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Abstract. We discuss the fate of diffeomorphism symmetry in discrete gravity. Diffeomorphism
symmetry is typically broken by the discretization. This has repercussions for the observable content
and the canonical formulation of the theory. It might however be possible to construct discrete
actions, so–called perfect actions, with exact symmetriesand we will review first steps towards this
end.
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Introduction

Systems with symmetry (either global or local gauge) very often lose that symmetry
upon discretization. While e.g. the introduction of a lattice in Yang-Mills theory can
be done without harming the local gauge symmetry, it usuallybreaks invariance under
global Poincaré-transformation. In the same way the introduction of a triangulation in
Regge calculus [1] or in Spin Foam approaches [2] breaks local diffeomorphism invari-
ance. This is a problem for quantization as one might hope that keeping diffeomorphism
invariance as far as possible might on the one hand avoid quantization ambiguities [3, 4]
and on the other hand help to obtain general relativity (which is a theory with diffeomor-
phism invariance) in the semi–classical limit [5].

We will discuss whether discretization leads always to a breaking of diffeomorphism
invariance or whether this can be avoided. The latter case would provide us a diffeomor-
phism invariant cut off method and hence be extremely valuable for the construction of
quantum gravity theories.

Reparametrization–invariant systems

In this section we will discuss systems invariant under timereparametrization, which
are essentially one–dimensional diffeomorphisms. Hence these systems share certain
features, that are essential to our discussion, with general relativity. Details about this
discussion can be found in [6, 7].
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Consider a system with one-dimensional configuration space, i.e. with a coordinateq.
Assume a regular1 LagrangianL, leading to the action

S =
∫

dt L(q(t), q̇(t)), (1)

where dot means derivative w.r.t. timet.
The dynamical system can be artificially enlarged by adding the timet as another

variable and considering the evolution ofq, t w.r.t an auxiliary parameters. Theextended
LagrangianLe is given byLe

(

q(s), t(s),q′(s), t ′(s)
)

:= L
(

q(s),q′(s)/t ′(s)
)

t ′(s), where
the dash denotes differentiation w.r.t.s. The extended actionSe which governs the
dynamics ofq(s), t(s) is then given by

Se :=
∫

ds Le
(

q(s), t(s),q′(s), t ′(s)
)

. (2)

The Euler-Lagrange equation fort(s) defined by (2) can easily be shown to be automat-
ically satisfied, due to the chain rule and using the equationfor q(s) [7]. As a result, the
system is underdetermined, and the boundary conditions arenot sufficient to determine
t(s),q(s) uniquely. Rather there is a (gauge) freedom which is exactlyin the free choice
of reparametrizationt(s). With a choice oft(s), the equation forq(s) can be uniquely
solved, and reproduces the dynamics of the action (1).

To discretize the system, consider the functionsqn := q(sn) and tn := t(sn) at only
finitely many valuessinitial = s0 < s1 < .. . < sN = sf inal for s. The tn,qn are the con-
figuration variables of the discretized system, and their dynamics is governed by a dis-
cretization of (2), thediscrete extended action

Sde :=
N−1

∑
n=0

Ln (tn+1− tn) :=
N−1

∑
n=0

L

(

qn,
qn+1−qn

tn+1− tn

)

(tn+1− tn) . (3)

Whereas in the continuum the equation following from the variation of t(s) is auto-
matically satisfied if the equation following from the variation of q(s) is, the equivalent
statement does not hold in general for the discrete theory. Rather the equations from
varying tn constitute a discretization of the chain rule, which is however not automat-
ically satisfied as derivatives are approximated by finite difference quotients [7]. As a
consequence these equations have to be solved for thetn, leading to unique solutions
also for theqn. Hence the reparametrization invariance of the continuum theory – which
would correspond to a free choice of thetn – is broken by the discretization.

In classical theories, gauge symmetries are usually accompanied by singular Hessians,
i.e. the fact that the matrix of second derivatives of the action, evaluated on a solution, has
zero eigenvalues. The eigenvectors to these zero eigenvalues correspond to infinitesimal
gauge transformations. In contrast the Hessian of the discrete extended action (3) has
only non–vanishing eigenvalues in generic cases, i.e. for aparticle moving in a potential
[8].

1 i.e. if t ′ andt ′′ are sufficiently close to each other, then for′q andq′′ there is a unique solutionq(t) of
the Euler-Lagrange equations withq(t ′) = q′ andq(t ′′) = q′′
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Nevertheless in the continuum limit the eigenvalues of the Hessian, corresponding to
the gauge degrees of freedom, tend to zero, while the others,which correspond to the
physical degrees of freedom of the continuum theory2, stay finite. The corresponding
modes (i.e. the corresponding variables in the linearized theory, which is determined
by the Hessian) should therefore exhibit very different dynamical behaviour. Indeed
consider the contributions to the action from only the kinematical term

Skin
de :=

N−1

∑
n=0

m
2

(qn+1−qn)
2

(tn+1− tn)2 (tn+1− tn) . (4)

The Hessian, i.e. the matrix of second derivatives ofSkin with respect to the variables
(t1,q1, . . . , tN−1,qN−1), has(N−2) null vectorsgm, m= 1, . . . ,N−2 even off–shell, i.e.
before invoking the equations of motions. The componentsgm

k = (gm
tk ,g

m
qk

) are given by

gm
k = (δ m

k −
vm−vm−1

vm+1−vm
δ m

k−1 , vm−1δ m
k −vm+1

vm−vm−1

vm+1−vm
δ m

k−1) (5)

wherevm := qm+1−qm
tm+1−tm

denotes the discretized velocities. For the free particle we have
– using the equations of motions –vm = v =const. and we actually obtain(N−1) ex-
act gauge modesgm

k = (δ m
k ,vδ m

k ). For the general case with non–constant potential the
pseudo gauge modes (5) have a vanishing kinematical term andget a non–vanishing
contribution only via the potential. Hence their dynamicalproperties, for instance cor-
relation functions, differ from those of the remaining modes with a non–vanishing kine-
matical term. In Regge gravity a linearization of the theoryaround a curved background
should also lead to pseudo gauge modes [8] and it would be valuable to investigate
whether these actually propagate or not.

For an interpretation of the discrete theory, one thereforeneeds an analysis which
is able to distinguish between those degrees of freedom which survive the continuum
limit, and those which are approximate gauge degrees of freedom. Otherwise one might
draw conclusions, that do not correspond to any features of the continuum theory. The
so–called problem of observables [9, 10], that is the problem of identifying the physical
degrees of freedom, still exists.3

Regaining reparametrization invariance

Although the gauge symmetries are broken in the discretizedtheory these have to
be restored in the continuum limit in order to recover the original theory. One method
to establish the symmetries also in the discrete theory is todiscretize the theory in
a way, such that it reflects exactly the dynamics and hence gauge symmetries of the
continuum theory. Wilson’s renormalization approach [11,12] provides us with the

2 i.e. the functional dependenceq(t) which does not change under reparametrizations
3 In a sense it is even more severe as there is not an exact notionof gauge in the discrete theory and
therefore no exact notion of observables yet.
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necessary technique: if we start with a very fine grained lattice and integrate out4 the
fine grained degrees of freedom the resulting effective theory – although defined on
the coarse grained lattice – delivers the predictions of thefine grained theory. Taking
the limit of the fine graining to the continuum we obtain a theory on a lattice that
exactly reflects the predictions of the continuum theory. The corresponding action is
called perfect. For the one–dimensional systems in the previous section this ‘blocking
from the continuum’ [13] leads to a sum of Hamilton–Jacobi functionals

Sexact =
N

∑
n=0

S(n)
HJ(tn,qn, tn+1,qn+1) =

N

∑
n=0

∫ sn+1

sn

ds Le(t(s),q(s)). (6)

where in the last expression the action is evaluated on the solution of the (continuum)
equations of motions with boundary conditions(tn,qn, tn+1,qn+1). Solutions of the dis-
crete theory defined by the exact action (6) can be obtained bytaking any of the contin-
uum solutions(t(s),q(s)) with the same boundary conditions and extracting the discrete
values(t(sn),q(sn)). As there are many continuum solutions to the same boundary con-
ditions we also obtain many discrete solutions. Hence this discrete theory exhibits gauge
symmetries.

3D Regge Gravity with a cosmological constant

An example, in which the breaking of the symmetry upon discretization can be
observed as well, is 3D Regge calculus with a cosmological constant. For a triangulation
T of a 3D-manifold with edgesE, trianglesT and tetrahedraΣ the Regge action

ST = ∑
E

LEεE − Λ∑
Σ

VΣ (7)

has a Hessian with nonzero determinant if and only ifΛ = 0.5 Here LE denotes the
length ofE, VΣ the volume ofΣ andεE is the deficite angle atE. As soon asΛ 6= 0,
the Hessian has no longer a zero determinant [14], i.e. the term with the cosmological
constant explicitly breaks the gauge symmetry.

It is possible to construct a perfect action that is a function only of the edge lengthsLE
of a given triangulationT , but nevertheless gives the exact solutions of the continuum
theory. This action exhibits gauge symmetries, that correspond to displacing the vertices
of the triangulation and can be seen as a discrete analogue ofthe diffeomorphism
symmetry.

To construct an improved action, the triangulationT is refined to a triangulationτ
with edgese and tetrahedraσ . For fixedLE the Regge equations for the lengthsle are
solved, under the conditions that∑e⊂E le = LE. These condition can be added o the

4 In the classical theory this just means to solve the equations of motions for the fine grained degrees of
freedom.
5 For zero cosmological constant the gauge symmetry of the continuum is not broken – the reason is that
the solutions of the discrete theory (locally flat geometries) coincide with thus of the continuum.
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Regge action via Lagrange multipliersαE, which results in

Sτ = ∑
e

leεe − Λ∑
σ

Vσ + ∑
E

αE

(

LE − ∑
e⊂E

le

)

. (8)

The value of the Regge actionSτ on a solutionST ,τ = Sτ‖ ∂Sτ
∂ le

= ∂Sτ
∂ αE

=0
is a function of

the LE only, hence it “lives" on the triangulationT , but reflects the dynamics of the
fine-grained triangulationτ. It can be shown to be

ST ,τ = ∑
E

LEαE + 2Λ∑
Σ

VΣ (9)

whereVΣ := ∑σ⊂ΣVΣ, and the Lagrange multipliersαE have to be determined by the
equation of motion defined by (8). In the continuum limit one can show that theαE and

VΣ converge to deficit anglesε(κ)
E and volumesV(κ)

Σ in tetrahedra of constant curvature
κ = Λ, having the edge lengthsLE. Theperfect action, which is the limit ofST ,τ for
infinitely fine τ, is therefore given by

ST ,∗ := lim
τ→∞

ST ,τ = ∑
E

LEε(Λ)
E + 2Λ∑

Σ
V(Λ)

Σ , (10)

i.e. the Regge action with cosmological constant, for tetrahedra of constant curvature

κ = Λ. Since the equations of motion∂ST ,∗/∂LE = ε(Λ)
E = 0 demand the vanishing of

the deficit angles, the solutions describe 3D geometries with constant curvatureΛ. These
solutions coincide with those of 3D continuum GR with a cosmological constant. The
LE are not uniquely determined by the equations of motion, but6 there are three gauge
degrees of freedom per vertex. These correspond to the vertex displacement symmetry,
which is a result of the non-uniqueness of triangulation of aconstantly curved manifold
with constantly curved tetrahedra. Hence, the perfect action (10), although being discrete
in the sense that it is defined on the triangulationT , mirrors the correct gauge symmetry
of the continuum theory.

Higher dimensions

In 4D Regge Gravity (with or without cosmological constant) the gauge symmetry of
the continuum theory is also broken. With the exception ofΛ = 0 and the special case of
a flat solution7, the length assignment in general is unique for given boundary data. For
generic solutions, the Hessian of the theory has eigenvalues which tend to zero at most
with ε2, whereε is the order of magnitude of the deficit angles at the triangles [8, 15].

6 similar to the case ofΛ = 0
7 Which again is exactly the case in which the discrete and the continuum dynamics produce the same
solution, i.e. locally flat metrics.
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Since the Einstein equations are much more complicated in more than three dimen-
sions, the analysis of the improved an perfect actions are much more involved. A sur-
prising amount of observations can be obtained right away, however.

In particular, for 4D the improved actions can be defined in a similar manner as for
3D8 by subdividing a triangulationT with edgesE, trianglesT and simplicesΣ into
a finer triangulationτ with edgese, trianglest and simplicesσ , and solving the Regge
equations forτ. In 4D, however, it proves to be more convenient to keep the areaAT of
the trianglesT fixed, rather than the edge lengthsLE. The reason is that this keeps the
form of the action invariant. The Regge action to be varied isthen

Sτ = ∑
t

atεt − Λ∑
σ

Vσ + ∑
T

αT

(

AT − ∑
t⊂T

at

)

(11)

where the Lagrange multipliersαT are introduced to ensure∑t⊂T at = AT . The improved
action can then be computed to be

ST ,τ = Sτ‖ ∂Sτ
∂ le

= ∂Sτ
∂ αH

=0
= ∑

T
ATαT + Λ∑

Σ
VΣ (12)

just as in 3D. The improved actionST ,τ is a function of the areasAT , as are theαT
andVΣ, which have to be obtained by solving the Regge equations. Asin 3D there is
a formal agreement with the Regge action for curved simplices in 4D with constant
curvatureΛ = 3κ .

There are some difficulties however. One is that the areas usually over–determine a
triangulation, that is areas coming from a consistent length assignment have to satisfy
constraints [16]. These constraints depend on whether one has flat or curved simplices
[17], so it is not even obvious which constraints to apply. Hence it is not clear for
which sets of{AT}T∈T a solution to the equations of motion defined by (11) exist and
moreover the interpretation of theαT as deficit angles is not necessarily valid.

However, assuming that the perfect limit exists, one can derive several properties of

the perfect action, e.g. the equation of motion
∂ST ,∗

∂AT
= αT , as well as a first order ODE

w.r.t. Λ

ST ,∗ +
1
3

Λ
∂ST ,∗

∂Λ
= ∑

T
αTAT . (13)

This equation can be used to show that e.g. the improved actions defined with flat and
with curved simplices converge to the same perfect action inthe continuum limitτ → ∞,
and to compute the perfect action explicitly for certain values of theAT . In those special
cases one can prove that the perfect action regains the correct gauge symmetry of the
continuum theory.

Another possibility is to compute the perfect action perturbatively in an expansion
around a flat background as is discussed in the last section.

8 The analysis for 4D can be easily extended to any higher dimension. Also, for higher dimensions we
include the cosmological constant term, for the sake of generality.
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REPERCUSSIONS FOR THE CANONICAL THEORY

Gauge symmetries of the action lead to constraints in the canonical formulation of the
theory, i.e. restrictions on the configurations and momentaat a given time. General Rel-
ativity is even a totally constraint system, meaning that the full dynamics is determined
by the constraints.

We have seen that discretizations generically seem to breakdiffeomorphism invari-
ance, hence the constraints will be affected too. Attempts to discretize directly the con-
straints lead to algebras that are not closed (that is secondclass constraints), hampering
a consistent definition of the dynamics. Alternatively one can derive the canonical the-
ory from the discrete action [8]. In this case the canonical formulation exactly mirrors
the symmetry content of the covariant theory: If there are exact symmetries we obtain
exact (first class) constraints. Hence constructing an action with exact symmetries will
also solve the old problem of obtaining a discrete canonicaltheory with a consistent
constraint algebra! A consistent constraint algebra can beobtained for cases in which
the symmetries are already exact, that is for 3D gravity [18]and for the ‘flat sector’ of
4D gravity [19], i.e. for spatial triangulations, such as the surface of a 4–simplex, that
only allow for flat 4D solutions.

If there are only approximate symmetries in the action, one obtains so–called pseudo
constraints [20, 8], i.e. constraints that do not only involve the canonical data of one
time step but also data of the next time step. Hence these are rather proper equations
of motion. However, the dependence on the data of the next time step is very weak if
the symmetries are only weakly broken. Indeed if we expand for instance Regge gravity
on a flat background, then the linearized theory still exhibits exact (linearized) gauge
invariance [15, 21]. Correspondingly one can find linearized Abelian constraints in the
canonical formulation [22]. Only at higher order do these constraints turn into pseudo
constraints, i.e. acquire terms that depend on the data at the next time step.

CONCLUSION AND OUTLOOK

In summary although discrete theories of 4D gravity seem to generically break diffeo-
morphism invariance there is a possibility to construct discretizations that display ex-
act diffeomorphism invariance. Requiring diffeomorphisminvariance might avoid dis-
cretization and quantization ambiguities [3, 4, 5].

Even if it is calculationally not possible to obtain the exact perfect action, a systematic
investigation of the approximate symmetries and constraints under refinement of the
triangulation9 is paramount for the question of the fate of diffeomorphism symmetry
in the discretized setting. This will help to derive quantization conditions that allow to
regain the symmetries in the continuum limit after quantization. To this end one might
need to investigate the fate of the pseudo gauge modes upon quantization .

Moreover it would be valuable to have structural information about perfect actions
for interacting diffeomorphism invariant field theories, for instance about their locality

9 Which can be seen as renormalization group flow.
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properties. Here a perturbative approach might be useful, i.e. starting from an expansion
of the Regge action on a flat background. Whereas the linearized theory exhibits gauge
symmetries these are broken by the higher order interactionterms. Here the question
is whether we can regain these symmetries order by order [23]. As the perfect action
reflects the dynamics of the continuum theory this would alsoallow us to make connec-
tions between continuum approaches to quantum gravity and inherently discrete ones.
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