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The Veneziano amplitude for the tree-level scattering of four tachyonic scalar of open string

theory has an arithmetic analogue in terms of the p-adic gamma function. We propose a

quantum extension of this amplitude using the q-extended p-adic gamma function given

by Koblitz. This provides a one parameter deformation of the arithmetic Veneziano am-

plitude. We also comment on the dificulty in generalising this to higher point amplitudes.
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In the context of string theory, the Veneziano amplitude, which also marks the birth of

this subject, describes the tree level scattering of four tachyonic scalars of the open bosonic

string. The tachyon field, localised on a D-brane defined by the open string, signals an

instability of this classical vacuum configuration. Understanding the dynamics of this

field has been one of the subject of foremost interest in recent years and has provided us

with valuable insight into non-perturbative aspect of string theory (see [1] and references

therein).

This motivates one to consider the tachyon amplitudes from many different perspec-

tives. Mathematically there are several possibilities. One that was considered soon after

Veneziano’s proposal[2] is a quantum extension or q-deformation[3,4] using the q-deformed

gamma and beta functions. This was further investigated in the following years (see [5]

for history and a list of references) and revisited more recently in [5--9].

Another direction of investigation considered the problem in the domain of local fields.

In fact, two quite different theories are possible. The first starts with the integral repre-

sentation of the Veneziano amplitude (and its generalisation the Koba-Nielsen amplitudes)

and defines their p-adic analogues[10--13] by appropriately generalising the formulas to the

field Qp of p-adic numbers (see [14] for a review). The Veneziano amplitude, for example,

involves complex valued Gelfand-Graev gamma function on the p-adic field[15,16]. In this

theory, which we may call the p-adic string theory, the spacetime is the usual one and the

properties of the tachyon qualitatively resembles those of the usual bosonic string[17--21].

In the second approach[22,23], one directly defines the p-adic analogues of the Veneziano

formula in terms of Morita’s p-adic valued p-gamma function[24,25]. This latter version

will be called arithmetic Veneziano amplitude to distinguish it from the former one. Other

arithmetic analogues of string theory can be found in Refs.[26--28].

In this note, we consider a quantum extension of the arithmetic Veneziano amplitude

using the q-extension of the p-adic gamma function given by Koblitz[29].

Morita’s p-adic gamma function Γp : Zp → Z∗
p is defined on positive integers as

Γp(n + 1) = (−)n+1
n

∏

m=1

p|/m

m, (1)

where, p|/m means that m is not divisible by p. This is then extended to Zp by

continuity[24,25] and is a generalisation of the factorial function to p-adic integers. In
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order to extend to all of Qp, one may rewrite the above as

Γp(n + 1) = (−)n+1
∞
∏

m=1

p|/m

m

n + m
, (2)

and the continue by the replacement n → x ∈ Qp. The p-adic gamma function satisfies

the recursion relation

Γp(x + 1) =

{

−xΓp(x), if x ∈ Z∗
p,

−Γp(x), if x ∈ pZp.
(3)

A q-extension of the above is defined by Koblitz[29]. One again starts with its form

for positive integers:

Γp,q(n + 1) = (−)n+1
n

∏

m=1

p|/m

1 − qm

1 − q
, (4)

where, 0 < |q − 1|p < 1; and then extends to Qp by continuity1:

Γp,q(x + 1) = (−)x+1(1 − q)−x
∞
∏

m=1

p|/m

1 − qm

1 − qx+m
. (5)

Various properties of Γp,q(x) are studied in [29]. For example,

Γp,q(x + 1) =

{

− 1−qx

1−q Γp,q(x), if x ∈ Z∗
p,

−Γp,q(x), if x ∈ pZp,
(6)

and Γp,q(1) = −1.

All these parallel the case of the usual gamma function and its q-analogue Γq(x)

Γq(x + 1) = (1 − q)−x
∞
∏

m=1

1 − qm

1 − qx+m
. (7)

The functions Γq(x) appear in the q-deformed Veneziano amplitude[3--9]. (This amplitude

also has an infinite number of complex poles distributed along the imaginary axis for each

pole at real momentum values. This is reminiscent of the singularity structure of the other

kind of p-adic string amplitudes[10-12].) It is well known that in the q → 1 (classical)

limit, one recovers the undeformed function: limq→1 Γq(x) = Γ(x). Through this relation

one recovers the usual Veneziano amplitude in the classical limit.

1 Actually q here may be an element of Cp, the completion of the algebraic closure of Q
p
.
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Similarly in the p-adic case,

lim
q→1

Γp,q(x) = Γp(x). (8)

Therefore, the q-extended function Γp,q is a one parameter family of deformation of the

function (1). Since, the only difference between (1) or (4) and their usual counterparts are

from those factors larger than p, one finds that

lim
p→∞

Γp(n) = (−)nΓ(n), lim
p→∞

Γp,q(n) = (−)nΓq(n), (9)

i.e., a passage to the p-adic and usual gamma functions evaluated at integers.

The arithmetic Veneziano amplitude were written in terms of the p-adic gamma func-

tion (2). Consider d-dimensional ‘momenta’ k1, · · · , k4 valued in the vector space Qd
p and

a Qp-valued quadratic form 〈.|.〉 on it such that k2
i ≡ 〈ki|ki〉 = 2. Let s = (k1 + k2)

2 and

t = (k1 +k3)
2 are the Mandelstam variables and define linear functions α(s) = 1+α′s and

similarly α(t). The proposed form of the amplitude is[22,23]

Ap(s, t) =
Γp (α(s)) Γp (α(t))

Γp (α(s) + α(t))
. (10)

This amplitude has poles whenever the momenta in the intermediate channel is (propor-

tional to) a negative integer not divisible by p. There are an infinite number of poles in

either the s or the t channel.

A straightforward quantum extension of the above can be written in terms of the

q-deformed p-adic gamma function (5):

Ap,q(s, t) =
Γp,q (α(s)) Γp,q (α(t))

Γp,q (α(s) + α(t))
. (11)

From its definition and the property (8), it is immediately obvious that the above gives

us a one-parameter family of arithmetic Veneziano amplitude. Moreover, in the p →

∞ limit thanks to (9), the q-deformed arithmetic family makes contact to the usual q-

deformed Veneziano amplitude. The analytic structure of the amplitude (11) is an expected

combination of that of the p-adic amplitude (10) and the usual q-deformed one.

Finally, let us discuss about the difficulty in generalising the arithmetic Veneziano

amplitude and its quantum extension to the higher point tree amplitudes. Recall that,
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in the usual case, one can use the symbol (a; q)n =
n−1
∏

m=0

(1 − qma) (also valid in the limit

n → ∞), to write the q-gamma function as Γq(x) = (1 − q)1−x(q; q)∞/(qx; q)∞. There is

a useful theorem, called the q-binomial theorem,

(zqα; q)∞
(z; q)∞

=
∞
∑

m=0

(qα; q)m

(q; q)m
zm, (12)

which may be used to re-write the q-deformed Veneziano amplitude as follows.

Aq(s, t) = (1 − q)(q; q)∞

(

qα(s)+α(t); q
)

∞
(

qα(s); q
)

∞

(

qα(t); q
)

∞

= (1 − q)(q; q)∞
∑

m

qmα(s)

(q; q)m

(

qm+α(t); q
)

∞

= (1 − q)(q; q)∞
∑

m,n

qmα(s)+nα(t)+mn

(q; q)m(q; q)n
.

(13)

In the second line above, one sees the poles in the t-channel — alternatively one could have

displayed the singularities in the s-channel. More interesting is the symmetric form in the

last line. It suggests a possible generalisation to the higher point amptitudes[4,5]. For the

n-point amplitude, consider the set of n(n − 3)/2 independent planar channels labelled

by {i, j}, 1 ≤ i < j < n (excluding {1, n − 1}) corresponding to the set of tachyons

numbers i, i + 1, · · · , j. Let, sij = (pi + pi+1 + · · ·+ pj)
2

and αij ≡ α (sij). The n-point

tree amplitude is:

A(n)
q = [(1 − q)(q; q)∞]

n−3
∑

{ℓ}

∏

ij

qℓijαij

(q; q)ℓij

∏

mn;m′n′

qℓmnℓm′n′ , (14)

where, ℓij is the summation index in the ij channel and the first product above is over all

single channels and the second over all distinct pairs of overlapping ones.

Let us try to follow the above steps as closely as possible in the p-adic case. First in

writing Koblitz’ q-extended p-gamma function (5), we are naturally led to the symbol

(a; q)p,n =

n−1
∏

m=0

p|/m+1

(1 − qma) , (15)

in terms of which

Γp,q(x) = (−)x(1 − q)1−x
(q; q)p,∞

(qx; q)p,∞

. (16)
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Let us look for a generalisation of the q-binomial theorem starting with the ratio of p-adic

symbols:
(qαz; q)p,∞

(z; q)p,∞

=

∞
∏

m=0

p|/m+1

1 − qm+αz

1 − qmz
. (17)

For an integer α, i.e., α = n in the q → 1 limit the above reduces to (1 − z)
−n+νp(n)

,

where the function νp(n) =
∑

m≤n,p|m

1, counts the numbers upto and including n that are

divisible by the given prime p. Incidentally, νp(n) seems to be inherently more arithmetic

that what we have encountered so far. Using standard tricks of manipulation of infinite

products, we remove the restriction by putting in extra terms and compensate for it by

another product running over integers which are multiples of m + 1. This leads to

(qαz; q)p,∞

(z; q)p,∞

=
(qαz; q)∞ / (z; q)∞

(

q′α/pz′; q′
)

∞

/

(z′; q′)∞

, (18)

where, q′ = qp and z = qp−1z. Now one can use the q-binomial theorem (12) to simplify

this. In particular, the q-extended p-adic Veneziano amplitude is

Ap,q(s, t) = (1 − q) (q; q)p,∞

(

qα(s)+α(t); q
)

p,∞
(

qα(s); q
)

p,∞

(

qα(t); q
)

p,∞

=
(1 − q) (q; q)p,∞

(

qα(s)+α(t); q
)

∞

/(

qα(s); q
)

∞

(

qα(t); q
)

∞
(

q′(α(s)+α(t))/pqp−1; q′
)

∞

/ (

q′α(s)/pqp−1; q′
)

∞

(

q′α(t)/pqp−1; q′
)

∞

,

(19)

which is expressed as a ratio of the ordinary q-symbols and thus in turn can be simplified

with (12). Despite the initial impression, the form above does not lead to something like

the last line of (13). The extra factors of qp−1 spoil our effort. The case qp−1 = 1 may

appear to be promising, however, it gives the trivial result Ap,q(s, t) = 1.
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