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ISORESONANT CONFORMAL SURFACES WITH CUSPS
AND BOUNDEDNESS OF THE RELATIVE
DETERMINANT

CLARA L. ALDANA

ABSTRACT. We study the isoresonance problem on non-compact sur-
faces of finite area that are hyperbolic outside a compact set. Inverse
resonance problems correspond to inverse spectral problems in the non-
compact setting. We consider a conformal class of surfaces with hyper-
bolic cusps where the deformation takes place inside a fixed compact
set. Inside this compactly supported conformal class we consider isores-
onant metrics, i.e. metrics for which the set of resonances is the same,
including multiplicities. We prove that sets of isoresonant metrics inside
the conformal class are sequentially compact. We use relative determi-
nants, splitting formulae for determinants and the result of B. Osgood,
R. Phillips and P. Sarnak about compactness of sets of isospectral met-
rics on closed surfaces.

In the second part, we study the relative determinant of the Laplace
operator on a hyperbolic surface as function on the moduli space. We
consider the moduli space of hyperbolic surfaces of fixed genus and fixed
number of cusps. We consider the relative determinant of the Laplace
operator and a model operator defined on the cusps. We prove that the
relative determinant tends to zero as one approaches the boundary of
the moduli space.

1. INTRODUCTION

In this paper we consider two problems. We first focus on the isores-
onance problem for a surface with cusps and negative Euler characteristic,
restricting our attention to a suitable conformal class of metrics. The second
problem, in Section [, is the study of the relative determinant of the Lapla-
cian compared to a fixed model operator on the moduli space of hyperbolic
surfaces of fixed conformal type as one approaches the boundary.

We study the inverse resonance problem inside a conformal class of metrics
whose “conformal factors” have support in a fixed compact set. We prove
that given a fixed compact set K C M, inside a “K-compactly supported”
conformal class, sets of isoresonant metrics are compact in the C'°*°-topology.
With this we partially generalize the result of B. Osgood, R. Phillips, and P.
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Sarnak (OPS) in [24] that states that on a closed surface every set of isometry
classes of isospectral metrics is sequentially compact in the C'*°-topology. We
use the results of W. Miiller about scattering theory for admissible surfaces
in [20].

Isospectral problems go back to 1960 when Leon Green asked if a Rie-
mannian manifold was determined by its spectrum. The question was re-
phrased by Kac for planar domains in the very suggestive way: “Can one
hear the shape of a drum?” see [13]. An important result is the well known
existence of non-isometric manifolds that are isospectral, see [28] and the
references therein. We also refer to [31] for a comprehensive survey of inverse
spectral problems in geometry.

The compactness theorem of OPS in [24] uses the fact that if two me-
trics are isospectral, i.e. spectra of the Laplacians are the same including
multiplicities, then the heat invariants and the determinant of the Laplace
operator have the same values at each metric. The authors note in the paper
that the use of the regularized determinant of the Laplacian is essential in
order to obtain compactness, since the heat invariants are not enough. On
planar domains the problem has been studied by R. Melrose in [18] and OPS
in [25], and for compact surfaces with boundary by Y. Kim in [14].

The isospectral problem also makes sense for certain non-compact ma-
nifolds. Then scattering theory comes into play and we need to deal with
inverse scattering theory. The spectrum of the Laplacian is not enough, one
also has to consider resonances. For example, on exterior planar domains
the isospectral problem was studied by A. Hassell and S. Zelditch in [11].
There two exterior planar domains are called isophasal if they have the same
scattering phase. Hassell and Zelditch prove that each class of isophasal
exterior planar domains is sequentially compact in the C'*°-topology. In the
proof they define a regularized determinant of the Laplacian that plays a
fundamental role. More recently, D. Borthwick, C. Judge, and P.A. Perry
in [3] used determinants to prove sequential compactness of sets of isopolar
(same scattering phase) surfaces of infinite volume under certain conditions.
In a later work [4], Borthwick and Perry studied the inverse resonance pro-
blem for infinite volume manifolds of finite dimension that are hyperbolic
outside a compact set. In dimension 2 they improved the result of [3] and
proved compactness of isoresonant surfaces without cusps that are isometric
at infinity.

We study the isospectral problem inside a conformal class of a given me-
tric in a surface with cusps. In this setting, two metrics are isospectral if the
resonances are the same for both metrics including multiplicities. Because of
this we use the terminology “isoresonant” instead of “isospectral”. For hy-
perbolic surfaces of finite area, W. Miiller proved in [20] that the resonance
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set associated to the surface determines the surface up to finitely many pos-
sibilities. Our result in this part is the following theorem:

Theorem [T Let (M, g) be a surface with cusps with negative Euler char-
acteristic, x(M) < 0, let K C M be compact, and let [g]x = {e*¢g | ¢ €
C° (M), supp(p) C K} be the K-compactly supported conformal class of g.
Then isoresonant sets in [g]x are compact in the C*-topology.

There are two strong restrictions in this theorem. First, we consider de-
formations only with compact support because of the lack of results in the
theory of resonances of surfaces with asymptotically hyperbolic cusp ends.
The second restriction is to consider deformations only inside a conformal
class. This is due to the fact that the proof of Theorem [T relies on a splitting
formula for the relative determinant to reduce the problem to the compact
case. The splitting formula relates det(Agy, Ag) (with 8 big enough) to the
determinant of the Dirichlet-to-Neumann operator acting on a submanifold
of M homeomorphic to S'. To relate the determinants of the Dirichlet-to-
Neumann maps associated to different metrics we use the conformal variation
of the Laplacian. If the metrics are not conformal, it is not clear how the
different Dirichlet-to-Neumann operators are related. We prove this formula
in Section [l The main difficulty to treat the isoresonance problem on sur-
faces with cusps is that the injectivity radius of these surfaces vanishes and
the Sobolev embeddings do not hold anymore.

In the second part we study the relative determinant as a function on the
moduli space of hyperbolic surfaces with cusps. We work over M, ,, the
moduli space of compact Riemann surfaces of genus p with m punctures.
Each such a surface can be decomposed as the union of a compact part and
m cusps, as it is explained at the beginning of sections 2] and Bl In order to
define the relative determinant, we use a global model operator. We define
the free Laplacian as being the Dirichlet Laplacian A, as in Definition [I]
associated to the union of m cusps all starting at 1, i.e. each cusp is taken
as [1,00) x S! with the hyperbolic metric on it. In particular, A is in-
dependent of [g]. Hence the relative determinant defines a function on the
moduli space: [g] € Mpm — det(Ay,A1g) € RT, where g € [g] is hyper-
bolic. We prove Theorem [2(] that establishes that the relative determinant
det(Ag, A1) tends to zero as [g] approaches the boundary of the moduli
space. Points at the boundary of M, ,, can be reached through a degenera-
ting family of metrics. The degeneration arises from closed geodesics whose
length converges to zero. The proof of Theorem relies strongly on the
results of L. Bers in [2] and of J. Jorgenson and R. Lundelius (JL) in [12]. We



4 CLARA L. ALDANA

remark that the hyperbolic determinant of JL also tends to zero as the metric
approaches the boundary of the moduli space. However, they do not state it
explicitly in [12]. In an earlier work [17], Lundelius considers a relative deter-
minant for admissible surfaces. He studies the behavior of the relative weight
(minus the logarithm of his relative determinant) of a continuous family of
hyperbolic surfaces of finite volume that degenerates by pinching geodesics;
but again there is no mention to the moduli space. Our contribution in
this part consists in using the results of [12] and [2] to make a statement
about the behavior of the relative determinant det(A.,A; ) as function on
the moduli space M, . Although our remarks on this are straightforward
consequences of these results, they are worth mentioning explicitly in light
of future investigations on isospectral compactness problems.

Acknowledgements. This paper is based on my doctoral thesis that I com-
pleted at the University of Bonn in 2008. I thank my supervisor W. Miller
for his continuous guidance through the project. I am grateful to R. Mazzeo
for helpful discussions, to the MSRI where I first started to write this paper,
to the MPIM where I finally finished it, and to the MI of the University of
Bonn for hosting me during my studies. Finally, I thank a referee whose
comments helped me to improve this paper.

2. SURFACES WITH CUSPS, LAPLACIANS, AND RELATIVE DETERMINANTS

A surface with cusps is a 2-dimensional Riemannian manifold (M, g) that
is complete, non-compact, has finite volume and is hyperbolic in the com-
plement of a compact set. It admits a decomposition of the form

M=MyUZ  U---UZpy,

where M, is a compact surface with smooth boundary and for each i =
1,...,m we assume that

Zi = laj,00) X S* 3 (yi, i), glz, = y; 2(dy + daf),  a; > 0.

The subsets Z; are called cusps. Sometimes we denote Z; by Z,, to indicate
the “starting point” a;. Instances of surfaces with cusps are quotients of
the form I'(IV)\H, where H is the upper half plane and I'(N) C SLy(Z) is a
congruence subgroup.

To any surface with cusps (M, g) we can associate a compact surface M
such that (M, g) is diffeomorphic to the complement of m points in M. Let
p denote the genus of the compact surface M; then the pair (p,m) is called
the conformal type of M.

For any oriented Riemannian manifold (M, g) the Laplace-Beltrami opera-
tor on functions is defined as Af = —divgrad f. It is equal to A = d*d. If we
want to emphasize the dependence on the metric we denote the Laplacian
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by Ay. We consider positive Laplacians. If (M, g) is complete, A, has a
unique closed extension that is denoted in the same way.
Let us consider some Laplacians that are naturally associated to the cusps:

Definition 1. Let a > 0, let A, denote the self-adjoint extension of the
operator

—y’ = 1 C((a,00)) = L*([a, 00),y dy)

obtained after imposing Dirichlet boundary conditions at y = a. The do-
main of Aag is given by Dom(A.o) = Hi(la,0)) N H%([a,00)), where
Hj([a,00)) = {f € H'([a,0)) : f(a) = 0}.

Let Agp = @7 Aq;0 be defined as the direct sum of the self-adjoint
operators operators Ag; o defined above. The operator A, o acts on a subspace
of @gn:le([ajvoo)vyj_2dyj)'

The kernel of the heat operator associated to A, o is described in [7,
sec.14.2] and it is given by the equation:

ot/
(1) paly,y't) = i (yy')

1/2 {e—(log(y/y’))2/4t _ e—(log(yy’)—log(aQ))2/4t} :
for y,y' > a, and for 1 <y < a, pa(y,y’,t) = 0. We extend it in the obvious
way to see it as a function of z € M.
Now, let a > 0, let Z, be endowed with the hyperbolic metric g and let
Az, p be the self-adjoint extension of
s 0 1 2
Ly <a_y2 + @> L C2((a,00) X SY) = L(Za, dA,)

obtained after imposing Dirichlet boundary conditions at {a} x S*.

Let us describe a decomposition of the operator Az, p that is very useful
in our case: The space L?(Z,, dAy) can be decomposed using the isomor-
phism

L*(ZyydAy) = L*([a,00),y 2dy) ® LE(Z,),

with L3(Z,) = {f € L*(Z4,dAy)| [s1 f(y,z)dx = 0 for a. e. y > a}. This
decomposition is invariant under Az, p; in terms of it, we can write Az, p =
Auo® Az, 1 where Ay, 1 acts on L3(Z,).

For the spectral theory of manifolds with cusps we refer the reader to W.
Miiller in [19] and [20], to Y. Colin de Verdiere in [8], and to the references
therein. The results in [19] hold for any dimension. For surfaces in particular
we refer to [20].

On a surface with cusps (M, g), the spectrum of the Laplacian o(Ay) is
the union of the point spectrum o, and the continuous spectrum o.. The
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point spectrum consist of a sequence of eigenvalues
0= <A <<

Each eigenvalue has finite multiplicity, and the counting function N(A) =
#{\;j|\; < A?} for A > 0 satisfies limsup N(A)A™2 < A,(4m)~1, where 4,
denotes the area of (M, g). Depending on the metric, the set of eigenvalues
may be infinite or not.

The continuous spectrum o, of A, is the interval [%, o0) with multiplicity
equal to the number of cusps of M. The spectral decomposition of the abso-
lutely continuous part of A, is described by the generalized eigenfunctions
Ej(z,s), for j =1,...,m with z € M, s € C. Let us recall some of their
properties as well as the definition of the scattering matrix that we will use;
for the details see [19] and [20]. To each cusp there is associated a generalized
eigenfunction that satisfies:

AgEi(z,s) = s(1 — s)Ei(z,s), forze M.

Each F;(z,s) is a meromorphic function of s € C with poles contained in
{s |Re(s) < 1/2} U (1/2,1]. The zeroth Fourier coefficient of the expansion
of E;(s, z) in a Fourier series on the cusp Z; = [a;,00) x S* has the form

digy; + C,-j(s)yjl-_s, for y; > aj;.
Using this expression we can define the scattering matrix as the m x m
matrix given by:
C(s) = (Cij(s))-
It is a meromorphic function of s € C and all its poles are contained in
{s |Re(s) < 1/2} U (1/2,1]. The scattering matrix also satisfies:
C(s)C(1—s)=1d, C(s)=C(5), and C(s)" =0C(3).

A quantity of interest is the determinant of the scattering matrix which
we denote by ¢(s) = det C(s). It satisfies the following equations:

$(s)o(1—s) =1, ¢(s) =¢(5), secC.

The poles of ¢(s) will be called resonances. They will be the complementary
quantities to the eigenvalues that we will need to study “isospectral” surfaces.

In [2I] W. Miiller defines the relative determinant for pairs of operators
in a general setting. Let us recall the definition since we will use it. Let
Hy and Hy be two self-adjoint, nonnegative linear operators in a separable
Hilbert space H satisfying the following assumptions:

(1) For each t > 0, e 1 — ¢=tH0 ig a trace class operator.
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(2) As t — 0, there is an asymptotic expansion of the relative trace of

the form:
oo k(j)
Tr(e t — ¢7tHo) Z Z a;xt® loght,
§=0 k=0
where —oo < ap < a3 < --- and a; — oo. Moreover, if a; = 0 we

assume that a;, = 0 for £ > 0.
(3) Tr(e 1 —e=tHo) = h 4 O(e~), as t — oo, where h = dim Ker H; —

dim Ker Hy.
The relative spectral zeta function is defined as:
1 o0
((s; Hy, Hy) = o) /0 (Tr(e 1 — e~tHo) — p)ts—tat.

Thanks to the properties given above, it has a meromorphic extension to the
complex plane that is meromorphic at s = 0. The relative determinant is
then defined as:

det(Hy, Hp) := e—¢'(0:H1, Ho)

This determinant is multiplicative. If the determinant of each operator
can be defined separately, then their relative determinant is the quotient of
the determinants. In this paper we work with the relative determinant of
the following pairs: (Ay, Agp), (Ag, Az, p). The good definition of these
relative determinants is guaranteed by the results of W. Miiller in [19] and
[21].

3. SPLITTING FORMULA

Splitting formulas for determinants have been widely studied. They have
been proved in the setting of compact manifold by D. Burghelea, L. Friedlan-
der and T. Kappeler in [5], and in other settings by many other authors. For
example, for manifolds with cylindrical ends they were studied by J. Miiller
and W. Miiller in [22] and Loya and Park in [16]. In this section we use the
Dirichlet-to-Neumann operator for the Laplacian on a manifold with cusps
to obtain a splitting formula for the relative determinant det(Ag, Ag,o).

3.1. Dirichlet-to-Neumann operator for A,. Let us start by recalling
the definition of the Dirichlet-to-Neumann operator A/(z) and its main prop-
erties. Then, we study the limit operator as the parameter z goes to zero.

Let us assume that (M, g) has only one cusps and that we can decompose
it as M = MyU Z, where o > 1 and Z, is isometric to [a, 00) X S1 with the
hyperbolic metric.

Let 8 > a, then M may be decomposed as M = MgUZg, with Mg = MyU
[a, 8] x 81, Zg = [B,00) x ST, and ¥g = {B} x S' = OMy = 0Zg. Let Ay,
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denote the Laplace operator acting on C*°(Mpg) and A Mg,p denote its self-
adjoint extension with respect to Dirichlet boundary conditions at Yg. Let
Az, p be as it was defined in Section 2l We will explicitly compute the part
of the Dirichlet-to-Neumann operator A'(z) on Xg, for any value of § > «
coming from the cusps Zg. The metric on ¥p is given by g5, = f2dx?, the
eigenvalues of the Laplacian Ay, are {472n2B?} .5 and the corresponding
eigenfunctions are {f exp (2minz)}neyz.

Let z be in the resolvent set of Ay, p(Ay). Then the Dirichlet-to-Neumann
operator,

N(z): CF(Eg) = C=(Zp),

is defined as follows: Let f € C°(X3) and let f be the unique square
integrable solution to the problem

{ (Ag—2)f=0 inM\Xs

f=f on Xg.
Let nt denote the inwards unit normal vector field at Y3 on Mg and n™ the
one on Zg. Then N (z)f is defined by the following equation

NEF == (o (Flus) + o= (7))

Theorem 2.1 of G. Carron in [6] establishes that for z € C\[0,00), the
Dirichlet-to-Neumann operator is a 1st-order elliptic, invertible, pseudodi-
fferential operator whose principal symbol is a scalar, sym,(N(z))(z,n) =
2v/9z(n,m), (x,n) € T*M. In addition, the function z — N (z) is holomor-
phic as function of z. In particular, N'(z) : C*(X3) — C*°(X3) has con-
tinuous extensions to the Sobolev spaces, H!(X5) — L*(Xg) — H1(Zp).
Then we can think of A'(z) as an operator on L?(3g) by N(z) : H(Xg5) C
L%(35) — L*(Zp). Furthermore, for f € C*°(X3) we have that:

(2) N@E) @) = | Gy, 2)f(y)duly),

Y

where G(z,y, z) is the Schwartz kernel of (A, —z)~! on M, see Theorem 2.1
in [6]. This expression is equivalent to:

(3) N@)T = ps, 0 (Ag —2) ois, (f),

where py, denotes the restriction to Xg and iy, (f)=f®dx 5 in the distri-

butional sense, this means f ® dx,(¢) = fEB @ - f for any ¢ € C*°(M).
Now, remember that 0 € o(4A,) is an isolated eigenvalue. Thus the

Dirichlet-to-Neumann operator N (z) is actually defined for z in a neigh-

borhood of zero and it makes sense to consider its limit as z approaches
zero. Indeed, it exists for z = 0 and the dependence on z is continuous.
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In order to prove this, we split the problem in the classical way letting
N(z) = N1(z) + Na(z), where for i = 1,2 N;(z) is defined as follows:

Let f € C°°(Xp), then let @1 € C(Mp \ X3) N C°(Mpg) be the unique
solution to the problem

(A—=2)p1 =0 in Mg\Xg
(,Dlzf on 25‘

Put Mi(2)f = —g%. Similarly, let o € C*(Zg) N L*(Zg) be the unique
square integrable solution to the problem:

{(A—z)cpgzO in Zg
py=f on Xg.

Put My (2)f = —gnif.

Using the usual method of separation of variables in the cusp we can
compute the operator Na(z) explicitly. The explicit expression of Na(z) is
useful to compute the limit of the operator as z — 0.

Lemma 2. Let f € C*®(Z3). Write z=s(1—s). If Re(s) > 1 then
K

s+i
(4) Nao(s(1=5))f = =(1 = 25)eo(£)8 = sf + By/Ax, = (8\/A5,) .
573
where co(f) is the projection of f on the kernel of As,; and K, is the modified
Bessel function of order v. In the case Re(s) < %,

Ky

() Na(s)f(a) = —sf(@) + By/Br, T2 (8y/As, ) F(@)

K
K,

2

(6) Na(s)f = =sf + 8y [Ds, == (8,/Bs,) .

Proof. Take the Fourier expansion of ¢y and f on the cusp, w2y, x) =
Y onez an(y)pe®™ e and f(x) = Y onez ¢, fe?™ ™ Then, using separation of
variables the problem becomes

(0 + x5 — 2)an(y) = 0
an(8) = en. orn ez
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Set z = s(1 — s) with s € C. Then for n # 0, two linear independent
solutions of the equation

2
@ (0P + A2 = (1= ) aui) =0

are y%KS_1(27r\n\By) and y%I (27T]n]ﬂy) where K__1 and I _1are the
2 2
modified Bessel functions. The functlon I, . is discarded because it is not
)

square integrable on [1,00) for any value of s. Thus,

2y, &) = boay* B+ bogy' B+ Y bny%Ks_% (27|n|By) Be*™ .
n#0
Then for n # 0, a,(y) = bny%Ks_%(ZﬂnWy), where b, and bg1,bp2 are
constants determined by the boundary and the square integrable conditions.
Case Re(s) > 1. In this case bp; = 0 and y%Ks_%(2W|n|5y) is square
integrable on [1,00[. Then we have:

1 .
¥2 (y7 117) = b0,2y1—55 + Z by2 Ks_% (27T|’I’L|ﬁy)5€2mnm7
n#0

(27|n|By). The boundary

1

3
condition ¢2(B3,x) = f(z) is equivalent to a,(8) = ¢,. Thus bya = cpB°~*
and

where ag(y) = bo2y' ™ and a,(y) = bny%K

Cn

by = — :
BEK,_y (2n[n|5?)

In this way we obtain:

pa(y,7) = coBy'~* +
%:o B2K,_1(2n[n|3?)

after differentiation, evaluation at y = (8 gives:

Cn

y2K,_y(2m|n|By)Be’™,

= (1 -1 9 K %(27[-‘”‘52) 2mwine
Z/a 902(1/7 )yzﬁ_( —3)005‘1'5%;0% 587 — 7T|n|5m Be
KSJr
= (1 —2s)cB + sf(x) — B/ Ax, K i(ﬁ As,) f(z),

where we have chosen the positive square root of the eigenvalues to define

the operator |/Ay,.

Case Re(s) = % The computations are the same as in the previous
case but the square integrability condition implies that the zero term in the
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Fourier expansion of the solution o should be null, thus

1 .
Ppa(y, ) = Z bnyﬁKs_%(27T|n|ﬁy)ﬁe27rznm'
n#0

In addition, the condition ag = ¢y gives c¢g = 0. This means that only in the
case when ¢y = 0 will there exist a solution to the problem. Hence for f to
be in the domain of N3(s(1 — 1)), f should satisfy ¢o(f) = fEﬁ fdAs, = 0.

For such functions f equation (@) holds.

The case when Re(s) < 1 is similar. O

Remark 3. Let z < 0, then the operator N (z) is positive. This follows
from the non-negativity of the Laplacian A, and the definition of N (z).
Remember that the Schwartz kernel of N'(z2)~! is the same as the Schwartz
kernel of (Ay — z)™. We have A, > 0. If z < 0, then (A, — 2) > 0, and
(Ay —2)7Y > 0. Therefore N(2)~! > 0. In addition, in this case N(z) is
also self-adjoint and by the work of Kontsevich and Vishik in [15] we know
that its zeta determinant is well defined.

The existence of the Dirichlet-to-Neumann operator when z = 0 is given
by the following lemma;:

Lemma 4. For every f € C°(X3) there exists a unique solution f €
C®(M\X3)NCUM) and f|z, € L?, to the problem:

{ Ayf=0 inM\Xg
f=7f on Xg.

In addition, using the notation introduced above we have that:

= B,/As, f.
y=0

0
Nof = — ya—ycpz(y,w)

Proof. In the same way as in the proof of Lemma 3.1 in J. Miiller and W.
Miiller [22], the uniqueness of the solution ¢; € C*°(Mg \ ¥5) N CO(Mp) of
the Dirichlet problem on Mg follows from the invertibility of Apz, p. The
uniqueness of the solution on Zz also follows from the invertibility of Az, p.
To see the existence on Zg more explicitly let us follow the same procedure
of the proof of Lemma 2] but taking z = 0. One way to obtain z = 0 is to
take s = 1 in equation (7). In this case the square integrable condition gives

, . '
p2(y,z) = Z an ()™ = by off + Z bny2 K1 (27|n|By) Be*™ T,
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We know that Ki(r) = %r_%e_’". Then for n # 0 we have a,(y) =

2
—bn_ ¢=27Inl8Y The boundary condition @o(f,z) = f(z), which is equiva-

2¢/In|p

lent to a,(B) = ¢y, gives by = ¢y and b, = ¢,,2 ]n!ﬂezﬂnw. Then

02 (y7 x) = cof + Z cne27r|n\62e—27r\n|5y/862m'nx.
n#0
Taking the inward derivative we obtain:

=B —2m|n|Ben, BT = —B, /Ay, f.
y=~8 n#£0

9 oy, )
yay(P2 Y,

The other way to obtain z = 0 is taking s = 0 in equation (7). In this case
we have:

1 .
902(% .Z') = 1)0715 =+ Z bnyz K_% (27T‘n‘5y)/8627mnx
n#0
= CO/B + Z cne27r|n‘ﬁ26—27r\n|ﬁy/8627rin:v’
n#0
where we have used that K_% = K% Thus for s = 0 and for s — 1, the
solutions of the Dirichlet problem on Zg are the same. Since ¢1|x s = 902|25,
we have that the solution f is continuous on M. O

Remark 5. For z € p(A,), the resolvent set of Ay, it is well known that
Ni(2) is a 1st order invertible elliptic pseudodifferential operator. The limit,
Ni, as z — 0, it is well known to be a 1st order elliptic pseudodifferential
operator, but it is non-invertible, see for example D. Burghelea, L. Friedlan-
der and T. Kappeler in [5] and M.E. Taylor in [29] section 7.11. Therefore
the operator N' = Ni + Na is non-invertible. However it is non-negative and

dim(Ker(N)) = 1.

Proposition 6. Let f € C*(X3). Then N(z)f depends continuously of z
in a small enough neighborhood of z =0, and

lim N (2)f = N f.

Proof. The proof of lim,_,qg N1(2)f = N1 f is the same as the proof of Lemma
3.3 in J. Miiller and W. Miiller [22]. For the convenience of the reader we
repeat here the argument with our notation. For f € C*(X3), let p1(z) be
the unique function in C*°(Mpg\ %) satisfying (Ag—2)p1(2) =0, p1(2)|s, =
f and

p1(2) = = (Any0 — 2) 7 (A, — 2)(F)),
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where f € C°°(Mp) is any extension of f. Since A, p is invertible, the
formula also holds for z = 0. From this representation of ¢i(z), it follows
immediately that AV7(2)f converges to N1 f as z — 0.

Now let us take the limit of N3(2) as s — 1. To do that we use equation
) to obtain:

K3
lim No(s(1 = 8))f = cof = [ + B/ As, —i(\/AEB)f‘
2
. . T _3/2 —u K% (27‘-'”‘62)
Using the expression K% (u) = \/Fu>?e " (u+1), we have that W =

27|n|B2+1
W' ThuS,

lim No(s(1—s))f = BZ 21|n|Be, B2 = 3 As, [ = Naof.
s—1 7120
For the limit when s — 0 we have:

: : KS"‘% (27[-‘”‘52) 2ming
igﬂ})/\@(s(l —s)f = ilg%) —sf(z) + 5§27|”|5W cn e
= 52 21t|n|B ¢, Be?™ " = Ay, f.

n#0
Thus it follows that

lim N (s(1 = 8))f = lim Na(s(1 = ) f = No(0)f = B\/As, f = Nof.
O

3.2. Splitting formula for the relative determinant. We want to have
a splitting formula for the relative determinant that relates det(Ay, Ag o) to
the regularized determinant of the operator /. We will use this formula in
section @l to prove Theorem [T For z € p(A,) Corollary 4.6 in G. Carron [6]
establishes the following splitting formula for complete surfaces, which we
rewrite using his notation:

(8) det(L — z,Lo.p — z) = det N (z),

where L is the self-adjoint extension of the Laplacian on M and Ly p is the
self-adjoint extension of the Laplacian on M \ ¥ with Dirichlet boundary
conditions on ¥. Let A > 0, put z = —X and let us denote N (—\) by
R(M\). Then R(\) > 0 and it has the same properties as N'(—\). In our case
equation (&) has the form:

(9) det(Ag+ A Az, , + A)(det(Ang, , +A) 7" = det (=) = det R(\).

Both sides of equation (@) diverge as A — 01, we study how is this divergence.
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Lemma 7. As A — 0T, the left hand side of equation (3) has the following
decomposition:
logdet(Ag + X\, Az, p + A) —logdet(Ans, , + A)
= log A + logdet(Ay, Az, p) — logdet Ay, , + o(1).
Proof. Let us go back to the definition of the relative determinant and use the

definition of the relative zeta functions for (A, AZB,D) and (Ag+ A, Az, p+
A). From them we have:

1 o0 _

C(s;A0 +MNAz, D+ = — Tr(e 109 — ¢7"A2p.0)=tAys—1 gy

o+ )4z, ey
0
1 > _ _tA TN e 1 _
— T tAg t Zg, Dy _ 1 t)\ts ldt T A8
—F(s) /0 (Tr(e e ) )e + —F(s) (s)
A 00 B —tA 1

= A"+ ((s, Ay, AZB,D) + —/ (Tr(e_tAg —e tAZB’D) — 1)76 57 Ldt.

F(S) 0 )\

The last integral converges in a half plane. Therefore due to the asymptotic
expansions of the relative heat trace for small and large ¢, it has an analytic
continuation that is holomorphic at s = 0. So, as A — 07 we obtain:

d d
< — LAy A —o(1

—logdet(Ay + X\, Az, p+A) = —log A —logdet(Ay, Az, p) — o(1),

C(s585 + A Az, D+ A)

as desired. Similarly, from the definition of (A Myt A(s) it follows that
logdet(Apr, ,, + A) = logdet(Ans, ) + o(1),
as A — 07. This finishes the proof of the lemma. O

In order to study the asymptotic behavior of the right hand side of equa-
tion (@), we need some preliminaries.

Let A > 0 and R(X) be as above. Recall that R > 0, Ker R = C and
limy_,o R(A) = R. It is not difficult to prove that R is self-adjoint; therefore
the regularized determinant of R, det* R, may defined by the meromorphic

continuation of
Chls) =D m",
;>0
where the sum runs over the positive eigenvalues of R.
Now, let p1 be the first non-zero eigenvalue of R, let 0 < p < p1, and
let P, be the spectral projection of the Laplacian Ay on [0, u]. Then by
equation (@), R(A)~! can be decomposed as:

R\t = pgﬁoPM(Ag—i—)\)_loizB—i—pgﬁo([—PM)(Ag—i-)\)_loigB =: Qu()‘)+éu()‘)-
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The kernel of Q,()) in terms of the spectral decomposition of A, on M is
given by:

0<A;<p

1 1
— I - i E rt
+27T/0 /\—|—1/4—|—7"2 ($72+ZT) (:E’Z Z’f’)d’r’,
for x, 2’ € 3. We can further decompose Qu()‘) as le()\) +Qu72()‘)7 where
Qu,1(N) is given by:

11
QM ( )f_ )\A f( ) (x), with KQM,l(A)(‘Tv‘Tlv)‘) = XA_Q’

agd Kqg,.ov = EKq,n) — KQM()\). Taking the limit as A — 0 of Kg, ,(x) we
obtain:

_ 1
lim Kg, o002, 0) = Y -9j(0)e;(@)

0< ;i <p J

1 [# 1 1 1

— | ———F(z,= +ir)E(d, = — ir)dr.
+27T/0 it (a:,2+zr) (a:,2 ir)dr

Thus ||Q,,2(A)|| remains bounded as A — 07. In the same way as in [22]
Lemma 3.5], we can prove that there is a constant C' > 0, depending only
on i, such that for all A > 0:

(10) 1R = llps, o (I = Pu)(Ag + X)) oix,| < C.
Therefore the operator R(A)~! can be written as:
(11) R()‘)_l = Qua(A) + Ku(}),

with || K, (A)|| uniformly bounded as A — 07.

Now, just note that px;(Ker(4A,)) = Ker(R). Let 0 < pu1(\) < pa(A) <
us(A) < ... be the eigenvalues of R(\). Then from the discussion above it
is clear that:

w1 (A) — 0, as A — 0,
wi(A) > ¢ >0, fori>2, A>0.

Lemma 8. There is the following asymptotic expansion as X — 07 :
(12) log det R(\) = log p1(\) + log det™ R + o(1).

Proof. Let Ker(R) be the kernel of R, H = (Ker(R))* be its orthogonal
complement, and P : L?(X5) — Ker(R) and P+ : L?(X5) — H be the
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corresponding orthogonal projections. By definition:

d d 1 0

logdet R(\) := — — =——| == Te(eFV)ar.
opdet RO 1=~ | Gu(s) =~ | s [T e o)
The first thing to do is to separate the first eigenvalue. For that, let v be a
contour in C contained in the resolvent set of R(\), p(R(\)), and surrounding

the spectrum of R()\), for all A > 0 small enough. Then:

RO _ L / e (R(N) — &) tde
v

s=0

27
_ L[ ey lge s 2 [ e -
= g7 | RO~ g [ ROy~

where 1 is a contour surrounding {3 (), 0} and 2 surrounds the half line
[c,0), where pa(X) > ¢ for all A > 0. The curves 71 and 2 can be chosen
without overlapping and independently of A. It is clear that:

L[ (R — &) lde = e OV P(),

2 -

where P(\) is the orthogonal projection on the pu(\)-eigenspace. Therefore

1 o
¢ s) = —/ et (N gs=1 gy
R()\)( ) F(S) 0

+%/OOO Tr <% /w e S(R(N) —5)‘1d£> 5= Ldt.

The family R(A) acting on a subspace of L?(X3) into L?(X3) depends
continuously on A. The resolvent of R(\) depends continuously of A too.
Since R has 0 as eigenvalue, the resolvent (R — ¢)~! has a pole at £ = 0 and
can be written as:

(R—=&7h=—€¢""P+ A9,
with A(¢) a holomorphic operator in £. On the other hand, (X)) > 0 for
A > 0. Therefore (R()\) — &)1 is continuous in A close to 0 and holomorphic
in € far from o(R(A)). When integrating over v2 we are actually dealing with
the operators P(A\)*R()\) or PLR(\). From general results about resolvents
we have that (P(A\)*R()\) — &)~! converges continuously to (PYR —&)~! as
A — 07, for £ € p(R(N)). This fact in addition to the following expressions

1
e—tP()\)lR()\) — %/ e—t&(P()\)J_R()\) _ f)_ld& and,
72

1
R e R
207 ),
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imply that e~ tPA RO converges to e~tP*R_ Therefore Tr(e_tp()‘)LR(’\))
depends continuously on A and so does the zeta function. In this way we
obtain:

log det P(A\)*R(\) = logdet PLR + o(1), as A — 0.
This finishes the proof of equation (I2)). O
We consider now the behavior of the term log u1 () in equation (I2)):

Lemma 9. As A — 0T

A

(13) log p1(A) = log A + log <£—g> +o(1),
B
where Ay = area(M) and lg = length(¥g).
Proof. First observe that u%(k) = ||[R(A\)~Y||, where the norm is the operator
norm in L?. From equations (Il and ||Q,1(\)|| = %f‘—i, it follows that:
1 1
IR = 5+ 0) = —

The expansion for the logarithm applied to u%(k) = )\Z—ﬁg +u(N), with u(X) =

O(1) implies that:

log <u+(A)> — “log(n(\) = log <i—ﬁg> “log A+ O(\) as A — 0.

This finishes the proof of equation (I3)). O
Putting everything together we obtain the following splitting formula:

Theorem 10. For the relative determinant of the Laplace operator on a
surface with cusps (M, g), and the regularized determinant of the Dirichlet-
to-Neumann operator R on Y3 = {8} x St c M, we have the following

splitting formula:

det(A,, A

—( g Zﬂ’D) = ﬁdet*Ry

det(AMﬁ,D) 65
where Ay denotes the area of M and {g denoted the length of Xg.
Proof. We start with the splitting formula for A > 0, and A € p(4A):
logdet(Ag + X\, Az, p + A) —logdet(Aps, , + A) = logdet R(\)

From the previous lemmas we have that:

logdet(Ay, Az, p) +log A — logdet(Apr, p + A) + o(1)

A
= log p11(A\) + log det*R + o(1) = log A + log <€—g> + log det™R + o(1)
B
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Letting A — 0, we finally obtain:
A
log det(Ay, Az, p) — logdet(Ay, ) = log <£—g> + log det™R.
’ B

O

Remark 11. If we further decompose the operator Az, p as Ago & Az,
we obtain:

(14) logdet(Ay, Agp) —logdet(Az, 1) — logdet(Ans, 1)

= log <ﬁ> + log det™R.
ts

4. COMPACTNESS

In this section we use results of W. Miiller in [20] and of OPS in [24]. We
refer the reader to these references for all the details.

In [24] OPS proved that sets of isospectral isometry classes of metrics on
closed surfaces are sequentially compact in the C*°-topology. Let us recall
some of the main steps of the proof in the case x (M) < 0. In that setting, two
metrics g; and go are called isospectral if the spectra of the Laplacians Ay,
and Ay, are the same including multiplicities. In particular, the regularized
determinant and the heat invariants have the same values at ¢g; and gs.

To define the notion of convergence they fix a background metric gg. Asso-
ciated to gg, there is the Levi-Civita connection and the covariant derivative
that allow to differentiate in the whole tensor algebra. A sequence of metrics
{gn}nen converges to a metric g in C* if ||g, — gllcx — 0, as n — oco. A
sequence of isometry classes of metrics g, converges to an isometry class §
if there are representatives h, € g,, h € g, such that h, — h, as n — oo.
Now, let {pn }nen be a sequence of functions in C¥(M) and let ¢ be a fixed
metric on M. Then p,0 — po in C* as metrics if and only if p, — p in
C* as functions. Moreover, if the metrics o,, — o in €, and the function
pn — p in C¥, then the metrics ppo, — po in CF.

After defining convergence and isospectrality, OPS consider a sequence of
isospectral isometry classes of metrics {g, }neny and pick representatives gy, .
For each g, there is a metric of constant curvature 7, such that g, = €27 7,.
In this way, they associate to each g, a hyperbolic isometry class 7,,. They
use that for each n, det Az > detA; = constant > 0 and Mumford’s
compactness theorem to prove that there exists a subsequence of {7, }nen
that converges to an element 7 in the moduli space. To have compactness
of the conformal factors {p, }ney, they prove that for each k € N the k-th
Sobolev norms ||¢y || are uniformly bounded. Compactness in the C°°-
topology follows then from Rellich’s Lemma and the Sobolev embedding
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theorems on M. The constant value of the determinant and Polyakov’s
formula for the regularized determinant (see [23]) are used to prove uniform
boundedness of the first Sobolev norm. For the higher Sobolev norms, they
use the constant values of the heat invariants.

If we restrict the proof of OPS to a conformal class, we only need the cons-
tant values of the determinant of the Laplacians and of the heat invariants
associated to the metrics.

Now, let (M, g) be a surface of fixed genus p and fixed number of cusps
m. We usually take m = 1 to make the proofs simpler but the statements
hold for general m. We take g as the background Riemannian metric. Let
us decompose M as M = My Us,, Z, where My is compact with boundary
Y, and the metric on Z, = [a, 00) x S! is the usual hyperbolic metric.

Let K be a compact subset of M and let us define the “K-compactly

supported” conformal class of g as the set
(15) 9l = {9 | ¢ € CZ(M), suppy C K}.
Since K is compact, there is a 8 > « such that K C Mg and such that
K NX¥g = 0. From now on, when K is given we consider 3 fixed. Then
for every metric in h € [g]k, (M, h) is a surface with cusps and the cusp is
contained in M \ Mg.

For s > 0 and f € H*(M,g), the s-Sobolev norm is given by || f|/ms :=
(A +1)*2 f| 2.

Since we restrict to a conformal class the notion of convergence of metrics
reduces to the convergence of the conformal factors:

Definition 12. A sequence of metrics {gn nen, with g, = €*$7g converges
to a metric h in C* if and only if the sequence of function {n Ynen converges
to a function ¢ in C*.

As we explained in the introduction, in the setting of surfaces with cusps
the concept of isospectrality is not enough to study inverse problems and it
should be replaced by the concept of isoresonance. This is motivated by the
close relation between eigenvalues and resonances. The traditional approach
to resonances defines them as the poles of certain meromorphic extension of
the resolvent. However, in this paper we rather work with another approach.
We use the definition of the resonance set as it is given in [20] because our
work relies on trace formulae stated there.

Let us recall the precise definition of the resonance set: In [20, p.287], W.
Miiller starts assigning to each n € C a multiplicity m(n):

(1) If Re(n) > 1/2 and n # 1/2, m(n) is the dimension of the eigenspace
of A, for the eigenvalue n(1 — 7).

(2) If Re(n) < 1/2. Let Ey;_,) denote the eigenspace of A, for the
eigenvalue n(1 — 7). If ¢(s) has a pole at n of order n, then m(n) =
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dim(Ey ) + n. If ¢(s) has a zero at 1 of order 7, then m(n) =
dim(E,(1_,)) — 7. By the spectral properties of the Laplacian and
the properties of the scattering phase, we know that m(n) > 0.

(3) For = 1 we have that m(3) = %(Tr(C(%))+m)+2dim(E%), where
FE. is the %—eigenspace.

(4) In any other case, m(n) = 0.

Definition 13. [20] The resonance set of Ay is the set of all n € C such
that m(n) > 0. Each element in the set is counted with its multiplicity.

In this way, the resonance set is the union of the poles and some of the
zeros of the scattering phase ¢(s) in the half-plane {s |Re(s) < 1/2}, the set
{sj € C |sj(1—s;)is an eigenvalue of Ay} and {3}. Each element carries its
multiplicity. In particular, the definition implies that the resonance set car-
ries the information of the value of Tr(C(3)). Since C(3) is a real Symmetric
matrix with C(3)? = I, its eigenvalues are 1. Then Tr(C(3)) = 2¢ —
where £ is the algebraic multiplicity of the eigenvalue +1. In this way, the
resonance set determines the value of ¢ and the algebraic multiplicity of the
eigenvalue —1. Therefore it determines ¢(3).

We are now ready to define isoresonant surfaces with cusps:

Definition 14. Two cusp metrics g1 and go on M are isoresonant if their
resonance sets are the same including the multiplicities.

Remark 15. The scattering phases of two isoresonant surfaces with cusps
(M, q1) and (M, g2) are the same. This follows from Theorem 3.31 in [20],
that expresses the determinant of the scattering matriz as the Weierstrass
product:

(16) o(s) = 1/251/211 ””

where p runs over all poles of ¢(s), counted with the order and q is a well
determined constant. Indeed, equation (5.17) in [20] implies that the constant
q s determined by the resonance set.

Proposition 16. Let (M,g1) and (M, g2) be two surfaces with cusps that
are isoresonant. Let A, be the Laplacian given in Definition [ for any a =

(a1,...,am) with min{a;,1 < j < m} big enough. Then the corresponding
relative heat traces coincide, i.e.,
(17) Tr(e "Bo — ¢718a0) = Ty(e o2 — ¢~thav),

and so do the relative determinants:
(18) det(Agl , Am()) = det(Agz, Aa70).
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Proof. The proof of this proposition follows straight forward from the results
of [20]. Let (M, g1) and (M, g2) be isoresonant. The trace formula for the
relative heat operators in ([20, eq. (2.2)]) establishes:

(e A _ otha0) — z,z,t) — Y a: (2,2 z
(19) T( )= [ (gt = X g )4y )

7j=1

1 w |
_ At (1/44+22)t @
Ek:e = /_OO (172 + XA

I
+ 3¢ TG (1/2)) +m) + leoga]

where pg,(2,2,t)) is given by equation (). The term %e‘t/ 4 on the right
hand side of (I9) is missing in ([20} eq. (2.2)]) because of a missprint. This
term comes from the boundary condition of the model operator A, . Now,
by Theorem 5.11 in [20] the integral that involves the logarithmic derivative
of the scattering matrix can be rewritten as follows:

1 [ 2) log(q) e~ */4
2 R e~ (1/4+2%) 1/2 +i\Nd\ = —= /=
(20) sz in = BN

47 <25
- Z {e—tﬂﬂ PEric(Vi(1/2 — p)) + 7P Exfe(Vi(1 — p)},

where p runs over all zeros and poles of ¢(s) in Re(s) < 1/2, n(p) denotes
either the order of the pole p or the negative of the order of the zero p, ¢
is the same constant as in equation (I6]), and Erfc is the complementary
error function, see [20, (5.13)]. In addition, it is clear that the eigenvalues
of the Laplacians coincide. Then, equations (I9) and (20) imply equation
(7). Equation (I8) follows straightforward from the definition of the relative
determinant. O

We are ready to state the main theorem of this section:

Theorem 17. Let (M,g) be a surface with cusps and with x(M) < 0, let
K C M be a fized compact subset of M and let [g]x be the K-compactly
supported conformal class of g. Then isoresonant sets in [g|x are compact
in the C*°-topology.

The proof of the theorem consists in reducing to the compact case and
apply the result of OPS in [24] restricted to a conformal class.

Proof. First of all we need to compactify M to a Riemannian manifold that
contains K isometrically. It is convenient at this point to change coordinates
in the cusp, we first identify z = (y,2) € [a,00) x S with z = = + iy €
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S x ila,00) C C and then we apply the transformation z — w = e¢*. Then
Zo becomes {w € C: 0 < |w| < e} =: D* , and the metric on it becomes

efa

gl = log(lul ™) 2fuw||dul?.

Let us keep the old notation in these new coordinates. Then for any b > «,
M, = Mo U (D?_, \D;b) U and we could also denote D?_, by Z;. Let
B > « be fixed, as it was explained after equation (IH)). Let f € C*°(M)
satisfy:

_ JNog(jw)l[w] if w e D5 2(= Zgy2)
1) flw) = {1 if w e Mgy,
and put:
(22) o= [ g.

Then take M = M U {0} the one-point compactification of M (m-point
compactification if M has m cusps). The metric 0 on M extends to a
smooth metric on M which we denote again by o. Thus (M, o) is a closed
manifold that contains My isometrically and that has the same genus as M.
In particular, K C Mo U (D}, \ DI_5).

Now let {gn tnen C [g]k be a sequence of isoresonant metrics. Notice that
since the metrics in the sequence are isoresonant, they have all the same
zeroth heat invariant, therefore their areas Ay, have the same value. Since
gn € 9]k, there exists a function ¢, € C°(M) such that g, = e**ng and
supp ¢, C K, for each n € N. Now put:

Gn = €20,
Then the metrics g, are conformal to o on M. The fact that K G Mgy =
M\ D! 4, and O-’Mﬁ+1 = g\MﬁH impflz that the values Ay, — Ay(D%s,.)

are constant. Then the areas Ag, of (M,gy,) have all the same value; this
follows from:

Ag, = Ay, — Ag(Dlsiy) + Ag(M \ Mg1).

Therefore we can renormalize the metrics g, such that Az, = 1.
In addition, the definitions of K and o, the condition supp ¢, C K for all
n € N, and the locality of the Laplacians A, and A, imply that

(23) lonl G 57 o) = lenlirearg)-

Notice that compactness of {¢p fner in C (M, ) together with supp ¢, C
K @ M for all n € N, imply compactness of {¢p, tney in C*°(M, g). There-
fore, in order to prove compactness in C°°(M,g) we need to prove uniform
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boundedness of the sequence {|[¢n| (F U)}nEN of the k-th Sobolev norms
for each k£ > 1, i.e. we need to prove that

H(anH’c(M,o‘) < O(k) for all n € N,

where C'(k) is a constant that may depend on k.
In Lemmas I8 and [[9 we prove that if {g, }ney is isoresonant then det Ag,
is constant and the heat invariants of the metrics g, are the same for all n.
Then the theorem follows from the results of OPS in [24] since the uniform
bound of the Sobolev norms of the functions {¢y, }ney in (M, o), restricted
to our case, only requires that the determinants, det A; , the areas, Az

gn? gn?
and the heat invariants, a;(gy,), are constants independent of n. O

Lemma 18. Let {gn}ney be a sequence of isoresonant metrics in a con-

formal class [g]k. Let {gn}tnen be the associated sequence of metrics on M
defined above. Then the regularized determinants det Az, —are constant, i.e.
their value is independent of n.

Proof. Let h be any metric in [g]x. Remember the construction we did
in the proof of Theorem [I71 Recall that M = M U {0}, the one-point
compactification of M, is endowed with a smooth Riemannian metric o
obtained from equation (2I]). Let h be the metric on M corresponding to h
via the process described in the proof of Theorem [I7l1 Then for the relative
determinant of (Ay, Ag) and the determinant of Aj we have the following
splitting formulas:

log det(Ap, Agg)—logdet Az, 1—log det A(ngh),p = log <M> +log det* Ry,

(X, h)
and
log det A(JT/[',E) — log det A(MB’E)’D — log det A(M\Mﬁ,ﬁ),D
Ay (M)
(X, h)

where the first formula was proved in Theorem [I0] (equation (I4))), and the
second formula is the well known splitting formula for a closed surface, as
in Burghelea, Friedlander and Kappeler [5]. Subtracting the equations we
obtain:

log det A — log det(Ap, Agp) +logdet Az, 1 — logdet A

(M,h) (M\Mg,h),D

Az (M) <Ah<M>>
=log | 2L | —log [ 2L ) + log det* R~ — log det*Ry,.
g(e(zg,h)> E\U(sgny ) TR T R
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From the definition of f we have that h = h on Mg, and f =1 in a

neighborhood of 3. So we have that £(Xg, h) = £(Xg, h).

Now, let {gn}nen be a sequence of isoresonant metrics in [g]x satisfying
the hypothesis of this lemma, and let {g, } ey be the corresponding sequence
in M. If we take h = g,, the Dirichlet-to-Neumann operators are the same
for all n. To see this, notice that given a function u € C*°(X3), the unique
solution to the problem Agju = 0 on M \ Y5 with u|s, = u will also be a
solution of Ay u = e~ 2pn Agu =0 on M \ ¥z satisfying the same boundary
condition. Then, it follows from Lemma [, Proposition [B] and the fact that
the metrics coincide in a neighborhood of the curve ¥g that the operators
R, are the same for all n. Therefore, det* Ry, = ¢, for all n € N. The
same argument applied to the sequence {g, }ney gives det* Ry, = co, for all
n € N. In this way, we obtain:

log det A —log det(Ay,, Ag) —logdet A

(Mvgn) (M\Mﬁvgn)vD

= log(Ag, (M)) — log(Ag, (M)) + ¢

where ¢ is a constant that does not depend on n.
Recall that A, (M), Ag, (M), det(A,,,Ag ) are constants independent

of n. Moreover, gy Therefore det A is also

5z, = 15, (M\Mg,Gn),D

constant. Thus,
log det(Ag, ) = constant.

0

Lemma 19. The heat invariants corresponding to the metrics of the se-
quence {gn }ney are the same for any n € N if we start with an isoresonant

sequence {gn fnen-

Proof. Let h be any of the metrics g, that we are considering. Let us start
by constructing the kernel of a parametrix Hj, for the heat operator e “*2» on
the surface with cusps (M, h), as it was done in [19, p.245]. Namely we use
the standard method of gluing the heat kernel on the complete hyperbolic
cusp (0,00) x S, denoted by K and independent of the choice of h, with

the heat kernel on (M ,E), denoted by K, 7, restricted to Mpgio. Let us
recall briefly the definition of the gluing functions: For any two constants
1 <b <c let ¢g) besuch that ¢y, ) (y, z) = 0 for y < b, and ¢, ) (y,z) = 1
for y > c. Let ¢y = ¢(B+%,B+2)’ and ¥9 = 1 —1)q; then {¢1,15} is a partition
of unity on [B+ 1,8 +2] x S*. Let ¢; = b(,p4+1) and ¢ = 1 — ¢(6+%7B+3)’
so that ¢; = 1 on the support of ¢;, i = 1,2. Then the function:

Hy(z,2',t) = ¢1(2) K1 (2, 2/, )1 (2)) + ¢2(Z)K2,7L(27 2 e ().
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is a parametrix, see [19]. It is not difficult to prove that there exist constants
C, ¢ > 0 such that:

/ K (2, 2,t) — Hy(z, 2, t)|dAg(2) < Ce™ @
M

for 0 < t <1, see for example [I]. Then for small ¢ we can replace the heat
kernel K}, for the parametrix Hjy. Let pgii(z,2',t) be as in equation ().
We can obtain the analog to equation (8.14) in [I9 p.283], exactly in the
same way as it is done there, this is:

(24)
/ (K (2 2 ) =pssn (2 2 £)) dAn(2) = / (K1 (2, 2 )= (2, 2,1)) dAn(2)
M Zg41
+ K2J~L(z,z,t) dAp(2) + O(e77), as t — 0.

Mg 11

For the convenience of the reader, we give some explicit steps of the proof
of equation (24]). In order to keep the notation simple, if there is no place
to confusion, we drop the variable inside the integrals. From the definition
of the cutoff functions we have that

/ (Kp — pp41) dAp = / (K191 — pay1) dAy
M Zg41

+/ K, 712 dAp +O(e™7), as t — 0.
Mgio
On the other hand,

/ (K11 —pg41) dAp = / (K1 —pg41) dAy, —/ K11y dAy,
Zg i1 Zg1 [B+1,84+2]x St

Therefore,

/ (Kn —pgy1) dAp = / (K1 — pp+1) dAp +/ K,j, dAy
M Zg41 Mg

- /[B-i-l 6+2] g1 (Kl - KZ,TL)IpZ dAh + 0(6_%)7 as t — 0.
’ X

Now, Proposition 3.24 in [19] implies that the coefficients of the asymptotic
expansions of Ki(z,z,t) and Ks(z, z,t), as t — 0, coincide on [+ 1, 4 2] X
St. Then equation (24 follows.
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For a metric g, on M the heat invariants are, by definition, the coefficients
in the asymptotic expansion of the trace of the heat kernel as t — 0:

e~
/ K3 (2,2,t) dAg, (2) ~ — E a;(gn)t’, ast — 0.
Mo 13 =

The goal of this lemma is to prove that a;(gn) = a;(gm) for any n,m € N,
and for all 7 > 0. This will follow from the equality of the asymptotic
expansions for small values of ¢ of the integrals

(25) /~K27§n(z7 Z7t) dAgn(Z) and /~K27§m(z7 Z7t) dAgm (Z)
M M

for any n,m € N. We can split the integral over M as an integral over

Mgy and one over M \ Mg,q. Given two metrics g, and g, as in the

statement of the lemma, we have that on M \Mp+1, gn = Gm.- Since relative
to any coordinate system, the coefficients of the asymptotic expansion of
the heat kernel are given by universal polynomials in terms of the metric
tensor and its covariant derivatives, we have that a;(z,gn) = a;j(z, gm), for

ze M\ Mpgiq1. On M\ Mpg1 we have that dAg, = dAg,,. Therefore:
/N Ky 5. (2,2,t) dAg, (2) = /N Ky (2,2,t) dAg, (2).
M\Mpg1 M\Mpg11

By assumption, K; and pg4q are independent of g, and g,,. Therefore,
by equation (24) we have:

Ky, dAg, —
Mpgy1 Mpgy1

M Zg41

K3, dAs,

- /M(Kgm - pﬁ‘i‘l) dAgm +/ (Kl - pﬁ‘i‘l) dAgm

Zg+1
= / (Kgn —p5+1) dAgn _/ (Kgm _pBJrl) dAgm =0,
M M

where the last equality follows from the fact that the metrics are isoresonant
and from Proposition[I6l So, we have proved that the asymptotic expansions
as t — 0 for the integrals in (25]) are the same. From the definition of the
heat invariants it follows that:

a;j(gn) = a;(Gm), for all j >0, and n,m € N.
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5. BOUNDEDNESS OF THE RELATIVE DETERMINANT AS FUNCTION ON THE
MODULI SPACE OF HYPERBOLIC SURFACES WITH CUSPS

In this section we restrict to surfaces with cusps that are hyperbolic.
Let (M,7) be a Riemann surface of genus ¢ with m cusps, where 7 is a
hyperbolic metric of constant negative unitary curvature. To each element
[T] € Mgym We associate the relative determinant det(A,, A; ), where the
operator ALO is given in Definition [l with @ = 1 and it acts on a subspace
of EB;”Zle([l, 00), yj_Qdyj). If (M, 7) can be decomposed as M = MyU Z,, U
-+ Zam, With a; > 1; then the difference e"tAr — 7210 ig taken in the
extended L? space given by:

Lz(Mv dAT) D @T=1L2([17 (lj], y_2dy)
= L*(Mo,dA;) ® & (L§(Za,) ® L*([1, 00), y~2dy)).

Our result is:

Theorem 20. As function on the moduli space of hyperbolic surfaces of fived
genus q with m cusps, Mgm, the relative determinant det(A;, A1) tends
to zero as [T] approaches the boundary; where by boundary we mean the set

Mq,m \ Mq,m

This theorem implies that the relative determinant is bounded as a func-
tion on the moduli space. In addition, it also implies that it is a proper
function.

We use Selberg’s trace formula and the work of Bers in [2] and of Jorgenson
and Lundelius in [12]. In [I2] the authors define a hyperbolic determinant for
Laplacians on hyperbolic Riemann surfaces of finite volume, non-connected
in general. We compare both determinants and use their results together
with the results in [2] about degeneration of surfaces.

Let us start by recalling Selberg’s trace formula [27] as it is presented by

H. Iwaniec in [10], applied to the function h(r) = e~t5+®) and its Fourier
'u,2
transform g(u) = ﬁe‘ﬁe_ﬂ.

Let T' be a Fuchsian group of the first kind. Let I' \ H = M be the
associated surface, let A; be the Laplacian on M and let \; = i + 7’]2- be
the sequence of eigenvalues of A,. We do not include the contribution of
the elliptic elements, because we consider groups without elliptic elements.
In this case Selberg’s trace formula (see [27] or [10]) applied to the heat
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operator takes the form:

Bl

—t(3+r3) _ L —t(14+22) ﬂ 1 e 1
Ze 47T/ z ¢(2+z>\)dA+ o~ T(C(3)
B Area(M) —t(L422) -1 () _ (et(v)?
e /Re 7129 X tanh () d)\+\/_;{} 2eimh (2 ))e n

IS

_m e gL m—t _ e”

- Re P(1—1—2/\)(17)\4— ke mlog(2)\/m,

where the sum runs over the primitive hyperbolic conjugacy classes v with

length £(~y), m is the number of inequivalent cusps, and as before C'(s) is the
scattering matrix and ¢(s) = det C(s).

In the notation of [I2] the hyperbolic heat trace HTr K (t) and the reg-
ularized trace STrK,(t) are given by:

t 0
e 1 (ke(7))?
HTr KM e,
\/ 167t kZ:l {Z}; Slnh
STrKM(t) = HTr KM( ) + Area( )KH(t, 0),

where

Ky (t,0) = ! / e~ X tanh (7)) dA.

An

With these expressions, they define the hyperbolic zeta function and the
hyperbolic determinant as

1 o0
Gumels) = /0 (STrKu(t) — d)t=dt  and
dethypAT = eXp(_gl/lyp(O))7

where d is the number of connected components of M as well as the di-
mension of Ker(A;). Let Z(s) be the Selberg zeta function associated to
M = T'\ H, then there is the following relation between the hyperbolic
determinant and the derivative at s = 1 of the Selberg zeta function:

detyypr = 71, (1)eXMD(26 (=145 =257
where (r denotes the Riemann zeta function. This formula was proven for
the hyperbolic determinant on Riemann surfaces of finite volume by JL in
[12], as a generalization of the corresponding formula on compact Riemann
surfaces given in [9] and [26].
We want to see the relation between the hyperbolic determinant dety,, A,
and the relative determinant (A;, A; o). In order to do that we consider P(t),
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the contribution of the parabolic elements to the trace formula. We know
that P(t) is given by

_t(l+r2)r/ .
Pit)= [ e a™)—(1 +4r) dr,
R F

for which we have the following lemma:

Lemma 21. P(t) has the following asymptotic expansions:

log(t —, .
P(t) ~ —g og;( ) +2—\/\/EE(—Bl+’y—log(4)+7r)+t_1/2ijtj/z, ast — 0,

where By is the first Bernoulli number and v in this case denotes the Euler
t
constant. Ast — oo, we have that P(t) = O(e™ 1).

j=1

Proof. The proof of Lemma 27] easily follows from the formula

/ o0
Y (R
0

'z+1) 2z u et —1

for Re(z) > 0, and from Stirling’s formula:

log(T(2)) = (= — L) log(z) — 2 + Llog(am) + 3 - UV Br
g - 2 g 2 glam vt 2T(2T — 1)227“—1’
for |arg(z)| < § — 6, where B, is the r-th Bernoulli number. 0

Proposition 22. For the relative determinant and the hyperbolic determi-
nant we have the following relation:

det(A,, A1) = A detpy,y(A,),

where A is a constant that depends only on the number of cusps of M. In
particular, det(Ar, A1) = A Z},(1), where A depends only on the topology
of M.

Proof. We know that for any a > 1 and ¢ > 0 the operator e *2e.0 — ¢~ tA10

acting on L?([1,00),y~2dy) is trace class and the trace is given by

1
Tr(e_tA“’O _ e—tAl,O) =——— ¢t/ log(a),

Vamt

see [I, Prop. 2.6]. This fact together with equation ([I9]), (|20} eq.(2.2)]), and
the linearity of the trace imply that

_ i o [ a1 et 1
tAr _ —tA10y _ thj_ t(z+r) 2 (= i Z
Tr(e e ) Ej:e j 47T/Re 1 ¢(2+z7") dr+ 1 (Tr(C(2))+m).
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Putting this equation together with Selberg’s trace formula we obtain:

m ~mlog(2) _+ m

(27) Tr(e™'A7 — e7'A10) — STYK (1) = —— P(1) i e
s

VAart 2

Let us consider the following auxiliary function:

29 &)=y /0 h {—%m) bt @ _ lji%)) } FL.

Then we have that ((s;Ar,A10) = Carnyp(s) + £(s). On the other hand,
Lemma 2] implies that the function £(s) has a meromorphic continuation to
C that is analytic at s = 0. Thus,

det(Ar, Ay g) = e_gl(o)dethyp(AT).

The constant A = e~¢'(®) depends only on the number of cusps of M. O

Let us now recall how one can approach the boundary of the moduli space.
For this we refer to L. Bers in [2]. Let us recall the notation and the result in
[2] that we use here. Let G = SL(2,R)/{£I}. Every Fuchsian group I' sat-
isfying the condition mes(G/T") < oo, has a signature o = (p,n;vy, -+ ,vp),
where p and n are integers, the v; are integers or the symbol oo, and p > 0,
n>02<wy <<y, <oo. In the quotient I'\H, the number p corres-
ponds to the genus and n corresponds to the number of “singular” points.
The values v; < oo correspond to elliptic points, and v; = oo correspond to
cusps. Since we do not consider elliptic points, all v; are equal to infinity.
Let

X (o) ={[I'] : [T'] is a conjugacy class of Fuchsian groups I" with signature o}

The spaces X (o), with their natural topologies, are metrizable. The topology
of X (o) can be derived from the Teichmiiller topology. The theorem that is
of our interest is the following:

Theorem 23. (L. Bers [2]) The subset of X (o) corresponding to groups T’
such that £(vy) > 2+ € > 2 for all hyperbolic v € T is compact.

This implies that the only possible deformations reaching the boundary
of the moduli space are obtained by deforming hyperbolic elements in the
group, i.e. by pinching smallest geodesics.

As we already mentioned, the proof of Theorem relies strongly on
the results of Jorgenson and Lundelius in [12]. Let us recall them: Let
{M}c ICR?, be a degenerating family of hyperbolic Riemann surfaces of finite
volume (each surface M; is assumed to have m cusps and to be connected)
with p pinching geodesics. This means that for each [ = (ly,---,ly) € I
the cutoff cylinders Cj, , are embedded in M; for every 0 < e < 1/2. From
Gauss-Bonnet we know that the area of the surfaces is kept invariant during
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the deformation. Let I'; be the group corresponding to M, let H(I';) denote
a set of representatives of primitive non-conjugated hyperbolic classes in I',
and let DH(T';) € H(I';) be the subset corresponding to the geodesics that
we are pinching. Proposition 2.1 in [12] yields that the degenerating heat
trace for ¢t > 0 equals:

o t/4

DTrK — e~ (nl(y)?/4t.
(1) V167t DHE(; Zsmh n€ /2)

Let M be the Riemann surface that is the limit of the degenerating family
{M;} then M is not necessarily connected and the number of cusps of M is
m + 2p. Theorem 2.2 in [12] states that:

lim (HTr Ky, (£) = DTeK g, (1)) = HTr K (1).
_>

Their next step is to separate (in the trace) the small eigenvalues of the
Laplacian on M. Let {\,;}n denote the eigenvalues of Az, and {);}; denote
the eigenvalues of Aps. Let 0 < aw < 1/4 be such that « is not an eigenvalue
of the Laplacian on M and consider:

HTrK§ (t) == HTrKy, (t) Z e Antt,
nila
From this definition we have that: STrKf; (1) = STrK, (t) — ZANSa et
and STrK R (1) = HIYKum (1) — X5 (any<a €M) + AKu(t,0), where A
denotes the area of the limit surface M. For a given hyperbolic surface M,,
JL consider the truncated hyperbolic zeta function:

Chyp M. (8) = / STrK (t)t5! dt

and the corresponding determinant dethypA M, is defined in the usual way.
Let us see now how detfy /Ay, relates to det(Any, A1p). Notice that the
operator Aj o remains constant through the degeneration. At the moment
we are not concerned with the relative determinant of the limiting surface
but rather with the behavior of the relative determinant of the degenerating
surfaces. Equation (27)) applied to M; can be rewritten as:

_ A o 1 1 log _t _
Tr(e tA —e tAl'O)—STrKMl (t) =m (—;P(t) + (5 _ 4> Z; e A
v A (0%

Writing this in terms of zeta functions we obtain:

C(37 AM” A170) Chyp Ml Z )\j 0

Jl<a
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where £(s) is as in equation (28)). Taking the meromorphic continuations
and differentiating we obtain that:

(29) log detfy, , Ay, = log det(Apg, A1) +me — Z log(Aj1),
)\j,lga

where for £(s) we used again Lemma 2] and the fact that from equation (28])
is clear that &(0) = ¢ m, where c¢ is a constant independent of [.

Due to a missprint in a sign in Corollary 4.3 in [I2] we do not use it
directly. Instead we refer to their Theorem 4.1 and keep track of the signs.
Theorem 4.1 in [12] establishes that for all s € C

. a 1 o s—1 a
B0 i (Gho 1)~ 775 /0 DTeKoy, (6t — G2y e (5)) = 0,
and the convergence is uniform in any half plane Re(s) > C' > —oo. In order
to deal with the second term in the left-hand side of equation (30]) we follow
Remark 4.2 in [12] to obtain:

d 1 o) —n(
——— [ DK slat
ds F(S) /0 My (t)t d —0 Z Z _ —nf('y
s DH() n=1"
This together with equation (B0]) gives:
—nZ
l (logdethypAMl + Z Z i) )) = log detj,, A

~yeDH(I';) n= 1

Let us replace log detﬁypA M, in the expression above using equation (29):

(31)
. ~ e e_"Z(FY)
}E)I(l) (log det(AMl, A170)+mc+ Z Z m— Z log()\jl))
~E€DH(I';) n=1 0<j <a
= log detp A

In order to study the behavior of log det(A s, A1) we need to know the
behavior of the series in the left-hand side of equation (BI]) as I — 0; recall
that £(y) — 0 as [ — 0. This series was already studied by S.A. Wolpert in
[30, p.308], if Re(s) > 0 then as £(v) — 07 we have:

x  —nsl(y) 2
D o e = (W Tl %> log(1 — e‘“%) +0(1).
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Taking s = 1 we see that

e—n(v)

hm Z Z 1_67%()):00.

'yEDH Iy) n= 1"

For the sum involving the logarithm of the small eigenvalues we know that
some of the small eigenvalues of the family {M;} may degenerate. For the
eigenvalues of M, 0 = \;(M), that come from degeneration we know that
for any 0 < a < i, a not an eigenvalue of M, there is a [y such that for all
0 <1< lg, Aij < . This is due to the convergence of any finite number of

eigenvalues. Thus lim;_,q ZO<>\j <o log()\jJ) = —oo. In this way we have:
iy Y S S -
’YEDH 1—‘l n 1 0<)\j’l§a

since the term c¢m and the hyperbolic a-regularized determinant of the limit
surface are both finite, it follows that

lim log(det(Apy,, A1) = —oo.
=0

This finishes the proof of Theorem
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