33].

Next, we let Y, r be the subset of

HT = m1§i§s+lwi)oo([oa T]v WS+1_i(Q))

of functions v that satisfy 9{v(0) = u;, where u; are the formal time derivatives of
ufor 0 <i<satt=0,and ||[v]|[g, < R. By choosing R sufficiently large, we can
make sure this set is non-empty.

The construction of solutions for the system (4.1) makes use of a standard fixed
point argument, where one proves boundedness in a high norm and contraction in

6We write aﬁk»t where Oy, ¢ is used in [19]
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a low norm. The high norm in this case is W*t1, which for the linearized (time-
differentiated) system corresponds to W#*. The low norm for the time-differentiated
system is W2.

This type of argument has been carried out for a quasi-linear elliptic-hyperbolic
system with no boundary conditions in [4]. The difference between that system and
the present situation is that we have neumann-type boundary conditions, and the
system has symbol depending on Du, i.e. it is fully non-linear.

In the rest of this section, we consider the details of the contraction estimate
and the continuation property. The proof of the continuous dependence given in
[19] can be readily adapted to the present case with the details given below.

4.3.1. Contraction estimate. Define J € C(Y; g, H;) as the map v — u, where u
solves the linear system”

O (dik(v)82k1tu) = w(v) + Oy, f in Qr, (4.14a)

x

Ua(do‘k(v)agk’tu — ) = hk(v)82k1tu in T'r, (4.14b)

x

Oy = uq, 8t2u = ug, in {0} x Q (4.14c¢)

where we have denoted a(v) = a(t, z, v, Dv) etc.
For the case of the elastic system, we again have

a* =d* w=0w, f=0, h=0,
and in particular,
w = Dyw.0yu + Dp_w.D,0ru

where we have used D to denote the Frechet derivative. There is no explicit (¢, x)
dependence for this case.
Next, we observe that

ow € G oittw e FO

by Assumption w. From this, we see that for large R, the image of J lies in Y
provided 7 is chosen small enough.
We have

Y c C*([0,7], L*) n C*([0, 7], W') nC*([0, 7], W?)
One shows that the set Y is compact in the topology of the space defined by the

right hand side of this expression.
Let ug = J(vg), u1 = J(v1). In order to derive the system solved by uy — ug, we

let Z(u) = 0p,a"(t, z,u, Du)d? ,u, and note that Z(u;) — Z(uo) = fol 4 Z(uo +

Tp,t

A(u1 — up)). Expanding this out gives
1
Z(w) - Z(uo) = 0, | N, (s uo)
0
1
400 ([ @t = )], 0+ M = )
0

1
+ (911 (/ [Zif\’fDu(Dul — Duo)]ﬁik)t(uo + )\(ul — ’U,O)))d)\
0

A typo in the boundary condition in [19, eq. (3.2)] is corrected here
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where®
&ik = ELik(t, x,up + AMug — ug), Dug + A(Duy — Duyg)),
. oa
df\]fu = a—Z(t, x,up + A(us — up), Dug + A(Duy — Duy)),
. oa
df\]fDu = anLu(t, x,ug + AM(ug — ug), Dug + A(Duy — Duy)).
Now, let

1

a'* = / astdx
0
w(

’Ul) — ﬂ}(vo)

1 .
- [azx [ 8 = 0102, + A — o))

1
+am1 (/0 [ELZ)\]TDU(DUI — Duo)](ﬁw(uo + >\(U1 — U())))d)\

f=f) — f(vo).
Then u; — ug solves?
B, (@*02, (ur — o)) = @ + By, [, (4.15a)
va (@02, (ur —ug) — f) = hF02, ,(ur —uo) +3 (4.15D)

where 7L, g can be calculated along the same lines as above.
In particular, for the elastic system, we may calculate @ using w = Oyw, h =
f =g =0. Note that g is non-vanishing in general due to contributions from a.
We have the estimate!®

10:(8)]| 2 + 110% L1 (1) + 110631 [ 2 (£) < el (01 = v0)| 2 (4.16)

where we made use of

w = w(v1) — w(vg) + terms involving a.
As discussed above, w can be estimated given estimates for d;w, and hence d,w can
be estimate in terms of 92(w(v1) — w(vp). The terms involving @ can be estimated
in terms of u; — ug and hence can be absorbed when applying Gronwall.

From Assumption w, (4.3), we have

107 (w(v1) = w(vo))|z2 < cllOe(vr — vo)llg2-

The required contraction estimate is obtained by applying the estimate for the linear
system given in [19, theorem 2.4], as discussed in section 4.2, to the system (4.15).
One checks that after suitable modifications, cf. section 4.2, the assumptions of
[19, theorem 2.4] holds for this system, and this provides the needed contraction
estimates.

8A typo in [19, p. 32] is corrected here.
9This corrects a typo in [19, p. 32].
10This corrects a typo in [19, p. 32]., which leads to an incorrect estimate for d;(u1 — uo).
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Applying the inequality (4.8) with s = 1 to the system (4.15), we get the in-
equality

10 (ur — uo)||p2 < C<|IU1(0) —ug(0)| g2 + |@llco + || Fller + 1G]]
t
+/ lOvw(o)l| L2 + [10uf |2 + ||3t§(0)||E1d0>
0
use that ug,up have the same initial data, and that w, ]7,5 vanish at ¢t =0

t
<c </ 10rw (o)L +[10cf*[| &2 + ||3t§(U)IIE1dU)
0

use (4.16)
< |0 (v1 — vo)|| 2
where we made use of the fact that w, f, g all vanish at t = 0.

4.3.2. Continuation principle. We next consider the proof of the continuation prin-
ciple. Suppose the graph of (u, Du) lies in a compact set U. We need an estimate
of the following form, cf. [19, eq. (3.3)]

t
lu@)||psr <€ (U/ IIDQU(T)IILwdT) (1 + l[uollwesr + [Juallw=).  (4.17)
0

This estimate is proved by applying operators D7 of order s, tangent to I';, to
both sides of the equation (4.1), and applying the estimate for the linear system.
Let s > n/2+ 1, and let u € G*T! be a solution of the system (4.1). We then have
u € No<j<s+1C7([0,T], Ws+t1=7). One finds, cf. [19, p. 34], that D$u solves an
equation of the form

0y, (@0, DHu) = @ + Oy, [ in Qr, (4.18a)
vi(a* 0y, Dpu — 1) = h**8,, Djpu in 'z, (4.18b)
D3u(0) =uj, ODpu = uj (4.18¢c)

where u],u3 are obtained by formal calculations from the initial data ug,u;. Here
a transformation which absorbs the terms g and h“* has been applied, along the
lines discussed in section 4.2, see [19, p.34] for details.

The basic energy estimate for systems of this type, see [19, theorem 2.2], gives
an estimate of the form!!

lul g @)+ [ 0la(0) + ||atﬁ||m<¢>d¢) (4.19)

Es+1 <c (||u|

As shown in [19], the L? norms in the right hand side of (4.19) that involve local
expressions can be estimated at a fixed time in terms of

(1 + 1D?ul[poe) (1 + |[u(t)]| 5e+1)

HThe norms || - [|2 in [19, p. 35] should be || - || 2.
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with a constant depending on || Dul|r= as well as the coercivity constants x, . The
term W contains D%w, and thus we need the nonlocal term w to satisfy at a fixed
time an estimate of precisely this form, namely

IDpw||2 < (1 + ||D?ul|po) (1 + ||ul| go+1)
which we can state as
ge < e(1+||D%ul|pee) (1 + ||ul| got1)-
This estimate holds by Assumption w.

[|w]

4.4. Application to the elastic system. We are now ready to apply the local
existence theorem 4.1 to our system (2.23a)-(2.23c).

Theorem 4.3. Suppose s € Z>3 1 < p < 00, and let (¢']i=0, Ot|t—0¢") = (¢}, %) €
Os+2p 5 OstLr ¢ Wet2(B) x WStL(B) be the initial data from Corollary 5.19.
Then there exists a ty > 0 and a unique classical solution ¢* € C?(By, U OBy,) of
(2.23a)-(2.23¢c) with D?¢'(t) € L%(B) for all0 <|o| < s+1 and 0 <t < to.

Proof. First, we observe by Corollary 3.8 that non-local function A?(¢) = —6% fA9U (¢)
satisfies Assumption w of section 4.1 for ¢* in the open set Ot C W*T1(B). Since

the initial data

(¢i|t:Oa at |t:0¢i) _ (¢67 (bi) c 55-{-2,;) % 6s+1,p c (55—1—2,2 % 65—1—1,2 C Ws+2 (B) % Ws+1 (B)

from Corollary 3.19 satisfies the compatibility conditions to order s, the proof then
follows directly from theorem 4.1. (I
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APPENDIX A. FUNCTION SPACES

A.1. WP spaces. Give a finite dimensional vector space V, an open subset £ C
R? with a C* boundary, k € Z, and 1 < p < oo, we let W*P(Q, V) denote the
standard Sobolev space for maps u : Q2 — V. If V = R, then we will just write
WkP(B), while if p = 2 we set WF(Q,V) = Wk2(Q, V).
For these spaces, we recall the following results:
(i) Differentiation
0
ox4
defines a continuous linear map.
(ii) (Multiplication Inequality) If 1 < p < oo, k1 + ko > 0, k1, ko > ks, ks <
k1 + ko — 3/p, then there exists a C' > 0 such that

On = C WEP(Q) — WELP(Q) 4=1,2,3 (A1)

HUJUHW"I&’P(Q) < OHUJHW’“I’P(Q)”vHW’“%P(Q) (A.2)
for all u € W*P(Q) and v € Wk22(Q).
(iii) Letting B*?(9Q) to denote the Besov spaces on the boundary 952, the trace
map
WEP(Q) 3 u— trgqu € BF¥1/PP(9Q) (A.3)
is well defined and continuous for 1 < p < 0o, and k—1/p > 0 (cf. theorem
7.70 in [1]).
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A.2. W;*p spaces. For k € Z>o, 1 < p < 00, and § € R, we use Wf’p(Rg,V) to
denote the weighted Sobolev spaces for maps u : R — V as defined in [5]. For
open sets  C R3 for which R? \ Q is bounded, we denote the restriction of the
weighted spaces to these subsets by W; P(Q,V). Following [5], the negative index
spaces W{k’p (R?) for k € Zp, 1 < p < 00, and § € R are defined by duality.

We recall the following facts about the weighted Sobolev spaces:

(i) Differentiation
Da s WEP(Q) — Wi MP(Q) (A.4)

defines a continuous linear map.
(ii) (Sobolev Inequality) If k& > 3/p, then there exists a C' > 0 such that

[ullLg= vy < Cllullyrr g, (A.5)

for all u € WP (R?, V). Moreover, u € C2(R3, V) and u(X) = o(|X|) as'?
|X| — oco. (Se lemma A.7 in [27].)

(iii) (Multiplication Inequality) If 1 < p < oo, k1 + ko > 0, k1, ko > ks, ks <
k1 + ko — 3/p, and 01 + d3 < &3, then there exists a constant C' > 0 such
that

vl rae gy < Cllullysro gl lysr g (A.6)

for all u € WP(Q) and v € WP (Q). (See lemma A.8 in [27].)
(iv) For 1 < p < oo, =1 <4 <0, and k € R, the Laplacian

A =5480,40p : WITPP(RY) — WEE(R?) (A7)
is a linear isomorphism with inverse given by the formula

1 u(Y)

A (w)](X) = T e X =Y

d3Y. (A.8)
(The proof of this statement follows from using the fact that A : Wf 2P (R3)
Wff; (R?) is an isomorphism for k € Z>¢ and —1 < 6 < 0 (cf. [5, proposi-
tion 2.2]) together with duality and interpolation'?.)

For bounded Q C R3, we let Eq denote an extension operator that satisfies
IBa(llyip gov) < Crpllulwon@y) VueWHP@V),  (A9)

and
[05Ea(w)]|o = 0%u Y ue WFP(Q,V), |a| < k. (A.10)

2Here | X| = /545 XAXE.
13As noted by Maxwell [25], the weighted spaces Wf’p(RS) and their fractional extensions
correspond to the spaces hl;,p(kfts)fis in [34, 35] (cf. remark 2 and theorem 2 in [35]). The
following duality and interpolation results follow from remark 2, and theorems 2 and 3 in [35]:
(a) Forl1<p<ooand ¢g=p/(p—1), W:;;%(]R:s) is the dual of Wf'p(]R:s).
b) f1l<pr <oo,1<p2<o00<b<1 k= (1-0)ki+0ka, § =(1—0)01 + 652, and
1/p = (1—6)/p1+6/P>, then Wf'p (R3) is the interpolation space [Wfll'p (R3), W;;'p (R3)]g.
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