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ABSTRACT

Winds over the tropical Pacific are interpreted using mixed-layer theory. The theory—which posits that the
surface winds can be derived in terms of a force balance among surface drag, pressure gradients, Coriolis forces,
and the vertical mixing of momentum into the boundary layer (entrainment)—is very successful in predicting the
seasonal climatology of the surface winds. The model is also used as a basis for interpreting previous results. In
particular the model illustrates why studies that model the momentum flux divergence as a Rayleigh damping find
optimal damping coefficients that are anisotropic. A linear variant of the model, which also incorporates entrainment
but neglects the quadratic relation between the wind speed and the surface stress, is also found to predict the
surface winds skillfully. In addition to improving the representation of the winds, it leads to realistic representations
of the divergence of the vector wind. If the key parameters of the model (the entrainment rate and the boundary
layer depth) are assumed to have uniform climatological mean values over the Pacific basin, optimal parameter
values can be derived by matching the model winds to the climatology. Such a procedure leads to boundary layer
depths between 300 and 400 m and entrainment rates slightly less than 1 cm s21. A somewhat more general model
of the boundary layer winds (the so-called K-profile parameterization), is used to show that accounting for the
vertical structure of the wind profiles yields somewhat larger optimal estimates of we and h. Overall, the incorporation
of the entrainment effect is critical, indicating that the acceleration of the near-surface winds by momentum mixing
with the free atmosphere is a first-order effect that should not be neglected in simple models. In physical terms,
this effect is one of resisting the turning of the winds.

1. Introduction

A starting point for many models of the surface (or
boundary layer) winds over the tropical oceans is the
generalized Ekman balance

1 ]t
f k 3 u 1 =p 5 , (1)

r ]z0

where r0 is the basic-state density, p is pressure, 5u
( , ) is the wind vector, and the overbars denote ex-u y
pected values. The balance reflects the assumption that
the direct effects of viscosity as well as the effects of
departures from horizontal homogeneity or stationarity
in the wind field are negligible. Indirectly viscosity man-
ifests itself through the presence of the turbulent
stress, t 5 2( , ). By integrating (1) over theu9w9 y9w9
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depth h of the atmospheric boundary layer (ABL), an
analogous balance,

1 t (h) 2 t (0)
f k 3 U 1 =P 5 , (2)

r h0

can be expressed for the bulk wind . Hereu
h h1 1

U 5 u dz and P 5 p dz.E Eh h0 0

Past work has tended to emphasize a simplified var-
iant of the above balance,

1
f k 3 U 1 =P 5 2«U, (3)

r0

which we call the Rayleigh Friction Model (RFM) be-
cause the flux divergence term on the right-hand side
of (2) has been replaced by a simple Rayleigh drag. This
drag (or friction) mimics the effect of surface fluxes by
damping the wind on a specified timescale. Models sim-
ilar to (3) have a long history in the literature, and
although we have formulated the RFM in terms of the
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bulk wind, the existing literature is ambiguous on this
point; some studies invoke Rayleigh damping in terms
of (1), thereby allowing for a distinction between the
bulk and the surface wind, yet others invoke Rayleigh
damping in related but different contexts (e.g., Matsuno
1966; and many subsequently). However, studies that
attempt to physically justify the use of Rayleigh damp-
ing in models of the winds typically do so in terms of
balance equation for the bulk winds. The justification
being that to a first approximation surface drag behaves
linearly and h corresponds to a level at which t can be
neglected, (Lindzen and Nigam 1987; Neelin 1988).
From the perspective of the climatological wind balance,
the latter assumption implies that vertical mixing of mo-
mentum into the ABL plays no important role in de-
termining the pattern of surface winds.

The popularity of the RFM stems both from its sim-
plicity, and from the perception that it provides a rea-
sonable description of the ABL winds. For example,
Murphree and van den Dool (1988) demonstrate that
(3), forced by surface pressure gradients, exhibits
marked skill in its prediction of the seasonal climatology
of surface winds. Their work also indicates that: ‘‘Some-
what better ( ) skills [arise] if a smaller (larger) thanu y
standard « value is used.’’ This apparent anisotropy was
explored more systematically by Deser (1993). By al-
lowing « to take on different values depending on
whether one was considering the meridional or zonal
momentum balance she proposed a modified version of
the RFM

1 ]P
2 f V 5 2« U (4a)xr ]x0

1 ]P
1 f U 5 2« V, (4b)yr ]y0

which we call the anisotropic Rayleigh Friction Model
(ARFM) to distinguish it from the isotropic, or rota-
tionally invariant, RFM given by (3). Because different
values of «x and «y have no a priori justification, one is
forced to estimate their values by fitting (4a) and (4b)
to the data. Following such a procedure, Deser asso-
ciated «x with the slope of the line arising from the
regression of the left-hand side of (4a) onto . Usingu
the meridional balance equation in (4b), «y was fit fol-
lowing a similar procedure. Result suggest that the
ARFM fits the data best if «y is 2–3 times larger than
«x. Subsequent analyses (Li and Wang 1994; Chiang
and Zebiak 2000) supported the Deser findings, al-
though the fitting procedure was shown to have a
marked latitudinal dependence—both «x and «y tend to
increase away from the equator.

Why do the derived friction coefficients behave as
they do? Deser argued that the differences between «x

and «y reflects an anisotropy in the ABL winds them-
selves. For instance, during the Atlantic Trade Wind
Experiment (ATEX, e.g., Augstein et al. 1974), the me-

ridional winds were observed to peak near the surface,
while the zonal winds have their maximum nearer 950
hPa (Brümmer et al. 1974; Stevens et al. 2001), which
is the approximate height of cloud base. Deser specu-
lated that the source of the anisotropy in the ABL winds
was the anisotropy of the free-tropospheric wind, which
above the ABL tends to be predominantly zonal. These
ideas received support from a recent study by Chiang
and Zebiak (2000) thus suggesting that an alternative
explanation (Li and Wang 1994), which attributes the
anisotropy in «x and «y to horizontal flux convergence
associated with transients, is not necessary.

Both the arguments by Deser (1993) and the model
of Chiang and Zebiak (2000) take the ABL wind profiles
for granted, which is to say that the wind profiles are
not determined by their arguments. As a result their
explanations as to the origins of the asymmetry in the
friction coefficients, while plausible, are proximate.
Moreover, because neither study addresses the theoret-
ical basis for the RFM approximation (Lindzen and Ni-
gam 1987; Neelin 1988), neither tackles the apparent
paradox whereby the attribution of differences between
«x and «y is to processes that are formally neglected in
most attempts to justify RFM models in the first place.

The purpose of this work is to revisit these issues and
to answer these questions. We frame our study about an
examination of the ability of generalized Ekman bal-
ances to explain the ABL wind budget over the tropical
oceans. In particular we are interested in understanding
and clarifying the role of entrainment in such balances.
Our motivation is twofold: first it is clear that in some
neighborhood of the equator entrainment must contrib-
ute at leading order to balances that resemble (1). Sec-
ond, we want to clarify the theoretical basis for the
ARFM, which, while often justified in reference to en-
trainment, fails to systematically incorporate this effect.
We proceed as follows: in section 2 we introduce the
mixed-layer model, and show that for uniform parameter
values it provides a remarkable description of the sur-
face winds. The explicit inclusion of vertical mixing of
momentum into the ABL is a critical component that
both improves the skill of the model and provides a
rational basis for interpreting previous results. In section
3 we derive a linearized version of the model that retains
the entrainment effect and also demonstrates marked
skill. Last, in section 4 we briefly explore the behavior
of a somewhat more complicated model of the ABL
wind, one that accounts for its vertical structure. This
allows us to explore the physical distinction between
the bulk and surface values of the wind and the impli-
cation of this distinction on our findings.

2. Mixed-layer analysis

a. A mixed-layer model of the winds

To close (2) requires that we model the boundary
fluxes in terms of the bulk wind U and other parameters
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FIG. 1. MLM-derived zonal winds (solid thickened lines) and meridional winds (solid thin lines) for UT 5 26 m s21, h 5 500 m, and
we 5 1 cm s21. The solid thickened and thin lines are the same in (a)–(c) and should be compared with the dashed/dotted lines that represent
changes to the forcings or parameters. (a) Sensitivity to forcing: UT 5 28 m s21 (dashed) and 24 m s21 (dotted). (b) Sensitivity to ABL
depth: h 5 1000 m (dotted) and h 5 250 m (dashed). (c) Sensitivity to entrainment: we 5 2 cm s21 (dotted) and we 5 0.5 cm s21 (dashed).

or forcings. Straightforward models for these fluxes can
be constructed on the basis of conventional arguments.
Following Deardorff (1972) the surface flux [ [2u*
\t (0)\] is applied in the direction of the ABL wind,

t (0) 5 (C \U\)U,D (5)

where CD is a bulk exchange coefficient. Deardorff de-
velops explicit formulas for CD that depend on the sta-
bility, the ABL depth, h, and the surface roughness.
Over the tropical oceans typical values of these param-
eters yield CD ø 1/900, which is also in accord with
the recommendation of Garratt (1992). Modeling the
mean drag in terms of the mean wind neglects the effect
of fluctuations in the wind, but can be justified if such
fluctuations are small, or if they can be absorbed in the
specification of CD. The latter is not something we at-
tempt to do at this point.

Instead of neglecting entrainment as a source of mo-
mentum, we include it using a simple bulk entrainment
law (e.g., Lilly 1968),

t (h) 5 w DU 5 w (U 2 U),e e T (6)

where we is an entrainment velocity and UT is the vector
wind above the ABL. This sort of relationship is ap-
propriate for profiles wherein the winds are well mixed
throughout the upper portion of the ABL and then adjust
to their free-atmospheric values over a thin layer. In the
present context such an approach is motivated by the
identification of the subcloud layer with the momentum
boundary layer (e.g., Brümmer et al. 1974; Stevens et
al. 2001); thus, we identify h as the height of the cloud
base. Although (6) makes no explicit statement about
the importance of momentum transport by shallow con-
vection, such processes are indirectly implicated at least
to the extent that we is not equal to the subsidence ve-
locity at z 5 h. In addition, moist convective processes
indirectly affect the momentum budget through their
regulation of the subcloud layer depth.

Given the closure assumptions (interface rules) (5)
and (6) we arrive at a bulk wind law

1 \U\C 1 w wD e ef k 3 U 1 =P 5 2U 1 U , (7)T1 2r h h0

which we call the mixed-layer model (MLM). The MLM
has long been used to interpret ABL wind profiles. Our
use of it follows standard practices (e.g., Garratt 1992),
except rather than h and we themselves being determined
by the model here they are cast as parameters. The MLM
is only slightly more complicated than the Rayleigh fric-
tion-type models, and for the special case of zero en-
trainment (we 5 0) and linear drag, it reduces to (3) as
expected. Given a specification of the free parameters,
and the forcings (UT and P), a Newton–Raphson pro-
cedure converges to 64-bit accuracy in about four it-
erations. Thus the MLM is also an efficient represen-
tation of the winds.

Intuition regarding the behavior of (7) can be devel-
oped by examining its solutions for idealized flows. For
instance a relevant tropical analog is purely zonal free-
tropospheric winds balanced geostrophically by merid-
ional pressure gradients. In this case fUT 5 2]P/]y and
both VT and ]P/]x vanish. For this class of forcing,
solutions to (7) can be explored as a function of f for
varying values of UT, or the parameters h and we

(throughout we consider CD to be constant). Results
from solutions to (7) for this case are plotted in Fig. 1
for different values of UT (Fig. 1b), h (Fig. 1b), and we

(Fig. 1c).
Because pressure gradients increase away from the

equator for the given UT forcing (proportionally to f )
the acceleration of the ABL wind is able to offset surface
drag for smaller velocity defects (UT 2 U) as f in-
creases; thus U approaches UT at higher latitudes, and
V is largest in near-equatorial regions where f is nonzero
yet the velocity defects are still large. This general be-
havior is evident in Figs. 1a–c. In Fig. 1a solutions for
different values of UT are similar (in a nondimensional
sense) but not exactly the same, reflecting the relatively
small influence of the nonlinearity in the drag term.
Increasing h (Fig. 1b) has the effect of contracting the
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TABLE 1. Skill, model parameters, and regression data for model winds vs COADS surface wind climatology for the Northern Hemisphere
winter season. Results from both the RFM and ARFM models are presented as well as three different implementations of the MLM. MLM–
N is the special case with no entrainment; MLM–O is the optimally fitted MLM. MLM–P illustrates the behavior of the MLM with perturbed
(i.e., nonoptimal) parameter values. For each case the relevant parameter values are also listed. The regression fit data include the regression
coefficients (mu, my ) and offset (u, y) as well as the mean square correlation, r 5 2 2Ï0.5(r 1 r ).u y

Wind law

Skill

S Su Sy Parameters

Regression fit data

mu my u y r

RFM
ARFM

0.72
0.80

0.83
0.83

0.89
0.96

« 5 2.2 3 1025 s21

(«x, «y) 5 (1.6, 4.2) 3 1025 s21

1.31
1.31

1.07
0.93

20.96
21.09

0.24
0.32

0.82
0.83

MLM–N
MLM–O
MLM–P

0.73
0.92
0.91

0.86
0.95
0.94

0.87
0.97
0.97

h 5 338 m
h 5 326 m, we 5 0.88 cm s21

h 5 500 m, we 5 1.00 cm s21

1.01
1.06
1.20

1.42
0.87
0.97

21.03
20.68
20.74

0.28
0.31
0.32

0.85
0.91
0.91

equatorial zone that we define as the region where the
turning of the wind is most pronounced. Not surpris-
ingly the sensitivity of the model to we (Fig. 1c) is most
evident in this zone. This follows because \UT 2 U\ is
largest and the entrainment flux of momentum is greatest
in this region. Overall entrainment tends to reduce the
turning of the winds, but the extent of this effect depends
on both f and h.

b. Surface winds

1) SKILL MEASURES

To evaluate how well (7) can capture the seasonal
climatology of the surface winds we compare results
from the model to the climatology over a 18 grid span-
ning the equatorial Pacific basin between 208S and 208N
and between 1008W and 1208E. At each ocean point on
the grid, (7) is solved for U, using a fixed value of r0

5 1.15 g kg21 and the seasonal climatology of UT and
P. For UT we use the 850-hPa winds from the 1979–
95 monthly mean National Centers for Environmental
Prediction–National Center for Atmospheric Research
(NCEP–NCAR; Kalnay et al. 1996) reanalysis dataset.
These data are originally provided on a 2.58 grid and
are bilinearly interpolated to the analysis grid. The 850-
hPa winds are used as a proxy for the winds above the
top of the momentum boundary layer. While 925- or
950-hPa winds might be closer to the top of the ABL
given values of h we consider, we chose the 850-hPa
winds to minimize the effect of the boundary layer
scheme used in the context of the reanalysis. Surface
pressure gradients estimated from the University of Wis-
consin—Madison Comprehensive Ocean–Atmosphere
Data Set (COADS) monthly climatology (Da Silva et
al. 1994) are used as a proxy for the mean pressure
gradient over the entire ABL. Because we expect pres-
sure gradients to be largest at the surface this probably
exaggerates the strength of the pressure gradient, al-
though the shallowness of the momentum boundary lay-
er helps mitigate this potential bias. A 9-point smoothing
of the surface pressure field is applied before calculating
the surface pressure gradients. The pressure gradients
are then calculated using centered finite differences. For
these forcings, the skill of the wind law (7) is compared

with the skill that would be given by a model with no
entrainment (MLM-N), as well as to the RFM and its
counterpart the ARFM.

To choose the parameters for the respective models
(except for one sensitivity study), we use those values
that maximize the Murphree and van den Dool (1988)
measure of joint skill,

2 2[(U 2 U ) 1 (V 2 V ) ]O coads coads
S 5 1 2 , (8)

2 2(U 1 V )O coads coads

where the summation is over the analysis domain. Max-
imizing S is equivalent to minimizing the standardized
mean square error. An alternative measure of skill, the
mean square correlation r of the two components of the
wind, was also considered; while results based on this
measure were consistent with those presented here, it
tended to be a less sensitive measure and thus was not
chosen as the basis for the optimization.

Table 1 summarizes the results of these comparisons.
For the RFM models, the coefficients that maximize S
are, in each case, consistent with previous analyses. Also
in accord with previous studies, the skill of a model
based on a Rayleigh drag increases significantly if this
drag is allowed to depend on wind direction, and «y is
consistently 2–3 times larger than «x. Of the three MLM
cases we consider, MLM–N is the optimal solution for
no entrainment; MLM–O is the solution that maximizes
S; and MLM–P is a solution that shows the sensitivity
of the MLM to its parameter values. The similarity in
skill between the MLM–P and MLM–O solutions re-
flects the fact that the skill tends to be flat along a line
of increasing we and h in parameter space, which implies
that the individual parameters are not as strongly se-
lected as is their ratio. In fact the MLM–P solution is
relatively closer to the parameter values that maximize
r, thereby illustrating the extent of differences one might
expect by optimizing around a different skill measure.
Recall from our discussion of (7) in section 2a that
MLM–N and RFM should be nearly equivalent: the only
difference between the two models is that MLM still
uses a quadratic drag. The results indicate that this leads
to very slight, and probably negligible, improvements
in the statistical measures considered.

Both the ARFM and MLM–O/MLM–P solutions have
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FIG. 2. Zonally averaged winds for (a), (b) DJF and (c), (d) JJA forcing. Shown
are the observations (bold solid), and MLM–O (bold dotted), ARFM (short dash)
and MLM–N (long dash) solutions for the (a), (c) zonal and (b), (d) meridional
components of the wind. Because of the similarity between MLM–O and the
RFM, results from the latter are not shown. The shaded band has a width of 2
std dev about the mean and gives a rough measure of the variability of the
COADS surface winds about their zonal means.

two free parameters that are selected through an opti-
mization procedure, although if they exhibited com-
mensurate skill one would still prefer the MLM because
its parameters are more readily justified on physical
grounds. However, MLM–O is markedly more skillful
than ARFM. This suggests that the coupling between
UT and U (which is included by way of the entrainment
parameterization in the MLM, but neglected in Rayleigh
friction-type models) is important and that simply al-
lowing for anisotropy in the damping timescales for the
wind does not properly incorporate this effect.

Using the MLM–O approach, we have repeated the
above analysis for other seasons. There does not appear
to be a pronounced seasonal dependence of optimal pa-
rameters. Overall ABL depths tend to be shallowest in
northern winter and summer. In these seasons, they are
326 and 365 m, respectively, increasing to approxi-
mately 400 m in the other seasons. Entrainment rates
vary between 0.9 and 1 cm s21 with the larger entrain-
ment rates in the seasons where the ABL is deeper. Our
model actually is least skillful for the boreal winter sea-
son. Fits for other seasons result in marginally greater
(S 5 0.93) skill. Overall, optimal ABL depths are some-
what shallower than we might have predicted; however,
these should be interpreted as effective depths necessary
for the bulk winds to reproduce the surface climatology
(see section 4).

To the extent one is interested in h and we, the MLM
can be readily inverted to yield equations for these pa-
rameters as a function of the observed surface winds
and the forcing. In principle one could then use these
relations to make maps of the values of h and we nec-
essary for the MLM to exactly reproduce the surface
wind climatology for the given forcing. It turns out that,
where this procedure produces values of h and we that
are readily interpretable (i.e., greater than zero), the val-
ues are consistent with our previous analysis. However,
because the maps also include broad regions where the
model fails to be perfectly skillful for physically plau-
sible parameter values, and because these regions tend
to depend on which forcing dataset one uses, the ex-
ercise is less informative than one might initially sus-
pect.

2) PATTERNS

A more concrete measure of the model skill is given
in Fig. 2 where we compare zonally averaged winds
derived from the MLM–O, MLM–N, and ARFM with
the December–January–February (DJF) and June–July–
August (JJA) climatology. The superiority of the MLM–
O model is also evident in the zonal means. As might
be expected, the improvement of the MLM–O winds
relative to those predicted by the ARFM model is man-
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ifest mostly in the zonal flow near the equator. The
improvement relative to the MLM–N solution is more
global. In particular, the absence of entrainment not only
leads to much too weak zonal flow at the equator, but
also the equatorward flow in the winter trades is too
strong in the absence of entrainment. The chief short-
comings of the DJF MLM–O solutions appear to be that
its prediction of the zonal flow near 108S is too weak
and it predicts ø1 m s21 northerlies at 58S where the
observed zonally averaged meridional flow tends to be
closer to zero. The poor representation of the meridional
flow at 58S is even more evident in JJA (Fig. 2d).

The strengths and shortcomings of the MLM–O so-
lutions can be further assessed by looking at the actual
patterns of the wind relative to the climatology (Fig. 3).
In this plot the DJF winds are displayed by vectors
overlaying the divergence. Comparing Figs. 3a and 3b
(or simply looking at the normalized differences in Fig.
3c) shows that the problems with the zonal flow near
108S are isolated in the far west Pacific, while the poor
representation of the meridional flow near 58S is most
evident in the east Pacific. The poor representation in
the west Pacific is in a region with very weak flow,
vanishing pressure gradients, increasing continental in-
fluences, and perhaps less reliable data. Thus we hesitate
to overinterpret the differences.

The biases in the east Pacific appear robust and are
perhaps more interesting. Although the MLM–N solu-
tions are worse than the MLM–O solutions almost ev-
erywhere, the one region where the MLM–N winds are
superior is in the east Pacific near 58S. This result is
evident in Fig. 2b as well as in wind vector plots of
MLM–N (not shown). Consequently errors in the
MLM–O solutions in the southeastern equatorial Pacific
might largely reflect a failure to account for the spatial
variation of entrainment, rather than the neglect of some
other process. Indeed the generally accepted explanation
for the acceleration of southerly flow over the equatorial
cold tongue is that as air moves over colder water, the
surface flow decouples from the flow aloft (Wallace et
al. 1989), which implies less entrainment, thus leading
to relatively more turning of the flow.

The above result suggests that one very tangible effect
of entrainment is to retard the turning of the flow, lead-
ing to less convergence than might otherwise be ex-
pected. Maps of divergence (Fig. 3) are reasonable, thus
supporting this idea. Most of the major features of the
observations are evident, albeit with perhaps too much
meridional structure. In contrast both the MLM–N and
ARFM solutions (not shown) lead to substantially larger
errors. These errors are both of greater amplitude and
more zonally banded as both models tend to overesti-
mate equatorial convergence. This is especially true in
the MLM–N representation of the winter trades, wherein
the northerly flow is too pronounced. This leads to ex-
cessive convergence along a line just north of the equa-
tor which spans the east–west extent of the basin. These
results suggest that, as long as the ABL momentum

budget is consistently modeled, it may not be necessary
to contrive other processes to account for the observed
patterns of the wind.

c. Entrainment

The effect of entrainment on the force balance in our
solutions is further explored through a consideration of
various manifestations of this balance. Figure 4a illus-
trates the mean force balance for the entire winter trade
wind region (which is rather steady and uniform; e.g.,
see Fig. 3) between 58 and 208N. The force balance is
primarily an Ekman balance, with surface drag rotating
the winds in the direction of lower pressure. As we
discussed above, the primary effect of entrainment is to
resist this rotation. In Fig. 4b the force balance is shown
between 58S and the equator for the entire basin. As
suggested by Fig. 2a, in this region, and in the deep
Tropics in general, entrainment is much more important,
so that the primary balance is between entrainment and
surface drag. It is, however, worth noting that what we
call entrainment in our model may compensate for the
absence of other processes, such as nonlinear advection
or transients. If these were included the entrainment
contribution to the force balance might be lessened.

The effect of entrainment can also lead to unexpected
balances, such as illustrated in Fig. 4c, which reflects
the force balance near the date line and 158S. Here en-
trainment dominates surface drag and leads to a rotation
of the winds toward higher pressure. In this balance
vertical mixing is working against the pressure gradient.
To get such a balance requires that the forcings above
the ABL be considerably different than those in the
ABL, or that winds above the ABL be far from geo-
strophic. The former possibility implies considerable
baroclinicity, which calls into question our use of the
surface pressure gradient as a proxy for the mean ABL
pressure gradient. Nonetheless the solutions remain
physically plausible, and it would be interesting to see
to what extent such anomalous balances play a role in
climatological circulations.

To better quantify the role of entrainment over the
whole tropical Pacific, we introduce an effective en-
trainment-stress velocity scale,

1/2u* 5 \t (h)\ , (9)

which is analogous to the surface friction velocity u*
5 \t (0)\1/2. Because the entrainment velocity we is re-
ally only an effective value (which in any optimization
procedure will adjust to compensate for biases in the
estimate of UT 2 U so as to produce the optimal flux)
the scale velocity u* is the more physically relevant
measurement of entrainment. Denoting averages over
the analysis domain by angle brackets, we note that for
the MLM–O case ^u*& ø 0.15, which may be compared
with ^u*& ø 0.2. If we consider only the region between
58N and 58S, ^u*& falls to about 0.17 and u* remains
relatively unchanged. This result is not seasonally de-
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FIG. 3. Vectors of wind overlaying contours (shown in shades of gray) of wind divergence:
(a) COADS, (b) MLM–O solutions; (c) COADS 2 MLM–O. Note that in (c) the differences
are normalized by the magnitude of the observed winds; consequently the reference arrow length
is unity here, rather than 10 m s21 as in (a) and (b). This method of displaying the errors tends
to exaggerate the west Pacific errors where the winds are small. Note that (b) and (c) are plotted
in a way that highlights the analysis domain.
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FIG. 4. Vector-averaged accelerations of the bulk wind for three different regions for DJF climatological data over the
Pacific: (a) the region spanning 58–208N; (b) the region spanning 08–58S; (c) a single grid cell centered at 13.58S, 185.58E.
Here PGF designates the pressure gradient force, drag designates surface drag, we designates accelerations associated with
entrainment, and Coriolis designates Coriolis accelerations. Note that because the drag is nonlinear the mean wind is directed
roughly (rather than exactly) opposite to the mean drag vector, and that the reference vector in (a) is nearly an order of
magnitude larger than the reference vectors in (b) or (c).

TABLE 2. Regression estimates of «x and «y and wind offsets diagnosed from MLM–P solutions (h 5 500 m and we 5 0.01 m s21) and
from Table 1a of Deser.

Season

(days)21« x

MLM–P Deser

(days)21« y

MLM–P Deser

uo (m s21)

MLM–P Deser

y o (m s21)

MLM–P Deser

DJF
MAM
JJA
SON

0.79
0.56
0.59
0.60

0.74
0.69
0.61
0.56

0.33
0.32
0.35
0.36

0.27
0.23
0.24
0.28

20.7
21.8
21.7
21.6

20.7
21.1
21.4
21.4

20.1
0.0
0.2
0.2

20.1
0.1
0.5
0.3

pendent, nor is it sensitive to the depth of the ABL.
However, doubling the entrainment rate leads to ap-
proximately equal values of u* and u* for both the
whole basin and the deep tropical region. This does not
mean that entrainment and drag offset one another; from
Fig. 4 it is evident that the entrainment and drag ac-
celerations are often not aligned.

d. Implied linear friction coefficients

Given that the MLM satisfactorily represents the sur-
face winds, can it be used to help understand and justify
the ARFM? We proceed by first showing that the ex-
isting climatology of «x and «y is implicitly captured by
the MLM. By deconstructing the MLM and its solutions
we can show why this is. We do so not because we find
«x and «y of particular physical interest, but rather be-
cause the peculiar behavior of «x and «y derived from
fitting the ARFM to the observations, has been the focus
of so much previous analysis.

We first consider global estimates of «x and «y derived
using the same procedure as Deser (1993), with the only
difference being that we use the MLM-derived winds
in our analysis whereas she used the observations. In
Table 2 our estimates of «x and «y are compared with

those derived by Deser on the basis of the observed
winds. Note that we use the MLM–P winds because we
wanted to use seasonally constant values of the param-
eters so as to isolate sources of seasonal variability in
the results. We could have used parameters from the
MLM–O solutions taken for any one of the seasons, but
the MLM–P parameters take rounder values without
changing the nature of the results. Overall the agreement
is good. Not only does our wind law produce similar
regression estimates of «x and «y but the best-fit re-
gression lines are also found to lie off the origin, with
offsets commensurate to those found by Deser based on
observed surface winds. A kind eye might even con-
clude that the model captures some of the observed
seasonal variability.

In addition to reflecting the mean structure of the
basin, the MLM solutions also imply similar meridional
structure in the coefficients. In Fig. 5 we plot «x and «y

as a function of latitude for DJF and JJA. Here we
calculate «x and «y by taking the average at each point
in the latitude band, and we note that the latitudinal
dependence is quite similar to that derived by (Li and
Wang 1994, cf. their Fig. 5), and that exhibited in the
observations. This is most evident in the winter hemi-
sphere. While «x tends to increase uniformly away from
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FIG. 5. Friction coefficients for the ARFM as diagnosed from MLM–O so-
lutions for (a), (b) DJF and (c), (d) JJA climatology for the tropical Pacific: (a),
(c) «x; (b), (d) «y. The vertical bars delineate the range of values lying between
the first and third quartile of the distribution, and the solid lines denote the mean.
The dotted lines show the climatological values of «x and «y computed using
observed surface winds. In computing the zonal means, we exclude all points
with negative coefficients or coefficients larger than 10 day21; this restriction is
much weaker than that used by Li and Wang (1994) and eliminates between
10% and 15% of the data—although these exclusions are more concentrated in
the near-equatorial region.

the equator, «y tends to have more of a ‘‘U’’ shape. That
is, «y tends to increase more sharply with latitude in the
near-equatorial region but less sharply away from the
equator (this is most evident between 58 and 108N/S in
Fig. 5d). Similar features are also evident in the analysis
of Chiang and Zebiak (2000).

These comparisons suggest that the improved skill of
the constant-parameter MLM is commensurate to what
one might arrive at through the use of the ARFM with
latitudinally varying coefficients. The entrainment effect
seems to account for both the anisotropy and the lati-
tudinal dependence in the friction coefficients derived
from fits of (3) to the wind. Because our results are for
globally fixed parameter values it does not appear to be
necessary to argue for changes in h with latitude (cf.
Chiang and Zebiak 2000) to explain the observed in-
crease in «x and «y off of the equator.

Considerable insight into the behavior of «x and «y

as implied by the MLM can actually be obtained directly
from our wind law. Separately considering the zonal
and meridional components of (7), and assuming that
their respective forcings satisfy (4a) and (4b), leads to
the following expressions for «x and «y:

t (h) 2 t (0) \U\C 1 w w Ux x D e e T« 5 5 2 (10a)x 1 2 1 2hU h h U

t (h) 2 t (0) \U\C 1 w w Vy y D e e T« 5 5 2 . (10b)y 1 2 1 2hV h h V

Here we see that the friction coefficients implied by
the bulk wind law consist of an isotropic and an an-
isotropic component, where the latter arises from the
entrainment and is proportional to the ratio of the free-
tropospheric component of the wind to value in the
ABL.

Further analysis is aided by focusing on the specific
flow regime wherein \UT \ k \VT \ , and \]P/]y \ k
\]P/]x \ , are chosen because of their similarity to the
tropical climatology wherein zonal flow (particularly
above the ABL) and meridional pressure gradients
dominate. When we examine model solutions in this
regime, we generally find that UT /U . 1 and VT /V ,
1, such behavior is also consistent with the ATEX
wind profiles (Brümmer et al. 1974) and reflects the
basic Ekman tendency of the winds to turn toward
lower pressure in the presence of friction. In terms of
the two parameters
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FIG. 6. Friction coefficients for the ARFM as derived from the
MLM for the baseline (solid lines) case in Fig. 1. Solid line «x; dashed
line «y.

U VT Td 5 2 1 , d 5 1 2 , (11)u y1 2 1 2U V

which denote the normalized departures of the bulk
wind, we might expect 0 , du,y , 1 in such circum-
stances. In this case the anisotropy of the friction co-
efficients, as measured by their ratio, becomes readily
apparent,

« \U\C 2 w dx D e u5 , 1. (12)
« \U\C 1 w dy D e y

Note that because the surface drag [tx(0)] must balance
the entrainment momentum flux [tx(h)] in the absence
of zonal pressure gradients at the equator, limf →0«x 5
0. Thus the tendency of «x to increase away from the
equator largely reflects a shifting balance as one moves
off the equator—larger values of «x reflect a diminishing
role for entrainment.

Figure 5 can be more quantitatively interpreted by
considering values of «x and «y implied by the idealized
flow of Fig. 1. For such a simple forcing the friction
coefficients (which we plot in Fig. 6) take the form

1
« 5 (\U\C 2 w d ) (13a)x D e uh

1
« 5 (\U\C 1 w ). (13b)y D eh

Although the corresponding behavior of «x and «y in
Fig. 5 is not exact, the idealized problem illustrates
many important features of the friction coefficients.
Most important, Fig. 6 reproduces the observed phe-
nomenology wherein «y is 2–3 times larger than «x and
both tend to increase off the equator. Our idealized prob-
lem, and (13a)–(13b) in particular, also provides a basis
for understanding how variations in we and h might
affect implied values of «x and «y. Because «y is rela-
tively constant in the idealized problem but drops sharp-
ly in the equatorial zone in Fig. 5, and because clima-
tological estimates of «x do not vanish near the equator,
the idealized flow perhaps best represents the situations

poleward of 108S (in the trades). Presumably zonal pres-
sure gradients and other deviations in the forcings con-
tribute more meaningfully to the structure of «x and «y

in the neighborhood of the equator.
In summary, the puzzling behavior in «x and «y that

arises when the ARFM is fit to the observations is an
artifact of its failure to properly incorporate entrainment
in the ABL wind budget. Because entrainment acts to
restore the ABL flow to the free-tropospheric flow on
a specified timescale it projects anisotropies in the free-
tropospheric winds onto the ABL winds. These anisot-
ropies in turn lead to anisotropies in the ARFM friction
coefficients. In addition, a diminishing role for entrain-
ment away from the equator imparts latitudinal structure
on the ARFM-derived friction coefficients.

3. A linear bulk model

Notwithstanding its greater skill, an inconvenience of
the MLM (7) is its nonlinearity. However, results pre-
sented in section 2b indicate that the source of this non-
linearity, the quadratic formulation of the drag, is not a
critical aspect of the model. Rather, entrainment seems
to be the important factor. This encourages the evalu-
ation of a modified linear model that includes the en-
trainment effect but in which the drag term is linearized.

We linearize the drag in analogy to the entrainment
stress,

t (0) 5 w U.d (14)

Substituting this into (2) leads to a linear bulk wind
rule,

1 w U 2 (w 1 w )Ue T e df k 3 U 1 =P 5 , (15)
r h0

whose solutions are readily obtained as a function of
the forcings,

1 ]P ]P
U « « 2 f 1 «T i e i1 2r ]y ]x0

U 5 (16a)
2 2« 1 fi

1 ]P ]P
V « « 1 f 2 «T i e i1 2r ]x ]y0

V 5 . (16b)
2 2« 1 fi

To simplify notation, and make clear the independent
parameters of the model, the above solutions are ex-
pressed in terms of the inverse timescales:

w 1 w we d e« 5 , and « 5 . (17)i eh h

This linear model, which is closely related to similar
models often used to study the thermodynamic evolution
of mixed layers (e.g., Betts 1983), turns out to be very
skillful. Its skill level (S) is generally around 0.86 in-
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dependent of season. This is compared with S ø 0.92
for the MLM–O model and 0.80 for the ARFM model.
Solutions that optimize S also tend to have values of r
that are similar, if slightly larger than the ARFM model.
Because the skill of the model is very flat along a line
(or ridge) corresponding to «i between (3/2)«e and 2«e

in («w, «e) space, the optimal parameters are not strongly
selected. As long as wd and we are both O (1 cm s21)—
with wd perhaps a bit smaller than we—the model dem-
onstrates considerable skill. On the other hand, away
from this ridge, the skill of the model decreases more
rapidly than it does in the other models.

The model in (15) is analogous to the ARFM, in that
it contains two distinct relaxation timescales, but these
relaxation timescales are now incorporated into the equa-
tion set in a physically realistic manner. The similarity
between the two models can be formalized by noting that

UT« 5 « 2 « (18a)x i e1 2U

VT« 5 « 1 « . (18b)y i e1 2V

These relations reexpress the previous explanation of
the nature and origin of the differences between «x and
«y.

4. Boundary layer vertical structure

Our previous analysis is an attempt to explain the
pattern of the surface winds with estimates of the bulk
winds. The question naturally arises as to the relation-
ship between these two quantities. Although the winds
in the lower 500 m are often observed to be relatively
well mixed (Riehl et al. 1951; Brümmer et al. 1974),
there are gradients, particularly near the surface, that
might be expected to lead to 10%–20% differences be-
tween the two quantities. If we account for such dif-
ferences can we better represent the winds? Moreover,
having shown that results of previous analyses can be
explained by including entrainment in the budget of the
bulk wind, the question remains as to how these expla-
nations might be modified if we account for the detailed
vertical structure of the wind. To answer this question
we repeat the main elements of the previous analysis
with a model that attempts to account for the vertical
structure of the winds.

a. The K-profile parameterization

Instead of integrating over the vertical structure we
consider solutions to (1) based on the K-profile param-
eterization (KPP; e.g., Lettau 1950; Troen and Mahrt
1986; Holtslag and Boville 1993; Large et al. 1994;
Stevens 2000) for the flux t :

du
t 5 K , (19)

dz

where

2z z
K 5 w h 1 2 1 c .s 11 2[ ]h h

The shape of the exchange coefficient K is standard,
except for the addition of the small constant c1 that has
been added to help to regularize the system at the bound-
aries. The dimensionality of K is contained in the wsh
prefactor, where ws is a turbulent scale velocity and h
is again the ABL depth. Matching to Monin–Obukhov
similarity theory for z/h K 1 requires that

ku*
w 5 (20)s f (z/L)m

near the surface. Here k is von Kármán’s constant, and
fm is the standard nondimensional gradient function for
momentum and is a function of the nondimensional
height z/L, where L is the Obukhov length. In the neutral
limit fm is unity, yielding a log layer at the surface.
Most of the Tropics is characterized by positive buoy-
ancy fluxes at the surface, in which case fm is less than
unity, and ws should increase to the Deardorff (or con-
vective) velocity scale w* away from the surface. For
typical trade wind conditions w* is about unity and fm

at 10 m is about 0.75. Given this model of the stress,
the new (KPP) wind law becomes

d du 1 ]p
K 5 2 f y (21a)1 2 1 2dz dz r ]x0

d dy 1 ]p
K 5 1 f u. (21b)1 2 1 2dz dz r ]y0

Solutions are sought that obey this rule in the interior
and that are consistent with flux conditions supplied by
our drag law and entrainment laws at the interfaces.

For consistency with the MLM we consider results
using the same entrainment rule [e.g., based on the bulk,
(6)] as in the previous analysis, although the model is
readily formulated to allow we to depend on tropospheric
interior profiles, surface stability, and u*. To quantify
the effect of near-surface gradients, we do modify the
surface flux rule, here we model the surface stress ( )2u*
following surface layer similarity:

z1u(z ) f (z/L) 1 z z1 m 1 15 dz 5 ln 1 C . (22)E m1 2 1 2[ ]u* kz k z L0z0

Here Cm is the nondimensional profile function (e.g.,
Garratt 1992), z0 is a roughness height that we take to
be 0.0001 m, and z1 (where h k z1 k z0) is a height
in the surface layer that we take as 10 m. For neutral
conditions Cm 5 0, for stable conditions it is of order
unity, and for unstable conditions (as in much of the
trades; e.g., Stevens et al. 2001) Cm ø 21 is a reason-
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FIG. 7. Results from KPP solutions for a neutral case (solid lines), an unstable (Cm 5 21.5, ws 5 u
*

/0.3)
case (dashed lines), and a stable (Cm 5 0.5, ws 5 u

*
/1.5), case (dotted lines). Shown are (a) bulk zonal winds

(thick lines) and surface winds (thin lines); (b) as in (a) but for diagnosed zonal friction coefficients [also note
expanded scale relative to (b)]; and (c) actual wind profiles. (d)–(f ) Identical to (a)–(c), but for meridional
component of wind; note that the diagnosed «y for the stable case are not shown because they are everywhere
off the scale. The parameters (h 5 500 m and we 5 1 cm s21) are chosen to be consistent with the base case
in Fig. 1.

able value. Despite the apparent simplicity of the sys-
tem, the integration procedure is complicated, particu-
larly in so far as the interior profiles are matched to the
boundaries. It is discussed in more detail in the appen-
dix.

b. Surface versus bulk winds

Albeit somewhat idealized, the KPP model does pro-
vide a framework for answering our question as to how
our results might be biased by interpreting observations
of surface winds using a model of the bulk winds. The
KPP model as posed above also provides a framework
for investigating the effect of surface stability, which
might be expected to regulate the relationship between
bulk and surface winds.

We begin to address the above questions by first ex-
amining the behavior of the system for the base forcings
used to produce the MLM results in Fig. 1. The results
from the KPP model forced in this manner are shown
in Fig. 7. Included in this figure are the resultant wind
profiles, which indicate the asymmetry or anisotropy in
the meridional versus zonal direction, as well as the
effects of stability. Overall the behavior of the vertically
averaged KPP winds is very similar to the behavior of
the bulk winds derived from the MLM. Differences that
arise reflect the fact that, to maintain the same surface
drag, the KPP solutions must generate larger bulk wind
speeds. This implies less turning in the bulk. The net
effect on the turning angle for the surface winds is,

however, ambiguous as it also depends strongly on lat-
itude and stability.

Overall the effects of stability are more pronounced,
with increasing differentiation between the surface wind
and the bulk winds with increasing stability. Most of
the stability effects are related to changes in ws, as for
the cases considered the proportionality relation be-
tween ws and u* varies by a factor of 5, whereas the
effective drag coefficient (modified by changes to Cm)
varies only by a few percent. For the given forcings the
absolute differentiation between the surface winds and
the bulk winds is most pronounced for the zonal direc-
tion, thereby leading to larger discrepancies in the me-
ridional friction coefficient [«y is proportional to the
difference between the surface zonal wind and the geo-
strophic wind; e.g., see (3)].

We would expect stability effects to play an even
larger role had we incorporated them into the definition
of the entrainment rate and the ABL depth. The ability
of the KPP model to unify ABL profiles, depths, en-
trainment velocities, and surface layer similarity theory
under a relatively simple framework is part of its appeal.
The KPP model provides a convenient diagnostic frame-
work for examining how a variety of boundary layer
processes might contribute to the climatology of winds
in the ABL. The fact that the parameterization is also
widely used to model the winds prognostically in many
large-scale models (e.g., Holtslag and Boville 1993;
Hong and Pan 1996; Beljaars and Viterbo 1998) makes
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its diagnostic application to climatology all the more
appealing.

Last we investigate the KPP solutions for the entire
Pacific basin. Because over most of this basin surface
buoyancy fluxes are positive, we use parameter values
corresponding to the unstable case. Overall the results
from using this model do not differ substantially from
our previous analysis with the MLM. Repeating the
analysis of section 2b leads to similar skill (S 5 0.91
for DJF). This skill value is actually marginally lower
than that derived for case MLM–O (S 5 0.92). However,
S is dependent on the stability parameters we use in the
model, and no effort was made to fit these to the ob-
servations.

Overall the KPP model has skills commensurate with
the MLM, but for significantly deeper boundary layers
with more entrainment. The ABL depth increases from
less than 400 m for the MLM to between 500 and 600
m for KPP. Similarly entrainment velocities increase
from less than 1 cm s21 for the MLM to about 1.5 cm
s21 for KPP. Although we do not have good observa-
tional estimates of h and we, the optimal values from
the KPP solutions are more in accord with our expec-
tations. For instance, the subcloud layer in the trades is
generally observed to be between 500 and 700 m (Malk-
us 1956; Brümmer et al. 1974, and many others). The
rate of mixing across the subcloud layer is not readily
measured in the atmosphere, although recent estimates
on the basis of large eddy simulation (Stevens et al.
2001), and the need for these mixing rates to balance
the cumulus mass flux across cloud base on climato-
logical timescales, suggest that values on the order of
2 cm s21 are reasonable. Here again we caution against
overinterpreting values of we. It is the entrainment flux
that is critical, and we estimates might be compensating
for biases in estimates of UT.

Armed with these insights we return to our question
as to the relationship between our theory of the bulk
winds, and observations of the surface winds. The KPP
results suggest that interpreting the surface winds using
bulk theory may bias ones estimates of h and we but
such biases are modest and have no qualitative impact
on our discussions. Nonetheless, one should view the
MLM-derived values of h and we as effective, or equiv-
alent, values necessary to optimize the correspondence
between the bulk and the surface wind. If one is only
interested in surface winds, it might be enough to use
the mixed layer framework, or the linearized variant
thereof (with appropriately reduced values of h and we).
Such a model is, however, likely to underestimate the
bulk winds in the ABL and perhaps the mean conver-
gence/divergence. To the extent such quantities are of
interest the KPP-derived solutions might be more ap-
propriate. Although its computational complexity is
considerably greater, KPP offers the advantage of pro-
viding a more unified view of ABL processes, thereby
creating a framework within which one can better eval-

uate the role of a variety of processes in determining
the surface wind climatology over the World Ocean.

5. Concluding remarks

A bulk model of the winds appears able to represent
well the seasonal climatology of surface winds over the
tropical Pacific. The model demonstrates that entrain-
ment, manifest as a turbulent stress at the boundary layer
top, contributes at leading order to the ABL momentum
budget. Including this process into a bulk budget of the
winds considerably enhances the skill of the model. The
effect of entrainment is particularly evident in the near-
equatorial region, as should be expected. Entrainment
resists the tendency of the model to otherwise generate
too much meridional flow in the trades. Consequently
the incorporation of entrainment also leads to reasonable
predictions of the divergence of the vector wind.

The key parameters of the model are the ABL depth
h, and a mixing or entrainment rate we. The skill of the
model can be optimized to yield best-fit values for these
parameters over the entire analysis domain. Such a pro-
cedure yields estimates of h ø 350–400 m and we ø
0.9 cm s21, although given uncertainties in the data and
the flatness of the skill, rounder values of h 5 500 m
and we 5 1 cm s21 are probably equally justified.

Overall the estimates of h and we derived by opti-
mizing our bulk wind law winds to those observed are
smaller than we might have expected. Further analysis
using steady-state solutions of the K-profile parameter-
ization suggests that accounting for the vertical structure
of the winds, rather than using the bulk wind as a proxy
for the surface winds, leads to optimal values of h and
we that are 25%–50% larger and more in accord with
our expectations. Although the K-profile solutions are
not explored in great detail, the model does introduce
further refinements into our approach that make it pos-
sible to more accurately assess the importance of what
we think of as secondary processes, such as variations
in surface stability, baroclinicity, and the variation of
entrainment rates as a function of parameters (such as
surface layer stability) internal to the ABL. Its more
general representation of the winds also provides a
bridge between more elaborate theories of the surface
winds and relatively simple ideas similar to those that
we have focused on here.

The bulk model also illustrates why, when the mo-
mentum flux divergence is modeled as a Rayleigh
drag, optimal damping coefficients are anisotropic.
We show analytically that the shape of the winds with-
in the ABL need not be accounted for to explain this
result. Furthermore numerical results from the bulk
model forced by climatology explain both the Deser
(1993) finding that the best-fit regressions of the
winds to the left-hand side of (3) do not pass through
the origin, as well as the observed latitudinal depen-
dence of the regression, pointed out by Li and Wang
(1994) among others.
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Formally our bulk wind law differs from the isotropic
Rayleigh friction model in two ways. First the drag is
a quadratic rather than a linear function of the wind
speed, and second entrainment is not neglected. The first
modification makes the model nonlinear, but the second
is more important. This realization motivates the intro-
duction of a modified bulk wind rule, which incorporates
entrainment but is based on a linearized surface drag.
The resultant two-parameter model is linear, isotropic
in its parameters (although not in its implied drag) and
markedly more skillful than both the isotropic and an-
isotropic Rayleigh friction models.
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APPENDIX

Solutions for the KPP Model

The system (21a)–(21b) is integrated between two
points, z1 5 10 m and

z 5 h 5 lim (h 2 «) (A1)2 2
1«→0

near its bounding surfaces. Because we match to flux
boundary conditions at both surfaces, surface values of

are not constrained, nor are gradients at either bound-u
ary. Instead the constraints on the system are that the
winds at h2 match those above the ABL,1 and that the
integral force budget is balanced. The latter consists of
two integral constraints on the system,

1 Note that such a matching condition is not the only possible
choice. Mixed layer models of the winds do not match the winds at
the upper boundary, rather the fluxes. In the KPP solutions we could
have instead chosen such an approach whereby the entrainment flux
is matched to the interior flux at h2.

z2u(z ) z 2 z ]P1 2 12u* 5 2 2 fy (z) dzE1 2[ ] [ ]\u(z )\ r ]x1 0 z1

z21
1 w U 2 u(z) dz (A2a)e T E[ ]z 2 z2 1 z1

z2y (z ) z 2 z ]P1 2 12u* 5 2 1 fu(z) dzE1 2[ ] [ ]\u(z )\ r ]y1 0 z1

z21
1 w V 2 y (z) dz . (A2b)e T E[ ]z 2 z2 1 z1

The surface and entrainment fluxes only enter the so-
lution here, through these constraints.

This leads to a generalized boundary value problem
that we solve using a shooting method. By guessing
values of d /dz at z 5 z2 we integrate the model to z1u
and calculate the surface flux using (22), and the en-
trainment flux based on the mean trial wind and our
entrainment rule. Our guesses for d /dz at z2 are thenu
adjusted to eliminate any imbalance in the integral force
balance (A2a)–(A2b). Thus we shoot on the two com-
ponent integral constraints for the system.

Because the mixing coefficient K depends on the sur-
face stress (through u*) the above procedure actually
yields a family of solutions for different values of K.
We select the solution with the K that is consistent with
the implied value of u*. That is, in our shooting method
we adjust our guesses so that we attempt to minimize
not only force imbalances, but also differences between
the value of u* used in the specification of K and that
implied by winds at the surface. Some limitations of
our present framework are that the interior flux and the
entrainment flux need not match. This reflects the fact
that we do not trust the K profile in the vicinity of the
upper boundary. Also, because K vanishes quadratically
as z → h profiles become singular [see Stevens (2000)
for a discussion of this topic]. The small constant c1 is
added to K as a way around this problem [see (19)].
This constant affects the details of the profile near the
upper boundary but not the nature of the overall solu-
tion, which in part supports our lack of concern that the
K profile and the entrainment flux match at z 5 h.

We use a fourth-order Runge–Kutta method for in-
tegrating the wind law. Guesses are adjusted using New-
ton’s method. Once convergence begins it is very rapid,
but for many forcings not all initial conditions lead to
convergence, thus at some points the solution procedure
can be quite slow as we search for better starting points.
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