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A neutrinophilic two Higgs doublet model
with an A4 flavour symmetry for Dirac neutrinos

We introduce three right-handed sterile neutrinos which acquire mass by coupling
to a second Higgs doublet with a tiny vacuum expectation value, giving rise to
naturally small neutrino masses. Majorana mass terms are forbidden by an ad-
ditional global U(1) symmetry. We discuss the phenomenology of this model,
placing a special emphasis on processes involving leptons. In addition, an A4
flavour symmetry is introduced in the lepton sector in order to explain the struc-
ture of the leptonic mixing matrix and the neutrino masses. We discuss how a
tribimaximal leptonic mixing matrix can be achieved in this context and analyse
numerically deviations from the exact tribimaximal form, which are required in
order to be compatible with the recent experimental findings indicating a rather
large θ13. In particular, implications of the presence of this flavour symmetry on
the phenomenology of the two Higgs doublet model are studied.

Ein neutrinophiles zwei-Higgs-Doublet-Modell
mit einer A4 Flavour-Symmetrie für Dirac Neutrinos

In dieser Arbeit wird ein zwei-Higgs-Doublet-Modell für Dirac Neutrinos unter-
sucht, wobei die Neutrinos ausschliesslich an ein Higgsfeld mit einem sehr klei-
nen Vakuumerwartungswert koppeln und somit auf natürliche Weise eine sehr
kleine Masse erlangen. Majoranamassenterme der Neutrinos werden durch eine
zusätzliche U(1)-Symmetrie verboten. Änderungen der Higgsphänomenologie im
Vergleich zum Standardmodell werden aufgezeigt, wobei wir den Schwerpunkt auf
die Betrachtung von Prozessen mit Beteiligung von Leptonen legen. Im Folgen-
den wird das betrachtete Modell um eine A4-Flavour-Symmetrie im Leptonsektor
erweitert. Diese zusätzliche Symmetrie wird eingeführt, um die Struktur der lep-
tonischen Mischungsmatrix sowie die Neutrinomassen zu erklären. Wir untersu-
chen zunächst, unter welchen Vorraussetzungen die resultierende Mischungsma-
trix die tribimaximale Form aufweist. Danach bestimmen wir in einer numerischen
Analyse die Auswirkungen von verschiedenen möglichen Störungen, welche zu ei-
ner Abweichung von der tribimaximalen Form führen. Solche Abweichungen sind
notwendig, um die Kompatibilität des Modells mit den neuesten experimentel-
len Resultaten zu gewährleisten, welche das Nichtverschwinden des Mischunswin-
kels θ13 bestätigen. Zuletzt untersuchen wir die Auswirkungen, die sich für die
Phänomenologie des zwei-Higgs-Doublet-Modells ergeben, wenn die leptonische
Mischungsmatrix und die Neutrinomassen durch die betrachtete A4-Symmetrie
unter Berücksichtigung von geeigneten Störungen vorhergesagt werden.
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Chapter 1

Introduction

The Standard Model of particle physics is the culmination of a concerted effort over
several decades of the past century to provide a unified theoretical framework in
which all observed matter particles and forces can be understood. The foundations
were laid by the theory of the electroweak interactions known as the Glashow-
Weinberg-Salam theory [1–3], which was soon extended to include also the theory
of the strong force [4–9]. Over the years, many predictions of the Standard Model,
like e.g. the existence of the top quark, have been famously experimentally verified,
and today the Standard Model can be considered as one of the most precisely
experimentally tested theories ever formulated. Nevertheless, there are several
important open questions that remain unanswered, implying that the Standard
Model in its current form cannot be regarded as the full theory of elementary
particles and forces. For example, apart from the major theoretical problem that
the Standard Model does not admit for a straightforward way of incorporating
gravity, it also does not include any description of dark matter, which is estimated
to account for about 84% of the total matter density of the universe. However,
the most direct experimental evidence for the necessity of extending the Standard
Model comes from the observation of neutrino oscillations, which require a non-
vanishing neutrino mass. While a deficit of electron neutrinos in the solar neutrino
flux with respect to the theoretical predictions was observed as early as the 1960s,
the confirmation that this deficit was due to a neutrino flavour change effect was
only provided in 2001 by the results of the SNO experiment [10].
While neutrinos are massless in the context of the Standard Model, mass terms
of the required magnitude can actually be included into the existing framework
rather easily in an ad hoc manner. From observations of the cosmic microwave
background and from precise measurements of Tritium beta decay we know that
neutrino masses must be smaller than 1 eV [11–13]. The main theoretical problem
thus actually lies not in writing down the explicit mass terms, but rather in finding
a natural explanation for their relative smallness in comparison with the masses
of the other Standard Model particles. While large mass hierarchies between
particles of different generations are present also in the Standard Model, the lepton

1



2 Chapter 1: Introduction

sector is the only case where such a large mass difference appears between particles
of the same generation, which seems quite unnatural. Many approaches have
been considered in the search for a theoretical explanation for the smallness of
the neutrino masses. In particular, the different variants of the well-known seesaw
mechanism have been discussed extensively in the literature. In chapter 2 we will
give a brief overview of the most important topics in neutrino physics as well as
the main features of the Standard Model.
Despite the aesthetically pleasing nature of the seesaw mechanism, we will focus
on a second possibility in this work. Namely, we will introduce a second copy
of the ordinary Higgs field and require that the vacuum expectation value of this
additional Higgs field is small compared to that of the ordinary Higgs, for example
of order 1 eV. This approach has the advantage that, after introducing a set of
right-handed neutrino fields and combining them into Dirac spinors together with
the left-handed fields already present in the Standard Model, the neutrinos can
be treated in a completely analogous manner to all the other Standard Model
fermions. The only difference is that the neutrinos should couple to a different
Higgs field than the other fermions, which can for example be achieved in a very
natural way by imposing an additional symmetry. In this thesis, we will implement
a U(1) symmetry in such a way that this separation is achieved and, at the same
time, Majorana mass terms for the neutrinos are forbidden. At first glance, the
existence of a large hierarchy between the two different Higgs vacuum expectation
values might seem no more natural than the original hierarchy between the charged
lepton and neutrino masses. However, we will confirm in a specific analysis of the
Higgs potential that the required large splitting can indeed be achieved in a natural
way. This so-called neutrinophilic two Higgs doublet model, whose main features
we have just summarised, will be discussed in detail in chapter 3. In our analysis
we will review and extend the results of [14], placing special emphasis on the
Higgs phenomenology and in particular on those processes that are sensitive to
the precise values of the neutrino masses and the magnitude of mixing in flavour
space.
The strength of flavour mixing is encoded in the leptonic mixing matrix, which
is known as the Pontecorvo-Maki-Nakagawa-Sakata matrix and is the leptonic
analogue of the Cabibbo-Kobayashi-Maskawa (CKM) matrix that occurs in the
quark sector. In the standard parametrisation, this leptonic mixing matrix is
defined by three mixing angles, one Dirac phase and two additional Majorana
phases that can be non-vanishing only if neutrinos are Majorana particles. Many
experiments have been devised with the aim of investigating neutrino oscillations
and determining the entries of the leptonic mixing matrix. These measurements
show that the leptonic mixing matrix is very close to the so-called tribimaximal
mixing matrix, which we will introduce in chapter 2. Note that the recent results of
the Double Chooz [15], Daya Bay [16] and RENO [17] experiments have confirmed
that the mixing angle θ13 is not as close to zero as formerly expected. Nevertheless,
the tribimaximal form of the mixing matrix, in which θ13 = 0, still provides a good
first approximation to the leptonic mixing matrix. In particular, the leptonic
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mixing matrix is found to be quite different from the CKM matrix, which is
close to the unity matrix. The main objective of flavour physics lies in finding a
natural explanation for the observed form of the mixing matrices and to explain
the differences between the quark and lepton sectors. Put differently, the aim is
to reduce the number of independent parameters that have to be put in by hand
into the Standard Model. A brief overview of the main ideas of flavour physics is
given in chapter 2.
Our main focus will lie on finding a possible explanation for the structure of the
leptonic mixing matrix. A popular approach to this problem is to consider the
introduction of discrete flavour symmetry groups. A very famous group in this
context is the rotation group of the tetrahedron, the A4 group. Implementing the
corresponding symmetry into the Standard Model in an appropriate manner yields
a leptonic mixing matrix of the tribimaximal form. Models based on the A4 group
have already been extensively studied over the last years. However, the existing
models are based on the assumption that neutrinos are Majorana particles. In this
work we will therefore consider an A4 model for Dirac neutrinos. In combination
with a neutrinophilic two Higgs doublet model, this leads to a framework in which
both the relative smallness of the neutrino masses and the form of the mixing
matrix can be explained. The general structure of the model will be discussed
in detail in chapter 4. In particular, we will analyse how a deviation from the
tribimaximal form can be achieved, which is needed in order to be compatible
with the experimentally confirmed non-vanishing of θ13. We analyse the effects
of various possible deviations in a specific A4 model using a numerical analysis in
chapter 5. By plugging in the predictions for the leptonic mixing angles obtained
from the numerical analysis, we explicitly discuss the implications on the Higgs
phenomenology that arise from the presence of the additional A4 flavour symmetry
at the end of chapter 5.





Chapter 2

Neutrino masses and neutrino
oscillations

To set the stage for the discussion of explicit neutrino mass models in the later
chapters, we begin by briefly reviewing the salient features of the Standard Model
as well as a selection of important ideas in neutrino physics. Rather than aiming
for completeness we focus on the aspects that will be used in the following chapters.

2.1 The Standard Model
The Standard Model of particle physics (SM) is one of the most celebrated achieve-
ments of theoretical physics in the last decades. It provides a unified theoretical
description of the electroweak (EW) and strong interactions of the known elemen-
tary matter particles listed in table 2.1 and has been tested experimentally to
extremely high precision.
The SM is a combination of the Glashow-Salam-Weinberg theory of the weak
left-handed isospin and hypercharge Y, described by the gauge group SU(2)L ×
U(1)Y [1–3], with the theory of quantum chromodynamics (QCD), described by
the colour group SU(3)C [4–9].
The left-handed leptons and quarks of a given generation are combined into

Generation Quarks Leptons
1 u d νe e
2 c s νµ µ
3 t b ντ τ

Table 2.1: Spin-1/2-fermions in the SM.
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6 Chapter 2: Neutrino masses and neutrino oscillations

Field SU(3)C SU(2)L U(1)Y

QL 3 2 1/3
uR 3 1 4/3
dR 3 1 -2/3
LL 1 2 -1
`R 1 1 -2
Φ 1 2 1

Table 2.2: Transformation properties of the SM matter fields and
Higgs field under SU(3)C × SU(2)L × U(1)Y. The hypercharge is
normalised to obey Q = Y/2 + T3, where Q is the electric charge
and T3 is the third component of the weak isospin of the particle.

SU(2)L doublets

LL,i =
(
νL,i
`L,i

)
, QL,i =

(
uL,i
dL,i

)
, (2.1)

whereas the right-handed particles `R,i, uR,i and dR,i are SU(2)L singlets. Here
i = 1, 2, 3 labels the different generations. There are no right-handed neutrinos
in the SM. In addition to the fermionic matter fields introduced above, each
generator of the combined gauge group SU(3)C × SU(2)L × U(1)Y yields a spin
one gauge boson which mediates the corresponding interaction. In this way one
obtains eight gluons Ga

µ corresponding to SU(3)C , three vector fields W i
µ arising

from SU(2)L and the hypercharge gauge boson Bµ of U(1)Y . Finally, in order to
give masses to the SM particles an SU(2)L doublet scalar field Φ known as the
Higgs field is introduced, and the mechanism of spontaneous symmetry breaking
is invoked [18–21]. The Higgs doublet carries hypercharge +1 and transforms as
a singlet under SU(3)C.
The Lagrangian of the Standard Model can be written in the form

L = Lgauge + Lfermions + Lscalar + LYukawa. (2.2)

Here Lgauge and Lfermions respectively contain the gauge kinetic terms and the
kinetic terms of the fermions, while the kinetic and potential terms of the Higgs
field are included in Lscalar. Finally, the Yukawa interactions between the Higgs
and fermion fields are encoded in LYukawa. We will not discuss the full Lagrangian
here and will provide only the expressions that are needed for the considerations
of the following chapters (see for example [22, 23] for a more detailed discussion
of the SM).
The spontaneous symmetry breaking of the EW SU(2)L × U(1)Y symmetry to
U(1)em (the symmetry of electromagnetism) is achieved by letting the Higgs field
acquire a non-vanishing vacuum expectation value (vev). Ensuring that only the
neutral component of Φ acquires a vev, the term[1] (DµΦ)†DµΦ in Lscalar leads

[1]The gauge covariant derivative Dµ acting on a given field is defined by Dµ = ∂µ−iq1g1Bµ/2−
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to three massive gauge bosons W± and Z and a massless photon A. Since the
Higgs does not transform under SU(3)C the colour group remains unbroken and
the corresponding gauge bosons, the eight gluons, stay massless. See appendix A
for the full expansion of Lscalar after electroweak symmetry breaking.
A Standard Model fermion Ψ acquires a mass through the Yukawa interactions,
which schematically take the form −Y Ψ̄ΦΨ with Y a constant. After expanding Φ
around its vev this yields a mass term for the field Ψ. As long as gauge invariance
is guaranteed we can also allow for cross-couplings between different fermions in
LYukawa. For the lepton and quark sectors the general form of the interactions is
then

LYukawa = −
3∑

i,j=1

(
Y `
ijLL,iΦ`R,j + Y u

ijQL,iΦ̃uR,i + Y d
ijQL,iΦdR,i + h.c.

)
, (2.3)

where the charge conjugate Higgs doublet is defined by Φ̃ = iσ2Φ∗ with the Pauli
matrix σ2. Since right-handed neutrinos do not exist in the SM, the neutrinos
remain massless in this framework.
The kinetic terms of the fermions are given by

Lfermions = LLi /DLL + eRi /DeR + QLi /DQL + dRi /DdR + uRi /DuR, (2.4)

where /D = γµDµ. This term yields the interactions between the fermions and the
gauge bosons, which can be easily derived by expanding the covariant derivatives
Dµ. In this way one obtains

Lfermions = − g2√
2
W−
µ

∑(
`L,iγ

µνL,i + dL,iγ
µuL,i

)
+ h.c. (2.5)

+eAµ
∑(

¯̀
iγ
µ`i −

2
3 ūiγ

µui + 1
3 d̄iγ

µdi

)
+(fermion couplings to Zµ), (2.6)

where e is the electric charge and f = (fL, fR)T (for f = `, u, d). Note that the
sum runs over the fermion generations. The expressions for the couplings to the
Z-boson are omitted for brevity as they are not needed in the following; they can
be found for example in [23].
Equation (2.5) is given in the fermion flavour basis, where the W -interaction is
diagonal. In general the flavour basis will not be equal to the mass eigenbasis of
the fermions. This implies that particles which are produced in weak interactions
will have contributions from different mass eigenstates, which describe the states
of the propagating particles. The size of the different contributions is quantified by
the so called mixing matrix, which describes the basis change between flavour and
mass basis. The mass matrices Mu,d,` that originate from the Yukawa term (2.3)

iq2g2Wµ/2 − iqcgCGµ. q1, q2 and qC are the charges of the field with respect to the different
gauge groups, while g1, g2 and gC are the respective coupling constants.
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are in general complex 3× 3 matrices. Each matrix can be diagonalized via a bi-
unitary transformation which yields real and non-negative diagonal entries, so that
these ’eigenvalues’ can be interpreted as the physical masses of the corresponding
particles (see appendix B for further details). As the form of the leptonic mixing
matrix will be a crucial ingredient of our work, let us be a bit more precise here.
The non-diagonal mass matrices Mu,d,` can be diagonalized by

Mu
diag. = V u †

L MuV u
R , Md

diag. = V d †
L MdV d

R , M `
diag. = V ` †

L M `V `
R. (2.7)

The mass eigenstates are therefore given by

u0
L,R = V u †

L,RuL,R, d0
L,R = V d †

L,RdL,R, `0
L,R = V ` †

L,R`L,R, (2.8)

where uL,R, dL,R and `L,R are the fields in the flavour basis introduced above. The
W -boson interaction (2.5) in terms of the mass eigenstates then reads

Lfermions ⊃ −
g2√

2
W−
µ

(
`0

LV
` †

L γµνL + d0
LV

d †
L γµV u

L u
0
Li

)
+ h.c. (2.9)

Note that the summation over the different generations is implicit due to the
matrix notation. We see that the basis change above leads to the appearance
of the unitary CKM (Cabibbo-Kobayashi-Maskawa) mixing matrix, defined by
UCKM = V d

L V
u †

L , in the weak interactions of the quark sector [24, 25]. Non-trivial
quark mixing is indeed observed in weak interactions, implying that the CKM
matrix is different from the unity matrix. As long as the neutrinos are massless we
have the freedom to redefine them according to ν0

L = V ` †
L νL. Therefore no mixing

in the lepton sector occurs in the framework of the Standard Model. However, the
discovery of neutrino oscillations showed that this cannot be the full picture and
that neutrinos have to have a mass; this will be the subject of the next section.
Let us stress that this is the first experimentally confirmed evidence for physics
beyond the SM.

2.2 Neutrino oscillations
Following the discussion above let us now assume that the neutrinos have a mass,
although we postpone the question of its origin to the following section 2.3. In
particular we assume that flavour and mass eigenbasis in the lepton sector do not
coincide, similar to the case of the quark sector. Then a mixing matrix analogous
to the CKM matrix will occur in the lepton sector, which is known as the PMNS
(Pontecorvo-Maki-Nakagawa-Sakata) matrix [26–28]. Assuming that the neutrino
mass matrix is diagonalized by[2]

Mν
diag. = V ν †

L MνV ν
R (2.10)

[2]Recall that any complex matrix can be brought to a diagonal form with real and non-negative
entries by a bi-unitary transformation, see also appendix B.
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and defining the mixing matrix and neutrino mass eigenstates

UPMNS = V ` †
L V ν

L , ν0
L,R = V ν †

L,RνL,R, (2.11)

the weak interaction term of the lepton sector takes the form

Lfermions ⊃ −
g2√

2
W−
µ `

0
Lγ

µUPMNSν0
L + h.c. (2.12)

To illustrate the phenomenon of neutrino oscillations we consider a thought exper-
iment whereby a W -boson decays into a lepton of generation i and an associated
neutrino. From (2.12) we conclude that the produced neutrino is a mixture of the
three neutrino mass eigenstates. To be more precise, the produced neutrino state
is given by[3]

νL,i =
∑
j

U∗ijν
0
L,j. (2.13)

This neutrino state is now taken to propagate for a certain time before eventual
detection via another weak interaction.
The simplest ansatz to describe the propagation of the neutrinos through space is
via a simple plain wave approximation. Of course, this cannot be the correct quan-
tum mechanical description as the neutrino wave function would not be localised
in space. A more appropriate treatment can be given by using wave packets to
describe the neutrinos, see for example [29, 30]. Another possible description is
based on a quantum field theoretical approach where the propagating neutrinos
are treated as virtual lines in a Feynman diagram connecting the production and
detection processes (external wave packet models, see for example [31–34]). We
will stick here to the simplest possible description, which suffices to illustrate the
essential ideas.
In the plain wave approximation one assumes that one can consider a neutrino
mass eigenstate with a well-defined energy Ej. The evolution in time of such a
state is given by ∣∣∣ν0

j (t)
〉

= e−iEjt
∣∣∣ν0
j

〉
, (2.14)

where
∣∣∣ν0
j

〉
=
∣∣∣ν0
j (t = 0)

〉
. As stated above, a mixture of the three neutrino mass

eigenstates will be produced in weak interactions. Therefore the produced state
will evolve in time according to

|νi(t)〉 =
∑
j

U∗ije
−iEjt

∣∣∣ν0
j

〉
. (2.15)

After propagating for a certain amount of time, the neutrino is detected by ob-
serving a charged lepton which is produced in another weak interaction. Using

[3]Note that here and in the following the superscript ’PMNS’ will be suppressed to keep the
notation simple; furthermore we will skip the index L and switch to the Dirac notation when
useful.
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equation (2.12) one finds that the probability of detecting a charged lepton of
flavour f in this manner is given by

P (νi → νf ) = |〈νf | νi(t)〉|2 =

∣∣∣∣∣∣
∑
j

U∗ije
−iEjtUfj

∣∣∣∣∣∣
2

. (2.16)

Taking into account that the neutrinos are extremely light and can be treated as
ultrarelativistic particles we can approximate

Ej ≈ p+
m2
j

2p ≈ E +
m2
j

2E , (2.17)

where p ≈ E is the momentum and mj = (Mν
diag.)jj the mass of the neutrino.

Substituting this into equation (2.16) we find

P (νi → νf ) =
∑
j,k

U∗ijUfjUikU
∗
fke
−

i∆m2
jk

t

2E , (2.18)

where ∆m2
jk = m2

j −m2
k. Note that in addition we can use L ≈ t for relativistic

neutrinos, where L is the distance travelled by the neutrino in the time t.
In order to easily compare experimental results concerning neutrino mixing with
theoretical predictions, it is useful to parametrise U in the same way as the CKM
matrix. In this so-called standard parametrisation the matrix is given in terms of
three mixing angles θ12, θ13 and θ23 in combination with one CP violating phase
δ [35]. While this is the full story for Dirac neutrinos, two additional physical
Majorana phases λ2 and λ3 occur for Majorana neutrinos[4]. As we do not know
yet whether neutrinos are Dirac or Majorana particles, we will give here the most
general expression, which reads [35]

U =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13


1 0 0

0 eiλ2 0
0 0 eiλ3

 ,
(2.19)

where we used the definitions cij := cos θij and sij := sin θij. In the above
parametrisation the angles take on values in the ranges θij ∈ [0, π/2] and δ, λi ∈
[0, 2π]. In order to obtain a quantitative measure for the magnitude of CP vio-
lation that is independent of the chosen parametrisation it is useful to define the
rephasing-invariant Jarlskog variable [36–40]

JCP = =
(
Uµ3Ue2U

∗
µ2U

∗
e3

)
. (2.20)

Using the standard parametrization of the mixing matrix this can be rewritten as

JCP = 1
8 sin 2θ12 sin 2θ23 sin 2θ13 cos θ13 sin δ. (2.21)

[4]The fact that neutrinos are electrically uncharged opens up the possibility that they could
be their own antiparticles, and therefore be described mathematically by Majorana spinors, see
appendix C.



2.2 Neutrino oscillations 11

From (2.21) we can easily derive that the value of JCP corresponding to maximal
CP violation is |JCP | = 1

6
√

3 .
Note that the magnitude of CP violation can be experimentally investigated in
neutrino oscillation experiments. On the other hand, using equation (2.18) one
can show that oscillation experiments are not sensitive to the Majorana phases.
Therefore these experiments are not able to answer the question whether neu-
trinos are of Dirac or Majorana type. Better suited to answer this question are
experiments searching for neutrinoless double beta (0νββ), which occurs only if
neutrinos are Majorana particles[5]. In particular, the neutrinoless double beta de-
cay rate is sensitive to the Majorana phases, see section (2.4) for further details.
Furthermore let us emphasise that only mass differences appear in the transition
probability (2.18), so that oscillation experiments do not provide any information
about the absolute mass scale of the neutrinos.
Note that in deriving the formulae above we have implicitly assumed that the
neutrinos are propagating through vacuum. Matter effects have a strong impact
on the observed mixing and can enhance the oscillation probability significantly
compared to the vacuum probability. This has to be taken into account when
analysing the experimental oscillation data. See for example [29, 30, 41, 42] and
references therein for further details.
Neutrino sources which can be used to investigate neutrino oscillations include
nuclear reactors, particle accelerators, the atmosphere and the sun. The corre-
sponding experiments differ not only in the type of neutrinos which is initially
produced, but also in the magnitude of L/E (recall that L is the distance the
neutrinos travel before detection and E is the neutrino energy). Let us simplify
equation (2.18) for two different limits of L/E, where in addition we assume[6]

|∆m2
21| � |∆m2

31| ' |∆m2
32|. For L/E � 2/|∆m2

21| we find the approximate
expressions [42]

P (νe → νµ) ' s2
23 sin2 2θ13 sin2

(
∆m2

31L

4E

)
, (2.22)

P (νe → ντ ) ' c2
23 sin2 2θ13 sin2

(
∆m2

31L

4E

)
, (2.23)

P (νµ → ντ ) ' c4
13 sin2 2θ23 sin2

(
∆m2

31L

4E

)
, (2.24)

[5]Note that effective higher dimensional operators can induce 0νββ decay even if neutrinos are
Dirac particles to leading order. However such operators are suppressed by some higher energy
scale like the Planck scale and lead to contributions that are negligible in comparison with the
current experimental sensitivities; compare subsection 2.3.2. In this situation one usually refers
to pseudo-Dirac particles, however we will refrain from explicitly mentioning this distinction in
the following.

[6]This assumption can be justified by solar and atmospheric neutrino oscillation experiments,
where one small mass squared difference ∆m2

� ' 8×10−5eV2 and one larger difference ∆m2
atm. '

2× 10−3eV2 is observed.
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Figure 2.1: The two different neutrino mass orderings which are compatible with
the oscillation data, taken from [43]. The colours denote the flavour decompo-
sition of the mass eigenstates ν1, ν2 and ν3.

P (νe → νe) ' 1− sin2 2θ13 sin2
(

∆m2
31L

4E

)
. (2.25)

On the other hand, in the limit L/E � 2/|∆m2
31| we find [42]

P (νe → νe) ' c4
13

(
1− sin2 2θ12 sin2

(
∆m2

21L

4E

))
+ s4

13. (2.26)

The former limit is relevant for atmospheric (e.g. MACRO, IMB, Kamiokande,
Super-Kamiokande), reactor (e.g. Double Chooz, RENO, Daya Bay) and acceler-
ator (e.g. MiniBooNE, OPERA, T2K) neutrino experiments, whereas the latter is
relevant for solar neutrino (e.g. Homestake, SNO, Borexino) and very long base-
line reactor (e.g. KamLAND) experiments. Note that in the above expressions we
have not taken matter effects into account. However, we can already see that the
different types of experiments are sensitive to different mixing angles and mass
differences. We refer the reader to the literature for a more detailed analysis (see
e.g. [42] and references therein). Combining the results of the different experiments
one can perform a global analysis of the data to extract the values of the mixing
angles and mass differences. The results of such an analysis are summarised in
table 2.3. Note that more recent results from Double Chooz, RENO and Daya
Bay suggest a stronger bound on sin2 θ13. We will therefore sometimes also take
into account the results of the newest, as yet unpublished, analysis of [44], which
yields

sin2 θ13 = 0.022+0.0033
−0.0030 . (2.27)
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Parameter Best fit ±1σ 2σ range 3σ range

∆m2
21 [10−5eV2] 7.59+0.20

−0.18 7.24− 7.99 7.09− 9.19

∆m2
31 [10−3eV2] 2.50+0.09

−0.16 2.25− 2.68 2.14− 2.76
−2.40+0.08

−0.09 −(2.23− 2.58) −(2.13− 2.67)

sin2 θ12 0.312+0.017
−0.015 0.28− 0.35 0.27− 0.36

sin2 θ23
0.52+0.06

−0.07 0.41− 0.61 0.39− 0.64
0.62± 0.06 0.42− 0.61

sin2 θ13
0.013+0.007

−0.005 0.004− 0.028 7.29× 10−4 − 0.0529
0.016+0.008

−0.006 0.005− 0.031

δ
−0.61+0.75

−0.65π 0− 2π 0− 2π
−0.41+0.65

−0.70π

Table 2.3: Neutrino oscillation parameters from a global analysis [15, 45]. The
upper values belong to normal, the lower to inverted neutrino mass ordering.

The oscillation experiments do not yet provide any information about the sign
of the mass difference ∆m2

31. Correspondingly, one distinguishes two different
scenarios; ∆m2

31 > 0 is referred to as normal mass ordering or normal hierarchy,
whereas the possibility ∆m2

31 < 0 is referred to as inverted mass ordering or
inverted hierarchy. The two different possible cases are illustrated in figure 2.1,
where in addition the decomposition of a mass eigenstate in terms of the flavour
eigenstates are shown.
As already mentioned above, neutrino oscillation experiments also provide no
information about the absolute mass scale of the neutrinos. Restricting the ab-
solute neutrino mass scale is possible via experiments that investigate beta decay
or from cosmological observations. Another possibility is given by experiments
which search for neutrinoless double beta decay (0νββ). Since the latter is only
possible if neutrinos have Majorana rather than Dirac character (keep in mind the
comments in footnote [5]), we will first discuss the differences between Majorana
and Dirac mass terms and postpone the discussion of the absolute mass scale to
section 2.5.

2.3 Neutrino mass models
As discussed in the previous section, the observation of neutrino oscillations im-
plies that at least two neutrinos must have a non-zero mass. Let us point out that
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even without this experimental confirmation, massive neutrinos would be favoured
also from a theoretical point of view. This is because left-handed neutrinos are the
only fermions in the SM which do not appear in combination with a corresponding
right-handed SU(2)L singlet, which seems quite unnatural. In the SM one does
not consider such right-handed neutrinos in order to prevent the neutrinos from
obtaining a mass, but there exists no fundamental symmetry principle explaining
why right-handed neutrinos should be absent.
If one considers introducing right-handed partners for the neutrinos, the neutrinos
would obtain masses via the ’normal’ Higgs-fermion Yukawa interaction discussed
in section 2.1, just like the other SM fermions. However, when giving mass to
the neutrinos in this standard manner one is confronted with the question why
neutrino masses are so much smaller than the masses of the other SM fermions
(from e.g. beta decay measurements the neutrino masses are expected to be at
least five orders of magnitude smaller then the electron mass). One might be
tempted to point out that a large hierarchy between the masses of the top quark
and the electron (about five orders of magnitude) is already present in the SM
as well. Nevertheless, in the SM fermions which correspond to the same SU(2)
doublet always have a comparable mass. This observation is no longer true when
considering the masses of the charged leptons and neutrinos. Finding an expla-
nation for this mass hierarchy is an open problem which theorists have tried to
address for several decades. A directly correlated question is whether neutrinos
are Dirac or Majorana particles. If neutrinos indeed turn out to be Majorana par-
ticles, then new mass terms that violate lepton number conservation by two units
are possible. This opens up the possibility of implementing the well-known seesaw
mechanism to explain the smallness of neutrino masses, see subsection 2.3.4[7].
In the following subsections we will discuss the differences between Dirac and
Majorana neutrinos as well as considering in more detail different mass models
which aim to explain the smallness of neutrino masses. Nevertheless one important
model in this context, the so-called neutrinophilic two Higgs doublet model, will
not be analysed here as this model will be extensively discussed in chapter 3.

2.3.1 Dirac neutrino mass term
Let us introduce three right-handed neutrinos νR, which are singlets of the SM
gauge group, in addition to the SM particles. Note that the number of right-
handed neutrinos is not restricted by the requirement of anomaly cancellation
since the right-handed neutrinos are sterile (i.e. gauge singlets)[8]. Furthermore, we

[7]In addition the seesaw mechanism with its heavy right-handed neutrinos yields a framework
to possibly explain the baryon asymmetry of the universe (baryogenesis from leptogenesis). See
for example [41] and references therein for further details on this aspect.

[8]Note that adding new light degrees of freedom that are in equilibrium with the rest of the
universe during the aera of big bang nucleosynthesis (BBN) will affect the predicted abundance of
light elements. However, as long as no other particles are added to the SM, the sterile neutrinos
considered here have sufficiently small couplings so as to decouple from the thermal bath early
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assume for the moment that neutrinos are of Dirac type (see appendix C). In this
case the neutrinos will obtain masses via the Higgs-fermion Yukawa interaction
in the same way as the other SM fermions. The Yukawa term of the neutrinos is
given in full analogy to the SM case by

− L =
3∑

i,j=1
Y ν
ijLL,iΦ̃νR,j + h.c. (2.28)

Recall that we had introduced the notation Φ̃ = iσ2Φ∗. After EW symmetry
breaking this yields the mass term

− L = νLM
ννR + h.c., (2.29)

where Mν = Y νv/
√

2 is the neutrino mass matrix (which, as discussed in sec-
tion 2.2, is not necessarily diagonal in the flavour basis).
By comparing this to the analogous expressions for the charged lepton masses, it
is clear that neutrino masses below the current upper limit of about 0.2 eV (see
section 2.5) require that the Yukawa couplings of the neutrinos must be at least
five orders of magnitude smaller than the Yukawa couplings of the correspond-
ing charged leptons. From a theoretical point of view such a hierarchy between
dimensionless couplings is disfavoured by naturalness arguments. One important
model which can generate small neutrino masses without such a Yukawa hierar-
chy and without requiring Majorana mass terms is the neutrinophilic two Higgs
doublet model, which will be the focus of chapter 3. However, let us first give a
brief review on mass models involving Majorana neutrinos.

2.3.2 Pure Majorana mass term
Let us now assume that the neutrinos are Majorana particles, which are described
by a Majorana spinor ν = νL + (νL)c (compare appendix C). Naively one could
then try to introduce a Majorana mass term of the form −1/2(νL)cMνL + h.c.
However, this mass term is forbidden by gauge invariance since the left-handed
neutrinos belong to an SU(2) doublet and have non-vanishing hypercharge. In
order to construct a gauge invariant mass term without introducing additional
particles one has to consider the term [29]

Leff. = fij
M

(LTL,iσ2Φ)C†(ΦTσ2LL,j) + h.c. (2.30)

This term is of mass dimension five and therefore not renormalisable. Nevertheless
it can be thought of as an effective operator, originating from integrating out new
heavy particles in some underlying full theory. Then M lies at the energy scale
of the high-energy theory (for example the Planck scale). After EW symmetry

enough. Therefore their introduction does not lead to a discrepancy with the observed element
abundances. We will return to this point when introducing a second Higgs doublet in chapter 3.
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breaking the effective operator (2.30) yields the neutrino mass mij = fijv
2/M .

Hence neutrino masses arising in this manner are suppressed by the energy scale
of the renormalisable theory.
A second possibility is to introduce an additional isotriplet Higgs field ∆ with
hypercharge Y=2 and mass m∆. This gives rise to a renormalisable Majorana
mass term of the form [42]

− L =
3∑

i,j=1
f∆
ij LT

L,iCiσ2∆LL,j + h.c., (2.31)

where ∆ is given in terms of the components of the isotriplet ∆ by

∆ =
(

∆+ √
2∆++

√
2∆0 −∆+

)
. (2.32)

This term yields neutrino masses which are proportional to 1/m∆. Hence by
ensuring that the additional Higgs triplet is heavy enough, one can generate small
neutrino masses while keeping the neutrino Yukawa couplings of the order of the
charged lepton Yukawa couplings. This mechanism is referred to as type-II seesaw.
See for example [42] and references therein for a discussion of the phenomenology
of Higgs triplet models. We will not pursue this direction further as the main
focus of this work will lie on Dirac neutrinos.

2.3.3 Majorana and Dirac mass term
In a more general context let us now consider simultaneously introducing mass
terms of both Dirac and Majorana type in the neutrino sector[9]. Recall that in
order to allow for a Dirac mass term we have to introduce right-handed neutrinos.
As stated above, the number of such neutrinos is in principle arbitrary (assuming
that bounds from cosmology can be satisfied, see footnote ??), but in analogy to
the SM fermion content we will introduce three right-handed neutrinos. Then the
most general mass term is given by [42]

LD+M = νLm
∗
DνR + 1

2(νL)cmLνL + 1
2(νR)cm∗RνR + h.c., (2.33)

where mD and mL,R are complex 3 × 3 matrices with the Majorana type mass
matrices mL,R symmetric (see appendix B). The Majorana mass term for the
left-handed neutrinos has to either be an effective mass term or requires the in-
troduction of a new Higgs field, as discussed in subsection 2.3.2. In contrast,
the corresponding term for the right-handed neutrinos can be introduced directly
without violating gauge invariance, as these neutrinos are sterile. Let us combine
left- and right-handed neutrinos into the vector

nL :=
(
νL

(νR)c
)

(2.34)

[9]As we will see below the neutrinos will in this context be described by Majorana spinors
despite the presence of a so-called Dirac mass term.
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and define the corresponding 6× 6 mass matrix

Mν =
(
mL mD
mT

D mR

)
. (2.35)

The Lagrangian (2.33) then simply becomes

LD+M = 1
2(nL)cMνnL + h.c. (2.36)

Since Mν is symmetric we can bring it into a diagonal form by

Mν
diag. = UTMνU , (2.37)

where U is a suitable unitary 6×6 matrix (compare also appendix B). The resulting
neutrino mass entries in Mdiag. are real and non-negative. The mass term then
takes the form

LD+M = 1
2(n0

L)cMν
diag.n

0
L + h.c. (2.38)

in terms of the mass eigenstates n0
L = Uν †

L nL. Rewritten in this way it is clear
that the resulting mass term is a Majorana mass term for the six Majorana fields
n0
i = n0

L,i + (n0
L,i)c, which by definition clearly obey the Majorana condition. This

observation clarifies our statement above that the occurrence of a Dirac mass
term does not imply that the neutrinos can be described by a Dirac spinor. The
resulting neutrinos can thus be of Dirac type only if the diagonal elements in M
vanish will.

2.3.4 Seesaw mechanism
As already stated above we aim to explain the large difference between the masses
of the neutrinos and the corresponding charged leptons of the same generation,
as this hierarchy does not occur in the quark sector. A very elegant way to
explain this relative lightness of the neutrinos is the seesaw mechanism [46–50].
We start from the Lagrangian given by (2.33), allowing for three right-handed
neutrinos. Let us assume mL ' 0, which can be justified by the arguments given
in subsection 2.3.2. Furthermore we consider the case where mD � mR (i.e. the
right-handed neutrinos are assumed to be very heavy). Note that unlike the
case of the left-handed neutrinos, the Majorana masses of the right-handed sterile
neutrinos are not protected by the electroweak symmetry.
We can now consider the unitary 6× 6 matrix

U =
(

1 (mDm
−1
R )∗

−(mDm
−1
R )T 1

)
. (2.39)

It is easy to check that to linear order in mD/mR there holds

Mν
block = UTMνU '

(
−mDm

−1
R mT

D 0
0 mR

)
. (2.40)
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Hence the matrix Mν
block is block-diagonal to leading order of mD/mR. The upper

block belongs to three light Majorana neutrinos, which are predominantly com-
posed of the active left-handed neutrinos. On the other hand the lower block
describes three heavy Majorana neutrinos, composed mostly of the sterile right-
handed neutrinos. If we assume thatmR is of the order of the GUT scale, i.e.mR '
O(1015 GeV) and mD of the order of the EW scale, i.e. mD ' O(200 GeV) we find
mDm

−1
R mT

D ' O(10−2 eV). Hence this so-called seesaw mechanism generates small
neutrino masses without requiring that the Yukawa couplings are much smaller
than the Yukawa couplings of the charged leptons of the same generation. The
mechanism described here is sometimes also referred to as type-I seesaw.
The type-II seesaw mechanism was already introduced in (2.3.2). Another varia-
tion on the same theme can be constructed by assuming that the three additional
right-handed neutrinos belong to an SU(2) triplet Σ with hypercharge 0. The
Yukawa term then yields neutrino masses which are suppressed by the triplet
mass. This mechanism is referred to as type-III seesaw. See for example [51] and
references therein for further details.

2.4 Neutrinoless double beta decay
As has been repeatedly mentioned above, an important question that has yet to
be answered experimentally is whether neutrinos are Majorana or Dirac parti-
cles. The possible Majorana nature of neutrinos can be experimentally probed by
searching for neutrinoless double beta decays (0νββ decay), in which a nucleus
A(Z,N) decays while emitting two electrons but no neutrinos. To be more precise
the transition of the nucleus is described by

A(Z,N)→ A(Z ± 2, N ∓ 2) + 2e∓. (2.41)
By the Schechter-Valle theorem [52], this process is possible only if the neutrinos

are Majorana particles. Note that lepton number is violated by two units in this
decay, which is not possible in the SM context. However, note that no funda-
mental principle is known yet that enforces lepton number conservation and that
this conservation law in the SM only results from an accidental symmetry of the
SM Lagrangian. Figure 2.2 shows the Feynman diagram for the process. The
corresponding amplitude of the process depends on the Majorana masses mν

i of
the active neutrinos through the combination

A(0νββ) ∝
3∑
i=1

(
UPMNS
ei

)2
mν
i =: 〈mνe〉 . (2.42)

The parameter 〈mνe〉 defined in this manner is frequently called the effective
neutrino mass.
The decay rate depends not only on the transition amplitude (2.42), but also on
the phase space factor and the nuclear matrix element. The calculation of the
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Figure 2.2: Feynman diagram of the 0νββ decay, taken from [42].

latter is often problematic and can give rise to large theoretical errors, which can
limit the comparability of theory and experiment.
So far, neutrinoless double beta decay has not been detected experimentally. The
best experimental upper limit for the effective Majorana mass is given by the
Heidelberg-Moscow experiment [53,54]

〈mνe〉 . 0.2− 0.6 eV, (2.43)

where the different values arise from different calculations of the nuclear matrix
element. The above limit on the effective mass corresponds to a limit on the half
life of T 0νββ

1/2 & 1.9 × 1025 years [55]. There are a number of experiments either
currently in planning or already running, which will improve the experimental
sensitivity by at least one order of magnitude.
As a final side comment let us note that the 0νββ decay rate depends not only
on the lightest neutrino mass, but also on the mass ordering of the neutrinos (at
least for a wide range of values for the mass of the lightest neutrino). This implies
that the detection of 0νββ decay could give rise to the possibility of distinguishing
between the cases of normal and inverted hierarchy [55].
In this work we will focus on a detailed analysis of a particular model for Dirac
neutrinos. This means that 0νββ decay will be forbidden at the renormalisable
level in our model. Therefore we refrain from giving a more detailed analysis
of the neutrinoless double beta decay here and refer the interested reader to the
recent review [55] and the references given therein for further information.

2.5 Absolute scale of neutrino masses
Past experimental efforts of probing the absolute scale of neutrino masses have
focused mainly on two different approaches. The first approach relies on precisely
measuring the energy spectrum of charged leptons emitted in β decay, which yields
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information on the quantity

mβ :=
√∑

i

|Uei|2m2
i . (2.44)

However, at the time of writing the most precise investigations of Tritium β decay
in the Mainz [11] and Troitsk [56] experiments have succeeded only in establishing
an upper bound on this parameter. The more stringent bound has been obtained
by the Mainz neutrino mass experiment and is given by [11]

mβ < 2.3 eV at 95% confidence level. (2.45)

The currently running KATRIN experiment aims to improve the sensitivity for
this parameter by an order of magnitude [57]. It remains to be seen whether this
added sensitivity is sufficient to obtain a measured value for mβ, or whether it will
only improve the upper bound. Finally, let us also recall that besides classical beta
decay experiments, searches for 0νββ decay can also yield bounds on the absolute
neutrino mass, as the effective mass 〈mνe〉 defined in (2.42) is a function of the
lightest neutrino mass.
The second main avenue of investigation concerning the absolute neutrino mass
scale comes from cosmological measurements. The present contribution of neu-
trinos to the energy density of the universe can be evaluated either from data on
the large scale structure of the universe [58] or from measurements of the tem-
perature fluctuations of the cosmic microwave background (CMB). This gives rise
to an upper limit on the summed neutrino masses. Currently the most stringent
bound comes from the WMAP data on the CMB, which yields [12,13]

∑
mν :=

3∑
i=1
|mν, i| . 0.67 eV at 95% confidence level. (2.46)

Taking the observed mass squared differences into account this can be easily trans-
lated into an upper limit on each neutrino mass

mν, i . 0.2 eV, i = 1, 2, 3. (2.47)

See for example [41] for further details on this topic.

2.6 Flavour symmetries
An important theoretical problem lies in finding an explanation for the many free
parameters that are present in the flavour sector of the Standard Model. Adding
neutrino masses to the theory further exacerbates this problem as it leads to an
increase of the total number of free parameters in the Lagrangian. In this way
there arise three additional leptonic mixing angles, three neutrino masses and one
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Figure 2.3: Hierarchy between the masses of the SM particles, taken from [59].
Normal mass ordering is assumed for the neutrino masses.

CP violating phase, as well as two additional Majorana phases if the neutrinos
are Majorana particles (compare also (2.19)).
A closely correlated theoretical question concerns finding a fundamental principle
that explains not only the number but also the observed relationships between
the flavour parameters. The main idea in tackling this problem is to extend
the symmetry group of the theory Ggauge by some additional family or flavour
symmetry Gflavour, so that the full Lagrangian is invariant under Ggauge ×Gflavour.
These flavour symmetries are sometimes also referred to as horizontal symmetries,
because they describe symmetries between different particle generations. While in
many applications Gflavour is taken to be a global symmetry, this is not a necessary
condition and the extended group can also be gauged. Note that the introduction
of the additional symmetry usually necessitates also the introduction of new scalar
fields (and, in the gauged case, new gauge bosons). In order to have a predictive
theory, this spectrum of new particles should not be too large, which is one of the
major problems that arise in models attempting to explain the flavour structure
in this manner.
Let us first have a look at the measured mass pattern of the SM particles, which
is illustrated in figure 2.3. The figure shows a significant hierarchy between the
different fermion generations. In particular, one approximately finds [51]

me

mµ

∼ mu

mc

∼ mc

mt

∼ λ4, (2.48)
mµ

mτ

∼ md

ms

∼ ms

mb

∼ λ2,

where λ is defined in terms of the Cabibbo angle θC [24] by λ = sin θC ≈ 0.22.
A popular mechanism that is often implemented to explain this hierarchy is the
Froggatt-Nielsen mechanism [60]. The underlying idea is to introduce a global
U(1)FN flavour symmetry which is spontaneously broken by the vev of a new
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Field eR µR τR ΦFN

FN charge 3 1 0 -1

Table 2.4: Assignment of Froggatt-Nielsen
charges.

scalar field ΦFN . This field is a singlet of the SM gauge group but carries charge
under U(1)FN, the so-called Froggatt-Nielsen (FN) charge. Such an additional
scalar field charged under the flavour group is known as a flavon. Giving FN
charges to the SM fermions as well will lead to a certain structure of the mass
matrix, the precise form of which depends of the special choice of FN charges. In
particular, when implementing an appropriate choice of charges one can obtain
precisely the observed mass hierarchy of (2.48). Note that the theory has to be
understood as an effective theory, where the heavy Froggatt-Nielsen fields of the
full theory have been integrated out. Therefore effective operators proportional
to ε := 〈ΦFN〉 /M will appear in the effective theory, where M is the mass of
the Froggatt-Nielson fields associated with the energy scale of the full theory and
〈ΦFN〉 denotes the vev of the FN field.
Let us illustrate the Froggatt-Nielsen principle in a very simple example, by in-
troducing the global U(1)FN symmetry and assigning the FN charges given in
table 2.4 to the right-handed charged leptons and to the FN flavon. Further-
more we assume that the other SM particles are kept uncharged. Hence only the
Yukawa terms of the charged leptons in the SM Lagrangian will be modified by
this additional symmetry. Without loss of generality we can assume that the lep-
ton mass matrix is already diagonal, since U ` †

L can be absorbed into a redefinition
of the neutrino flavour eigenstates. After the EW and U(1)FN symmetries have
been broken the Yukawa term of the charged leptons is given by

− LYukawa ⊃
1√
2
Y ev

(
〈ΦFN〉
M

)3

ēLeR + 1√
2
Y µv
〈ΦFN〉
M

µ̄LµR (2.49)

+ 1√
2
Y τvτ̄LτR + h.c.,

where v/
√

2 is the vev of the SM Higgs field. Hence one finds

me = 1√
2
Y evε3,

mµ = 1√
2
Y µvε , (2.50)

mτ = 1√
2
Y τv ,

and therefore me/mµ ∼ ε2 and mµ/mτ ∼ ε, if the Yukawa couplings are taken to
be of the same order. Choosing 〈ΦFN〉 and M in such a way that ε = λ2, we find
that the hierarchy for the charged leptons in (2.48) is reproduced.



2.6 Flavour symmetries 23

This simple model can be enlarged to a model that simultaneously describes both
the hierarchy of the charged leptons and of the neutrinos. Note that off-diagonal
elements in at least one of the mass matrices have to occur in this case, which
leads to a prediction of the form of the leptonic mixing matrix. Models of this type
have been considered extensively in the literature in an attempt to predict mass
patterns and mixing matrices which are compatible with the experimental data
for both the quark and lepton sectors. However, we will not pursue this direction
further in this work. Additional details on FN models can be found in [30,61] and
in the references given therein.
A different possible approach is to look for an underlying structure in the mixing
matrices. The CKM matrix is reasonably close to the unity matrix [35], whereas
the best fit values of the mixing angles and the Dirac phase for the leptons listed
in table 2.3 show that a good first approximation to the observed mixing matrix
is given by

|UPMNS
13 | ≈ 0, |UPMNS

23 | ≈ 1√
2
, |UPMNS

12 | ≈ 1√
3
. (2.51)

Let us focus on the leptonic mixing matrix in the following. Adopting the approx-
imate values of (2.51) results in the mixing matrix

UTBM =


√

2
3

1√
3 0

− 1√
6

1√
3 −

1√
2

− 1√
6

1√
3

1√
2

 , (2.52)

which was first considered in [62]. This specific form of the leptonic mixing matrix
is known as tribimaximal (TBM), where the name originates from the following
two observations. If the neutrino mass matrix can be brought into a diagonal
form via UTBM, then the mass eigenstate ν3 consists of a mixture of only two of
the flavour eigenstates, namely νµ and ντ , which contribute equally. The mass
eigenstate ν2 on the other hand is composed of an equal mixture of all three flavour
eigenstates[10].
Let us analyse in more detail what a mixing matrix in TBM form would imply
for the structure of the mass matrices. If we assume that the charged lepton
mass matrix is already diagonal, which can always be achieved by a suitable
redefinition of the neutrino flavour eigenstates, the neutrino mass matrix has to
fulfill (see appendix B)

(Mν
diag.)2 = UT

TBMM
νMν †UTBM. (2.53)

[10]Note however that the TBM form of the mixing matrix is only a good first approximation to
the measured values. In particular the non-vanishing of θ13 (see table 2.3), which was confirmed
experimentally in the last year, makes models leading to tribimaximal mixing less attractive.
Nevertheless, one can consider models which lead to the TBM form at first order and which admit
suitable deviations, arising for example from next-to-leading order effects, yielding a mixing
matrix that is compatible with the recent data. Let us postpone a more detailed discussion of
this to chapters 4 and 5, where a model based on the group A4 is presented.
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This implies that the squared mass matrix has to take the form

MνMν † = ATBM :=

x y y
y x+ v y − v
y y − v x+ v

 , (2.54)

where x, y and v are real parameters. They can be related to the squared neutrino
masses (mν

i )2 = (Mν
diag)2

ii by

x = 2
3(mν

1)2 + 1
3(mν

2)2, y = −1
3(mν

1)2 + 1
3(mν

2)2,

v = −1
2(mν

1)2 + 1
2(mν

3)2. (2.55)

Recall that if the neutrinos are Majorana particles the mass matrix has to be
symmetric, see appendix B. In this case the above relation simplifies to

Mν
diag. = UT

TBMM
νUTBM. (2.56)

Then the neutrino mass matrix itself has to take the form given in relation (2.54),
i.e. Mν = ATBM. Of course one must then also substitute mν

i instead of (mν
i )2

into (2.54) for Majorana neutrinos. Note that if Mν = ATBM, then MνMν † will
automatically have the specific TBM form ATBM as well.
From the discussion above we conclude that the specific form of the mixing matrix
gives rise to a certain texture of the neutrino mass matrix. One expects that
such a specific structure of the mass matrix could occur due to an underlying
symmetry. We immediately see that the mass matrix given above is symmetric
under µ↔ τ exchange. However, this underlying symmetry only partially explains
the structure of the mass matrix, and an additional symmetry has to be found to
explain the complete texture. To identify this additional symmetry let us start
with a general 3× 3 matrix

A =

a b c
d e f
g h j

 (2.57)

and consider the matrices

S := 1
3

−1 2 2
2 −1 2
2 2 −1

 and A23 :=

1 0 0
0 0 1
0 1 0

 . (2.58)

Note that S2 = A2
23 = 1, so that both matrices can be viewed as generating the

cyclic group Z2. If we require that the candidate mass matrix A is invariant under
the action of S, i.e. A = SAS, A has to have the form

A =

 a b −a+ c+ d
−a+ d+ e c a+ b− e
b+ c− e d e

 . (2.59)
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The action of the matrix A23 obviously describes the exchange of the second and
third components of a vector, so that a mass matrix which is invariant under the
action of A23 will be µτ -symmetric. Therefore requiring that A is also invariant
under the action of A23, i.e. A = A23AA23 = SAS, yields the form

A =

a b b
b a+ c b− c
b b− c a+ c

 . (2.60)

This is exactly the form of (2.54) that is necessary for the matrix to be diagonalised
by UTBM. The above seems to suggest that requiring invariance of the neutrino
mass matrix under S and A23 leads directly to TBM mixing. Recall however that
the mixing matrix appearing in the weak interaction Lagrangian is composed of
the matrices diagonalising the neutrino and the charged lepton mass matrices.
This means that if we want to achieve TBM mixing while assuming that the
neutrino mass matrix (respectively Mν†Mν) is brought to the diagonal form via
UTBM as above, we must ensure that the lepton mass matrix is already diagonal.
This requirement can also be cast in the form of a symmetry principle using the
fact that [63]

M `M ` † diagonal ⇐⇒ M `M ` †=T †M `M ` †T for any diagonal phase matrix T .

For example one can consider specifically the matrix

T =

1 0 0
0 ω 0
0 0 ω2

 (2.61)

with ω3 = 1. Since T 3 = 1, T generates the cyclic group Z3. Now requiring
invariance of the neutrino mass matrix under S and A23 together with invariance
of the lepton mass matrix under T guarantees tribimaximal mixing.
The considerations presented above form the starting point when trying to find
an extension of the SM symmetry group which will lead to a mixing matrix in
tribimaximal form. In particular we search for a finite groupGflavour which contains
two subgroups GS and GT , generated by S and T respectively. Note that the
choice of T taken above was not unique, and we could also have chosen a different
diagonal phase matrix. For simplicity we restrict ourselves to matrices obeying
T n = 1, such that T generates the cyclic group Zn. If we now break the full
flavour group Gflavor down to GS in the neutrino sector and to GT in the charged
lepton sector, we obtain a TBM mixing matrix as long as we guarantee that the
neutrino sector is in addition invariant under A23. This latter requirement can
be fulfilled either by taking A23 ⊂ Gflavour or by a suitable choice of symmetry
breaking mechanism (see chapter 4 for further details).
As mentioned above, imposing an additional flavour symmetry on the Lagrangian
can lead to a proliferation of new particles belonging to the different represen-
tations of the group. To avoid negating the idea of predictivity underlying the
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Group Order Irreducible Presentationrepresentations
D3 ∼ S3 6 1, 1′, 2 A3 = B2 = (AB)2 = 1

D4 8 11, 12, 13, 14, 2 A4 = B2 = (AB)2 = 1

D7 14 1, 1′, 2, 2′, 2′′ A7 = B2 = (AB)2 = 1

A4 12 1, 1′, 1′′, 3 A3 = B2 = (AB)3 = 1

A5 ∼ PSL2(5) 60 1, 3, 3′, 4, 5 A3 = B2 = (BA)5 = 1

T ′ 24 1, 1′, 1′′, 2, 2′, 2′′, 3 A3 = (AB)3 = R2 = 1 and
B2 = R

S4 24 1, 1′, 2, 3, 3′ A3 = B4 = (BA2)2 = 1

∆(27) ∼ Z3 o Z3 27 11, ...19, 3, 3̄
PSL2(7) 168 1, 3, 3̄, 6, 7, 8 A3 = B2 = ((BA)7 = 1 and

(B−1A−1BA)4 = 1

T7 ∼ Z7 o Z3 21 1, 1′, 1̄′, 3, 3̄ A7 = B3 = 1 and
AB = BA4

Table 2.5: Discrete groups often used in flavour models [63].

introduction of flavour symmetries in the first place, one of course tries to keep
the flavour group as simple as possible. Table 2.5 shows a list of the simplest
discrete groups that have been considered in this context in the literature (see
e.g. [63] for a list of references on the subject). For further details on the mathe-
matical properties of the groups listed see for example [64]. A very popular choice
is the A4 group, since the relative simplicity of the group representations and the
field content is quite attractive. In chapters 4 and 5 we will consider a model
based on the A4 symmetry for the case of Dirac neutrinos, which has not yet
been analysed in the existing literature. However, in the next chapter we will first
discuss neutrinophilic two Higgs doublet models, which yield a natural framework
for explaining the smallness of neutrino masses.



Chapter 3

The neutrinophilic two Higgs
doublet model

When looking to extend the Standard Model, for example while aiming to explain
the observed mass hierarchies and textures mentioned in the previous chapter, one
of the simplest possibilities is to extend the Higgs sector. Starting with the seminal
work of Lee [65], an idea that has been extensively studied in the subsequent
literature relies on the introduction of a copy of the usual Higgs field. Such so-
called two Higgs doublet models (2HDMs) therefore include two complex scalar
fields in the representation (1, 2, 1) of the SM gauge group SU(3)C × SU(2)L ×
UY (1).
There are a wide variety of different aspects underlying the popularity of these
2HDMs. For example, the presence of an additional Higgs doublet is a necessary
condition for the theory to admit an embedding into a supersymmetric (SUSY)
theory. Another point is that the extended scalar spectrum in 2HDMs may give
rise to additional sources of CP violation, which can play an important role in ex-
plaining the observed baryon-antibaryon asymmetry of the universe. In this work
we will not go into much more detail on these issues, referring to the reviews [66,67]
and references therein for a detailed overview of the different aspects relating to
two Higgs doublet models. Instead, we will focus our attention on the effects
which arise in the lepton sector when introducing a second Higgs.
An important point to consider when introducing a second Higgs is that one has to
clarify the Yukawa coupling structure, as new possibilities for these couplings arise.
In particular, we have to specify which matter fields couple to which Higgs field,
which can have wide-ranging phenomenological consequences. One important
constraint on the possible choices comes from the strong experimental bounds
on flavour changing neutral currents (FCNCs)[1]. The buzzword in this context
is the Paschos-Glashow-Weinberg theorem, which states that in order to avoid

[1]Suppression of FCNCs constitutes a big problem in all 2HDMs and additional symmetries
often need to be imposed in order to be compatible with the experimental bounds. See section 3.1
for further details.

27
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Type Yukawa coupling structure

I all fermions are coupled to only one of the
Higgs fields

II up-type quarks are coupled to Φ2
down-type quarks and leptons are coupled to Φ1

X (lepton-specific) quarks are coupled to Φ2
leptons are coupled to Φ1

Y (flipped) up-type quarks and leptons are coupled to Φ2
down-type quarks are coupled to Φ1

ν2HDM (neutrinophilic) all quarks and charged leptons are coupled to Φ2
neutrinos are coupled to Φ1

Table 3.1: Couplings of the fermions to the two Higgs fields Φ1 and Φ2 in different
types of 2HDMs.

FCNCs at tree-level one has to ensure that each fermion couples only to exactly
one of the Higgs fields [68, 69]. Such a separation of the couplings of the two
Higgs fields to distinct fermion sectors can be achieved by imposing an additional
symmetry, such as a Z2 or global U(1) symmetry, and assigning charges to the
Higgs fields and fermions in an appropriate way. Restricting to models meeting
the requirements of the Paschos-Glashow-Weinberg theorem leads to a finite list
of distinct 2HDMs, which are listed in table 3.1[2]. All these models have been
studied in great detail (see [67] for a list of references).
One very interesting model in the context of neutrino physics is the neutrinophilic
two Higgs doublet model (ν2HDM). In this type of model one can achieve small
neutrino masses by engineering a hierarchy between the vevs of the two Higgs
fields, negating the need for a large hierarchy between the different Yukawa
coupling constants or for variants of the seesaw mechanism discussed in subsec-
tion 2.3.4. Note that, as we will see, a hierarchy between the Higgs vevs can arise
more naturally than a similar hierarchy between dimensionless Yukawa couplings,
which would have to be imposed by hand. The ν2HDM was first considered by
Ma in [70] and has been studied in great detail over the last years (ν2HDMs for
Majorana neutrinos have been considered in [71–77], whereas in [14, 78–80] only
Dirac mass terms were allowed). As we are interested in aspects pertaining to
neutrino physics in this work, we focus on the ν2HDM in the following.
In order to generate a coupling of the neutrinos to a Higgs field we introduce three

[2]See [67] for an overview including also models with tree-level FCNCs.
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Fields QL uR dR LL `R νR Φ1 Φ2 gauge bosons
U(1) charge 0 0 0 0 0 1 1 0 0

Table 3.2: Assignment of U(1) charges.

right-handed neutrinos in the singlet representation of the SM gauge group [3]. In
this work we will consider the case of Dirac neutrinos, which, as discussed in
section 2.3.3, requires Majorana mass terms to be absent. Introducing a global
U(1) symmetry and assigning charges to the particles as listed in table 3.2 yields
the Yukawa structure of the ν2HDM (see table 3.1).
Note that this charge assignment automatically forbids Majorana mass terms for
the right-handed neutrinos. This would not have been achieved if we had intro-
duced a Z2 symmetry instead of the U(1) symmetry (assigning the Z2 charges
in a similar way)[4]. This implies that lepton number survives as an accidental
symmetry of the considered model, even if the U(1) symmetry is spontaneously
broken or softly broken in the scalar potential [14]. Therefore in the considered
model neutrinoless double beta decay is absent at the renormalisable level. Note
that of course higher dimensional effective operators can still induce lepton num-
ber violation just as in the SM. Assuming however that such higher dimensional
operators are suppressed by the Planck scale, this leads to 0νββ decay rates well
below the sensitivity of currently running and planned experiments.
The 2HDM defined by the charge assignments above was first considered by David-
son and Logan in [14]. We will now proceed to analyse this model in full detail,
reviewing and extending the results of Davidson and Logan. In particular we
will take into account updated bounds on the neutrino oscillation parameters and
neutrino masses when analysing the phenomenology of the model. Furthermore
we will analyse the consequences for the Higgs phenomenology that arise when
neutrino mass textures and leptonic mixing matrix are generated by a specific A4
flavour symmetry model in chapter 5.

3.1 The scalar potential
Let us now analyse the scalar potential involving the two Higgs fields. The fields
will be denoted as

Φ1 =
(

Φ+
1

Φ0
1

)
, Φ2 =

(
Φ+

2
Φ0

2

)
, (3.1)

[3]See subsection 3.1 for a brief discussion of cosmological bounds on additional light neutrinos
which arise in the context of a 2HDM.

[4]See also the next section for a discussion of further differences between models with U(1)
and Z2 symmetry.
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where we have used a suggestive notation to distinguish the components that are
respectively charged and neutral under the electromagnetic U(1)em symmetry. In
the following we consider the scalar potential for the two Higgs fields given by

V = m2
11Φ†1Φ1 +m2

22Φ†2Φ2 − (m2
12Φ†1Φ2 + h.c.) + 1

2λ1(Φ†1Φ1)2

+1
2λ2(Φ†2Φ2)2 + λ3(Φ†1Φ1)(Φ†2Φ2) + λ4(Φ†1Φ2)(Φ†2Φ1). (3.2)

A few comments are in order regarding this choice of potential. In addition to all
renormalisable couplings compatible with our global U(1) symmetry we have also
allowed for an explicit soft breaking term m12Φ†1Φ2 + h.c. This term was included
in order to prevent the occurrence of an unwanted Goldstone boson, which would
have appeared if the U(1) symmetry was broken only spontaneously. Note that
allowing for the explicit breaking term in the scalar potential does not lead to
FCNCs at tree-level [67].
Let us also briefly consider what would change if we had decided to impose a
Z2 symmetry instead of the U(1) symmetry, giving charges to the Higgs fields
and fermions in a similar way as before. In this case an additional term of the
form +1

2(λ5(Φ†1Φ2)2 + h.c.) would arise in the scalar potential, which is invariant
under Z2 but not under U(1). This term is sufficient to lift the flat direction in
the potential and eliminate the would-be Goldstone boson without requiring the
introduction of an explicit breaking term. Note however that in the absence of
the explicit breaking term involving m2

12 in the neutrinophilic Z2 model, one still
obtains a very light Higgs scalar with mass m2 ∼ λ1v

2
1 (see [78, 79])[5].

The presence of this very light scalar leads to severe cosmological bounds on
the neutrino Yukawa couplings. By analysing measurements of supernova neu-
trino fluxes, of the energy loss of supernovae and of the precise form of the CMB
spectrum one obtains the bounds Y ν

i . 3.5 × 10−5 for the Yukawa coupling of
νi, i = e, µ, τ [81]. Furthermore note that the standard theory of big bang nucle-
osynthesis (BBN) constrains the effective number of additional relativistic degrees
of freedom and therefore the number of additional light neutrinos during BBN
to δNν < 1.44 [82]. When introducing three right-handed neutrinos one must
therefore ensure that they decouple from the thermal bath at sufficiently high
temperature; for example consistency with observations is achieved if this decou-
pling temperature is of the order of the quark-hadron transition temperature at
ca. 200-400 MeV. In the Z2 model without explicit breaking, the couplings of the
neutrinos to the light scalar are not sufficiently suppressed to fulfill these require-
ments. The authors of [78] argue that the BBN constraint can be circumvented
in models of non-standard cosmology, however even then the other restrictions on
the Yukawas mentioned above remain in force. As we will see, introducing the ex-
plicit breaking term involving m2

12 increases the mass of the would-be light scalar

[5]Here v1 is the vev of the additional Higgs. In order to allow for naturally small neutrino
masses in the model, one of the Higgs vevs, here v1, has to be of order eV.
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sufficiently to significantly relax the abovementioned constraints on the Yukawa
couplings.
These observations lead to the conclusion that explicit breaking must be consid-
ered in both the Z2 and U(1) models. As already mentioned above, using the
U(1) symmetry has the added advantage of automatically forbidding Majorana
mass terms. Therefore we will stick to the U(1) symmetry and the potential (3.2)
in the following. However, our results can be easily adapted to the case of the Z2
symmetry.
Note that in our model we must nevertheless ensure that the right-handed neutri-
nos decouple from the thermal bath at the quark hadron-transition temperature,
which gives a bound on the Yukawa couplings. In the absence of the light neutral
Higgs scalar mentioned above, the dominant interaction channel between the neu-
trinos and the thermal bath involves exchange of the charged Higgs. The exact
bound on the Yukawa couplings therefore depends on the charged scalar mass
given in (3.21) and on the values of the leptonic mixing angles. However, this
bound is much less severe than the bounds that arise from the presence of a light
neutral Higgs, and Yukawa couplings of order one can be obtained for reasonable
values of the charged Higgs mass. A slightly more detailed discussion of these
estimates can be found in [14].
After these preliminary remarks, we return to the analysis of the potential given
in (3.2). First of all we immediately note that the parameters m2

11, m2
22 and λ1,2,3,4

must be real to guarantee invariance of V under Hermitian conjugation. Without
loss of generality we can also assume m2

12 ∈ R+, as we can absorb any phase into
a suitable redefinition of Φ1 and Φ2. Furthermore the scalar potential is of course
required to be bounded from below. This amounts to imposing the following
conditions on the parameters

λ1 > 0, λ2 > 0, λ3 > −
√
λ1λ2, λ3 + λ4 > −

√
λ1λ2. (3.3)

In order to derive these conditions it is sufficient to consider the quartic terms of
the potential. In order to analyse the effect of the λ4 term it is helpful to rewrite

∣∣∣Φ†1Φ2

∣∣∣2 =
∣∣∣∣∣∣Φ+

1

∣∣∣ ∣∣∣Φ+
2

∣∣∣ ei(δ+
2 −δ

+
1 ) +

∣∣∣Φ0
1

∣∣∣ ∣∣∣Φ0
2

∣∣∣ ei(δ0
2−δ

0
1)
∣∣∣2 (3.4)

where δ+
i , δ

0
i ∈ [0, 2π], i = 1, 2 denote the phases of the corresponding fields in

the decomposition (3.1). In addition we can write∣∣∣Φ+
i

∣∣∣ = sinαi |Φi| ,
∣∣∣Φ0

i

∣∣∣ = cosαi |Φi| (3.5)

for i = 1, 2 and αi ∈ [0, π/2]. Substituting (3.5) into (3.4) yields
∣∣∣Φ†1Φ2

∣∣∣2 = |Φ1|2|Φ2|2
(
sin2 α1 sin2 α2 + cos2 α1 cos2 α2 (3.6)

+2 cos δ̃ cosα1 cosα2 sinα1 sinα2
)
,
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where we have abbreviated δ̃ = δ+
2 − δ+

1 + δ0
1 − δ0

2. We can use this to rewrite
the quartic terms in the scalar potential (which dominate for large field values) in
matrix form

Vquartic = (|Φ1|2, |Φ2|2)
(

λ1/2 λ3/2 + cλ4/2
λ3/2 + cλ4/2 λ2/2

)(
|Φ1|2
|Φ2|2

)
, (3.7)

where we have further defined

c := sin2 α1 sin2 α2 + cos2 α1 cos2 α2 + 2 cos δ̃ cosα1 cosα2 sinα1 sinα2.

Note that c ∈ [0, 1]. If we can ensure that the matrix in (3.7) is positive definite
then this implies V → +∞ for large field values in any direction in field space,
i.e. the potential is then guaranteed to be bounded from below. Making use of the
Sylvester criterion[6] we immediately obtain the first condition in (3.3), namely
λ1 > 0, as well as

λ1λ2 > (λ3 + cλ4)2. (3.8)

Combining (3.8) with λ1 > 0 yields the second condition λ2 > 0. Taking the
square root of (3.8) and noting that the weakest necessary conditions for λ3 and
λ4 are obtained for the extremal values of c ∈ [0, 1] finally leads to the other two
conditions in (3.3).
We now turn to the search for the minima of the potential, which from the dis-
cussion above are guaranteed to exist provided we fulfill the conditions for bound-
edness from below. We will only consider vacua obeying two further restrictions.
Namely, the vacua of the theory should conserve CP in addition to keeping the
electromagnetic symmetry unbroken to guarantee a massless photon. This means
that the minima of VH must take the form

Φ1 = 1√
2

(
0
v1

)
, Φ2 = 1√

2

(
0
v2

)
, (3.9)

with v1,2 ∈ R
+. We refer to minima of this type as normal minima. Note that

normal minima cannot coexist in the same potential with CP-breaking or charge-
breaking minima [67]. In other words, if the parameters of the potential are
such that a normal minimum exists, then any other minimum of VH must also
be a normal minimum. To look for a normal minimum, we set to zero the first
derivatives of the potential (3.2) after plugging in the form (3.9), yielding

0 = 2m2
11v1 − 2m2

12v2 + (λ3 + λ4)v1v
2
2 + λ1v

3
1, (3.10)

0 = 2m2
22v2 − 2m2

12v1 + (λ3 + λ4)v2v
2
1 + λ2v

3
2. (3.11)

Of course, being able to find a simultaneous solution (v1, v2) of these equations is
only a necessary condition for the existence of a normal minimum. After finding

[6]The Sylvester criterion states that a Hermitian matrix is positive definite if and only if all
principal minors are positive.
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such a solution we still have confirm explicitly that it is indeed a global minimum
of the potential.
To simplify solving the necessary conditions we recall that our aim is to give mass
to the leptons and quarks via v2 and to the neutrinos via v1. Hence we require
v1 6= 0 and v2 6= 0. In order to generate tiny neutrino masses without needing
tiny Yukawa couplings we would furthermore like to find a solution with v1 � v2.
In this limit the necessary minimum conditions yield

v1 '
2m2

12v2

2m2
11 + λ34v2

2
, (3.12)

v2 '
√
−2m2

22
λ2

. (3.13)

Here and in the following we abbreviate λ34 = λ3 + λ4. Since we took v2 ∈ R+,
the existence of such a solution requires m2

22 < 0. Now if we take the parameters
to fulfill λi ' O(1), |m11| ' |m22| ' 120 GeV as well as a soft breaking term
of the order m12 ' O(MeV) we can in particular achieve the phenomenologically
desirable values v2 ' 250 GeV and v1 ' O(10−1 eV)[7].
It is still left to check whether the solution of the necessary minimum conditions
found above is indeed a minimum of the potential. In fact, we will ask for a
stronger condition and require that it represents the global minimum in order to
avoid any issues pertaining to vacuum stability[8]. To confirm this, we will look for
all other solutions of the necessary conditions (3.10) and (3.11) and then compare
the value of the potential at these locations in field space.
First of all let us note that for the potential minimum above with v1 � v2 we have
V (v1 � v2) < 0. This immediately implies that the trivial solution v1 = v2 = 0 of
the necessary conditions is at a higher value, as V (0, 0) = 0. Also, the presence of
the m2

12 term implies that there are no solutions of (3.10) and (3.11) in which one
vev vanishes but the other does not. We are left with three possibilities with both
vevs non-vanishing: (i) v1 � v2, (ii) v1 � v2 or (iii) v1 ∼ v2. Case (i) was already
considered above, and case (ii) can be treated in a similar manner. Namely, we
can again neglect sub-leading terms in the necessary minimum conditions, which
allows us to find approximate analytical expressions for v1 and v2. These can then
be substituted back into the potential to estimate the magnitude of V (v1 � v2).
To similarly find approximate analytical expressions for v1 and v2 in case (iii)
we must take into account that we expect |m2

ii| � m2
12 as the U(1) symmetry is

only softly broken. This again allows us to simplify the minimum conditions in
the case v1 ∼ v2, so that the equations can be solved analytically and we obtain
an estimate for V (v1 ∼ v2). Having obtained these expressions we now require
V (v1 � v2) < V (v1 � v2) and V (v1 � v2) < V (v1 ∼ v2). In fact, to keep

[7]Note that this hierarchy between the vevs is stable against radiative corrections, because
the U(1) symmetry guarantees that the radiative corrections to m12 are proportional to m12
itself [77].

[8]See [77] for a discussion of vacuum stability in neutrinophilic 2HDMs.
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the form of the resulting conditions simple we will actually ask for the stronger
condition V (v1 ∼ v2) > 0, which suffices to guarantee that our second requirement
is fulfilled. The resulting conditions which we take to guarantee that the solution
with v1 � v2 is a global minimum are then given by

m4
22
λ2

>
m4

11
λ1

and λ34 > 0. (3.14)

The upshot of the discussion above is that it is possible to find a minimum where
the vev of the Higgs field Φ2, which couples to the charged leptons and quarks, is
close to the standard model value v2 ∼ 250 GeV; while v1 ∼ 1 eV, so that sub-eV
neutrino masses are possible with Yukawa couplings of order one. Furthermore it is
possible to achieve this in a natural manner, i.e. while keeping the dimensionless
coefficients λ1, . . . , λ4 of order one and with |m2

ii| � m2
12 which is consistent

with the fact that m2
12 is the soft breaking term of an otherwise conserved global

symmetry. Finally, choosing the parameters to obey (3.14) we can ensure that
this vacuum is the global minimum of the potential and is therefore absolutely
stable.

3.2 Masses of the physical Higgs states
We are now in a position to implement the Higgs mechanism by expanding the
Higgs fields around the vevs found above and substituting the resulting expression
into the Lagrangian. This will break SU(2)×U(1) down to U(1)em just as in the
case of only one Higgs. Our conventions for the expansions of the fields are given
by

Φi = 1√
2

(
ϕ+
i

vi + ϕ0
i

)
. (3.15)

Let us first derive the Higgs mass eigenstates and therefore substitute the expan-
sions 3.15 into the scalar potential 3.2. This yields

V = 1
4
∣∣∣ϕ+

1

∣∣∣2 [2m2
11 + λ1v

2
1 + λ3v

2
2

]
+ 1

4
∣∣∣ϕ+

2

∣∣∣2 [2m2
22 + λ2v

2
2 + λ3v

2
1

]
+1

4
∣∣∣ϕ0

1

∣∣∣2 [2m2
11 + λ1v

2
1 + λ34v

2
2

]
+ 1

4
∣∣∣ϕ0

2

∣∣∣2 [2m2
22 + λ2v

2
2 + λ34v

2
1

]
+1

2<
(
ϕ−1 ϕ

+
2

) [
λ4v1v2 − 2m2

12

]
+ 1

2<
((
ϕ0

1

)∗
ϕ0

2

) [
λ4v1v2 − 2m2

12

]
(3.16)

+1
2
(
<
(
ϕ0

1

))2
λ1v

2
1 + 1

2
(
<
(
ϕ0

2

))2
λ2v

2
2

+1
2<

(
ϕ0

1ϕ
0
2

)
λ4v1v2 + <

(
ϕ0

1

)
<
(
ϕ0

2

)
λ3v1v2

+ {interaction terms}.

The self-interaction terms of the Higgs fields are given in appendix D. To find
the mass eigenstates we define tan β = v2/v1 and make use of the minimum
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conditions (3.10) and (3.11). It is simple to check that the combinations

H± = 1√
2
(
− sin(β)ϕ±1 + cos(β)ϕ±2

)
(3.17)

A0 = − sin(β)=(ϕ0
1) + cos(β)=(ϕ0

2) (3.18)
are Higgs mass eigenstates. As the notation suggests H± carry electromagnetic
charge while A0 is a neutral CP-odd pseudoscalar (in fact, A0 is the only one of
the physical Higgs states that is CP-odd). The corresponding masses are

m2
H± = m2

12

(
v2

v1
+ v1

v2

)
− 1

2λ4(v2
1 + v2

2), (3.19)

m2
A0 = m2

12

(
v2

v1
+ v1

v2

)
. (3.20)

Making use of the minimum conditions (3.10) and (3.11) we can rewrite m2
H± and

m2
A0 in the limit v1 � v2 as

m2
H± ' m2

11 + 1
2λ3v

2
2, (3.21)

m2
A0 ' m2

11 + 1
2λ34v

2
2. (3.22)

Requiring that these masses are positive yields necessary conditions for (v1, v2)
to define a local minimum, but of course we have already shown that our vevs can
be chosen to define a global minimum of the potential.
Moving on, we find that the combination

G0 = cos(β)=(ϕ0
1) + sin(β)=(ϕ0

2), (3.23)

which is orthogonal to A0, and the combinations

G± = 1√
2

(cos(β)ϕ±1 + sin(β)ϕ±2 ), (3.24)

which are orthogonal to H±, remain massless. This means that the corresponding
directions of the scalar potential are flat. Note that the chosen form (3.9) of the
vevs breaks three combinations of the four generators of SU(2)L × U(1)Y under
which the Φi are charged. Hence we expect three massless Goldstone bosons to
appear in the expansion of the scalar potential, and it is natural to expect that G0

and G± are these Goldstone bosons. One can indeed convince oneself that there
exists an SU(2)L×U(1)Y gauge transformation that can be used to setG0, G± = 0
while keeping a residual Uem unbroken. This gauge choice, in which the Goldstone
bosons are eaten up by the gauge bosons W± and Z and are removed from the
theory, is known as unitary gauge. Rather than going through with the explicit
construction of the gauge transformation that is needed to go to unitary gauge,
we will follow an easier approach. Namely, we note that the Goldstone bosons can
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also be identified more easily by considering the gauge covariant kinetic terms of
the Higgs, as they couple to the gauge bosons in a very specific manner. This will
be discussed in the next section, where it will be confirmed that indeed G0 and
G± are precisely the unphysical Goldstone bosons. However, before proceeding
with the analysis of the kinetic term we must still consider the sector of field space
spanned by the real parts of the uncharged Higgs components.
In order to identify the remaining mass eigenstates we have to diagonalise the
mass matrix in the subspace spanned by <(ϕ0

i ), i = 1, 2. Since the mass matrix
is symmetric it can be brought into diagonal form through a rotation by an angle
α. Performing this diagonalisation yields the solution

cos 2α = −
λ1v

2
1 − λ2v

2
2 +m2

12

(
v2
v1
− v1

v2

)
√

4 (v1v2λ34 +m2
12)2 +

(
λ1v2

1 − λ2v2
2 +m2

12

(
v2
v1
− v1

v2

))2
, (3.25)

sin 2α = − 2(v1v2λ34 +m2
12)√

4 (v1v2λ34 +m2
12)2 +

(
λ1v2

1 − λ2v2
2 +m2

12

(
v2
v1
− v1

v2

))2
. (3.26)

The corresponding CP-even mass eigenstates are given by

H0 = cosα<(ϕ0
1) + sinα<(ϕ0

2) , (3.27)

with mass

m2
H0 = 1

2

(
λ1v

2
1 + λ2v

2
2 +m2

12

(
v2

v1
+ v1

v2

)
(3.28)

−
√(

λ1v2
1 − λ2v2

2 +m2
12

(
v2

v1
+ v1

v2

))2
+ 4 (v1v2λ34 +m2

12)2

 ,
and

h0 = − sinα<(ϕ0
1) + cosα<(ϕ0

2) , (3.29)
with mass

m2
h0 = 1

2

(
λ1v

2
1 + λ2v

2
2 +m2

12

(
v2

v1
+ v1

v2

)
(3.30)

+
√(

λ1v2
1 − λ2v2

2 +m2
12

(
v2

v1
+ v1

v2

))2
+ 4 (v1v2λ34 +m2

12)2

 .
In the above we have again used the abbreviation λ34 = λ3 + λ4.
Recalling that we have chosen the vevs to obey v1 � v2 in order to generate small
neutrino masses naturally, we can expand the expressions above into a Taylor
series in v1/v2. In leading order we find

sin 2α ' − v1

2v2
, cos 2α ' 1,

m2
H0 ' λ1v

2
1 +m2

12
v2

v1
, m2

h0 ' λ2v
2
2.

(3.31)
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In particular using the expressions (3.21), (3.22) and (3.31) as well as the minimum
conditions we see that

m2
H0 = m2

A0 = m2
H± + λ4v

2
2/2. (3.32)

Due to the fact that α � 1 the fields themselves are dominated by the contri-
butions from one of the original fields Φ1 and Φ2, and very little mixing occurs.
Specifically, to lowest order in v1/v2 we have

H0 ' <(ϕ0
1) h0 ' <(ϕ0

2). (3.33)

From this we conclude that the field h0 behaves similarly to the SM Higgs field
(we will confirm in the following that this holds in particular for the interactions
of h0 with the gauge bosons and fermions).
Of course we can also have a look at the other fields defined above in the limit
of tan−1 β = v1/v2 � 1. We immediately see that the fields A0 and H± are
dominated by the contributions from =(ϕ0

1) and from ϕ±1 , respectively. These
observations will lead to interesting phenomenological implications which will be
discussed in more detail in section 3.5. However before analysing the phenomenol-
ogy let us first briefly consider the kinetic terms of the Higgs fields.

3.3 The kinetic term of the Higgs fields
The canonical gauge covariant kinetic term of the two Higgs scalars is given by

LΦ,kin. = (DµΦ1)†(DµΦ1) + (DµΦ2)†(DµΦ2), (3.34)

with the gauge covariant derivatives Dµ = ∂µ − ig2
2 σaW

a
µ − ig1

2 Bµ (as usual σa
denotes the Pauli matrices). With the expressions for the physical gauge boson
fields given in appendix A we find

|DµΦi|2 =
∣∣∣∣∣(∂µ − i

2

√
g2

1 + g2
2Aµ)Φ+

i −
ig2√

2
W+
µ Φ0

i

∣∣∣∣∣
2

(3.35)

+
∣∣∣∣∣− ig2√

2
W−
µ Φ+

i + ( i2

√
g2

1 + g2
2Zµ + ∂µ)Φ0

i

∣∣∣∣∣
2

. (3.36)

Substituting in the expansion (3.15) of the Higgs fields one finds

LΦ,kin. = {kinetic terms of the scalar fields}
+ {mass terms of the gauge bosons}
+ {interaction terms between scalar and gauge fields} (3.37)

+ig2

2 2
3
W−
µ

[
v1∂

µϕ+
1 + v2∂

µϕ+
2

]
+ h.c.

− i4

√
g2

1 + g2
2Z

µ
[
v1∂µϕ

0
1 + v2∂µϕ

0
2

]
+ h.c.
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Before turning to the kinetic and interaction terms let us point out that the last
two lines above can be used to identify the unphysical Goldstone bosons. Namely,
the presence of a direct coupling between a scalar φ and a gauge boson V µ of
the form V µ∂µφ implies that φ can be absorbed into a gauge transformation of
V µ. Now, recalling tan β = v2/v1 and pulling out a factor of v1/ cos β in the
last two lines above, we immediately see that G0 and G± as defined in (3.23)
and (3.24) are indeed the combinations corresponding to unphysical Goldstone
bosons. As there is no coupling of this form to the photon Aµ this also confirms
our assertion that one can go to unitary gauge and remove the Goldstone bosons
using gauge transformations of W± and Zµ only, so that the electromagnetic
symmetry remains unbroken.
After fixing the gauge in the manner described above, the kinetic term can be
written in terms of the physical Higgs fields to give

LΦ,kin. = ∂µH
+∂µH− + 1

2∂µA
0∂µA0 + 1

2∂µH
0∂µH0 + 1

2∂µh
0∂µh0

+g
2
2
4 (v2

1 + v2
2)W−

µ W
+µ + g2

2 + g2
1

8 (v2
1 + v2

2)ZµZµ (3.38)

+ {interaction terms between the scalar and gauge fields} .

The interaction terms between the Higgs scalars and the gauge fields in unitary
gauge are given in appendix D. From the second line of (3.38) we read off the
masses of the gauge bosons

m2
W± = g2

2
4 (v2

1 + v2
2), m2

Z = g2
2 + g2

1
8 (v2

1 + v2
2), (3.39)

while as expected the photon stays massless as a result of the chosen vev structure.

3.4 The Yukawa sector
Given the U(1) charge assignments of table (3.2) we can immediately write down
the most general Yukawa term compatible with this U(1) symmetry,

− LYukawa = Y d
ijQL,iΦ2dR,j + Y u

ijQL,iΦ̃2uR,j + Y `
ijLL,iΦ2`R,j (3.40)

+Y ν
ijLL,iΦ̃1νR,j + h.c.,

where again
Φ̃1,2 = iσ2Φ∗1,2 . (3.41)

Here and in the following the sum over the flavour indices i and j is implicit.
After inserting the expansion (3.15) around the Higgs vevs this yields both the
fermion mass terms and the Higgs-fermion interactions. In unitary gauge and
after rewriting in terms of the Higgs mass eigenstates found in section 3.2 we
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obtain

− LYukawa = v2√
2
Y d
ijdL,idR,i + v2√

2
Y u
ijuL,iuR,i

+ v2√
2
Y `
ij`L,i`R,i + v1√

2
Y ν
ijνL,iνR,i

+ 1√
2
H0 sinα

[
Y d
ijdL,idR,j + Y u

ijuL,iuR,j + Y `
ij`L,i`R,j

+ 1
tanαY

ν
ijνL,iνR,j

]
+ 1√

2
h0 cosα

[
Y d
ijdL,idR,j + Y u

ijuL,iuR,j + Y `
ij`L,i`R,j (3.42)

− tan(α)Y ν
ij ν̄L,iνR,j

]
+ i√

2
A0 cos β

[
Y d
ijdL,idR,j − Y u

ijuL,iuR,j + Y `
ij`L,i`R,j

+ tan βY ν
ijνL,iνR,j

]
+H+ cos(β)

[
Y d
ijuL,idR,j −

(
Y u
ij

)†
uR,idL,j + Y `

ijνL,i`R,j

+ tan β
(
Y ν
ij

)†
νR,ieL,j

]
+h.c.

Note that the above equation is given in terms of the fermion flavour eigenstates.
To facilitate the discussion of the phenomenology of this model in the next section
it will be helpful to also rewrite LYukawa in terms of the mass eigenstates, to which
task we now turn.
As discussed in appendix B the matrices Y d,u,`,ν

ij can be brought to diagonal form
using a biunitary transformation, yielding real and non-negative masses for the
matter fields. In other words there exist unitary matrices V u,d,`,ν

L and V u,d,`,ν
R such

that the matrices defined by

Mu
diag. = v2√

2
V u †

L Y uV u
R , Md

diag. = v2√
2
V d †

L Y dV d
R ,

M `
diag. = v2√

2
V ` †

L Y `V `
R , M ν

diag. = v1√
2
V ν †

L Y νV ν
R ,

(3.43)

are diagonal and contain the masses of the matter fields. Recall that Majorana
mass terms for the neutrinos are forbidden due to the U(1) charge of the right-
handed neutrinos, so that the neutrinos in our model are of Dirac type. The
fermionic mass eigenstates are related to the fields in the flavour basis by

u0
L,R = V u †

L,RuL,R , d0
L,R = V d †

L,RdL,R ,

`0
L,R = V ` †

L,R`L,R , ν0
L,R = V ν †

L,RνL,R .

(3.44)
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Recall that the quark and leptonic mixing matrix are given in terms of the diag-
onalisation matrices by

UCKM = V u †
L V d

L and UPMNS = V ` †
L V ν

L , (3.45)

respectively. After performing the basis change, we therefore find for the Yukawa
interactions in the mass basis

− LYukawa = d0
Lmdd

0
R + u0

Lmuu
0
R + `0

Lm``
0
R + ν0

Lmνν
0
R

+1
v
H0

[
sinα
sin β

(
d0

Lmdd
0
R + u0

Lmuu
0
R + `0

Lm``
0
R

)
+cosα

cos β νLmννR

]

+1
v
h0
[

cosα
sin β

(
d0

Lmdd
0
R + u0

Lmuu
0
R + `0

Lm``
0
R

)
(3.46)

+ sinα
cos βν

0
Lmνν

0
R

]

− i
v
A0
[
cot β

(
d0

Lmdd
0
R − u0

Lmuu
0
R + `0

Lm``
0
R

)
+ tan βν0

Lmνν
0
R

]
+
√

2
v
H+

[
cot β

(
−u0

RmuUCKMd
0
L + u0

LmdUCKMd
0
R

)
+ cot βν0

Lm`U
†
PMNS`

0
R + tan βν0

RmνU
†
PMNS`

0
L

]
+h.c.,

where we have defined v2 = v2
1+v2

2. Note that we have also introduced the notation
mν ≡ Mν

diag. etc. for the diagonal mass matrices and suppressed the summation
over generation indices to keep the notation as simple as possible. In the following
we will use mν ,m`, . . . to denote both the mass matrices in diagonal form as well
as sometimes individual masses, i.e. individual entries of these diagonal mass
matrices. We trust that it will always be clear from the context which object we
mean.
Let us emphasise again at this point that there holds mu,d,` ∝ v2 and mν ∝ v1,
which was the main motivation behind studying the ν2HDM defined by the U(1)
charges of table 3.2. As we have shown the parameters of the scalar potential can
be chosen such as to quite naturally lead to vevs of the order v2 ∼ O(250 GeV)
and v1 ∼ O(1 eV). Thus the value of v2, which enters into the masses of quarks
and charged leptons, is similar to the SM Higgs vev. On the other hand the value
of v1 is small enough to generate neutrino masses smaller than 1 eV, as required by
e.g. the WMAP bound, without requiring exorbitantly small Yukawa couplings.
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3.5 Phenomenology of the ν2HDM
The new couplings that arise after the introduction of the second Higgs doublet
impact on a wide variety of experimental observables. We therefore now turn to
an analysis of the phenomenology of the ν2HDM. In subsection 3.5.1 we focus
on effects that are important mainly in the context of collider experiments. In
particular, we analyse effects of the additional Higgs particles on electroweak
observables and gauge boson decays that have been measured precisely in the
past, from which bounds on the Higgs masses can be obtained. Furthermore we
consider various decay channels and branching ratios of the new Higgs particles
that may be observed in future experiments. Contributions of the charged Higgs
scalars to charged lepton flavour violation (cLFV) and to tree-level decay rates
of the muon and tauon are analysed separately in subsections 3.5.3 and 3.5.5,
respectively. In between, we discuss constraints from the requirement of unitarity
in subsection 3.5.2, as well as Higgs-induced corrections to the anomalous magnetic
moment of the muon in subsection 3.5.4.

3.5.1 Higgs decay rates and collider phenomenology
The key inputs for the analysis of this subsection are the Higgs-fermion inter-
actions, the self-interaction terms of the Higgs fields and the interaction terms
between Higgs particles and gauge bosons. The expansions of the corresponding
terms of the Lagrangian are given in equations (3.46), (D.6)−(D.8) and (D.9),
respectively. In the analysis of the ν2HDM considered here we clearly need to
take into account only the leading terms in an expansion in v1/v2 ∼ 10−11, as all
corrections from higher orders will be miniscule.
In table 3.3 we list the tree-level decay widths of the dominant decay channels
for each of the five Higgs scalars. For the convenience of the reader we have also
listed the relevant vertex factors that can be extracted from the Lagrangian. In
appendix E we have summarised a number of identities that are used in calculating
these partial decay widths as well as reviewing the decay widths of the Higgs in the
Standard Model. In comparison to the listed tree-level decays, the corresponding
loop-induced processes are suppressed in the limit v1 � v2. The important process
h0 → γγ, which of course is not possible at tree-level as h0 is uncharged, will be
discussed separately further below.
Note that, for kinematical reasons, at least one of the decays Γ(H0, A0 → W±H∓)
and Γ(H± → W±A0, W±H0) will be forbidden on-shell. This depends on the
relative size of the masses m2

A0,H0 and m2
H± , which according to equation (3.32)

is governed by the parameter λ4 of the scalar potential.
The Z boson can in principle decay to A0 and H0 via the interaction term

LΦ,kin. ⊃

√
g2

1 + g2
2

2 Zµ
[
sin(α− β)H0∂µA

0 − sin(α− β)A0∂µH
0
]
, (3.47)



42 Chapter 3: The neutrinophilic two Higgs doublet model

Decay mode Vertex factor Partial decay width Γ

H0 → ν̄ν − i
v

cosα
cos βmν

GFmH0m2
ν

4
√

2π
cos2 α

cos2 β

(
1− 4m2

ν

m2
H0

) 3
2

H0 → W±H∓
ig2

2 sin(α− β) (pµH± + pµH0) 2
√

2
π

m3
WGF sin2(α− β)mH0

mH±

×
(
− m2

W

4m2
H0
f + f 3

)

A0 → ν̄ν −1
v

tan βmν
GFmA0m2

ν

4
√

2π
tan2 β

(
1− 4m2

ν

m2
A0

) 3
2

A0 → W±H∓
g2

2 (pµH± + pµA0) 1
sin2(α− β)Γ(H0 → W±H∓)

H± → ν̄`, ¯̀ν −i
√

2
v

tan βmνU
(†)
PMNS

√
2GFmH±

∑
jm

2
νj
|U`j|2

8π
H± → H0W± −ig2

2 sin(α− β) (pµH± + pµH0) 2
√

2
π

m3
WGF sin2(α− β)mH±

mH0

×
(
− m2

W

4m2
H±

f + f 3
)

H± → A0W± −g2

2 (pµH± + pµA0) 1
sin2(α− β)Γ(H± → A0 +W±)

h0 → q̄q, ¯̀̀ − i
v

cosα
sin β mq,` ΓSM-Higgs (1 +O(v1/v2))

h0 → W−W+ i

2g
2
2v sin(α− β)gµν ΓSM-Higgs (1 +O(v1/v2))

h0 → ZZ
i

4(g2
1 + g2

2)v sin(α− β)gµν ΓSM-Higgs (1 +O(v1/v2))

h0 → H0H0 iλ34v2 cos3 α
λ2

34 cos6 α

32πmh0
√

2GF

√√√√1− 4m2
H0

m2
h0

h0 → A0A0 iλ34v2 cosα sin2 β
λ2

34 cos2 α sin4 β

32πmh0
√

2GF

√
1− 4mA0

m0
h

h0 → H±H∓ iλ3v2 sin2 β cosα on-shell process kinematically
forbidden by LEP-results

Table 3.3: Dominant tree-level decay modes of the physical Higgs states in the
limit v1 � v2. Note that some processes can be kinematically forbidden,
depending on the magnitude of the Higgs masses. ΓSM-Higgs is given in ap-
pendix E and v2 = v2

1 + v2
2. In the above expressions we have abbreviated

f :=
√

(mH± −mA0,H0)2/m2
W − 1.
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arising from equation (3.38). This would yield a contribution to the invisible
partial width of the Z boson, which is experimentally constrained to Γinv = 3.1
MeV at 95% confidence level [83]. We can therefore derive a lower bound on the
mass mA0,H0 from the partial decay width Γ(Z → A0H0), which can be calculated
using the formulas given in appendix (E). In the limit v1 � v2 we find

Γ(Z → A0H0) = 1
24πm

3
Z

√
2GF

(
1−

4m2
A0,H0

m2
Z

) 3
2

. (3.48)

Plugging in the values mZ = 91.1876 GeV and GF = 1.16637 × 10−5 GeV−2 [35]
one then obtains a restriction on the Higgs masses, namely

mA0,H0 & 43.96 GeV. (3.49)

A bound on the charged Higgs mass can be estimated from data obtained at LEP.
One LEP search focused on charged Higgs decays, where it was assumed that the
dominant contributions would come from the processes H+ → τ+ν, qq̄. However,
while the second channel would be important e.g. in type I or II 2HDMs, it is
strongly suppressed in our model due to v1 � v2. To see how strongly the decay
into a tauon contributes in our model let us therefore have a look at the branching
ratios for decays to the different charged lepton generations. For a charged lepton
of generation ` we use table 3.3 and sum over all neutrino generations in the final
state to find

BR(H+ → `+ν) = Γ(H+ → `+ν)∑
`=e,µ,τ Γ(H+ → `+ν) =

∑
jm

2
νj
|U`j|2∑

`=e,µ,τ
∑
jm2

νj
|U`j|2

. (3.50)

Making use of the unitarity of the mixing matrix, the relevant factor appearing
in this branching ratio can be rewritten as

3∑
i=1
|Uµi|2m2

ν,i=

m2
ν,1+|Uµ2|2 ∆m2

21+|Uµ3|2 ∆m2
31, ∆m2

31 > 0
m2
ν,3−|Uµ1|2 ∆m2

31+|Uµ2|2 (∆m2
21−∆m2

31) , ∆m2
31 < 0 .

(3.51)

Figure 3.1 shows the behaviour of BR(H+ → `+ν) as a function of the lightest
neutrino mass for normal and inverted neutrino mass ordering. We have allowed
the Dirac phase, neutrino mass differences and mixing angles appearing in (3.50)
to vary freely within the 3σ ranges listed in table 2.3. Recall that the newest
measurements suggest the narrower region given in (2.27) for the values of sin2 θ13.
However, the impact on BR(H+ → `+ν) of restricting sin2 θ13 to this narrower
region is negligible. The only effect worth mentioning shows up in BR(H+ → e+ν)
in the case of normal mass ordering, where the band of possible branching ratios
becomes narrower in the limit of small neutrino masses. We therefore refrain from
explicitly highlighting points compatible with the new measurements.
An interesting feature of these leptonic decays is that their observation would
make it possible to distinguish between the two possible mass orderings of the
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(a) Normal hierarchy (b) Inverted hierarchy

Figure 3.1: BR(H+ → `+ν) as a function of the lightest neutrino mass for neutrino
oscillation parameters within the 3σ ranges of table 2.3. The dashed line shows
the upper bound on the lightest neutrino mass given by the WMAP data, see
eq. (2.47).

Figure 3.2: Feynman diagram of the process e+e− → `−`+ + Emiss at LEP.

neutrinos for a rather large region of the lightest neutrino mass. As figure 3.1
shows, it would be preferable to take more than just the τ decay channel into
account in future searches for H+ decays. This is in particular important for the
case of inverted mass ordering, where the branching ratio to the τ is only about
thirty percent.
In addition to the direct charged Higgs search mentioned above, LEP also looked
for events of the form

e+e− → e+e−, µ+µ− + missing energy. (3.52)
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Figure 3.3: Feynman diagrams of the process h0 → γγ, (f = `, q).

This signature was actually investigated as part of the search for SUSY particles,
with sleptons assumed to be mediating the process. However, in our 2HDM the
same signature can be induced with the charged Higgs taking the place of the
sleptons, see figure 3.2. The authors of [14] used the corresponding LEP results in
conjunction with the branching ratios determined above to obtain a lower bound
on the charged Higgs mass of

mH± & 65− 83 GeV, (3.53)

depending on the value of the lightest neutrino mass and the hierarchy. Note
however that we must still take the couplings H± → A0W±, H0W± into account.
Their presence could in principle spoil the above mass bound, which was obtained
by assuming that the couplings of H± were dominated by the couplings appearing
in the leptonic branching ratios determined above. Note that, as listed in table 3.3,
the processes H± → A0W±, H0W± do not contribute for on-shell final particles.
Of course, they could still give a non-vanishing contribution in processes where
A0 or H0 and W± appear as off-shell intermediate particles, with magnitude
depending on the size of mA0,H0 . However, the authors of [14] point out that the
contribution from these off-shell processes are negligibly small if one takes the
lower bound on mA0,H0 (3.49) into account and assumes that neutrino Yukawa
couplings are of order one. Therefore the limit (3.53) given above remains valid.
Let us now turn to the decay channels of h0, which as we have noted before is
dominated by the contribution from Φ2 and has couplings that are very similar
to those of the Standard Model Higgs particle. Table 3.3 confirms that in the
ν2HDM the tree-level decays to leptons, quarks or gauge bosons of this SM-like
Higgs are indeed nearly unchanged from the SM case, with deviations suppressed
by v1/v2 ∼ O(10−11).
However, apart from tree-level processes there is also one important loop-level
decay that is considered in many Higgs boson searches, including for example at
the LHC. Namely, this is the decay of h0 into two photons. In the SM this process
is induced by fermion or W boson loops, as shown in figure 3.3. As stated above,
the tree-level couplings of h0 to charged leptons, quarks and W bosons is changed
only at order v1/v2. This implies that also the contributions to h0 → γγ of
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the loop diagrams with these particles running in the loop receive only negligible
corrections to their SM values[9].
The major change in the ν2HDM thus comes from the existence of a new channel,
with a charged Higgs running in the loop. Since the couplings of h0 and γ to
the charged Higgs are not suppressed by v1/v2 (see table 3.3 and equation (D.9)),
this additional contribution can significantly alter the prediction for Γ(h0 → γγ).
In [84] it was shown that the partial decay width Γ(h0 → γγ) for a general 2HDM
is given by[10]

Γ(h0 → γγ) = GFα
2m3

h0

128
√

2π3

∣∣∣∣∣∣
∑
f=b,t

gfQ
2
fNcA1/2(τf ) + gWA1(τW ) + gH±A0(τH±)

∣∣∣∣∣∣
2

,

(3.54)
where Nc = 3 is the number of colors and Qt = 2/3, Qb = −1/3 are the charges
of the top and bottom quarks. The parameters τi are defined by

τi = mh0

4mi

(3.55)

where for each channel mi is the mass of the particle running in the loop. The
factors gf , gW and gH± describe the coupling strength of h0 to the fermions, the
W boson and the charged Higgs scalars. In the ν2HDM we find using v1 � v2

gν2HDM
f = cosα

sin β ' 1 = gSM
f , (3.56)

gν2HDM
W = sin(β − α) ' 1 = gSM

W (3.57)
and

gν2HDM
h = −λ3v2v sin2 β cosα

2m2
H±

' − λ3v
2

2m2
H±

. (3.58)

Note that the partial decay width in the Standard Model can also be found from
equation (3.54) by setting gf = gW = 1 and gH± = 0. It is left to specify the
amplitudes Ai(τi) which arise from the loop integrals in the various channels.
They are given by

A0(τH±) = −
τH±

(
τH± − arcsin2√τH±

)
τ 2
H±

, (3.59)

A1/2(τt) = 2(τt + (τt − 1) arcsin2√τt)
τ 2
t

, (3.60)

A1/2(τb) = 2
τb
− τb − 1

2τ 2
b

log
1 +

√
1− 1/τb

1−
√

1− 1/τb
− iπ

2

(3.61)

[9]Note that the couplings of charged leptons, quarks and W bosons to photons are identical
to the SM case in any 2HDM.

[10]As in the SM, the coupling of h0 to the heavy quarks b and t is significantly larger than the
coupling to the other fermions, so that these particles will dominate the fermionic contribution.
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Figure 3.4:
(
Γν2HDM(h0 → γγ)− ΓSM(h0 → γγ)

)
/ΓSM(h0 → γγ) as a function of

the charged Higgs boson mass. Negative values are only possible for λ3 < 0.
The dashed line marks the LEP bound mH± & 65 GeV.

and
A1(τW ) = −2τ 2

W + 3τW + 3(2τW − 1) arcsin2√τW
τ 2
W

. (3.62)

In figure 3.4 we have plotted the relative deviation of the predicted partial decay
width in the ν2HDM from the corresponding SM prediction for different values of
the parameter λ3. We have assumed that |λ3| is of order one as it is a dimensionless
parameter of the scalar potential. From figure 3.4 we see that depending on the
sign of λ3 the partial width Γν2HDM(h0 → γγ) can be significantly enhanced or
reduced compared to the SM value, in particular for mH± not too large. A precise
measurement of this decay channel, for example at the LHC, could therefore be
used to test for the presence of a second Higgs doublet coupling mainly to the
neutrinos.
In addition to the various decay signatures discussed above, the presence of the
second Higgs doublet will also alter the predictions for other electroweak observ-
ables, for example for the relationship between the gauge boson masses. The
effects of new physics on the electroweak observables are conveniently studied by
considering predicted changes of the so-called oblique parameters, in particular
the parameters S, T and U [11]. These oblique parameters are defined as [85]

αem

4s2
W c

2
W

S = AZZ(m2
Z)− AZZ(0)
m2
Z

− ∂Aγγ(q2)
∂q2

∣∣∣∣∣
q2=0

(3.63)

+ c2
W − s2

W

cW sW

∂AγZ(q2)
∂q2

∣∣∣∣∣
q2=0

,

[11]Note, however, that this parametrisation is only useful if the changes of the electroweak
observables result from changes of the vacuum polarisation amplitudes. This is the case for any
2HDM.
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αemT = AWW (0)
m2
W

− AZZ(0)
m2
Z

(3.64)

and
αem

4s2
W

U = AWW (m2
W )− AWW (0)
m2
W

− c2
W

AZZ(m2
Z)− AZZ(0)
m2
Z

(3.65)

− s2
W

∂Aγγ(q2)
∂q2

∣∣∣∣∣
q2=0

+ 2cW sW
∂AγZ(q2)
∂q2

∣∣∣∣∣
q2=0

,

such that they vanish exactly in the SM case. In these definitions we have used
sW := sin θW and cW := cos θW , where θW is the Weinberg angle defined in
appendix A. Furthermore Axx′(q2) are the coefficients of gµν in the vacuum polar-
isation tensor, with q2 denoting the four-momentum of the gauge bosons involved.
The parameters S, T and U have been calculated for general multi-Higgs models
in [85]. The results in the case of a general 2HDM, which suffice for the analysis
presented here, have been recently reviewed in [86]. Note that, to one-loop order,
S, T and U do not depend on the specific type of 2HDM under consideration. This
is because the choice of model affects only the structure of the Yukawa couplings,
which do not enter into the calculations at one loop level. However, the value of
(β−α) does affect the oblique parameters, as (β−α) appears in the relevant terms
of the Lagrangian describing the couplings of gauge bosons and Higgs scalars (see
equation (3.38)).
Let us now assume that the mass of the SM-like Higgsmh0 is given by the SM refer-
ence value of roughly 120 GeV as suggested by the recent LHC measurements [87].
Then the oblique parameters can be viewed as functions of the additional Higgs
masses mH0,A0 and mH± . These dependencies arise from contributions to the vac-
uum polarisation amplitudes with the additional scalars H0, A0 and H± running
in the loop. This means that the restrictions on S, T and U obtained e.g. from
electroweak precision tests at LEP can be used to constrain the possible mass
regions of the additional Higgs fields. The results for the case relevant to our
analysis, i.e. with mh0 ' 120 GeV and (β−α) ' π/2, have been calculated in [86]
and are shown in figure 3.5.
Recall from equation (3.32) that in the model considered here the Higgs masses
are related by m2

H0 = m2
A0 = m2

H± + λ4v
2
2/2. Keeping in mind that we expect

v2 ' 250 GeV and λ4 ∼ O(1), we read off from figure 3.5 that compatibility
with the experimental S, T and U bounds can be achieved, at least for mH±

varying between 250 and 750 GeV. In fact, figure 3.5 strongly suggests that this
will continue to hold even for a larger mass region of mH± .
Another observable that is often considered is the so-called ρ-parameter, which is
defined by

ρ = m2
W

m2
Zc

2
W

. (3.66)

In the SM there holds ρSM
tree = 1 at tree-level, while at higher loop level the value

is corrected vacuum polarization effects. The Standard Model predictions for
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Figure 3.5: Contour plot of S, T and U restricted mass regions in a general 2HDM
with (β − α) = π/2 and mh0 = 120 GeV, taken from [86].

these loop corrections are in very good agreement with the measured electroweak
precision data. To avoid contradicting the experimental results in extensions of
the SM one must therefore guarantee that the new physics do not affect ρ too
strongly. However, note that the contribution of new physics to the ρ-parameter
is directly related to the oblique parameter T by

∆ρ = ρ− ρSM = αemT. (3.67)

Therefore the possible bounds that could be obtained from measurements of ρ
are already contained in the restrictions on T that were expanded on above. In
particular, the previous discussion implies that the contributions to ∆ρ in the
model considered here will be small enough to be compatible with the electroweak
precision measurements for the expected magnitudes of v2 and λ4.

3.5.2 Unitarity constraints
A fundamental requirement of any consistent physical theory is that probabilities
must be conserved in the time evolution of the theory. In quantum mechanical
systems the transition probabilities between the possible initial and final states are
encoded in the so-called S-matrix. The above statement then simply translates
into the requirement that the S-matrix must be unitary. Of course, the Standard
Model enjoys this property, but we must still ensure that unitarity is not violated
once the second Higgs doublet is included. As discussed in [67], the fact that
the SM S-matrix is unitary implies that it is sufficient to study the sub-block of
the S-matrix describing the scalar-scalar scattering processes. For simplicity we
restrict ourselves to the tree-level scattering amplitudes, adapting the results that
were recently reviewed in [67] to the scalar potential given in (3.2). Requiring
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Figure 3.6: Example of a Feynman diagram contributing to the process µ → eγ.
The photon can also be emitted by the initial or final state fermion.

unitarity of the S-matrix then translates into the constraints

3
2(λ1 + λ2)±

√
9
4(λ1 − λ2)2 + 4λ2

34 < 8π, (3.68)

1
2(λ1 + λ2)±

√
(λ1 − λ2)2 + 4λ2

4 < 8π, (3.69)

λ1,2,3 < 8π, λ3 + 2λ4 < 8π, λ34 < 8π and λ3 − λ4 < 8π, (3.70)
on the parameters of the potential. These restrictions on the parameters can
be translated into constraints on the Higgs vevs and therefore the masses of the
various Higgs scalars. In the case where the soft breaking term m2

12 in the scalar
potential is absent the unitarity requirements put severe upper bounds on the
magnitude of tan β if one wishes to keep the mass of the SM-like Higgs mh0 at a
realistic value. However, allowing for the soft breaking term relaxes these bounds
significantly, as can be seen from equations (3.12), (3.13) and (3.31). As analysed
in [67,88], mh0 ' 120 GeV is compatible with tan β ∼ O(1011) for m12 ∼ O(MeV)
without violating the unitarity conditions. The upper bounds on the other Higgs
masses are even less restrictive (at least several hundred GeV) [88].

3.5.3 Charged lepton flavour violation via H± loops
A phenomenologically important feature of 2HDMs is that the appearance of
the charged Higgs bosons gives rise to a new source of charged lepton flavour
violation (cLFV). In particular, charged Higgs boson loops can mediate f1 → f2γ
transitions, with f1 = µ and f2 = e or f1 = τ and f2 = e, µ. Figure 3.6 shows
an exemplary one-loop Feynman diagram contributing to the process µ → eγ.
Note that the absence of charged lepton flavour violation in the SM framework
is a result of the masslessness of the neutrinos, which as discussed in chapter 2
implies that no mixing matrix appears in the leptonic sector. However, as soon
as neutrino masses are introduced, cLFV can be induced via W± loops even in
models with a single Higgs.
In the following we will discuss flavour changing processes of the form f1 → f2γ
in more detail. As we will see, the contribution from W± loops is very highly
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suppressed due to the smallness of the neutrino masses (GIM mechanism [89]).
Therefore in 2HDMs the branching ration for these cLFV processes is dominated
by the contribution from the charged Higgs loops.
To begin, let us recall the relevant couplings from the Yukawa Lagrangian of
equation (3.46)

− LYukawa ⊃
√

2
v

tan(β)ν0
RmνU

†
PMNS`

0
LH

+ + h.c. (3.71)

Note that tan β = v2/v1 is of order O(1011) in the ν2HDM, so that couplings
which are proportional to cot(β) can be safely neglected. The index ’PMNS’ of
the mixing matrix will be suppressed in the following chapters whenever there
is no potential for confusion. As we are concerned with lepton flavour violation
in this subsection, we will always normalise all branching ratios with respect to
the total decay width for processes with a lepton in the final state. Adapting the
results of [90] and working in the limit mf2 � mf1 � mH±

[12], we find for an
on-shell final state photon

BR(f1
H±−→ f2γ) ' Γ(f1

H±−→ f2γ)
Γ(f1

W±−→ f2νν̄)
' αem

192πG2
Fm

4
H±v

4
1

∣∣∣∣∣∣
3∑
j=1

U∗f1jUf2jm
2
νj

∣∣∣∣∣∣
2

. (3.72)

Here we have used the fact that the total rate of charged lepton decays with a
given lepton f2 in the final state is dominated by the SM decay rate

Γ(f1
W±−→ f2νν̄) '

G2
Fm

5
f1

192π3 (3.73)

induced by tree-level W exchange, Γtot.(f1 → f2 + x) ' Γ(f1
W±−→ f2νν̄). In

particular, the tree-level W exchange channel for the decay f1 −→ f2νν̄ dominates
over the corresponding channel with tree-level H± exchange. We explicitly verify
this statement in section 3.5.5.
The decay width of the corresponding W -mediated transition can be calculated
in a similar manner. Requiring again that the photon is on-shell we find

Γ(f1
W±−→ f2γ) =

(m2
f1 −m

2
f2)3g4

2

π54(16)3m4
Wm

3
f1

[
|f(mf1 ,mf2)|2 + |f(mf2 ,mf1)|2

]
, (3.74)

where we have defined

f(x, y) =
3∑
j=1

U∗f1jUf2jx

(
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4
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νj

m2
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+ y2

m2
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(
1
12 −

1
6
m2
νj

m2
W±

))
. (3.75)

[12]Note that mH± is required to be at least of the order of 100 GeV by the LEP bound, see
equation 3.19.
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Taking the unitarity of the mixing matrix into account we find the leading order
contribution in the limit m2 � m1 � mW± to be

BR(f1
W±−→ f2γ) ' Γ(f1

W±−→ f2γ)
Γ(f1

W±−→ f2νν̄)
' 3αem

32πm4
W

∣∣∣∣∣∣
3∑
j=1

U∗f1jUf2jm
2
νj

∣∣∣∣∣∣
2

. (3.76)

These results allow us to compare the relative frequency with which the W -
mediated and Higgs-mediated decays are expected to occur. We find

BR(f1
H±−→ f2γ)

BR(f1
W±−→ f2γ)

' v4
2
v4

1
' O(1045), (3.77)

so that as stated above the W contribution is indeed completely negligible in
comparison with the H± contribution.
Let us therefore have a more detailed look at the branching ration of the Higgs-
induced process given in equation 3.72. The sum appearing in this expression can
be rewritten in terms of the neutrino mass differences∣∣∣∣∣∣

3∑
j=1

U∗f1jUf2jm
2
νj

∣∣∣∣∣∣
2

=
∣∣∣U∗f12Uf22∆m2

21 + U∗f13Uf23∆m2
31

∣∣∣2 , (3.78)

where we again made use of the unitarity of the mixing matrix. Let us now
concentrate on µ→ eγ. Using the parametrisation (2.19) of the mixing matrix one
finds that the sum (3.78) (and therefore also the whole flavour violating amplitude)
vanishes if

sin θ13 '
1
2 cot θ23 sin 2θ12

∆m2
21

∆m2
31
. (3.79)

In deriving this estimate we assumed CP conservation, i.e. δ = 0, for simplicity.
Substituting in the best fit results for θ23 and θ12 as well as the mass differences
we find that vanishing of the flavour violating amplitude requires sin θ13 ' 0.014.
This value is well below the measured lower bound on sin θ13, see table 2.3. Hence
we see that, given the measured leptonic mixing angles and mass differences,
µ→ eγ has to occur in the context of ν2HDMs if CP is conserved. An analogous
consideration of the processes τ → eγ and τ → µγ similarly shows that they must
occur as well in the CP conserving limit. In fact, our numerical analysis shows
that this statement remains true even when allowing for δ 6= 0 (see figure 3.7).
We are now in a position to compare the predicted branching ratios with the
corresponding experimental bounds, which are collected in table 3.4. The scatter
plots in figure 3.7 show the predicted branching ratios BR(f1 → f2γ) as a function
of sin2 θ13 for the case of normal neutrino mass ordering and for two different
values of mH±v1. The oscillation parameters and the Dirac phase were allowed to
vary freely within their measured 3σ ranges, given in table 2.3. For the processes
BR(µ → eγ) and BR(τ → µγ), the change in these plots when considering
inverted instead of normal mass ordering is negligible. For BR(τ → eγ) we observe
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Process Current bound Future sensitivity
BR(µ→ eγ) 1.2× 10−11 [35] 10−13 [91]
BR(τ → eγ) 3.6× 10−8 [92] 2× 10−9 [93]
BR(τ → µγ) 4.5× 10−8 [94] 2× 10−9 [93]

Table 3.4: Upper bounds on the branching ratios for the cLFV processes f1 → f2γ.

a small shift upwards for inverted hierarchy, while the general behaviour remains
unchanged. However, the predicted values for inverted hierarchy are still nearly
one order of magnitude below the sensitivity of the planned future experiments,
hence we refrain from showing the corresponding plot.
Figure 3.7 shows that, taking into account the expected magnitude of mH±v1, only
the process µ→ eγ is within the reach of the current experimental sensitivity. Let
us therefore concentrate on this process in the following. Note that the predicted
branching ratio shows a strong dependence not only on the value ofmH±v1 but also
on the value of sin2 θ13. For small θ13 compatibility with the current experimental
bound on the branching ratio can be achieved even for reasonably small values
of mH±v1 (e.g. v1 ' 1 eV and mH± just above the LEP bound). To obtain
a more stringent lower bound on mH±v1 from these measurements we therefore
first of all need stronger bounds on θ13. As already mentioned in chapter 2, new
results of a global analysis of the experimental data on sin2 θ13 have recently been
announced [44], which yield the value

sin2 θ13 = 0.022+0.0033
−0.0030 (3.80)

at a significance of 6.9σ. Although these values have not yet been officially pub-
lished, let us nevertheless use them in the following to illustrate the implications
on mH±v1 that result from such a precise measurement of θ13. In figure 3.8 we
show results of a numerical analysis of the predicted branching ratio as a func-
tion of the product mH±v1. We again varied sin2 θ12 and sin2 θ23 as well as the
neutrino mass differences and the Dirac phase over the full 3σ regions listed in
table 2.3, but restricted sin2 θ13 to the region given in (2.27). From figure 3.8 we
read off that for these ranges of the mixing angles the experimental upper bound
on BR(µ→ eγ) given in table 3.4 yields a lower bound of

mH±v1 & 118 GeV× eV (3.81)

for the product of the charged Higgs mass and the vev of the additional Higgs.
If the planned MEG experiment [91] also fails to detect the process µ → eγ this
will give rise to the even more stringent bound

mH±v1 & 395 GeV× eV. (3.82)

Let us reiterate at this point that the predicted values of BR(τ → µγ) and
BR(τ → eγ) are so small that neither the currently known bounds nor the bounds
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which are expected from planned experiments will further constrain mH±v1; see
figure 3.7b and 3.7c. In anticipation of the upcoming publication of the more
precise measurement (2.27) of sin2 θ13, we will take mH±v1 & 118 GeV× eV in the
following analysis in order to guarantee compatibility with the upper bound on
BR(µ→ eγ).
We now briefly turn our attention to another type of lepton flavour violating
process, which occurs if the emitted photon in one of the above processes decays

(a) (b)

(c)

Figure 3.7: Behaviour of BR(f1 → f2γ) as a function of sin2 θ13 in the 3σ region
of sin2 θ13 for mH±v1 = 100 GeV×eV (light blue) and for mH±v1 = 150 GeV×eV
(dark blue) in the case of normal hierarchy. The other mixing angles as well as
the Dirac phase and the neutrino mass differences were allowed to very freely
within the 3σ ranges given in table 2.3. In addition, the current 1σ bound for
sin θ13 and the experimental upper bound for the branching ratios are given
by the dashed lines, while the experimental sensitivities aimed at in future
experiments are marked by the dash-dotted lines, see table 3.4.
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Figure 3.8: Behaviour of BR(µ → eγ) as a function of mH±v1. The horizontal
dashed and dashed-dotted line mark the current upper bound on BR(µ→ eγ)
and the expected future sensitivity, respectively. The corresponding vertical
lines show the resulting lower bounds on mH±v1.

to a lepton-antilepton pair. We therefore consider the cLFV processes f1 →
f2f3f3, where f1 = µ, f2,3 = e or f1 = τ , f2,3 = µ, e. We expect that such
a process is suppressed by αem ' 1/137 compared to f1 → f2γ because of the
additional vertex factor, and hence compatibility with the current upper bounds
is expected (compare tables 3.4 and 3.5 and see figure 3.7). However let us prove
this expectation by adapting the results of [95].
Note that only H±-Loops contribute to BR(f1 → f2f3f3) at one-loop level, as can
be confirmed by analysing the couplings given in equation (3.46). The associated
γ-penguin Feynman diagrams of the process take the form shown in figure 3.9.
Note that similar diagrams with a Z boson or one of the neutral Higgs scalars
taking the place of the photon can contribute. However, we expect these contribu-
tions to be suppressed by the mass of the heavy boson and hence to be negligible
compared to the γ-penguin process. A similar statement can be made regarding
the contribution of box diagrams, which are expected to be suppressed by further
powers of mH± . Adapting the analysis of [95] to the case at hand we find

BR(f1
H±−→ f2f3f3)

BR(f1
H±−→ f2γ)

' αem

3π

(
ln
(
m2
f1

m2
f2

)
− 3

)
. (3.83)

Plugging in the measured values of the lepton masses and the fine structure
constant then yields

BR(f1
H±−→ f2f3f3)

BR(f1
H±−→ f2γ)

'


1.8× 10−3 µ→ 3e
1.4× 10−4 τ → 3µ
3.0× 10−3 τ → 3e.

(3.84)
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Figure 3.9: Example of a γ-penguin diagram that contributes to BR(f1 → f2f3f3).

Process Current bound [35] Future sensitivity [93]
BR(µ→ 3e) 1.0× 10−12

BR(τ → 3e) 3.6× 10−8 2× 10−10

BR(τ → 3µ) 3.2× 10−8 2× 10−10

Table 3.5: Bounds on the flavour violating processes f1 → f2f2f2.

Comparing the experimental bounds of tables 3.4 and 3.5 we therefore indeed see
that compatibility of the considered model with the upper limits on BR(f1 → f2γ)
automatically leads to compatibility with the bounds on BR(f1 → f2f3f3).
To close this subsection, let us finally note that flavour changing processes in the
quark sector are nearly unaffected by H± loops because the corresponding terms
in the Lagrangian are suppressed by cot β ' 10−11.

3.5.4 The anomalous magnetic moment of the muon
In this subsection we consider another quantity whose predicted value is affected
by the presence of a second Higgs doublet. Namely, let us have a look at the
anomalous magnetic moment of the muon, aµ, which has been measured very
precisely in the past. In fact, some of the most involved calculations of SM
predictions at multi-loop order have focused on aµ, in order to obtain predictions
that are precise enough to allow for meaningful comparison with the very strong
experimental bound. The latest results of the measurement of aµ performed at
BNL are given by [96]

aexp.
µ = 11659208.0(6.3)× 10−10. (3.85)

Note that this measurement is actually less precise than the corresponding mea-
surement of the magnetic moment of the electron. However, the magnetic moment
of the muon is a more suitable quantity to consider when looking for the effects of
new physics, because such effects generally yield corrections that are proportional
to the squared mass of the corresponding lepton and should therefore be much
larger in the case of the muon[13].

[13]Of course, even larger corrections are expected for the magnetic moment of the τ . However,
due to the extremely short lifetime the experimental precision on aτ is very limited in comparison.
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Figure 3.10: SM-like Higgs contribution to aµ (exemplary).

To set the stage for a discussion of the contributions arising due to the presence
of a second Higgs doublet, let us briefly review the SM prediction of aSM

µ . The
predicted SM values take into account contributions from QED loops, hadronic
vacuum polarisation, hadronic light by light scattering and from EW loops, see [96]
and references therein for a review on these calculations. The authors of [96]
show that, taking into account QED corrections up to five-loop order and EW
corrections up to two-loop order, one obtains a discrepancy from the measured
value at a significance of 2.7σ

aexp.
µ − aSM

µ = (26.1± 9.4)× 10−10. (3.86)

In particular, this result is another strong hint for new physics beyond the Stan-
dard Model. In the following let us therefore see whether the introduction of a
neutrinophilic second Higgs doublet could possibly modify the theoretical predic-
tion in such a way as to account for the discrepancy above.
Note that the EW corrections that were part of the prediction aSM

µ contain loop
diagrams involving the SM Higgs particle, which will receive modifications when
a second Higgs doublet is present. However, as we will discuss momentarily, the
contribution involving only the SM-like Higgs h0 (which we denote by ah

0
µ ) will

not change drastically compared to the SM case. Figure 3.10 shows an exemplary
Feynman graph that contributes to ah

0
µ . From equation 3.46 we read off the

relevant term in the Lagrangian, which is given by

− LYukawa ⊃
1
v

cosα
sin β `

0
Lmee

0
Rh

0 + h.c. (3.87)

Adapting the calculations of [97] to the couplings present in our model we obtain
the contribution

ah
0

µ =
m2
µ

8π2

∫ 1

0
dx

1
v2

cos2(α)
sin2(β) (2x2 − x3)m2

µ

m2
µx

2 +m2
h0(1− x) (3.88)

'
GFm

2
µ

4
√

2π2

cos2(α)
sin2(β)

m2
µ

m2
h0

(
−7

6 − ln
(
m2
µ

m2
h0

)
+O

(
m2
µ

m2
h0

ln
(
m2
µ

m2
h0

)))
,

where we made use of 1/v2 =
√

2GF . The only difference between this result
and the corresponding SM prediction is an additional factor of cos2(α)/ sin2(β).
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(a) (b)

Figure 3.11: One- and two-loop diagrams contributing to the magnetic moment
of the muon (exemplary).

Taking equation (3.31) and tan β = v2/v1 ' O(1011) into account we see that
cos2(α)/ sin2(β) ' 1 +O(10−22). It follows that the difference from the SM result
(which corresponds to the factor being exactly equal to unity) is suppressed by
a relative factor of at least 10−22, and is therefore clearly negligible compared to
the experimental precision.
Let us therefore see whether any of the ’new’ Higgs fields H0, A0 and H± can have
a sizeable impact on the predictions. We immediately notice that the contribution
of A0 is clearly negligible, as its mass is of the order of the mass of the SM-like
Higgs h0 and the coupling of the muon to A0 is suppressed by cot2 β . O(10−22)
compared to the coupling to h0. Therefore aA

0
µ is negligible compared to the

contribution of h0. Similarly, the coupling of H0 to µ is suppressed by a factor
of tan2 α. Using (3.31) and the fact that mA0 = mH0 it again follows that the
contribution aH

0
µ can be neglected in comparison with the contribution of h0.

It is therefore left to consider the contribution of the charged Higgs scalars. The
relevant term in the Lagrangian giving the coupling to the muon is obtained
from (3.46) and reads

− LYukawa ⊃
√

2
v

tan β`0
LUPMNSmνν

0
RH

− + h.c. (3.89)

Figure 3.11 shows some of the Feynman diagrams that contribute to aH±µ . Let us
first have a look at the one-loop contribution. Again making use of the expressions
derived in [97] and adapting them to our case then yields the one-loop contribution

aH
±

µ =
3∑
i=1

m2
µ

8π2v2 tan2 β |Uµi|2m2
ν,i

∫ 1

0
dx x3 − x2

m2
µx

2+(m2
H±−m2

µ)x+m2
ν,i(1−x)

= −
m2
µ

48π2v2
1m

2
H±

3∑
i=1
|Uµi|2m2

ν,i

(
1−O

(
m2
µ

m2
H±

))
. (3.90)

We immediately notice that aH±µ is negative and is therefore of the wrong sign
to alleviate the discrepancy (3.86) with the measured value. Therefore the intro-
duction of an additional Higgs doublet cannot be used to explain the difference
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Figure 3.12: One-loop contribution of the charged Higgs boson to the muon
magnetic moment as a function of the lightest neutrino mass, in the case of
normal mass ordering. The neutrino oscillation parameters were once again
allowed to vary freely within the 3σ ranges of table (2.3) and we assumed
mH±v1 = 118 GeV× eV (see section 3.5.3; the curve shifts downwards for larger
values of mH±v1). The dashed lines show the upper bound on the lightest neu-
trino mass given by the WMAP data and the experimental sensitivity of the
BNL measurement.

between the experimentally measured magnetic moment of the muon and the
corresponding SM prediction (at least in the neutrinophilic case considered here,
where the neutral Higgs scalars do not contribute appreciably). Nevertheless,
we should estimate the magnitude of this negative contribution, because if the
charged Higgs contribution would significantly worsen the deviation between ex-
perimental and theoretically predicted values then this would seriously disfavour
ν2HDM models.
To evaluate the contribution to aH±µ , we can again make use of the unitarity of the
mixing matrix to rewrite the relevant factor using equation (3.51). Figure 3.12
shows the result of a numerical analysis in the case of normal mass ordering.
We show the absolute value of the contribution aH

±
µ as a function of the lightest

neutrino mass, i.e. mν,1 for normal mass ordering, restricting as usual the neutrino
oscillation parameters to the 3σ ranges given in table 2.3. For the case of inverted
mass ordering, the behaviour as a function of the smallest neutrino mass mν,3 is
nearly identical, and we therefore refrain from showing the corresponding plot.
in the numerical analysis we have assumed mH±v1 = 118 GeV× eV, such that as
discussed in subsection 3.5.3 compatibility with the upper bound on the branching
ratio of the process µ→ eγ is automatically guaranteed even for values of sin2 θ13
in the region given in (2.27). Furthermore let us point out that restricting ourselves
to this more constrained region for sin2 θ13 does not change the above results,
because the dominant contributions arise from terms which are proportional to
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sin2 θ23 or cos2 θ12 (see (3.51), (2.19) and table 2.3).
As figure 3.12 shows, after taking into account the bound mH±v1 = 118 GeV× eV
obtained from cLFV the absolute value of the one loop contribution of the charged
Higgs to aµ is at least one order of magnitude below the current experimental
sensitivity, even if the lightest neutrino mass is assumed to be close to its upper
limit. In fact, even the experimental sensitivity aimed at in next generation
experiments [98] will not be sufficient to detect the small one-loop contribution of
the charged Higgs.
At this point we should ensure that the smallness of the charged Higgs contri-
bution is not spoiled by two-loop effects. Of course, two-loop diagrams where
the charged Higgs couples directly to the fermions in a similar manner as in the
one-loop diagram considered above are expected to be suppressed compared to
the corresponding one-loop contribution. However, at two-loop level one can also
consider diagrams of the form 3.11b. Note that in this case the suppression com-
pared to the one-loop diagram is less clear because the charged Higgs particles
couple to photons rather than to fermions as in the one-loop case. Let us therefore
focus on the diagrams of the form shown in figure 3.11b. Their contribution was
calculated by Grifols and Pascual in [99], with the result

aH
±

µ (2− loop) = 1
180

(
αem

π

)2 m2
µ

m2
H±

+O
(
m4
µ

m4
H±

ln
(
mµ

mH±

))
. (3.91)

Plugging in mH±v1 ' 118 GeV× eV confirms that the two-loop correction due to
the charged Higgs boson is more than three orders of magnitude smaller than the
one-loop contribution and can therefore be safely neglected.
Let us summarise the results of the discussion presented above. We have found
that the dominant correction to the SM prediction of the muon magnetic moment
in a ν2HDM is induced by charged Higgs bosons at one-loop level. This correction
has the wrong sign to be able to explain the difference between aSM

µ and the
experimentally observed value. However, for charged Higgs masses large enough
to avoid the bound mH±v1 & 118 GeV× eV from cLFV processes, the scale of the
predicted corrections aH±µ lies at least one order of magnitude below the current
experimental sensitivity. Therefore the discrepancy (3.86) of the experimental
results and the theoretical predictions is not worsened by the introduction of a
neutrinophilic second Higgs doublet.

3.5.5 Tree-level muon and tauon decay - lepton universality
In the framework of the Standard Model the muon and tauon admit tree-level de-
cay through weak charged currents. The resulting decay width has been calculated
to high precision [100]

ΓW±(L→ `νν̄) = G2
Fm

2
L

192π3 f(m2
`/m

2
L)(1 +R(mL/m`))

(
1 + 3m2

L

5m2
W

)
, (3.92)
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where phase space and radiative corrections are taken into account in the form of
the functions

f(x) = 1− 8x+ 8x3 − x4 − 12x2 ln x , (3.93)

R(x) = α

2π

(25
4 − π

2
) [

1 + α

π

(2
3 ln(x)− 3.7

)
+O

(
α2

π2

)]
. (3.94)

We should point out that by not specifying generation indices for the neutrinos
in ΓW±(L → `νν̄) we imply that we sum over all possible neutrino generations
that can appear in the final state. Of course, in the pure SM case no leptonic
mixing occurs, so that the only neutrinos that contribute to this sum are the
ones corresponding to the considered lepton generations L and `. However, the
result (3.92) is applicable for the W -induced decay even if a non-trivial mixing
matrix appears and decays to all neutrino species are possible. This fact is a
consequence of the unitarity of the mixing matrix and the sum over final states.
In particular, (3.92) gives the W -induced decay rate also in the ν2HDM case.
In the presence of a second Higgs doublet, the charged Higgs bosons give rise to
a new channel that mediates tree-level lepton decay. The relevant term in the
Lagrangian is given by 3.46

− LYukawa ⊃
√

2
v

tan β`0
LUPMNSmνν

0
RH

− + h.c. (3.95)

Notice that when calculating the decay rate from this channel and summing over
final state neutrinos the mixing matrices do not drop out due to the presence of
the mass matrices in the coupling above. Instead, neglecting radiative corrections
similar to those appearing in (3.92), one finds the result [100]

ΓH±(L→ `νν̄) = G2
Fm

5
L

192π3 f(m2
`/m

2
L) tan4 β

∑
im

2
ν,i |ULi|

2∑
im

2
ν,i |U`i|

2

4m4
H±

. (3.96)

At leading order in m2
L/m

2
W±,H± we therefore obtain

ΓH±(L→ `νν̄)
ΓSM(L→ `νν̄) =

∑
im

2
ν,i |ULi|

2∑
im

2
ν,i |U`i|

2

8m4
H±G

2
Fv

4
1

. (3.97)

It seems tempting to try and obtain a bound on mH± from the observed muon
and tauon lifetimes, which have been measured with extremely high precision.
However, note that a comparison of the predicted and measured lifetimes is prob-
lematic, because the best value of GF is usually calculated from muon lifetime
measurements under the assumption that the SM is the exact theory. Therefore
we would need an independent measurement of GF of sufficiently high preci-
sion in order to derive a meaningful bound. This implies that it is more advis-
able to consider instead observables that are less sensitive to the precise value of
GF . In the following we therefore analyse the effective charged current couplings
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gi, i = e, µ, τ , which are defined in terms of the muon and tauon lifetimes
by [101]

ττ = τµ
g2
µ

g2
τ

m5
µ

m5
τ

BR(τ → eνν̄)
f(m2

e/m
2
µ)

f(m2
e/m

2
τ )
RC(me,mµ,mτ ) (3.98)

and
ττ = τµ

g2
e

g2
τ

m5
µ

m5
τ

BR(τ → µνν̄)f(m2
e/m

2
τ )

f(m2
µ/m

2
τ )
RC(me,mµ,mτ ) . (3.99)

Here RC(me,mµ,mτ ) is again a correction factor that arises from radiative cor-
rections. Note that in the SM there holds gSM

µ /gSM
τ = gSM

e /gSM
τ = 1. This is a

result of the fact that in the SM the lepton-gauge boson couplings are independent
of the lepton generation, which is known as lepton universality.
From equation (3.95) we immediately see that the coupling between leptons and
H± depends on the lepton generation, violating lepton universality. To quantify
the magnitude of this violation let us first derive a simpler expression for g2

µ/g
2
τ

from (3.98). We will use the identities

ττ
τSM
τ

BRSM(τ → eνν̄)
BR(τ → eνν̄) = ΓW±(τ → eνν̄)

Γ(τ → eνν̄)

= 1
1 + ΓH±(τ → eνν̄)/ΓW±(τ → eνν̄) , (3.100)

τSM
µ

τµ
= Γ(µ→ eνν̄)

ΓW±(µ→ eνν̄) = 1 + ΓH±(µ→ eνν̄)/ΓW±(µ→ eνν̄) . (3.101)

Now we note that multiplying g2
µ/g

2
τ by 1 = (gSM

τ )2/(gSM
µ )2 cancels all the factors

in (3.98) apart from the lifetimes and branching ratios, as the other factors are
independent of the model. In other words

g2
µ

g2
τ
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µ
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(gSM
τ )2

(gSM
µ )2 =

τSM
µ

τµ

ττ
τSM
τ

BRSM(τ → eνν̄)
BR(τ → eνν̄) . (3.102)

Putting these results together and substituting in equation (3.97) finally yields

gµ
gτ

=

√√√√1 + ΓH±(µ→ eνν̄)/ΓSM(µ→ eνν̄)
1 + ΓH±(τ → eνν̄)/ΓSM(τ → eνν̄) (3.103)
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The second independent combination of charged couplings can be more easily
obtained by taking the ratio of equations (3.98) and (3.99), which immediately
leads to

gµ
ge

=

√√√√1 + ΓH±(τ → µνµντ )/ΓSM(τ → µνµντ )
1 + ΓH±(τ → eνeντ )/ΓSM(τ → eνeντ )

(3.104)
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(a) (b)

Figure 3.13: Violation of lepton universality in the ν2HDM for normal (light
blue) and inverted (dark blue) mass ordering of the neutrinos. We used
mH±v1 = 118 GeV × eV and restricted the neutrino mixing angles and mass
differences to the 3σ ranges of table (2.3). The dashed lines show the experi-
mental upper bounds on the lightest neutrino mass as well as the upper bounds
given in (3.105). The curves are shifted to the right if one considers larger values
of mH±v1.

The current experimental bounds on these ratios of the charged current couplings
are [101]

gµ
gτ

= 0.9982± 0.0021 and gµ
ge

= 0.9999± 0.0020 . (3.105)

The behaviour of the predicted ratios of the effective charged coupling constants
is shown in figure 3.13 as a function of the lightest neutrino mass. In this plot
mH±v1 was set to 118 GeV× eV to guarantee compatibility with the limits on the
branching ratio µ → eγ even for the new values of sin2 θ13 given in (2.27). We
have explicitly checked, that behaviour shown in figure 3.13 does not change when
restricting to the more stringent bound (2.27).
Note that in the case of inverted neutrino mass ordering one finds a violation of the
charged coupling upper limits for values of the lightest neutrino mass just below
the WMAP bound (compare figure 3.13). However, the predicted magnitude of
gµ/ge and gµ/gτ depends strongly on the value of mH±v1, in particular the curves
in figure 3.13 are shifted to the right for larger values of mH±v1. This means that
we can use the bounds (3.105) to derive a restriction on the possible parameter
combinations of mH±v1 and the lightest neutrino mass m3 in the case of inverted
mass ordering. The parameter regions that are compatible with the charged cou-
pling bounds are shown in figure 3.14, where we have additionally highlighted
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Figure 3.14: Parameter regions which are consistent with the upper bounds on
gµ/ge and gµ/gτ for inverted neutrino mass ordering. The light blue region
is in addition consistent with the upper bound on the lightest neutrino by
WMAP and with the lower bound on mH±v1 which was derived in the anal-
ysis of BR(µ→ eγ) (3.81).

regions that are ruled out either by the WMAP bound on the neutrino masses or
by the bounds on charged lepton flavour violation which we had discussed previ-
ously. Note that there is a certain region of parameter space, corresponding to
small values of mH±v1 and larger neutrino masses, that would have been allowed
by the previously discussed bounds from WMAP and cLFV but is ruled out by
the bounds on the charged coupling ratios (3.105). In the following chapters we
will analyse a model using an A4 flavour symmetry in which the neutrino masses
are naturally small enough to be compatible with these bounds, even for the low-
est value of mH±v1 that is compatible with the cLFV bound. We reiterate that
this discussion applies to the case of inverted mass ordering only, in the case of
normal neutrino hierarchy all parameter values that are compatible with WMAP
and cLFV automatically lead to effective charged coupling ratios that lie within
the experimental bounds (see figure 3.13).



Chapter 4

Leptonic mixing from an A4
flavour symmetry

As we have discussed in detail in the previous chapter, the neutrinophilic two
Higgs doublet model is very successful in explaining the smallness of the neutrino
masses in comparison with the masses of charged leptons of the same generation.
However, the ν2HDM predicts only the overall scale of the neutrino mass matrix,
while its shape and therefore also the form of the resulting mixing matrix is deter-
mined by the Yukawa coupling matrices. In the ν2HDM the form of these Yukawa
matrices is arbitrary and constitutes external input into the theory, just as in the
case of the Standard Model. We had already pointed out in section 2.6 that being
able to explain the observed structure of the parameters determining the mixing
matrix would anyway be desirable from a theoretical point of view. This motiva-
tion is strengthened even further by our analysis of the ν2HDM phenomenology
performed in section 3.5. There we found that many possible experimental sig-
natures of the additional Higgs particles depend on the leptonic mixing matrix
and the precise neutrino masses, so that being able to predict these parameters is
important also in the context of Higgs searches.
Picking up on the general discussion of section 2.6, let us therefore implement an
A4 flavour symmetry in our model. As was already mentioned above, the A4 group
is a promising candidate for a flavour symmetry because it can lead to a mixing
matrix of the tribimaximal form, which is close the the observed form. Models
based on the A4 group have been extensively studied in the existing literature; a
very detailed list of different types of such models with corresponding references
can be found in [102].
We should point out that all these previously considered A4 models are based
on the assumption that neutrinos are Majorana particles. The prevalence of this
choice of Majorana neutrinos in A4 models can be roughly understood as follows.
As we will see, there is a certain A4-invariant coupling that leads to an antisym-
metric contribution to the mass matrix. This contribution takes a form that leads
to deviations from the TBM form for the resulting mixing matrix. In models

65
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aiming to achieve exact TBM mixing, this coupling must therefore be forbidden.
As neutrinos with Majorana nature enforce a symmetric form of the mass matrix,
the offending coupling is automatically absent in A4 models based on Majorana
neutrinos. However, the situation is changed in light of the new experimental
results confirming that sin θ13 is significantly different from zero, which requires a
departure from the exact TBM form. It is therefore advantageous to consider a
model based on Dirac neutrinos, which allows for the antisymmetric A4 coupling
and therefore provides a very natural source of deviations from TBM mixing. For
this reason we will analyse an A4 model based on Dirac neutrinos in this section,
complementing the existing studies of Majorana neutrinos.
We will begin by summarising the most important properties of the A4 group and
reviewing why this group is a suitable starting point when looking to generate
tribimaximal mixing. In section 4.3 we then proceed to apply the A4 symmetry
to our model, which involves in particular introducing flavon fields and assigning
the different fields to irreducible representations of the group in an appropriate
manner. As we will see, being able to achieve TBM mixing depends on breaking
the A4 symmetry in a specific way. The required vev structure cannot be easily
achieved with the most general ansatz for the potential. We discuss this so-
called vev alignment problem as well as several possible solutions in section 4.4.
In section 4.5 we consider in detail an extra-dimensional model in which the
vev alignment problem is solved by localising groups of fields on separate branes
separated along the extra dimension. In this context we also discuss higher order
corrections to the mass matrices. We then discuss possible scenarios which could
explain the appearance of the A4 symmetry dynamically, before closing the chapter
with a very brief look at the implications for the quark sector.

4.1 The A4 group
In this section we will recall a number of basic results from the theory of finite
groups and apply them to the A4 group. While we will give only the most impor-
tant statements in the following, the interested reader may refer to mathematical
textbooks on this topic, for example [103], for proofs and additional details on the
quoted results.
The A4 group contains all even permutations of 4 objects and is also known as the
alternating group of degree 4. Geometrically, A4 may be viewed as the rotation
group of a tetrahedron. The order, or number of elements, of A4 is ng = 4!/2 = 12.
In general a permutation σ of the set {1, 2, 3, 4} can be specified by

σ : (1, 2, 3, 4)→ (n1, n2, n3, n4), (4.1)

with pairwise distinct n1, n2, n3, n4 ∈ {1, 2, 3, 4}. Such a permutation will be
denoted in following simply as (n1n2n3n4).
One can immediately check that every permutation σ ∈ A4 can be generated by a
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Class Presentation
C1 1 = (1234)
C2 T = (2314) ST = (4132) TS = (3241) STS = (1423)
C3 T 2 = (3124) ST 2 = (4213) T 2S = (2431) TST = (1342)
C4 S = (4321) T 2ST = (3412) TST 2 = (2143)

Table 4.1: The conjugacy classes of the A4 group.

composition of the two basic permutations S := (4321) and T := (2314). S and T
thus define a so-called presentation of A4. Note that they obey S2=T 3=(ST )3 = 1,
so that S generates the subgroup Z2 while T generates Z3. The permutations
making up A4 may be assigned to four different equivalence or conjugacy classes
Ci, i=1,2,3,4[1], which are given in table 4.1.
Note that the number of different conjugacy classes is identical to the number
of different irreducible representations of A4. The dimensions nR of the distinct
irreducible representations R can be related to the order of the group by

∑
R

n2
R = ng . (4.2)

As the number of representations is four and there is always the trivial one-
dimensional representation this relation can be solved uniquely and one finds that
there are three one-dimensional and one three-dimensional representations. These
representations will be denoted by 1, 1′, 1′′ and 3, respectively.
Let DR(g) denote the matrix corresponding to the group element g in the repre-
sentation R. The traces of these matrices define the so-called characters χ

χRg = trDR(g) . (4.3)

Note that because equivalent group elements are represented by similar matrices,
and the trace is invariant under similarity transformations, it is sufficient to give
the characters for each of the four different conjugacy classes defined above. The
completeness and orthonormality relations[2] obeyed by these traces can be used
to calculate the character table of the A4 group, which is given in table 4.2. The
character table of course uniquely determines the representation of the generators

[1]Two group elements a and b of the group belong to same conjugacy class when there exists
an element p ∈ A4 such that a = pbp−1.

[2]Let ni denote the number of elements in the conjugacy class Ci. The orthonormality relation
then reads

∑
i
ni

ng
(χRi )†χR′i = δRR′ , where we sum over the distinct equivalence classes. χRi

denotes the character of an arbitrary group element g ∈ Ci in the representation R. The
completeness relation states that ni

ng

∑
R χ

R
i (χRj )† = δij , where the sum runs over all distinct

irreducible representations.
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Class χ1 χ1′ χ1′′ χ3

C1 1 1 1 3
C2 1 ω ω2 0
C3 1 ω2 ω 0
C4 1 1 1 -1

Table 4.2: Character table of the A4 group,
ω = e2πi/3.

S and T in the one-dimensional representations 1, 1′ and 1′′, yielding

1 : S ′ = 1, T ′ = 1,
1′ : S ′ = 1, T ′ = e2πi/3 = ω,
1′′ : S ′ = 1, T ′ = e4πi/3 = ω2.

(4.4)

To find matrices furnishing a three-dimensional representation of S and T we
note that we can restrict ourselves to unitary representations due to the fact that
for finite groups every representation is equivalent to a unitary representation.
As S2 = 1, this implies that S is also Hermitian, so that we may in particular
look for a representation in which S is real and diagonal. Finally using the trace
restrictions required by table 4.2 and applying similar considerations to T , we find

3 : S ′ =

1 0 0
0 −1 0
0 0 −1

 , T ′ =

0 1 0
0 0 1
1 0 0

 . (4.5)

We reiterate that the matrices S ′ and T ′ for the three-dimensional representation
are unique only up to similarity transformations. The basis we have chosen here,
where S ′ is diagonal, is known as the Ma-Rajasekaran (MR) basis. As we will
see it is sometimes useful to work in a basis where T is diagonal (known as the
Altarelli-Feruglio basis), and we will give the expressions for S and T in this
alternative basis at the end of this section. However, let us first proceed with our
considerations in the Ma-Rajasekaran basis.
Let us now consider how to multiply objects in the different representations of
A4. In general, the multiplication of two representations is given by their tensor
product, but this will generally lead to a reducible representation. However, to
be able to easily evaluate the transformation behaviour of a given product it is
helpful to decompose the tensor product into irreducible representations. The
multiplicity with which a given irreducible representations R of the group occurs
in such a product is given by

mR = 1
ng

∑
i

ni
(
χRi
)∗
χi . (4.6)

Here ni is the number of elements in the conjugacy class Ci and χi denotes the
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character of the tensor product[3]. This allows us to find

1⊗ α = α , 1′ ⊗ 1′′ = 1 , 1′ ⊗ 1′ = 1′′, 1′′ ⊗ 1′′ = 1′,

1′ ⊗ 3 = 3 , 1′′ ⊗ 3 = 3 , 3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3⊕ 3 ,
(4.7)

where α = 1, 1′, 1′′, 3 is any representation. In particular we find that using
two triplets (a1, a2, a3) and (b1, b2, b3) we can construct the following bilinears
transforming in the different irreducible representations

(ab)1 = (a1b1 + a2b2 + a3b3),
(ab)1′ = (a1b1 + ω2a2b2 + ωa3b3),
(ab)1′′ = (a1b1 + ωa2b2 + ω2a3b3),
(ab)31 = (a2b3, a3b1, a1b2),
(ab)32 = (a3b2, a1b3, a2b1).

(4.8)

As already mentioned above it is sometimes more convenient to work in the
Altarelli-Feruglio (AF) basis, where the presentation T rather than S is repre-
sented by a diagonal matrix. The basis change matrix diagonalising T ′ is the
so-called ‘magic matrix’, which is given by

V = 1√
3

1 1 1
1 ω2 ω
1 ω ω2

 . (4.9)

One then straightforwardly obtains the following expressions for the generators in
the AF basis

T = V T ′V † =

1 0 0
0 ω 0
0 0 ω2

 , S = V S ′V † = 1
3

−1 2 2
2 −1 2
2 2 1

 . (4.10)

The representations of the other group elements can now be calculated easily
using the relations given in table 4.1. Furthermore we must take into account
that the explicit expressions for the bilinears constructed from two triplets change
under this basis transformation, because (a1, a2, a3) and (b1, b2, b3) have to be
transformed. In the AF basis where T is diagonal we find that the multiplication
rules given in (4.8) must be replaced by

(ab)1 = (a1b1 + a2b3 + a3b2),
(ab)1′ = (a3b3 + a1b2 + a2b1),
(ab)1′′ = (a2b2 + a1b3 + a3b1),

(ab)3s = 1
3(2a1b1 − a2b3 − a3b2, 2a3b3 − a1b2 − a2b1, 2a2b2 − a1b3 − a3b1),

(ab)3a = 1
3(a2b3 − a3b2, a1b2 − a2b1, a3b1 − a1b3).

(4.11)

[3]The character χi of the tensor product of two representation R1 and R2 is given by χi =
χR1
i χR2

i .
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Note that that the two bilinears that transform again in the triplet representation
are either symmetric or a antisymmetric. This distinction will turn out to be
useful in the following and is not as obvious in the MR basis, as (4.8) shows.

4.2 TBM mixing as a consequence of the A4 sym-
metry

Let us now discuss the relationship between the A4 symmetry and tribimaximal
mixing. First of all we note that the matrices S and T derived in the previous
section in the AF basis are the same matrices that we have already considered in
section 2.6. There we had searched for a set of symmetries, such that requiring
invariance of a mass matrix under these symmetries leads to a matrix of the specific
TBM form given in equation (2.54). Recall that in addition to invariance under
S and T we had to additionally require µτ -symmetry of the mass matrix in order
to obtain a tribimaximal mixing matrix. This µτ -symmetry could be guaranteed
by requiring invariance under the transformation A23 (see (2.58)). Note that the
discussion in the previous section shows that A23 is not contained in A4. Therefore
this symmetry has to be implemented additionally.
In section 2.6 we already pointed out that finite groups including the matrices S
and T among their generators can be used to give rise to TBM mixing in a natural
way. Note that A4 is one of the simplest possible examples of this class of groups,
which is the main motivation behind using it as the flavour symmetry. We will first
discuss the general mechanism before proceeding to consider a specific model for
the lepton sector. Let us start with the Standard Model Lagrangian L, which is of
course invariant under the SM gauge group GSM = SU(3)×SU(2)×U(1). We now
demand L to be invariant under the extended group GSM × A4. Assuming that
the lepton mass matrix is already diagonal, we want to ensure that the neutrino
mass matrix is of the specific TBM form, which will lead to UTBM as the leptonic
mixing matrix. The full flavour group should thus be broken down to GSM ×GT

in the charged lepton mass sector and to GSM ×GS in the neutrino mass sector[4].
GS and GT denote the symmetries generated by S and T , respectively. In addition
we have to require an A23 symmetry in the neutrino sector if we want to reproduce
exact TBM mixing. We will postpone the discussion of this point for now and
will first consider the breaking mechanism. The required breaking pattern can be
achieved via the introduction of fields which obtain a vev in just the right way
to keep the GS and GT symmetry unbroken in the neutrino and lepton sectors,
respectively. Since we want to break A4 down to GS in one part of L and to
GT in another part, we need at least two distinct fields which acquire different
vevs. In fact, as we will see in the next section, fields transforming in the triplet
representation of A4 are needed to obtain suitable mass matrices.

[4]The quark sector will be briefly discussed in 4.7. For now we will stick to the lepton sector
and assume that the A4 symmetry does not affect the quark sector.
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There are two possible ways to go. One possibility is to introduce new fields which
are uncharged under GSM , the so-called flavons, which transform under A4 and
can break this symmetry by acquiring a suitable vev. The other possibility is to
consider Higgs-like fields that are charged under the GSM gauge group as well as
A4. In particular, we could assign A4 charges to the SM Higgs and the additional
Higgs of chapter 3. However, note that in this case one must always introduce
further SU(2) doublets, because as mentioned above an A4 triplet is required.
Furthermore, assigning an A4 charge to the SM Higgs enforces the breaking of
the A4 symmetry at the electroweak scale. On the other hand, breaking A4
via new flavon fields gives rise to a new breaking scale. In the process of A4
breaking, the flavons then naturally acquire a mass of the order of the breaking
scale. Now if the breaking scale is chosen to be large, e.g. close to the GUT
or Planck scale, the flavons will be so heavy that they will not have an impact
on any observed low-energy processes. Therefore our previous discussion of the
Higgs phenomenology given in chapter 3 is unaffected by the introduction of the
flavons, and the only change is that the form of the effective Yukawa coupling
matrices is now determined by the flavon vevs. This will clearly not be the case
if one takes the second option and introduces additional Higgs doublets. In order
to avoid having to worry about changes to the ν2HDM phenomenology, we will
therefore keep our Higgs doublets uncharged under A4 and will introduce the
required flavons in the next section.
Let us now consider in more detail the effect of the flavons on the Yukawa couplings
of the charged leptons and neutrinos. As motivated above, we are interested in the
case of Dirac neutrinos, which requires the addition of three right-handed sterile
neutrinos to the SM particle content. A generic Yukawa coupling in the presence
of a flavon field χ will take the form

− LYukawa = Y ψaLΦψbRχ+ h.c., (4.12)

where Φ denotes one of the Higgs fields (or its conjugate) and ψa,b denote Dirac
spinors describing the charged leptons or neutrinos. Note that if χ is not in the
trivial representation of A4 we have to assign A4 charges to the leptons and couple
the various field appropriately according to the multiplication rules given above,
to ensure that LYukawa is invariant under A4 (see equations (4.8) or (4.11)).
As was repeatedly mentioned above, we want this Yukawa interaction to remain
invariant under either GS or GT after symmetry breaking, depending on whether
it describes a mass term for the neutrinos or for the charged leptons. We can guar-
antee that this is the case by requiring that the vev of the flavon field appearing
in this interaction is invariant under either GS or GT , as appropriate. Let us first
consider invariance under GS. From equation (4.4) we immediately see that GS

invariance is trivially fulfilled if χ is a flavon in any of the singlet representations
of A4. However, if χ is in the triplet representation of A4 we have to choose the
specific vev structure 〈χ〉 = (vS, vS, vS) to ensure that S 〈χ〉 = 〈χ〉. Here and in
the following we use the subscript S for A4 triplet fields and vevs appearing in
the S invariant neutrino mass sector, and a subscript T for triplet flavons or vevs
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Field Φ1 Φ2 ϕT ϕS ξ ξ′ ξ′′

A4 1 1 3 3 1 1′ 1′′
U(1) 1 0 0 0 0 0 0

Z
`
2 × Zν2 (1, 1) (1, 1) (−1, 1) (1,−1) (1,−1) (1,−1) (1,−1)

Field LL eR µR τR νR

A4 3 1 1′′ 1′ 3
U(1) 0 0 0 0 1

Z
`
2 × Zν2 (1, 1) (−1, 1) (−1, 1) (−1, 1) (1,−1)

Table 4.3: Charges of leptons and scalars under global symmetries. The quarks
and gauge bosons do not transform under these groups.

appearing in the T invariant charged lepton mass sector. Note that this expres-
sion for the vev is only valid in the Altarelli-Feruglio basis where T is diagonal.
Before giving the corresponding form in the MF basis let us first consider GT

invariance. Equation (4.4) shows that GT invariance cannot be maintained after
symmetry breaking if the flavon is in the representation 1′ or 1′′. One finds that
GT invariance can be achieved either by taking χ in the trivial representation or
by taking χ in the triplet representation of A4 and requiring 〈χ〉 = (vT , 0, 0), so
that T 〈χ〉 = 〈χ〉 (again in the AF basis).
Let us now give the corresponding forms of the triplet vevs necessary to maintain
either GS or GT invariance in the Ma-Rajasekaran basis. Using the matrices
given in (4.5) one finds that the necessary forms are (vS, 0, 0) for GS invariance
and (vT , vT , vT ) for GT invariance. These forms could of course have also been
obtained from the expressions in the AF basis by simply performing the basis
change using the magic matrix V . The consequences for the physical observables
are of course independent of the choice of the basis.

4.3 Applying A4 to the lepton sector
Following these general remarks let us now consider a specific A4 model for Dirac
neutrinos, thus introducing three right-handed sterile neutrinos. In order to ex-
plain the smallness of the neutrino masses we keep the second Higgs doublet with
a vev of order 1 eV, which was introduced in chapter 3. In other words, we will
combine the desirable properties of the ν2HDM with an A4 flavour symmetry.
Let us therefore keep the U(1) symmetry which was initially introduced in 3 and
the corresponding charge assignments (see table 4.3). The implications of the
predicted form of the mixing matrix on the phenomenology of the ν2HDM will
be discussed in chapter 5.
In order to implement the A4 symmetry we introduce the real scalar flavon fields
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ϕT , ϕS, ξ, ξ
′ and ξ′′, which are singlets of the SM gauge group and the U(1) sym-

metry. We assign the flavons to representations of A4 according to table 4.3. We
will refer to ϕT and ϕS as flavon triplets and to ξ, ξ′ and ξ′′ as flavon singlets,
even though ξ′ and ξ′′ have a non-trivial transformation behaviour under A4. We
will assume for now that a flavon potential with the right properties to produce
the abovementioned vev patterns exists, postponing the discussion of how the re-
quired vev alignment can be obtained to the subsequent sections. The assignment
of the A4 representations to the charged leptons and neutrinos can also be found in
table 4.3. The reason for this choice of charge assignments for the leptons is that,
taken together with the requirement of vev alignment, it will lead to a diagonal
mass matrix in the charged lepton sector in the AF basis. As T is also diagonal
in this basis GT invariance is thus manifestly preserved. Let us also mention that
the sterile neutrinos cannot be assigned to the same A4 representation as the cor-
responding charged leptons, because this would give rise to a phenomenologically
unacceptable vanishing of ∆m2

31 at leading order. While this might in principle
be remedied by allowing for next-to-leading order corrections or by allowing for
deviations from the vev alignment discussed above, we will stick to the charge
assignments given in table 4.3, in which case no such problem appears.
We should comment on the additional Z`2×Zν2 symmetry that we have introduced
in table 4.3. This symmetry was introduced in order to forbid unwanted terms in
the Yukawa interaction[5]. In particular, this additional symmetry distinguishes
between ϕT and ϕS and ensures that ϕT can couple only to the charged leptons
whereas ϕS can only couple to the neutrinos.
With the above assignments we are now in a position to write down the resulting
Yukawa couplings. The first thing to note is that this will be an effective La-
grangian, because the given charge assignments imply that any gauge invariant
operators that we can build with the fields at hand will have a mass dimension of
at least 5. The operators will therefore involve suitable factors of 1/Λ, where Λ is
the cut-off scale of the effective theory given by the mass scale of the underlying
UV-complete theory. While the precise value of this cut-off scale is not impor-
tant in the following, we will take Λ to lie at the GUT scale Λ ∼ 1016 GeV for
definiteness. The most general Yukawa Lagrangian at order 1/Λ is then given by

− LYukawa = Y e

Λ (ϕTLL)1Φ2eR + Y µ

Λ (ϕTLL)1′Φ2µR + Y τ

Λ (ϕTLL)1′′Φ2τR

+Y
s

Λ (LLΦ̃1νR)3sϕS + Y a

Λ (LLΦ̃1νR)3aϕS (4.13)

+YΛ (LLΦ̃1νR)1ξ + Y ′

Λ (LLΦ̃1νR)1′ξ
′′ + Y ′′

Λ (LLΦ̃1νR)1′′ξ
′

+h.c.

[5]We could also have achieved this aim using a Z2 symmetry instead of the Z`2×Zν2 . Choosing
an adequate charge assignment would then lead to the same Yukawa term. However, the larger
symmetry group guarantees that we can treat the two triplet flavons in the same way in the
flavon potential, which will simplify our considerations in section 4.4.
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Here we have worked in the Altarelli-Feruglio basis and have therefore used the
symmetric and antisymmetric triplet couplings.
Naively, one might think that there occur additional terms arising from differ-
ent ways of coupling the A4 triplets. For example, one might consider terms like
LLΦ̃1(νRϕS)3s. However, one can explicitly check that all these extra terms are
either equivalent to terms that are already included above (and can therefore be
absorbed into a redefinition of the corresponding Yukawa coupling) or vanish by
antisymmetry. We would like to emphasise that the appearance of the antisym-
metric triplet coupling is special to the case of Dirac neutrinos considered here.
This coupling would have been forbidden if we had used Majorana neutrinos obey-
ing the Majorana relation νR = νcL (see appendix C), as can be seen by applying
the identities Ψ1Ψc

2 = Ψc
2Ψ1 and Ψ1Ψ2 = Ψc

2Ψc
1 that hold for arbitrary four com-

ponent spinors. In the following we will show that this antisymmetric coupling
provides a new source of deviations from the TBM mixing form compared to A4
models studied in the existing literature, as the existing models have focused on
Majorana neutrinos.
From the Lagrangian (4.13) we immediately see that after flavour symmetry break-
ing the effective Yukawa couplings will take the form Y eff. = Y v/Λ, where v is
a generic flavon vev. This means that the A4 breaking scale should not lie too
far below the cut-off scale Λ, to avoid having to make the Yukawa coupling con-
stants in (4.13) unnaturally large. Note that this also ensures that the flavons
are very heavy, as after symmetry breaking they naturally acquire masses of the
order of the breaking scale[6]. In particular, we may indeed safely assume that the
flavons are heavy enough and therefore also decay fast enough that their presence
does not impact on any processes at the low observable energy scale, apart from
predicting the form of the effective Yukawa couplings through their vev structure.
Before proceeding with the evaluation of the mass matrices, let us finally point
out that apart from ensuring that each triplet flavon couples either only in the
neutrino sector or only in the charged lepton sector, the Zν2 symmetry with charges
chosen as above has the added advantage of forbidding a term Y (LLΦ̃1νR). Such
a term would yield a relatively large diagonal contribution to the neutrino mass
matrix as it has no suppression by v/Λ, which would lead to a large deviation
from the TBM form for the resulting mixing matrix. Note that the presence of
such a term and a corresponding large diagonal contribution (in the Altarelli-
Feruglio basis) in the charged lepton sector would not be problematic. However,
in the charged lepton sector such a term is anyway automatically forbidden by
A4 invariance. As already mentioned above, the introduction of the additional Z`2
symmetry has the advantage of being able to treat both flavon triplets in a similar
manner in the flavon potential.
To derive the leptonic mass matrices from the Yukawa interaction (4.13) after

[6]We will briefly return to this point in subsection 4.5.1, where we will confirm that all flavons
will indeed acquire very large masses after higher order effects in the flavon potential are taken
into account. There we will also give more precise estimates of v/Λ for the different flavon vevs.
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electroweak and A4 symmetry breaking, we plug in the Higgs vevs as obtained in
section 3

〈Φi〉 = 1√
2

(
0
vi

)
, i = 1, 2 , (4.14)

with v1 � v2. For the vevs of triplet flavons we use the natural component
notation

〈ϕT 〉 = (〈ϕT 〉1 , 〈ϕT 〉2 , 〈ϕT 〉3), 〈ϕS〉 = (〈ϕS〉1 , 〈ϕS〉2 , 〈ϕS〉3), (4.15)

where in addition we will soon impose the restricted form

〈ϕT 〉 = (vT , 0, 0), 〈ϕS〉 = vS(1, 1, 1), (4.16)

as required by T and S invariance, according to the discussion in section 4.2.
Recall that this particular expression for the flavon vev patterns is appropriate
for the AF basis where T is diagonal. Finally, the vevs of the singlet flavons will
be denoted as

〈ξ〉 = u , 〈ξ′〉 = u′ , 〈ξ′′〉 = u′′ . (4.17)

Now using equation (4.13) and the multiplication rules in the AF basis given
in (4.11) we find the charged lepton mass matrix to be

m` = v2

Λ

Y
e 〈ϕT 〉1 Y µ 〈ϕT 〉2 Y τ 〈ϕT 〉3

Y e 〈ϕT 〉3 Y µ 〈ϕT 〉1 Y τ 〈ϕT 〉2
Y e 〈ϕT 〉2 Y µ 〈ϕT 〉3 Y τ 〈ϕT 〉1

 = v2vT
Λ

Y
e 0 0

0 Y µ 0
0 0 Y τ

 . (4.18)

In the second step we have used the claimed vev alignment (4.16). The predicted
lepton masses are therefore simply given by

me = |Y
e|v2vT
Λ , mµ = |Y

µ|v2vT
Λ , mτ = |Y

τ |v2vT
Λ . (4.19)

Of course, the Yukawa coupling constants are in general complex, but as the mass
matrix is diagonal we may absorb their phases into a redefinition of the charged
lepton fields. Note also that the diagonal form of m` implies that the PMNS mix-
ing matrix is determined fully by the matrices diagonalising the neutrino mass
matrix, and the charged lepton sector plays no further role with regard to lep-
tonic mixing. The fact that the charged lepton mass matrix is automatically
diagonal is one of the advantages of working in the Altarelli-Feruglio basis. How-
ever, we should emphasise that even in this basis one obtains deviations from the
diagonal form once one considers higher order corrections or deviations from the
vev alignment of 〈ϕT 〉.
The mass matrix of the neutrinos can be derived in an analogous manner and is
given by

Mν =

 2a1 + b −a3 + a′3 + d −a2 − a′2 + c
−a3 − a′3 + d 2a2 + c −a1 + a′1 + b
−a2 + a′2 + c −a1 − a′1 + b 2a3 + d

 , (4.20)
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where we have defined

b = 1
ΛY v1u , c = 1

ΛY
′v1u

′, d = 1
ΛY

′′v1u
′′,

ai = 1
3ΛY

sv1 〈ϕS〉i , a′i = 1
3ΛY

av1 〈ϕS〉i .
(4.21)

Note that these parameters are in general complex despite the fact that all the
various vevs are real, because the Yukawa couplings can be complex. However,
one of the phases can be absorbed by a redefinition of the neutrino fields, which
allows us to assume a3 ∈ R in the following. Let us now demand that the triplet
vev 〈ϕS〉 = vS(1, 1, 1) has the aligned form, so that we can simplify the mass
matrix to

Mν =

 2a+ b −a+ a′ + d −a− a′ + c
−a− a′ + d 2a+ c −a+ a′ + b
−a+ a′ + c −a− a′ + b 2a+ d

 , (4.22)

where now
a = 1

3ΛY
sv1vS and a′ = 1

3ΛY
av1vS , (4.23)

and a is taken to be real.
Let us now discuss how TBM mixing can be achieved when starting from this
general form of the mass matrix. We will focus on exact TBM mixing in this sec-
tion and postpone a discussion of deviations from TBM mixing to the subsequent
sections. Note that although Mν is invariant under S due to the chosen vev align-
ment, one can explicitly check that Mν(Mν)† does not yet have the right form to
be diagonalised by the TBM mixing matrix UTBM. This is of course consistent
with the findings of section 2.6, where we recognised that we must in addition
ensure invariance of Mν(Mν)† under the A23 symmetry. The requirement of gen-
erating exact TBM mixing can be translated into the following two conditions on
the parameters

0 != −6a(a′ − ā′) + b̄(d− c) + c̄(d− b) + d̄(b− c) , (4.24)
0 != 3a(d− c) + ā′(c+ d− 2b)− 2a′b̄+ c̄(a′ − 3a) + d̄(a′ + 3a) . (4.25)

As the most general solution of these equations cannot be simply given in a closed
form, we will impose instead the simpler sufficient condition that Mν itself (rather
than Mν(Mν)†) should be invariant under GS × A23. This amounts to requiring
that c = d and a′ = 0, which of course suffices to ensure that the above equations
are fulfilled. Let us comment in particular on the requirement a′ = 0. As we have
mentioned before, this is automatically fulfilled in models based on Majorana
neutrinos as the appearance of the antisymmetric coupling is a new feature of
the considered model due to the Dirac nature of the neutrinos. While it may
seem unnatural to impose the vanishing of a coupling that is not forbidden by
any symmetry, we would like to point out that this is actually an artifact of the
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choice of basis. If we had used the MF basis instead, absence of the antisymmetric
contribution would have amounted to choosing equal strengths for the 31 and 32
triplet couplings, which seems much more natural. However, let us not go into
further detail here as we will anyway relax the conditions c = d and a′ = 0 as well
as the vev alignment later on, when looking for deviations from the TBM form
that are needed to obtain compatibility with the measurements of the neutrino
mixing angles.
Imposing the discussed restrictions the neutrino mass matrix thus reads

mν =

2a+ b −a+ c −a+ c
−a+ c 2a+ c −a+ b
−a+ c −a+ b 2a+ c

 . (4.26)

Recall that we can assume a ∈ R but in general we have b, c ∈ C.
So far we have kept the discussion quite general in the sense that we have included
flavons transforming in all irreducible representations of A4

[7]. Of course, there is
no need for a given model to include all possible representations, for example in the
SM Higgs sector one also uses only an SU(2) doublet field instead of introducing a
field for each irreducible representation of SU(2). Let us therefore consider models
with different flavon contents and the resulting mass matrices. While up to now
we have only asked for tribimaximal mixing, let us now also consider the predicted
mass eigenvalues and see which models have a chance of being compatible with
the measured neutrino mass differences.
Table 4.4 shows the different possible flavon contents leading to models in which
Mν is GS × A23 invariant, so that Mν(Mν)† will be diagonalised by UTBM . A
glance at the resulting mass eigenvalues shows that only the last three cases have a
chance of being compatible with the measured mass differences, given in table 2.3.
However, the case where in addition to the triplets ϕS and ϕT only one singlet ξ is
present yields ∆m2

21 = −9a2−6a<(b) and ∆m2
31 = −12a<(b). As the experimental

data requires ∆m2
21 > 0 compatibility requires sgn(a) 6= sgn(<(b)), which then

automatically implies ∆m2
31 > 0. Thus only normal hierarchy is possible in models

with this flavon content. When allowing for more than one singlet in addition to
the two triplets this is no longer true, and both normal and inverted neutrino
mass ordering can be generated depending on the specific choice of parameters.
In the following we want to analyse one of these A4 models in more detail. We
will later study deviations from the TBM form in order to obtain mixing angles
and mass differences in agreement with the experimental results of table 2.3, in
particular allowing for sin2 θ13 6= 0. However, we do not want to deviate too much
from the TBM form, as this already predicts the other mixing angles quite well.
As a starting point for our studies of the deviations we would therefore like to
choose a model in which the correct mass differences can already be obtained in

[7]Note in particular that including additional flavon singlets coupling in the charged lepton
sector, i.e. having the same Z`2 × Z

ν
2 charges as ϕT , cannot change the Yukawa interactions at

leading order for the given A4 representations of `R and LL.
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the exact TBM case, i.e. one of the last three cases in table 4.4. As we also want
to allow for both normal and inverted hierarchies we need to take more than one
singlet flavon, while to increase the predictive power of the model we favour a
model with as few parameters as possible. We will therefore settle on the model
with the flavon content ϕT , ϕS, ξ′, ξ′′, which we will dub the 2S2T model, as the
starting point for the upcoming analysis.
To confirm that the 2S2T model will be a good basis for our further studies, let us

Flavon content Neutrino mass matrix Mν Eigenvalues m2
ν

(before diagonalisation)

ϕT , ξ

b 0 0
0 0 b
0 b 0


|b|

2

|b|2
|b|2



ϕT , ξ′, ξ′′
0 c c
c c 0
c 0 c


 |c|

2

4|c|2
|c|2



ϕT , ξ, ξ′, ξ′′
b c c
c c b
c b c


 |b− c|

2

|b+ 2c|2
|b− c|2



ϕT , ϕS

2a −a −a
−a 2a −a
−a −a 2a


9a2

0
9a2



ϕT , ϕS, ξ

2a+ b −a −a
−a 2a −a+ b
−a −a+ b 2a


|3a+ b|2
|b|2

|3a− b|2



ϕT , ϕS, ξ′, ξ′′
 2a −a+ c −a+ c
−a+ c 2a+ c −a
−a+ c −a 2a+ c


|3a− c|

2

|2c|2
|3a+ c|2



ϕT , ϕS, ξ, ξ′, ξ′′
2a+ b −a+ c −a+ c
−a+ c 2a+ c −a+ b
−a+ c −a+ b 2a+ c


|3a+ b− c|2
|b+ 2c|2
|3a− b+ c|2



Table 4.4: Neutrino mass matrices leading to exact TBM mixing in the con-
text of an A4 flavour symmetry. The transformation properties of the fields
ϕT , ϕS, ξ, ξ

′ and ξ′′ are listed in table 4.3.
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take a quick look at how the neutrino masses are predicted in this model for the
case of exact TBM mixing, and in particular confirm that compatibility with the
measured neutrino mass differences can be obtained. Using the expressions for
the neutrino masses given in table 4.4, and recalling that a ∈ R, we immediately
find the predicted mass differences

∆m2
21 = 3|c|2 − 9a2 − 6a<(c) , (4.27)

∆m2
31 = 12a<(c).

Clearly both normal and inverted neutrino mass ordering is in principle possible,
depending on the signs of a and <(c). As shown in table 2.3, these neutrino mass
differences have been measured with high precision. If we restrict ourselves to real
values of the parameter c for a moment, these experimental bounds restrict a and
c to a very narrow region in parameter space. However, we can of course allow for
complex c in general, in which case much larger parameter regions are possible.
Figure 4.1 shows the contours in parameter space corresponding to the measured
3σ ranges of ∆m2

21 and ∆m2
31 for the cases of normal and inverted hierarchy.

The parameter regions compatible with both mass differences, ∆m2
21 and ∆m2

31,
therefore lie at the intersections of these contours.
Note that in the case where c is restricted to real values, the bounds on the
neutrino mass differences can only be fulfilled with |c| < 3|a|. This allows us to
simplify the expressions for the masses given in table 4.4 and leads to the sum
rule

m1 +m2 = m3. (4.28)
This sum rule shows that in the real case the magnitude of the smallest neutrino
mass must be of the order of the observed mass differences, and can in particular
not be much larger than about 10−3 eV. In particular, the resulting neutrino
masses for real c when requiring compatibility with the measured mass differences

(a) Normal hierarchy. (b) Inverted hierarchy.

Figure 4.1: Parameter regions that are compatible with the 3σ bound on ∆m2
21

(yellow) and ∆m2
31 (blue), respectively.
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will automatically lie far below the bounds from Tritium beta decay and from
WMAP data as given in equations (2.45) and (2.47), respectively. A general
discussion of the significance of such sum rules in the context of neutrino physics
can be found in [104]. Let us emphasise that the above statement is no longer true
when allowing for complex c. A closer look at equation (4.27) shows that the mass
differences can be kept sufficiently small for arbitrarily large values of =(c), as long
as a and <(c) are adjusted accordingly. For large =(c) also the predicted neutrino
masses will become large, as shown by the expressions in table 4.4. However, let
us not go into further detail on the bounds on the neutrino masses here, as the
case at hand leads to exact TBM mixing and is therefore anyway in conflict with
the measured neutrino oscillation angles. We will return to this point as part of
the more general numerical analysis in chapter 5.

4.4 The vev alignment problem
According to the general discussion of section 4.2, two triplet flavons with special
vacuum patterns are needed to obtain a mixing matrix of the TBM form after
breaking the A4 symmetry. Let us now face up to the problem of how this required
vacuum structure can be obtained, which means that we must study the potential
of the flavon fields. We restrict ourselves to studying the potential of the 2S2T
model as this will be the model that we focus on in chapter 5. At this point it is
advantageous to switch into the Ma-Rajasekaran basis in which S is diagonal, as
the multiplication rules for the couplings in the potential take a simpler form in
this basis. We will therefore search for a minimum of the form 〈ϕS〉 = (vs, 0, 0)
and 〈ϕT 〉 = vT (1, 1, 1), instead of 〈ϕS〉 = vs(1, 1, 1) and 〈ϕT 〉 = (vT , 0, 0) which
would be needed in the Altarelli-Feruglio basis (see section 4.2). This switch is
of course not problematic since one can always perform a basis change and can
therefore transform the resulting expressions to the AF basis by applying the
‘magic matrix’ V given in (4.9). However, we will not explicitly perform this
transformation because the exact expressions will not be needed in the following.
In this section we only aim to check whether the specific vacuum pattern can be
obtained and which additional requirements have to be made to ensure this.
The most general renormalisable flavon potential which is invariant under A4 and
where the additional Z`2 × Zν2 symmetry is taken into account has the form

Vflavon(ϕS, ϕT , ξ′, ξ′′) = VS(ϕS) + VT (ϕT ) + Vsinglet(ξ′, ξ′′)
+Vint,T(ϕT , ξ′, ξ′′) + Vint,S(ϕS, ξ′, ξ′′) (4.29)
+Vint,ST(ϕT , ϕS, ξ′, ξ′′).

Here we have split the potential into separate contributions according to which
flavon fields appear, so for example VS,T (ϕS,T ) will contain all terms involving
only one of the triplet flavons and no singlet flavons. We trust that the notation
is self-explanatory and that it is clear which terms the other contributions to the



4.4 The vev alignment problem 81

potential include. Making use of the multiplication rules given in (4.8) one finds,
for i = S, T , the explicit expressions [8]

Vi(ϕi) = −m2
i (ϕiϕi)1 + λi,1(ϕiϕi)1(ϕiϕi)1 + λi,2(ϕiϕi)1′(ϕiϕi)1′′

+λi,3(ϕiϕi)3(ϕiϕi)3

= −m2
ϕi

(ϕ2
i,1 + ϕ2

i,2 + ϕ2
i,3) (4.30)

+λi,1(ϕ4
i,1 + ϕ4

i,2 + ϕ4
i,3 + 2ϕ2

i,1ϕ
2
i,3 + 2ϕ2

i,1ϕ
2
i,2 + 2ϕ2

i,2ϕ
2
i,3)

+λi,2(ϕ4
i,1 + ϕ4

i,2 + ϕ4
i,3 − ϕ2

i,1ϕ
2
i,3 − ϕ2

i,1ϕ
2
i,2 − ϕ2

i,2ϕ
2
i,3)

+λi,3(ϕ2
i,1ϕ

2
i,2 + ϕ2

i,2ϕ
2
i,3 + ϕ2

i,3ϕ
2
i,1),

Vsinglet(ξ′, ξ′′) = m2
ξ′ξ′′ξ

′ξ′′ + λ5(ξ′ξ′′)2, (4.31)

Vint,ST(ϕT , ϕS, ξ′, ξ′′) = ρ1(ϕSϕS)3(ϕTϕT )3 + ρ2(ϕSϕS)1(ϕTϕT )1

+ρ3(ϕSϕS)1′(ϕTϕT )1′′ + ρ4(ϕSϕT )31(ϕSϕT )31

+ρ5(ϕSϕT )32(ϕSϕT )32 + ρ6(ϕSϕT )31(ϕSϕT )32

+ρ7((ϕTϕT )3ϕS)1′ξ
′′ + ρ8((ϕTϕT )3ϕS)1′′ξ

′ + h.c.
= ρ1(ϕS,2ϕS,3ϕT,2ϕT,3 + ϕS,3ϕS,1ϕT,3ϕT,1

+ϕS,1ϕS,2ϕT,1ϕT,2)
+ρ2(ϕ2

S,1 + ϕ2
S,2 + ϕ2

S,3)(ϕ2
T,1 + ϕ2

T,2 + ϕ2
T,3)

+ρ3(ϕ2
S,1ϕ

2
T,1 + ϕ2

S,2ϕ
2
T,2 + ϕ2

S,3ϕ
2
T,3 (4.32)

−ϕ2
S,1ϕ

2
T,2 − ϕ2

S,1ϕ
2
T,3 − ϕ2

S,2ϕ
2
T,1

−ϕ2
S,2ϕ

2
T,3 − ϕ2

S,3ϕ
2
T,1 − ϕ2

S,3ϕ
2
T,2)

+ρ4((ϕS,2ϕT,3)2 + (ϕS,3ϕT,1)2 + (ϕS,1ϕT,2)2)
+ρ5((ϕT,2ϕS,3)2 + (ϕT,3ϕS,1)2 + (ϕT,1ϕS,2)2)
+ρ6(ϕS,2ϕT,3ϕS,3ϕT,2 + ϕS,3ϕT,1ϕS,1ϕT,3

+ϕS,1ϕT,2ϕS,2ϕT,1)
+ρ7(2ϕS,1ϕT,2ϕT,3 − ϕS,2ϕT,1ϕT,3 − ϕS,3ϕT,1ϕT,2)ξ′′

+ρ8(2ϕS,1ϕT,2ϕT,3 − ϕS,2ϕT,1ϕT,3 − ϕS,3ϕT,1ϕT,2)ξ′,

and

Vint,i(ϕi, ξ′, ξ′′) = λi,6ξ
′ξ′′(ϕiϕi)1 + λi,7(ϕiϕi)1′ξ

′2 + λi,8(ϕiϕi)1′′ξ
′′2

+h.c.
= λi,6ξ

′ξ′′(ϕ2
i,1 + ϕ2

i,2 + ϕ2
i,3) (4.33)

+(λi,7ξ′2 + λi,8ξ
′′2)(ϕ2

i,1 − ϕ2
i,2 − ϕ2

i,3).

All parameters appearing here are assumed to be real. The occurrence of the
Hermitian conjugate in the last two expressions results from the fact that in some

[8]Recall that the flavon fields were assumed to be real scalar fields.
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of the products terms which depend on ω = e2πi/3 arise (see (4.8)). Furthermore
the subscript 3 has been used in products where the 31 and 32 couplings lead to
the same term.
While the expression above gives the most general potential compatible with the
symmetries we have imposed, some terms can actually be ruled out by requiring
that the flavon potential has to be bounded from below. In this way one finds
that

λi,7 = λi,8 = ρ7 = ρ8 = 0. (4.34)
Let us demonstrate how this can be derived for the example of λi,7. If λi,7 were
positive, we could consider the direction in field space where ϕi,2 = const. 6= 0,
ξ′ is taken to infinity and all other component fields are zero. In this limit we
would clearly have V → −∞. If on the other hand λi,7 were negative, we could
consider ϕi,1 = const. 6= 0, ξ′ → ∞ with all other fields set to zero, and would
find the same behaviour of the potential. Therefore we must impose λi,7 = 0.
The necessity for the vanishing of the other parameters mentioned above can be
derived by similar arguments. It is clear that there exist further conditions that
can be derived from the requirement of boundedness from below. However, as
we will see momentarily, the full flavon potential suffers from the so-called vev
alignment problem and will not in general allow for the required vev structure.
Therefore we refrain from a full analysis of the bounded from below conditions at
this point, and will instead give them only for the restricted potential that will
be found in section 4.5, in which the vev alignment problem is absent.
Let us now have a look at the necessary minimum conditions and check if there
exists a nontrivial minimum of the given potential Vflavon with 〈ϕS〉 = (vs, 0, 0) and
〈ϕS〉 = vT (1, 1, 1). After plugging in the required form of the vevs the necessary
minimum conditions read

0 != ∂Vflavon

∂ϕS,1
= 2m2

SvS + 4λS,1v3
S + 4λS,2v3

S + 2λS,6vSu′u′′ (4.35)

+6ρ2vSv
2
T − 4ρ3vSv

2
T + 2ρ4vsv

2
T + 2ρ5vSv

2
T ,

0 != ∂Vflavon

∂ϕS,2
= ∂Vflavon

∂ϕS,3
= ρ1vSv

2
T + ρ6vSv

2
T , (4.36)

0 != ∂Vflavon

∂ϕT,1
= −2m2

TvT + 12λT,1v3
T + 4λT,3v3

T + 2λT,6vTu′u′′ (4.37)

+2ρ2v
2
SvT ,

0 != ∂Vflavon

∂ϕT,2
= −2m2

TvT + 12λT,1v3
T + 4λT,3v3

T + 2λT,6vTu′u′′ (4.38)

+2ρ2v
2
SvT − 2ρ3v

2
SvT + 2ρ4v

2
SvT ,

0 != ∂Vflavon

∂ϕT,3
= −2m2

TvT + 12λT,1v3
T + 4λT,3v3

T + 2λT,6vTu′u′′ (4.39)

+2ρ2v
2
SvT − 2ρ3v

2
SvT + 2ρ5v

2
SvT ,

0 != ∂Vflavon

∂(ξ′ξ′′) = m2
ξ′ξ′′ + 2λ5u

′u′′ + λS,6v
2
S + 3λT,6v2

T . (4.40)
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Note that after taking (4.34) into account, one finds that Vflavon depends only on
the product of ξ′ and ξ′′ and not on the individual fields themselves. Therefore
it is sufficient to consider ∂Vflavon/∂(ξ′ξ′′). In particular, interpreting Vflavon as
a function of the product ξ′ξ′′ rather than of independent variables ξ′ and ξ′′ is
useful when verifying whether the sufficient minimum condition (positive definite
Hesse matrix) is fulfilled. The fact that Vflavon depends on only on a combination
of ξ′ and ξ′′ implies that there is an ‘orthogonal’ direction in field space (which
is related to ξ′ and ξ′′ non-linearly) along which the potential is flat. This flat
direction can be seen as the result of an accidental continuous R∗ symmetry acting
by ξ′ → αξ′, ξ′′ → ξ′′/α, α ∈ R∗. Associated to this symmetry one thus obtains
an unwanted massless Goldstone boson. However, higher order corrections to the
potential will lift this flat direction when considering the full theory, such that
the would-be Goldstone boson becomes massive. This will be discussed in more
detail section 4.5.1.
Let us now return to solving the necessary minimum conditions given above. For
general parameters one finds that the only solution is vS = 0 and vT = 0. Hence
a certain fine-tuning of the parameters of the flavon potential is needed in order
to admit non-trivial solutions for the triplet vevs. For example, by comparing
equation (4.38) and (4.39) one immediately sees that one must impose ρ4 = ρ5.
This could still be justified in some sense by noting that these parameters describe
the strength of the two different coupling possibilities of two triplets to 31 and
32, which one might expect to naturally occur with the same strength. However,
there are further constraints which cannot be justified in such a simple manner.
For example, one has to require

2ρ3 − 2ρ4 + ρ1 + ρ6 = 0, (4.41)

as can be seen by combining equations (4.36), (4.37) and (4.38). The fact that
such fine-tuning is necessary is known as the ‘vev alignment problem’.
Many approaches have been considered in the existing literature to solve the
alignment problem. Altarelli and Feruglio showed in [105] that the vev alignment
may be explained by embedding the A4 theory into a supersymmetric (SUSY)
extension. They introduced an additional UR(1) symmetry, which contains the
usual R-parity. The flavons are kept uncharged under this additional symmetry,
whereas all leptons carry UR(1) charge 1. In addition, Altarelli and Feruglio
introduced an additional copy of each flavon with UR(1) charge 2, which implies
that they can only occur in linear order in the superpotential and therefore play
the role of driving fields. Furthermore, the vevs of these additional flavons are
required to vanish. The minimisation of the SUSY scalar potential with respect
to the driving fields then leads immediately to the required form of the flavon
vevs. Further details on this proposal can be found in the original paper [105].
A different approach to solving the vev alignment problem is based on the observa-
tion that the problem is absent as long as dangerous cross-couplings between the
two scalar triplets are forbidden. One way to achieve this is a group theoretical
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approach, which was first considered by Babu and Gabriel in [106]. They extended
the discrete symmetry group A4 to the semidirect product group G = S4

3 o A4
[9]

and enforced that ϕT transforms only under the A4 group while ϕS transforms
under the full group G. This assignment suffices to forbid the dangerous cross-
couplings mentioned above. The main disadvantage of this models is that fields
transforming in high-dimensional representations are needed. Avoiding these large
representations was one motivation for the work [107], in which Holthausen and
Schmidt further developed the ideas of Babu and Gabriel. They analysed which
discrete groups could be used instead of the S4

3 group to play the same role,
searching in particular for groups in which smaller representations were sufficient
to avoid the problem[10]. They found that the smallest possible group which solves
the vev alignment problem and which leads to a model that can be made consistent
with all known bounds is the quaternion group Q8, whose maximal representation
is of dimension 4.
In the following we will not pursue either of the above approaches any further,
and will instead focus on another possible solution of the alignment problem which
was first considered by Altarelli and Feruglio in [108]. They introduced an extra
spatial dimension and enforced a separate localisation of the scalar and matter
fields in a way which guarantees the absence of the unwanted cross-couplings in the
potential. As Altarelli and Feruglio did not consider the presence of right-handed
neutrinos, let us adapt their model to the case at hand.

4.5 Explaining the vev alignment in the 2S2T
model via extra dimensions

Following the approach of [108], we consider a five-dimensional spacetime taken
to be the product of the usual four-dimensional Minkowski space and an extra
spatial dimension with coordinate y. More concretely, the additional dimension is
assumed to be a flat and compact interval of finite length L. The boundary of the
considered spacetime is thus given by a pair of four-dimensional branes spanning
the ‘external’ Minkowski space.
Our aim is to forbid the problematic cross-couplings of the triplets in the scalar
potential that lead to the vev alignment problem. This can be achieved by en-
forcing that the matter and scalar fields are localised in a particular way on the
two different branes. The localisation of the fields that will be required in our
model is pictured schematically in figure 4.2. We introduce two additional Weyl
fermions F1 and F2, which we combine into a Dirac spinor F = (F1, F2). This
field F is not restricted to either of the branes and instead propagates over the

[9]Note that a direct product is not suitable since not all generators of the additional group are
allowed to commute with the generators of the A4 group in order for the mechanism to work.

[10]Holthausen and Schmidt considered also flavour groups other than A4 which suffer from the
same alignment problem.
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Figure 4.2: Localisation of the matter and scalar fields. All other SM fields are
assumed to be localised at y = L.

full bulk spacetime. We take F to be a singlet under the SM gauge group except
for the hypercharge U(1)Y , where we assign the charge YF = −2. The mass of
the bulk fermion will be denoted as MF . Finally, F is assumed to transform in
the triplet representation of A4, whereas it is uncharged under the global Z`2×Zν
and U(1) symmetries introduced above.
In this section we will initially work in the Ma-Rajasekaran basis for the triplet
representation of A4, before transferring the final results to the Altarelli-Feruglio
basis at the end of the section. The action including the five-dimensional kinetic
terms of F and the most general interactions of Yukawa type that are compatible
with the various charge assignments and the localisation of the flavon and matter
is given by

S =
∫
d4xdy

[
iF1σ

µ∂µF1 + iF2σ
µ∂µF2 + 1

2(F2∂yF1 − F1∂yF2 + h.c.)

−MF (F1F2 + F1 F2)
+ [VS(ϕS) + Vsinglet(ξ′, ξ′′) + Vint,S(ϕS, ξ′, ξ′′)] δ(y − L)
+VT (ϕT )δ(y) (4.42)
+
(
Ỹ e(ϕTF1)1eR + Ỹ µ(ϕTF1)1′µR + Ỹ τ (ϕTF1)1′′τR + h.c.

)
δ(y)

+ 1
Λ
(
Y 31,2ϕS(LLΦ̃1νR)31,2 + Y ′′(LLΦ̃1νR)1′ξ

′′ + Y ′(LLΦ̃1νR)1′′ξ
′

+h.c.
)
δ(y − L)

+
(
Y (LLΦ2F2)1 + h.c.

)
δ(y − L)

]
.

Note that the five-dimensional bulk fermion fields have mass dimension two. This
implies that the constants Y and Ỹ ` (` = e, µ, τ) appearing here have mass
dimension -1/2. We have restricted ourselves to operators of the lowest possible
mass dimension for now, while higher order corrections that are suppressed by
further powers of 1/Λ will be taken into account in the next subsection. Varying
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the action with respect to F gives

δS =
∫
d4xdy

[ (
−iσµ∂µF1 − ∂yF2 −MFF2

)
δF1

+
(
−iσµ∂µF2 + ∂yF1 −MFF1

)
δF2

]

+1
2

∫
d4x

[
F1(0)δF2(0)− F2(0)δF1(0) (4.43)

+F2(L)δF1(L)− F1(L)δF2(L)
]

+
∫
d4x

(
Ỹ eeRϕ

e
T + Ỹ µµRϕ

µ
T + Ỹ ττRϕ

τ
T

)
δF1(0)

+
∫
d4xY LLΦ2δF2(L).

Here we made use of a symbolic notation in order to properly account for the
different ways of coupling the triplets, namely we have defined

ϕeT := ϕT =

ϕT,1ϕT,2
ϕT,3

 , ϕµT :=

 ϕT,1
ω2ϕT,2
ωϕT,3

 , ϕτT :=

 ϕT,1
ωϕT,2
ω2ϕT,3

 . (4.44)

Note that ϕµT and ϕτT do not have a well-defined transformation behaviour under
the action of the transformations S and T of the A4 group. However the multipli-
cation with the corresponding right-handed charged leptons yields a vector that
transforms as a triplet of A4. The multiplication with δF1(0) in (4.43) is then just
the normal Euclidean scalar product of two vectors and yields an A4 singlet. One
can explicitly check that one gets exactly the same expression from (4.42) if one
writes down the corresponding term in terms of components of the triplet fields,
taking into account the multiplication rules of the A4 group (4.8).
The last three lines in the variation of the action are the boundary terms. We
can ensure that these boundary terms of the variation vanish by imposing the
boundary conditions

F1(L) = 2Y LLΦ2 ,

F2(0) = 2
(
Ỹ eeRϕ

e
T + Ỹ µµRϕ

µ
T + Ỹ ττRϕ

τ
T

)
,

(4.45)

for the bulk fields, which imply that δF1(L) = 0 and δF2(0) = 0.
From the first two lines of the variation (4.43) we read off the equations of motion
for F1 and F2

iσµ∂µF1 + ∂yF2 +MFF2 = 0,
−iσµ∂µF2 + ∂yF1 −MFF1 = 0. (4.46)

Let us assume that the extra dimension is sufficiently small so that 1/L is much
larger then the electroweak scale. Then the internal momentum scale governing
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∂yFi is large compared to the scale of iσµ∂µFi for i = 1, 2. Hence we can work in
the so-called static approximation where equation (4.46) simplifies to

∂yF1 −MFF1 = 0,
∂yF2 +MFF2 = 0. (4.47)

These equations are solved by

F1(y) = F1(L)eMF (y−L) = 2Y LLΦ2e
MF (y−L) ,

F2(y) = F2(0)e−MF y = 2
(
Ỹ eeRϕ

e
T + Ỹ µµRϕ

µ
T + Ỹ ττRϕ

τ
T

)
e−MF y ,

(4.48)

where the second equality follows from the boundary conditions for F1,2 chosen
in (4.45).
Now integrating out the bulk fermion, i.e. substituting equation (4.46), (4.47)
and (4.48) into the original action (4.42) yields

S =
∫
d4x

[
VT (ϕT ) + VS(ϕS) + Vsinglet(ξ′, ξ′′) + Vint,S(ϕS, ξ′, ξ′′)

+4Y Ỹ e(LLΦ2ϕT )1eRe
−MFL + 4Y Ỹ µ(LLΦ2ϕT )1′µRe

−MFL

+4Y Ỹ τ (LLΦ2ϕT )1′′τRe
−MFL + h.c. (4.49)

+ 1
Λ
(
Y 31,2ϕS(LLΦ̃1νR)31,2 + Y ′′(LLΦ̃1νR)1′ξ

′′

+Y ′(LLΦ̃1νR)1′′ξ
′ + h.c.

) ]
.

Defining Y `/Λ = 4Y Ỹ `e−MFL for ` = e, µ, τ , the last four lines correspond
exactly to the Lagrangian LYukawa which we introduced in section 4.3. Note that
to confirm the precise match one of course has to perform a basis change of the
expression (4.49) into the Altarelli-Feruglio basis.
We would like to emphasise that the triplet cross-couplings in the flavon potential,
which were absent in the original action (4.42) due to the separation of the two
triplets to different branes, are not induced at leading order by integrating out
the bulk fermions[11]. Therefore the dangerous cross-couplings which caused the
vev alignment problem are forbidden.
Considering the resulting reduced scalar potential, in which Vint,T(ϕT , ξ′, ξ′′) and
Vint,ST(ϕT , ϕS, ξ′, ξ′′) are absent, we get a corresponding simplification of the min-
imisation conditions of equation (4.40). This simplification allows us to solve these

[11]We will briefly consider the effects of bulk fermion loops in the next subsection.



88 Chapter 4: Leptonic mixing from an A4 flavour symmetry

equations and find the following explicit expressions for the flavon vevs

u′u′′ =
2(λS,1 + λS,2)m2

ξ′ξ′′ +m2
SλS,6

−4(λS,1 + λS,2)λ5 + λ2
S,6

, (4.50)

vT = ± mT√
6λT,1 + 2λT,3

, (4.51)

vS = ±

√
2m2

Sλ5 +m2
ξ′ξ′′λS,6√

4(λS,1 + λS,2)λ5 − λ2
S,6
. (4.52)

By considering the Hesse matrix of the potential and plugging in these solutions for
the vevs one can confirm that they indeed correspond to minima of the potential
(for suitable choices of the parameters). For the sake of completeness let us also
give the conditions guaranteeing boundedness from below for the simplified flavon
potential considered here. They are given by

λS,6 > 0, 3λi,1 + λi,3 > 0, λi,1 + λi,2 > 0, λ5 > 0, and λS,7 = λS,8 = 0 ,
with i = S, T .

4.5.1 Next-to-leading order effects in the 2S2T model with
an extra dimension

As the A4 invariant Yukawa interactions that we have studied in this chapter arise
as part of an effective theory, it is natural to consider also corrections at higher
order in the 1/Λ expansion. For definiteness the discussion of next-to-leading
order (NLO) effects will be performed in the framework of the extradimensional A4
model discussed above, in which the problematic cross-couplings between the two
scalar triplet flavons in the scalar potential are absent at leading order. We again
follow the approach of Altarelli and Feruglio [108], adapting their calculations
to the case of Dirac neutrinos. As in the previous two sections we will work in
the Ma-Rajasekaran basis and then transform the results to the to the Altarelli-
Feruglio basis, to allow for comparison with the mass matrices that were calculated
in section 4.3.
Before proceeding with the explicit computation of the higher order corrections,
let us give a rough estimate for their expected suppression. As we will see, most
corrections will be suppressed by powers of vT/Λ or vν/Λ. Here vν is a vev of one
of the flavons coupling in the neutrino mass sector, i.e. either one of the singlet
flavon vevs or vS. As a guiding principle for an estimate of the magnitude of these
ratios we will assume that the Yukawa coupling constants appearing in the leading
order Lagrangian (4.13) should be roughly of order one. Taking into account the
expected values for the vevs of the two Higgs fields given in chapter 3 as well as
the values of the charged lepton masses and the expected neutrino mass scale of
. 0.1 eV, we are led to the estimates

vT
Λ ∼ 5× 10−3,

vν
Λ ∼ 5× 10−2. (4.53)
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We will also briefly consider corrections arising from bulk fermion loops, which will
be suppressed by powers of 1/(ΛL) with L the length scale of the extra dimension.
While this dimensionless suppression factor is not directly related to the vT,ν/Λ
ratios considered above, we will choose 1/(ΛL) to be of similar magnitude for
definiteness.
Let us first consider corrections to the neutrino mass matrix. Due to the Zν2 charges
of the flavons the next-to-leading order terms will have to involve two further
flavons in comparison with the terms considered in the action (4.42), i.e. three
flavon fields in total. However, most possible ways of coupling the A4 fields will
lead to terms that are equivalent to the terms already considered in (4.42), so that
their effects can be absorbed into a redefinition of the Yukawa coupling constants.
In fact, one immediately sees that the only corrections that are not similar in
form to contributions that were already considered arise from terms of the form(
LLΦ̃1νR

)
1

Ψ3, where Ψ3 is an arbitrary combination of the flavon fields ϕS, ξ′
and ξ′′ coupled in such a way as to yield an A4 singlet. The general form of the
relevant NLO correction to the action (4.42) is therefore given by

LνNLO = 1
Λ3

(
LLΦ̃1νR

)
1

[Y ν
1 (ϕSϕS)3ϕS + Y ν

2 (ϕSϕS)1′ξ
′′ + Y ν

3 (ϕSϕS)1′′ξ
′

+Y ν
4 ξ
′3 + Y ν

5 ξ
′′3
]
δ(y − L) + h.c. (4.54)

Making use of the multiplication rules given in (4.8) this can be expanded in terms
of the component fields to give

LνNLO = 1
Λ3

∑
LLiΦ̃1νR,i [3Y ν

1 ϕS,1ϕS,2ϕS,3

+Y ν
2 ξ
′′(ϕ2

S,1 + ω2ϕ2
S,2 + ωϕ2

S,3) (4.55)
+Y ν

3 ξ
′(ϕ2

S,1 + ωϕ2
S,2 + ω2ϕ2

S,3) + Y ν
4 ξ
′3

+Y ν
5 ξ
′′3
]
δ(y − L) + h.c.

To find the resulting contribution to the neutrino mass matrix we make use of
the vev alignment, which in the MR basis reads 〈ps〉 = (vS, 0, 0). After A4 and
electroweak symmetry breaking we then find

LνNLO = (νL1, νL2, νL3)

x 0 0
0 x 0
0 0 x


νR,1
νR,2
νR,1

 δ(y − L) + h.c. , (4.56)

where we have defined

x = v1

Λ3

(
Y ν

2 u
′′v2
S + Y ν

3 u
′v2
S + Y ν

4 u
′3 + Y ν

5 u
′′3
)
. (4.57)

We therefore find a correction to the diagonal elements of the mass matrix in the
MR basis. The corresponding matrix in the Altarelli-Feruglio basis that was used
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in section 4.3 can be derived by performing the basis change using the ’magic’
matrix V given in (4.9). This results in the correction[12]

δmT
ν = V †

x 0 0
0 x 0
0 0 x

V † =

x 0 0
0 0 x
0 x 0

 (4.58)

to the leading order neutrino mass matrix given in (4.22). In comparison with the
leading order entries, this NLO contribution is therefore suppressed by v2

ν/Λ2 ∼
2× 10−3, where we have used the estimate (4.53).
By comparison with (4.22), we see that this correction has the same form as the
contribution that would have been induced by at leading order by an additional
flavon in the representation 1 (which we denoted as ξ). As we have seen in
section 4.3, a contribution of this form does not lead to any deviations from the
TBM form of the mixing matrix and leads to the masses given in table 4.4[13].
In the next chapter we will consider relaxing the conditions c = d and a′ = 0
to obtain deviations from the TBM form. There is no reason to expect these
deviations to be especially small, in particular they will be assumed to be much
larger than the NLO corrections considered here. Hence we will neglect the small
corrections to the masses calculated here in the following.
We now turn to corrections to the mass matrix of the charged leptons. We could
first of all consider corrections to the couplings between F 1 and `R, whose leading
order form in (4.42) is Ỹ `(ϕTF1)`R. Such correction terms would have the generic
form ϕ3

TF1`R/Λ2. However, it turns out that all terms of this type that may be
written down using the A4 coupling rules either vanish or lead to contributions
that can be absorbed into a redefinition of the coupling constants. This can be
seen immediately from the multiplication rules (4.8) after plugging in the aligned
form 〈ϕT 〉 = vT (1, 1, 1) of the triplet vev and recalling that ω = exp(2πi/3), so
that

1 + ω + ω2 = 0. (4.59)

Therefore corrections to the charged lepton mass matrix that arise from correc-
tions to Ỹ `(ϕTF1)`R must be suppressed by at least v4

T/Λ4.
However, another correction to the lepton mass matrix comes from corrections
to the couplings between F 2 and LL, where the leading term in (4.42) reads
Y (LLΦ2F2)1. Corrections that cannot be absorbed by a redefinition of Y are

[12]Note that for the purpose of the A4 couplings a barred A4 triplet transforms in the same
manner as an unbarred triplet, so that νL

AF
i = VijνL

MR
j and νAF

R,i = Vijν
MR
R,j . This transformation

behaviour was chosen in order to avoid having to define separate A4 multiplication rules for
triplets depending on whether one couples a barred and an unbarred field or only unbarred
fields like the flavons. This choice results in the slightly unusual form of the transformation of
the mass matrix involving only V †.

[13]As the corrections to the masses are small, a perturbed form of the sum rule mentioned in
section 4.3 still holds.
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given by

LF2
NLO =

[
(LLΦ2F2)1′

(
Y1(ϕSϕS)1′′ + Y2ξ

′2
)

+(LLΦ2F2)1′′
(
Y3(ϕSϕS)1′ + Y4ξ

′′2
)

(4.60)

+(LLΦ2F2)31

(
Y5,1(ϕSϕS)3 + Y6,1(ϕSξ′)3 + Y7,1(ϕSξ′′)3

)
+(LLΦ2F2)32

(
Y5,2(ϕSϕS)3 + Y6,2(ϕSξ′)3 + Y7,2(ϕSξ′′)3

)
+h.c.

]
δ(y − L).

Again we expand this into components using the multiplication rules in the MR
basis given in (4.8), which yields

LF2
NLO =

(
LL,1 F2,1 + ω2LL,2 F2,2 + ωLL,3 F2,3

) [
Y1(ϕ2

S,1+ωϕ2
S,2+ω2ϕ2

S,3)

+Y2ξ
′2
]

Φ2δ(y − L)/Λ2

+
(
LL,1 F2,1 + ωLL,2 F2,2 + ω2LL,3 F2,3

) [
Y3(ϕ2

S,1+ω2ϕ2
S,2+ωϕ2

S,3)

+Y4ξ
′′2
]

Φ2δ(y − L)/Λ2

+
(

LL,2 F2,3
[
Y5,1ϕS,2ϕS,3 + ϕS,1(Y6,1ξ

′ + Y7,1ξ
′′)
]

+LL,3 F2,1
[
Y5,1ϕS,3ϕS,1 + ϕS,2(Y6,1ξ

′ + Y7,1ξ
′′)
]

(4.61)

+LL,1 F2,2
[
Y5,1ϕS,1ϕS,2 + ϕS,2(Y6,1ξ

′ + Y7,1ξ
′′)
])

Φ2δ(y − L)/Λ2

+
(

LL,3 F2,2
[
Y5,2ϕS,2ϕS,3 + ϕS,1(Y6,2ξ

′ + Y7,2ξ
′′)
]

+LL,1 F2,3
[
Y5,2ϕS,3ϕS,1 + ϕS,2(Y6,2ξ

′ + Y7,2ξ
′′)
]

+LL,2 F2,1
[
Y5,2ϕS,1ϕS,2 + ϕS,3(Y6,2ξ

′ + Y7,2ξ
′′)
])

Φ2δ(y − L)/Λ2

+h.c.

After A4 symmetry breaking and plugging in the vev alignment condition 〈ϕS〉 =
vS(1, 1, 1) the expression finally reads

LF2
NLO = (LL,1,LL,2,LL,1)

z1 + z2 z3 z4
z4 ω2z1 + ωz2 z3
z3 z4 ωz1 + ω2z2


F2,1
F2,2
F2,3

 (4.62)

×Y Φ2δ(y − L) + h.c. ,

where we have introduced the abbreviations

z1 = u′2

Λ2
Y2

Y
, z2 = u′′2

Λ2
Y4

Y
, z3 = v2

S

Λ2
Y5,1

Y
+ vS

Λ2

(
Y6,1

Y
u′ + Y7,1

Y
u′′
)
,

z4 = v2
S

Λ2
Y5,2

Y
+ vS

Λ2

(
Y6,2

Y
u′ + Y7,2

Y
u′′
)
. (4.63)
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Note that in order to obtain the correction to the actual charged lepton mass
matrix we must still integrate out the bulk fermions. To simplify this procedure
we define

LL
NLO := (LL,1,LL,2,LL,1)

1+z1+z2 z3 z4
z4 1+ω2z1+ωz2 z3
z3 z4 1+ωz1+ω2z2

 , (4.64)

so that we can take the corrections into account by simply replacing the leading
term in the action (4.42) by Y LL

NLOΦ2F2. This replacement changes the bound-
ary term of the variation of the action, so that we must accordingly adapt the
boundary condition for F 1(L) in equation (4.45) to

F1(L) = 2Y LL
NLOΦ2. (4.65)

We can now integrate out the heavy bulk fermion fields at tree level in complete
analogy to the calculations of the previous section. This yields the corrected
entries of the leptonic mixing matrix

(m`)11 = vTv2

Λ Y e(1 + z1 + z2 + z3 + z4),

(m`)12 = vTv2

Λ Y τ (1 + z1 + z2 + ω2z3 + ωz4),

(m`)13 = vTv2

Λ Y µ(1 + z1 + z2 + ωz3 + ω2z4),

(m`)21 = vTv2

Λ Y e(1 + ω2z1 + ωz2 + z3 + z4),

(m`)22 = vTv2

Λ Y τ (ω2 + ωz1 + z2 + ωz3 + z4),

(m`)23 = vTv2

Λ Y µ(ω + z1 + ω2z2 + ω2z3 + z4),

(m`)31 = vTv2

Λ Y e(1 + ωz1 + ω2z2 + z3 + z4),

(m`)32 = vTv2

Λ Y τ (ω + ω2z1 + z2 + z3 + ω2z4),

(m`)33 = vTv2

Λ Y µ(ω2 + z1 + ωz2 + z3 + ωz4),

in the Ma-Rajasekaran basis in which S is diagonal. Recall that we had defined
Y `/Λ = 4Ỹ `Y e−ML. This result can finally be transformed into the Altarelli-
Feruglio basis. Note that the right-handed charged leptons transforming in the
singlet representations of A4 are unaffected by this basis change, and only the
left-handed lepton fields in the triplet representation need to be transformed.
The correction to the diagonal leptonic mixing matrix given in (4.18) then reads

δmT
` = V †δm` = vTv2

Λ

Y
e(z3+z4) Y µz2 Y τz1
Y ez1 Y µ(ω2z3+ωz4) Y τz2
Y ez2 Y µz1 Y τ (ωz3+ω2z4)

 , (4.66)
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so that the charged lepton mass matrix is corrections at the same relative order
v2
ν/Λ2 ∼ 2 × 10−3 as the neutrino mass matrix. The diagonal contributions can

be absorbed by a redefinition of the corresponding Yukawa coupling constants.
By comparison with equation (4.18), we see that the off-diagonal corrections are
of the same form as those that would be induced by a slight misalignment of the
triplet vev, i.e. 〈ϕT 〉 = vT (1, εT,1, εT,2). As we will take the possibility of such a
vev misalignment into account in chapter 5, we will therefore automatically also
account for this higher order correction. Therefore we postpone a discussion of
the effects of such corrections on the masses and the mixing matrix to the next
chapter.
Let us also briefly consider corrections that may arise from exchange of the bulk
fermions at one-loop level. We will keep the discussion quite schematic, as we will
see that these corrections will be even more highly suppressed than the local NLO
corrections considered above. We denote by ΨS some general combination of fields
localised on the brane S on which the neutrinos are localised, while ΨT is some
combination of fields on the other brane T . We will look to generate couplings
of the form ΨSΨT via one-loop bulk fermion exchange. Note that the resulting
operator ΨSΨT may be a coupling that could already be generated via tree-level
bulk fermion exchange, but there are also certain couplings generated at one-loop
level that cannot be obtained at tree-level. We will consider each case separately
below after giving the general expressions. In order to generate such a coupling
via one-loop F exchange the original action must contain couplings of the form

1
ΛdT

ΨTF1F2δ(y) and 1
ΛdS

ΨSF1F2δ(y − L). (4.67)

Here dT and dS are the total mass dimensions of the fields ΨT and ΨS, respectively.
The loop integral is convergent and contributes a factor of 1/L4 up to dimension-
less coefficients [108] (note that 1/L is the momentum scale of the massive modes
of the bulk fermions). The resulting coupling therefore takes the form

1
ΛdT +dSL4 ΨSΨT . (4.68)

Let us now consider the case where ΨSΨT is a coupling that is also generated at
tree-level, and estimate the importance of the one-loop contribution. For example,
we could consider generating a one-loop correction to the charged lepton masses
by taking the combinations ΨT = `RϕT and ΨS = LLΦ2ϕ

2
S, which are compatible

with the various Z2 charges of the fields. Counting up the mass dimensions of the
fields one sees that this leads to a correction of the schematic form

vTv
2
S

Λ7L4 LLΦ2`R. (4.69)

We see that as expected this correction to the charged fermion mass matrix is
suppressed by 1/(ΛL)4 in comparison with the NLO corrections computed above.
Using the estimate for ΛL discussed above, we see that this is a suppression by
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about 1/(ΛL)4 ∼ 10−12. Similar considerations of course apply for the other next-
to-leading order contributions discussed above, so that these loop corrections are
clearly negligible in comparison with the NLO corrections.
From the discussion above, it is clear that the one-loop bulk fermion exchange
can only be important for couplings that cannot be generated in any other way.
For example, they would give the leading source of corrections to the flavon po-
tential involving ϕTϕS cross-couplings, which could e.g. be generated by taking
ΨS,T = (ϕS,TϕS,T )1 in the above notation. As discussed in section 4.4, the appear-
ance of such cross-couplings can lead to problems with the flavon vev alignment.
However we point out that these corrections are again suppressed by Λ4L4 in
comparison with the other couplings appearing in the flavon potential (4.29).
Therefore we would also expect any vev misalignment generated in this manner
to be correspondingly small.
However, the parts of the flavon potential not involving any triplet cross-couplings
can of course also receive higher order corrections directly without involving bulk
fermion loops. For example, we could consider the local couplings (ξ′)6/Λ2 or
(ξ′′)6/Λ2 on the brane where these flavons are localised. These couplings are im-
portant because they break the accidental R∗ symmetry of the flavon potential
that was discussed in section 4.4 and induce a mass mGB for the would-be Gold-
stone boson. This mass is therefore expected to be suppressed by about v2

ν/Λ2 in
relation to the masses of the other flavons of the neutrino sector, which naturally
lie at the scale vν . In particular we expect

mGB ∼
v3
ν

Λ3 Λ ∼ 10−4Λ ∼ 1012 GeV, (4.70)

as Λ was taken to lie at the GUT scale. Even this would-be Goldstone boson is
therefore clearly so heavy and will decay so quickly that we may safely neglect its
presence in any discussion of low-energy phenomenology, as previously claimed.
Of course, there are many other higher order operators correcting the flavon po-
tential in addition to the two examples mentioned above. These higher order
contributions will of course also alter the minimisation conditions of section 4.4,
which may lead to deviations from the aligned form of the triplet vevs that was
required for TBM mixing. Of course, as they are induced by higher order cor-
rections to the potential such deviations are again expected to be suppressed by
powers of v/Λ compared to the aligned vevs obtained at leading order.

4.6 Possible dynamical origin of A4

In the previous sections we have discussed in quite some detail how an A4 flavour
symmetry could help in explaining the observed leptonic mixing patterns. How-
ever, so far we have simply imposed this flavour symmetry by hand. In this
context it is of course interesting to ask whether the appearance of the A4 flavour
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symmetry could be motivated by some underlying, more fundamental symmetry
principle. Two main ideas have been put forward in the existing literature to
answer this question [105,109], which we will briefly summarise in the following.
In reference [105], Altarelli and Feruglio pointed out that the A4 group can be
understood as subgroup of the modular group Γ = PSL(2,Z). An action of this
group on z ∈ C can be defined in the form of a Möbius transformation given by

z → az + b

cz + d
, (4.71)

where the coefficients are integers satisfying ad− bc = 1. Every such transforma-
tion can be generated by a suitable composition of the two basic transformations

s : z → −1
z
, (4.72)

t : z → z + 1 . (4.73)

It is straightforward to check that s and t obey the relation s2 = (st)3 = 1.
This is of course reminiscent of the relations S2 = (ST )3 = T 3 = 1 obeyed
by the generators of the A4 group. In particular, this implies that the matrices
S and T introduced in section 4.1 define a certain representation of the modular
group. Of course, the modular group has an infinite number of inequivalent three-
dimensional representations. Altarelli and Feruglio discuss the moduli space of
these representations of Γ in detail and comment in particular on the restrictions
that must be imposed in order to obtain representations that are also representa-
tions of the A4 group. Further details on the relationship between the two groups
can be found in [105].
The observed relationship with Γ hints at a more fundamental origin of the A4
group, as the modular group appears at a deep level in many physical contexts.
For example, modular invariance is a fundamental requirement of the worldsheet
action of string theory and plays an important role e.g. in guaranteeing the famous
UV finiteness of string theory scattering amplitudes. The PSL(2,Z) symmetry
also appears as a symmetry of the supergravity theories describing the low-energy
dynamics of Type IIB string theory, where it acts by permuting certain fields into
one another in a manner reminiscent of the A4 action on flavons in the triplet
representation. In light of the abovementioned relationship between Γ and A4 it
is thus not inconceivable that the A4 representations may arise in the context of
string theory compactifications, with the roles of the flavons perhaps played by
certain axionic scalars.
A different possibility is that the A4 symmetry arises in a geometric context.
This possibility was considered by the authors of [109], who showed that the A4
symmetry can arise by compactifying a six-dimensional theory to four dimensional
Minkowski space on the orbifold T 2/Z2. Here the A4 group appears initially in
the fundamental four-dimensional representation, where it acts by permuting the
four fixed points of the orbifold action. One starts by considering six-dimensional
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fermion fields which are localised at the different fixed points. The A4 action on
the fixed points clearly gives rise to an action on these fermion fields in a natural
way. As each individual field is associated to only one of the fixed points, these
initial fields do not have a well-defined transformation behaviour under one of the
irreducible representation of A4. However, one can construct combinations of these
fields which transform under the well-known singlet and triplet representations,
which can then be identified with the fermionic matter fields. Note that the
matter fields then have non-vanishing contributions from all four fixed points, as
is necessary to exhibit a well-defined transformation behaviour under the action of
the A4 group. The flavon fields are taken to be bulk fields transforming as singlets
or triplets under the A4 group. As shown in [109], integrating out the extra
spatial dimensions in the six-dimensional action then yields the four-dimensional
Lagrangian (4.13).
Finally, the discrete A4 group can of course also appear as a remnant symmetry
after the breaking of a suitable underlying continuous symmetry. This possibility
was discussed for example in [110].

4.7 What about the quark sector?
In this chapter we have so far focused exclusively on the lepton mass sector, for
which the A4 symmetry was first introduced due to its close relationship with the
tribimaximal mixing form. To close the chapter let us now very briefly discuss
how the model might be extended in order to account also for the observed mixing
in the quark sector. The problem of extending the A4 model to the quark sector
has been extensively studied in the literature, see for example [63] for a review.
There are two possible ways to go. On one hand an extension within the context
of GUTs has been considered. Here one is faced with the problem that all compo-
nents of a given GUT multiplet have to have the same transformation properties
under the flavour group. This imposes severe constraints on the realisation of such
models, because fields that are wanted to transform in different A4 representations
must also be assigned to different GUT multiplets. However, in reference [111]
an SU(5)×A4 × U(1) GUT model which predicts the right mixing patterns and
mass hierarchies in the lepton and quark sectors was constructed.
On the other hand one could ask for an extension to the quark sector without
embedding the model into a GUT, so that the abovementioned problem is absent.
The simplest possibility is to treat the quark sector in the same way as the charged
lepton sector. This yields the quark mixing matrix UCKM = 1 in leading order,
which seems promising. However, it can be shown that higher order corrections
cannot give the right mixing matrix in the quark and lepton sector at the same
time (see for example [105, 112]). A possible way out is to extend the discrete
group, giving us the possibility to treat the quark and lepton sectors differently.
A promising candidate in this context is the binary tetrahedral group T ′, which
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is the double cover of A4. Apart from the 1, 1′, 1′′ and 3 representations T ′

also has three doublet representations. Treating the lepton sector in the same
way as in the usual A4 model and making use of the three additional doublet
representations in the quark sector yields a viable model (to be more precise,
the first and second quarks generation are treated as a doublet under T ′ whereas
the top quark is uncharged). Note that this assignment is indeed not compatible
within a GUT context, as there are fermions and quarks of the same generation
that arise from the same GUT multiplets and would therefore have to lie in the
same A4 representation. We refer to [113] and references in [63] for further details
on such models.





Chapter 5

Phenomenology of the combined
2S2T and ν2HDM model

Since an exact GS ×A23 symmetry in the neutrino sector and an exact GT sym-
metry in the charged lepton sector would lead to (now experimentally excluded)
TBM mixing, it is necessary to take deviations into account. Following the discus-
sion of the previous chapter, we will consider three different sources of deviations
from the tribimaximal mixing form, namely (i) relaxing the condition a′ = 0
(i.e. allowing for the antisymmetric coupling), (ii) relaxing the condition c = d
(i.e. allowing the singlet vevs to differ from each other) and (iii) allowing the vevs
of the two A4 triplets to deviate from the aligned form we required in the previous
chapter. To begin with we will consider each deviation separately and show that
compatibility with the measured leptonic mixing angles, in particular with the
rather large value of θ13 indicated by recent experiments, can be ensured.
In appendix F we analyse deviations of the types (i) and (ii) for the case of real pa-
rameters analytically. An analytic derivation of the mixing matrix is only possible
when restricting to the case of aligned triplet vevs and real parameters. However
the Yukawa couplings are expected to be complex in general. We will therefore
focus more extensively on a numerical approach, which allows us to treat also the
complex case and to take deviations of type (iii) into account. The numerical
analysis will be performed by varying the various parameters appearing in the
mass matrices and checking for compatibility of the predicted mixing parameters
and masses with the experimental data.
Furthermore there is in principle no reason to expect any one of the abovemen-
tioned deviations to vanish exactly. For example, there is no underlying symmetry
which enforces the singlet vevs to be equal, and the antisymmetric coupling need
not vanish in the case of Dirac neutrinos. Although we have argued that the
alignment of the triplet vevs at leading order can be engineered in specific setups
such as the extradimensional model considered in section 4.5, even then we expect
higher order corrections to break the exact alignment. Therefore we will consider
the general case and allow all three sources of deviations in section 5.2. Finally,
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we will use the values of the mixing angles and neutrino masses obtained from
the numerical analysis to investigate the predictions for the Higgs phenomenology
discussed in chapter 3.5 that arise in a combined A4 and ν2HDM model.

5.1 Three ways to break GS × A23

We will perform a brief analysis of the predicted mixing angles in the case where
only one of the three different deviations mentioned above is turned on. The
numerical data is evaluated with the use of a Fortran program using the LAPACK
routine in order to diagonaliseMνMν † andM `M ` † respectively, which allows us to
extract the lepton masses as well as the leptonic mixing angles and the Dirac phase
as defined by the standard parametrisation of the mixing matrix. We allowed the
parameters appearing in the mass matrices to vary uniformly over appropriate
regions, and selected only data points leading to neutrino oscillation parameters
compatible with the 3σ ranges given in table 2.3. The parameter regions were
chosen in this manner to provide the best possible compromise between computing
time and the extend of the parameter regions.
The separate deviations are parametrised as follows. We write

a′ = aη , d = c(1 + ε) (5.1)

for the antisymmetric coupling and the two singlet couplings, respectively, as well
as

〈φS〉 = vS(1 + εS,1, 1 + εS,2, 1) , 〈φT 〉 = vT (1, εT,1, εT,2) (5.2)
for the vev misalignment of the two triplets. Let us emphasise that the lepton
mass matrix (4.18) is no longer diagonal once εT,i 6= 0. This must of course be
taken into account when deriving the mixing matrix (see (2.11)). In the numerical
analysis we allow η and ε to take values up to order one, which is a reasonable
assumption as the strengths of the two singlet flavon couplings and the symmetric
resp. antisymmetric triplet couplings are naturally expected to have comparable
magnitude. We expect that some mechanism should be present that leads to exact
alignment of the triplet vevs at leading order, for example one of the possibilities
discussed in sections 4.4 and 4.5. As the deviations from the aligned form should
thus arise from some higher order corrections, we expect the deviations to be
generically suppressed by a power of v/Λ in comparison with the leading order
form of the triplet vevs. The precise suppression will of course depend on the
details of the model under consideration. An estimate for the size of the expected
generic suppression by v/Λ was given in (4.53).
Rather than trying to find a more precise estimate for the expected magnitude of
the deviations in a specific model, such as the model considered in section 4.5, we
will instead be more general for the purpose of the numerical analysis and allow
εS,i . 1. Nevertheless, for εT,i we take the smaller regions εT,i . 0.005, for the
following reason. Allowing larger εT,i would lead to correspondingly large shifts
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of the predicted masses of the charged leptons, if the corresponding Yukawa cou-
plings were held fixed. To be compatible with the measured charged lepton masses
we would thus have to accordingly shift these Yukawa couplings by a significant
amount. However, this shift is difficult to take into account numerically, because
the masses have been measured with very high accuracy. It is then extremely
unlikely to hit exactly the right values for the Yukawa couplings to be within the
experimental bounds when varying the parameters randomly over large regions.
For this reason, we will not require compatibility with the measured charged lep-
ton masses as part of our numerical analysis, and will instead simply argue that
this could in principle be achieved by a suitable shift of the Yukawa couplings.
Note that such a rescaling does not impact on the predictions for the mixing
matrix, as it corresponds to rescaling entire columns of the charged lepton mass
matrix. However, we do not want the necessary shifts of the Yukawa couplings to
become unnaturally large, so to avoid this problem we will take the smaller regions
for εT,i as mentioned above. Finally, we would like to point out that the chosen
size of εT,i is large enough that the considered vev misalignment automatically
takes into account the NLO corrections to the charged lepton mass matrix that
we found in the extradimensional model, see discussion around equation (4.66).
For the sake of completeness, we list the regions over which the parameters were
allowed to randomly vary in our numerical search in appendix G.1. The appendix
also contains scatter plots of the parameter regions that were found by the nu-
merical analysis to be compatible with the experimental results. Note that these
plots show that naturalness arguments favour allowing for complex parameters
rather than restricting to the real case.
In appendix G.2 we have given the predicted ranges for the lightest neutrino mass
which were obtained in the different cases. For the convenience of the reader we
also show the related parameters mβ and ∑mν which are relevant for discussions
of Tritium beta decay experiments and CMB measurements, and were defined in
chapter 2. Of course, all predicted neutrino masses are compatible with the 3σ
ranges of the neutrino mass differences given in table 2.3, as this was imposed as a
requirement in our numerical analysis. Note that the predicted values of mβ and∑
mν are below the current experimental bounds given 2.5. In fact, the predicted

values of mβ are even below the planned sensitivity of the upcoming KATRIN
experiment, and only come close to this planned upper limit for the case of c 6= d.
Let us also point out that table G.5 shows that the lightest neutrino mass can be
much smaller (around two orders of magnitude) in the case of inverted hierarchy
compared to the case of normal hierarchy, which may hint at the presence of a
sum rule in the inverted case.
Let us now come to the main objective of this section, i.e. to analyse how the
different deviations affect the various leptonic mixing angles, and in particular if
they can account for the experimentally verified non-vanishing of θ13. By imposing
compatibility with the 3σ ranges in table 2.3 and randomly varying the parameters
of the model, we indeed find that each type of deviation can lead to experimentally
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acceptable values of the mixing angles for suitable parameter choices. Figure 5.1
shows the distribution of the predicted mixing angles in the sin2 θ12 − sin2 θ23 −
sin2 θ13 space for each of the three cases under consideration. In particular the
predictions for the case of real parameters have been explicitly highlighted in
these plots. For η 6= 0 and ε 6= 0 our numerical analysis suggests a direct relation
between the different mixing angles when restricting to real parameters. This is
also confirmed by the analytical computation of the mixing angles performed in
appendix F, where these cases were discussed in more detail. Recall that such a
computation was only possible for these two cases.
Returning now to the general complex case, we find that the effects of the an-
tisymmetric coupling parametrised by η are broadly similar to the effects of the
deviation of the singlet couplings parametrised by ε. However, they are not iden-
tical, for example in the case of normal hierarchy the predicted value of sin2 θ13
grows much faster as a function of η than as a function of ε. Figure 5.1 shows
that it is much harder to achieve the large values of sin2 θ13 ∼ 0.022 suggested
by the most recent measurements by using only triplet vev misalignment, com-
pared to the other two types of deviations. Let us also point out that we cannot
achieve compatibility with the experimental data if we consider switching on only
εS,1 while leaving all other triplet vev misalignment parameters at zero. This is
because εS,1 does not break the µτ symmetry which forces sin2 θ13 to vanish.
However, while it seems less suited to generating large sin2 θ13, the triplet vev
misalignment can play an important role in a different context. Namely, we find
that switching on only η 6= 0 or ε 6= 0 will always lead to an upward shift of sin2 θ12
compared to the TBM value. As the TBM prediction for sin2 θ12 is already above
the current best fit value as shown in table 2.3, this may become problematic if the
bounds on θ12 are improved in the future. Taking the triplet vev misalignment into
account can thus be important as this is the only one of the considered deviations
that can shift the predicted value of sin2 θ12 downwards. On the other hand, also
values of sin2 θ12 that are close to the current upper 3σ limit can only be achieved
in the presence of triplet vev misalignment.
In appendix G.3 we have plotted the predicted values of the Jarlskog variable
defined in equation (2.21), which is a measure of the predicted CP violation. The
region shaded in light grey shows the values of JCP that are in principle possible
given the measured 3σ regions of the mixing angles listed in table 2.3. We see that
for small values of θ13, the predicted values in our model cover the full possible
range for JCP for each of the three types of deviations considered here. This is
because the Dirac phase δ is hardly restricted and can vary freely. For larger values
of θ13 we find that in the cases a′ 6= 0 and c 6= d no values of JCP close to zero are
found. In other words, for a′ 6= 0 or c 6= d a large sin2 θ13 automatically implies
a relatively large magnitude of CP violation. This is not the case if we switch on
only the triplet vev misalignment. Here the predicted values of |JCP| no longer
reach the maximal possible values for larger θ13. In particular, our figures suggest
that it is possible to keep CP violation small even for large θ13, particularly in
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(a) a′ = aη. Normal hierarchy. (b) a′ = aη. Inverted hierarchy.

(c) d = c(1 + ε). Normal hierarchy. (d) d = c(1 + ε). Inverted hierarchy.

(e) 〈ϕS〉 = vS(1 + εS,1, 1 + εS,2, 1) and
〈ϕT 〉 = vT (1, εT,1, εT,2). Normal hierar-
chy.

(f) 〈ϕS〉 = vS(1 + εS,1, 1 + εS,2, 1) and
〈ϕT 〉 = vT (1, εT,1, εT,2). Inverted hierar-
chy.

Figure 5.1: Behaviour of sin2 θij for the three different deviations. The predictions
for the case where we restricted ourselves to real parameters are highlighted in
dark blue, while points corresponding to ε, η < 0 were additionally highlighted
in purple. The 3σ and 1σ regions of sin2 θij, as given in table 2.3, are marked
by dashed and dash-dotted boxes respectively.
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the case of normal hierarchy. However, as the discussion above suggests that it
is advantageous to allow for all three possible deviations from the TBM form, we
will not go into further detail here. Instead we postpone a discussion e.g. of the
impact of the new bound on sin2 θ13 to the next section covering the numerical
analysis of the general case.

5.2 Combining deviations: Relaxing a′ = 0, c =
d and the triplet vev alignment

Having previously discussed different possibilities to break the A4×A23 symmetry,
let us now investigate what happens when all the deviations from the TBM case are
simultaneously switched on. We perform a numerical analysis in a similar manner
as before, allowing the various parameters to vary randomly over the regions given
in appendix G.1 and selecting parameter combinations leading to mixing angles
and neutrino masses that are compatible with the experimental results. Scatter
plots of the points in parameter space selected in this manner are shown in the
appendix in figures G.3 and G.4 for both normal and inverted mass ordering. In
general the parameter regions that were found to be compatible with the measured
data are similar to those that were found in the cases where only one deviation
was switched on (compare appendix G.1). However, the enhanced combination
probabilities in the general case lead to slightly broader allowed regions.
Figure (5.2) shows the predicted values of the Jarlskog variable, while the region

(a) Normal hierarchy. (b) Inverse hierarchy.

Figure 5.2: Predicted magnitude of CP violation, parametrised by the Jarlskog
variable JCP, as a function of sin θ13. The experimental 3σ and 1σ regions
of sin2(θ13) are marked by dashed resp. dash-dotted lines. Purple points are
compatible with the more stringent bound sin2 θ13 = 0.022+0.0033

−0.0030 [44].
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that is in principle possible given the bounds on sin δ, sin2 θ12, sin2 θ23 and the
considered magnitude of sin2 θ13 is shaded in light grey. We see that the full
range of available values can be reached by suitable parameter combinations in
the 2S2T model. This originates from two facts. Firstly, the CP-violating phase δ
exhibits no correlation with sin2 θ13, and can vary freely within [0, 2π]. Secondly,
the magnitudes of the various mixing angles can take on nearly the full range of
available values independently of each other, as suggested by figure (5.3). This is
a result of the large number of possibilities of combining the effects, discussed in
section (5.1), which are induced by each individual deviation. In particular this
implies that the model can be made CP conserving for suitable parameter choices,
even at large values of sin2 θ13.
The ranges in which the lightest neutrino masses are predicted to lie are given in
appendix G.2. Furthermore figure 5.4 shows the predictions for the neutrino mass
observables mβ and ∑mν , which are more directly accessible to experiments. Due
to the smallness of the predicted neutrino masses the bounds on these observables
as given in section 2.5 are automatically fulfilled. Note that even the sensitivity of
the currently running KATRIN experiment would be insufficient to detect neutrino
masses that are as small as those predicted in our model. Hence any improved
upper bound that could be imposed by this experiment would also be fulfilled
by our model. Conversely, if KATRIN does succeed in measuring a value of mβ

then this value would automatically lie above the maximal value that we obtained
in our numerical analysis. However, our analysis of the single deviations showed
that larger masses close to the KATRIN reach should in principle be possible if

(a) Normal hierarchy. (b) Inverse hierarchy.

Figure 5.3: Predicted behaviour of the leptonic mixing angles sin2 θij. Dark blue
points correspond to real parameter values. The experimental 3σ and 1σ re-
gions are marked by dashed and dash-dotted lines, respectively. Once again,
purple points are compatible with the more stringent new bound sin2 θ13 =
0.022+0.0033

−0.0030 [44].
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Figure 5.4: Prediction of the neutrino mass observables mβ and ∑mν . The upper
part of the plot corresponds to the case of inverted mass ordering, while the lower
part belongs to normal mass ordering. The colour coding has been explained in
the previous figures.

one allows for a sizeable deviation ε, while keeping the other deviation parameters
small. A numerical analysis with higher statistics and allowing for larger ε would
be needed to give a more precise statement on the upper limit of masses that
can be obtained in our model. However, recall from the previous section that a
smaller measured value of θ12 would require a non-negligible vev misalignment,
which our numerical analysis suggests will lead to smaller masses. A more detailed
discussion must therefore be postponed until more precise measurements of the
mixing angles, especially θ12, are available.
Note that in the various scatter plots we have highlighted in purple any points
that are compatible with the recently announced new bounds on θ13, given by
sin2 θ13 = 0.022+0.0033

−0.0030 [44]. The plots suggest that the restriction of sin2 θ13 to the
smaller region has no major effect on the predictions for the other observables.
However, more statistics would be desirable in order to conclusively prove this
statement.

5.3 Higgs phenomenology in an A4 − symmetric
ν2HDM

In this section we will analyse how the introduction of the A4 symmetry impacts on
the predictions of neutrinophilic two Higgs doublet model. In particular, we will
study how the predicted values of the leptonic mixing angles and neutrino masses
affect the various Higgs observables considered in section 3.5. Of course, only
processes in which leptons are involved will be affected. For the predictions of the
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neutrino masses and mixing angles we will use the results of the general numerical
analysis discussed in the previous section, in which we allowed for different flavon
singlet vevs, a non-zero antisymmetric coupling and for triplet vev misalignment.
Throughout this section we will take the experimental best fit values for the
charged lepton masses, as these masses were not included in our numerical analysis
(see also the discussion in section (5.1)). We will also consider how our predictions
are affected by the recently announced results of the newest sin2 θ13 measurements.
In the various plots given in this section, the regions that are accessible by varying
the neutrino oscillation parameters freely within their 3σ ranges given in table 2.3
will be shaded in light grey.
A combined discussion of the significance of the various effects considered in this
section will be given in the conclusions in chapter 6.

5.3.1 Leptonic decays of the charged Higgs
Let us first consider the possible decays of the charged Higgs particles to leptons.
The branching ratios BR(H+ → `+ν) = Γ(H+ → `+ν)/∑`=e,µ,τ Γ(H+ → `+ν) in
the neutrinophilic two Higgs doublet model were evaluated in section 3.5.1. For
the convenience of the reader we recall the resulting expression given in (3.50)

BR(H+ → `+ν) =
∑
jm

2
νj
|U`j|2∑

`=e,µ,τ
∑
jm2

νj
|U`j|2

. (5.3)

Figure 5.5 shows the predicted values after the model is supplemented with an
A4 flavour symmetry, specifically the 2S2T model that we have discussed exten-
sively. The first thing to note is that our analysis of the A4 symmetric model
only predicted values of the lightest neutrino masses that are significantly smaller
than the bound obtained from CMB measurements. This for example impacts
on the branching ratio BR(H+ → e+ν) in the case of normal mass ordering,
where a value of about 0.3 would be possible in a general ν2HDM, which at first
sight seems to be excluded by our numerical analysis. However, as discussed in
the previous section, we expect larger masses to be in principle attainable in our
model. Before concluding that the combined A4 − ν2HDM can be distinguished
from a general ν2HDM by an observation of these processes, an analysis with
much higher statistics would therefore be required. In particular such an analysis
would be needed to quantify possible correlations between the mixing angles for
larger values of the lightest neutrino mass.
Recall that we found no correlation between the different mixing angles in the
flavour symmetric model, either in the complex or in the real case (see figure 5.3).
However, we observe a correlation between the lightest neutrino mass and the
mixing angles for very small neutrino masses, which is particularly visible when
restricting to real parameters. This explains why for small neutrino masses the
branching ratios in figure 5.5 cover only a small part of the region that would be
allowed in principle.
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Figure 5.5: Branching ratios of leptonic decays of the charged Higgs. The pre-
dicted values in the combined model are given by light blue points for complex
parameters and dark blue points for real parameters. Points compatible with
the new bound on sin2 θ13 = 0.022+0.0033

−0.0030 [44] are highlighted in purple. The
left column shows the results for normal, the right column for inverted mass
ordering. The dashed line marks the upper bound on the lightest neutrino mass
given by the CMB measurement (see section 2.5).



5.3 Higgs phenomenology in an A4 − symmetric ν2HDM 109

Furthermore we note that for the case of inverted hierarchy and real mass matrix
parameters, the predicted values of the branching ratios exhibit a clear split into
two separate regions. This split is a result of the fact that in the real case we have
only two possibilities for the Dirac phase δ, namely e−iδ = ±1. To understand why
this effect does not show up for normal mass ordering, let us recall equation (3.51),
where we have rewritten the sums that occur in the branching ratio in terms of
the lightest neutrino mass and the neutrino mass differences. Taking into account
∆m2

21 � ∆m2
31 we can approximate∑

i

m2
ν,i|U`,i|2 = m2

1 + ∆m2
21|U`2|2 + ∆m2

31|U`3|2 (5.4)

' m2
1 + ∆m2

31|U`3|2 ,

∑
i

m2
ν,i|U`,i|2 = m2

3 −∆m2
31|U`1|2 + (∆m2

21 −∆m2
31)|U`2|2 (5.5)

' m2
3 −∆m2

31(|U`1|2 + |U`2|2) .

Equations (5.4) and (5.5) apply to the cases of normal and inverted mass ordering,
respectively. Now from the standard parametrisation of the mixing matrix (2.19)
we immediately see that |U`3| is independent of the Dirac phase for any `, so that
the dependence of the branching ratios on δ is negligible in the case of normal
mass ordering. However, this is not true for |U`1| or |U`2| with ` = µ, τ . For
example we have

|Uµ1| =
∣∣∣sin θ12 cos θ23 + cos θ12 sin θ23 sin θ13e

iδ
∣∣∣ , (5.6)

such that the Dirac phase δ does not drop out. This leads to the observed split
in the inverted case. Note that these entries of the mixing matrix enter into
the denominator in (5.3) for the case of inverse hierarchy, explaining why we
observe the split also for the branching ratio BR(H+ → e+ν). Furthermore,
equations (5.4) and (5.5) show that the exact values of the mixing angles (and the
Dirac phase) are only important if the lightest neutrino masses is of the order of
or smaller than ∆m2

31, which can also be seen in the given figures.
Finally, let us point out that restricting sin2 θ13 to the narrower region suggested
by the recent measurements only influences the branching ratio of H± → e±ν for
normal hierarchy, as here the main contribution to the nominator in the branching
ratio is proportional to sin2 θ13∆m2

31 (compare equation (5.4)).

5.3.2 Charged lepton flavour violation
Let us now turn our attention to processes violating charged lepton flavour vi-
olation. As was discussed in section 3.5.3, the most promising candidates to
observe cLFV experimentally are processes of the form f1 → f2γ, which are
mainly induced by H± loops in the ν2HDM. We will place particular empha-
sis on the process µ → eγ, which is the most important of these processes. In
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(a) (b)

(c)

Figure 5.6: Behaviour of BR(f1 → f2γ) as a function of sin2 θ13 in the 3σ re-
gion of sin2 θ13 for mH±v1 = 100 GeV × eV (upper part of the plot) and for
mH±v1 = 150 GeV × eV (lower part of the plot) in the case of normal hierar-
chy. The predictions of the combined model are marked by light blue (complex
parameters) and dark blue (real parameters) points, respectively. In addition
we have marked points which are compatible with the restricted sin2 θ13 region
of equation (2.27) in purple. The current 1σ bound for sin2 θ13 and the ex-
perimental upper bounds for the processes are described by the dashed lines.
The experimental sensitivity aimed at in future experiments is marked by the
dash-dotted lines. The various bounds can be found in tables 2.3 and 3.4.
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equations (3.72) and (3.78) we derived that the branching ratio for this process
is independent of the absolute neutrino mass scale and depends only on the neu-
trino mass squared differences and the leptonic mixing angles. As discussed in
the previous section 5.2, the predicted mass squared differences and the mixing
angles are nearly uncorrelated in the A4 symmetric model. Hence we expect that
the ν2HDM predictions are nearly unchanged in the combined flavour symmetric
model. This is shown in the corresponding scatter plot, figure 5.6, where normal
neutrino mass ordering is assumed. As was already observed in the discussion
in subsection 3.5.3, the behaviour of the branching ratio is nearly the same for
inverted hierarchy. Therefore we again refrain from showing the corresponding
scatter plots.
The fact that the range of possible branching ratios that can be obtained in our
combined model is not smaller than in a general ν2HDM implies that we can carry
over the results of subsection 3.5.3. Therefore, the observation that the bound
on BR(µ → eγ) together with the new measurement sin2 θ13 = 0.022+0.0033

−0.0030 [44]
could be used to derive an upper bound of mH±v1 & 118 GeV× eV is unchanged
in the flavour symmetric ν2HDM model. In particular, the introduction of the A4
symmetry does not lead to a more stringent bound on mH±v1. As in section 3.5
we will therefore assume mH±v1 & 118 GeV× eV for the following analysis.

5.3.3 The anomalous magnetic moment of the muon
For the analysis of the charged Higgs contribution to the anomalous magnetic
moment of the muon we can directly transfer many of the statements of subsec-
tion 5.3.1. As we have seen in section 3.5.4, the contribution of the charged Higgs
to the magnetic moment of the muon is is given by

aH
±

µ ' −
m2
µ

48π2v2
1m

2
H±

3∑
i=1
|Uµi|2m2

ν,i (5.7)

(see equation (3.90)). From the discussion in subsection 5.3.2, we again expect
that the only difference to the case of a general ν2HDM arises in our A4 model from
the restriction a smaller neutrino mass region and from the predicted correlation
of the mixing angles with the lightest neutrino mass for very light masses. This
expectation is indeed verified by the scatter plots of the predicted contribution to
aH
±

µ illustrated in figure (5.7). Note that a splitting of the predicted values into
two distinct regions, as observed for the branching ratios of the leptonic Higgs
decays in the case of inverted mass ordering (see figure 5.5), is not clearly visible
here. However, we note that even in the predictions for the leptonic Higgs decays,
this splitting was least pronounced for the decay to a muon, where the numerator
in the branching ratio (3.50) contains the same elements of the mixing matrix that
are relevant in aH

±
µ . In addition, aH±µ does not involve the denominator that is

present in (3.50), which also contributes to the observed splitting in the leptonic
decay branching ratios. Hence the absence of a clearly visible splitting in the
predictions for aH±µ is not in contradiction with the discussion of section 5.3.1.
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(a) Normal hierarchy. (b) Inverted hierarchy.

Figure 5.7: Charged Higgs contribution to the muon magnetic moment for
mH±v1 = 118 GeV × eV. Predictions of the combined model are given by the
light blue (complex parameters) and dark blue (real parameters) points. Points
which are compatible with sin2 θ13 = 0.022+0.0033

−0.0030 [44] are highlighted in purple.
The WMAP bound on the lightest neutrino mass is given by the dashed line.

Furthermore let us note that restricting to the region for θ13 required by the new
result sin2 θ13 = 0.022+0.0033

−0.0030 [44] has no significant impact on the predictions for
aH
±

µ .
Recall that in a generic ν2HDM we found that the contribution of the charged
Higgs to the magnetic moment is negligible compared to the current and next gen-
eration experimental sensitivity, even if one assumes the smallest possible value
of mH±v1 which is compatible with the measurements of the branching ratio of
µ → eγ and considers neutrino masses close to the WMAP bound. As the pre-
dicted neutrino masses in our combined model lie well below the WMAP bound,
leading to even smaller contributions to aH±µ , no new conclusions are obtained after
introducing the A4 symmetry. Recall however, that we expect larger masses to be
in principle possible in the combined model for suitable parameter combination,
see discussions above.

5.3.4 Lepton universality
In section 3.5.5 we have discussed that the additional decay channel of the muon
and tauon that arises in the presence of the charged Higgs boson leads to a vio-
lation of the universality of the effective charged lepton couplings. Let us recall
from equations (3.103) and (3.104) that the ratios of the effective charged coupling
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constants in a ν2HDM are given by

gµ
gτ
' 1 + 1

16m4
H±G

2
Fv

4
1

∑
i

m2
ν,i|Uei|2

(∑
i

m2
ν,i|Uµi|2 −

∑
i

m2
ν,i|Uτi|2

)
, (5.8)
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16m4
H±G

2
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∑
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ν,i|Uτi|2

(∑
i

m2
ν,i|Uµi|2 −

∑
i

m2
ν,i|Uei|2

)
. (5.9)

The results of the numerical analysis for these ratios in the combined flavour
symmetric model are given in figure (5.8), where we again assumed that mH±v1

(a) Normal hierarchy. (b) Inverted hierarchy.

(c) Normal hierarchy. (d) Inverted hierarchy.

Figure 5.8: Violation of lepton universality: ratios of the effective charged current
couplings for mH±v1 = 118 GeV × eV. The predictions of the combined model
are given by light blue (complex parameters) respectively dark blue (real param-
eters) points, while purple points are compatible with sin2 θ13 = 0.022+0.0033

−0.0030 [44].
The current upper bounds on the coupling ratios and on the lightest neutrino
mass are marked by the dashed lines.
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is given by the smallest value compatible with the measurements of µ → eγ.
Note that the possibility to obtain small lightest neutrino masses in the combined
A4−ν2HDM ensures compatibility with the experimental bounds given in (3.105),
even for the smallest value of mH±v1 compatible with the bound from the process
µ→ eγ. In other words, we can always find neutrino masses that are small enough
to lie in the blue shaded region in figure 3.14. Once again, this conclusion will not
be affected by a restriction to the more stringent bound sin2 θ13 = 0.022+0.0033

−0.0030 [44].
Finally, we expect that the splitting observed in the case of real parameters and
inverted hierarchy can be explained in a similar way as in subsection 5.3.1.



Chapter 6

Summary and conclusion

In this thesis we have combined two important concepts of neutrino physics with
the aim of explaining both the smallness of the neutrino masses and the observed
leptonic mixing patterns. Specifically, we introduced a neutrinophilic second Higgs
doublet and analysed the effects of combining this with an A4 flavour symmetry.
Our analysis was performed for the case of Dirac neutrinos, for which models with
the A4 symmetry had not been studied previously.
As we have seen, the ν2HDM discussed here provides small neutrino masses in a
natural way due to the smallness of the vev of the additionally introduced second
Higgs field. The separation of the two Higgs fields to the charged fermion sector
and the neutrino sector, respectively, was guaranteed by the introduction of a
suitable U(1) symmetry. We allowed for the presence of a soft breaking term of
this U(1) symmetry in the Higgs potential, which ensured the absence of a light
Higgs scalar so that compatibility with cosmological constraints was achieved.
We have shown that in the presence of this soft breaking term the vevs of the
two Higgs fields are connected by a seesaw-like relation, where the ordinary SM-
Higgs vev suppresses the size of the additional vev. The smallness of the vev
of the second Higgs can thus be ensured in a natural manner. The introduction
of the U(1) symmetry also automatically forbade Majorana mass terms for the
neutrinos, even after taking into account the soft breaking in the Higgs potential.
Furthermore, we have shown that a minimum of the Higgs potential with the
required properties can be made to be absolutely stable. After deriving the Higgs-
Higgs interactions as well as the Higgs-gauge boson and Higgs-fermion interaction
terms, we have discussed the phenomenology of the ν2HDM, placing a special
emphasis on effects in the lepton sector. We have analysed restrictions on the
ν2HDM that can be derived from past experimental measurements. The most
important constraints come from the bounds on the process µ → eγ and on the
violation of charged lepton universality. In the first instance we were able to
derive a lower bound on the charged Higgs mass times the additional vev mH±v1.
This bound is strengthened by the experimental restrictions on violations of lepton
universality, unless the neutrino masses lie significantly below the bounds obtained
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from measurements of the cosmic microwave background or from Tritium beta
decay experiments. However, in all of these processes not only the absolute scale
of the lightest neutrino mass but also the specific form of the leptonic mixing
matrix play important roles.
The second part of this work therefore deals with the question of how the texture
of the leptonic mixing matrix can be explained by a fundamental principle. Our
starting point was the A4 symmetry group, whose impact in this context has been
well studied in the past. The main difference compared to previously studied
models is that we have considered the case of Dirac neutrinos. This gave rise to an
additional possible coupling of the neutrinos, namely the antisymmetric coupling
of fields transforming in the triplet representation of A4. In order to keep the
model as simple as possible and to allow for both normal and inverted neutrino
mass ordering, we focused our more detailed analysis on an A4 model including
two singlet and two triplet flavons. We began by restricting ourselves to the case
of exact TBM mixing. To guarantee this, we initially forbade the antisymmetric
coupling, required equal couplings for the two singlets and enforced a specific vev
alignment for the two triplets. In the following we discussed how the specific
vev alignment could be obtained, and considered in detail a model based on the
introduction of an extra spatial dimension in which the required vev alignment
could be enforced in a very simple manner. In this context we also analysed the
impact of next-to-leading order effects, which lead to deviations of the mixing
matrix from the tribimaximal form.
Considering deviations from the tribimaximal mixing form is important in light
of the new results confirming that the mixing angle θ13 does not vanish. Working
in the specific framework of the extradimensional model mentioned above, we
showed that NLO effects are suppressed by powers of v/Λ or of 1/ΛL, where v is
a generic flavon vev while Λ denotes the cut-off scale of the effective theory and L
is the size of the extra spatial dimension. We found that the NLO corrections to
the neutrino mass matrix do not lead to deviations from TBM mixing and only
provide corrections suppressed by v2/Λ2 to the neutrino masses. The strongest
NLO corrections to the charged lepton mass matrix were found to be of a form
that we could take into account by allowing for a suitable misalignment of the
vev of the triplet flavon coupling to the charged leptons. In addition, we also
allowed for deviations of the triplet vev alignment in the neutrino sector. In
particular, to be more general we allowed for larger misalignments than would have
been expected in the discussed extradimensional model, in which we had argued
that any deviations from the triplet vev alignment would be strongly suppressed.
Furthermore, no fundamental principle is known that enforces either the equal
coupling of the singlet flavons or the vanishing of the antisymmetric coupling in
the case of Dirac neutrinos. There is thus no reason why a deviation from these
requirements should be particularly small. We therefore expect that taking into
account a weakening of these requirements is much more important than including
the NLO effects on the neutrino mass matrix that only lead to small corrections
to the neutrino masses.
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We then proceeded to analyse how each of the abovementioned deviations impacts
on the resulting mixing matrix and the neutrino masses. An analytic derivation
was only possible in two special cases, therefore we focused on a numerical analysis
which allowed us to treat all relevant cases. We found that a mixing matrix and
neutrino masses that are compatible with all known bounds could be obtained in
each case. Our analysis showed that the effects of the antisymmetric coupling,
which can only be present in the case of Dirac neutrinos, are broadly similar
to those that arise when allowing for different singlet couplings. In particular,
we showed that the antisymmetric coupling is not restricted to be small by the
experimental results, which implies that it is not unnatural to consider Dirac
neutrinos in the context of an A4 model.
For the most general case, where we allowed for all three deviations mentioned
above, we then analysed how the predicted Higgs phenomenology is altered in
the combined ν2HDM and A4 model. We found that such a combined model
can be easily made consistent with all relevant current bounds. In particular,
we found that the restriction on mH±v1 that was obtained for a generic ν2HDM
is not strengthened by the introduction of the A4 symmetry. Furthermore, the
smallness of the neutrino masses that were predicted in our numerical analysis for
the general case ensured compatibility with the bounds originating from lepton
universality. However, the results of our analysis of the cases where only a single
deviation was allowed suggest that larger neutrino masses should in principle be
possible in the A4− ν2HDM. The extent of our numerical analysis was limited by
the available computing time. A more extensive numerical analysis with higher
statistics and allowing for larger deviations would be required to investigate this
further.
Our analysis suggests that the smallness of the lightest neutrino mass is a result of
the presence of sizeable vev misalignments. The more extensive numerical analy-
sis should in particular investigate the relationship between the magnitude of the
triplet vev misalignments and the predicted neutrino masses more precisely. If our
expectation is confirmed, that large neutrino masses are possible only if the triplet
vev misalignment is kept small, this would lead to a correlation between the size
of the neutrino masses and the possible values of sin2 θ12 that could be achieved in
the considered model. Such a possible correlation would of course impact not only
on the predictions of lepton universality, but also on the predictions for the other
considered processes that depended on the value of the smallest neutrino mass,
namely the charged Higgs branching ratios into leptons and the contribution to
the muon magnetic moment. The latter contribution is anyway predicted to be
too small to be observed with current and planned experimental sensitivities both
in the A4 − ν2HDM and a general ν2HDM. Given the current bounds on the
mixing angles, also an observation of the charged Higgs branching ratios cannot
distinguish between the two models, as we can e.g. achieve neutrino masses close
to the WMAP bound by keeping the triplet vev misalignment small. However,
a more precise future measurement of sin2 θ12 could require larger vev misalign-
ments which, as discussed above, could restrict the predicted neutrino masses to
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smaller values. In this case, a measurement of the charged Higgs branching ratios
could distinguish between the A4− ν2HDM and a general ν2HDM. Furthermore,
an absolute neutrino mass scale that could possibly be detected by the KATRIN
experiment on Tritium beta decay would lead to further restrictions on the pa-
rameters of the combined A4 − ν2HDM, as is clear from the above discussion.
From our analysis of the general case, it is unclear whether values of mβ within
the KATRIN reach can be achieved in the A4 model, due to limited statistics.
This is of course directly connected to the question discussed above of how large
the mass of the lightest neutrino can become in the A4 model.
Apart from extending the numerical analysis, a different way to go is to consider
explicit models, like e.g. the extradimensional model discussed in this thesis, and
estimate more precisely the magnitude of the triplet vev misalignments that can
appear. In dependence of the size of triplet vev misalignments that is allowed in
such a model, future measurements of sin2 θ12 could then rule out these explicit
scenarios.
We expect that experimental results of the next few years will give a clearer
indication of the most promising directions for further study. We took into ac-
count the recently announced preliminary new results on the reactor mixing angle
sin2 θ13 = 0.022+0.0033

−0.0030 [44] and showed that this restriction does not significantly
alter our conclusions. We expect that measuring sin2 θ23 with higher accuracy
would also not have a strong impact on our predictions, in particular not as
strong those that could arise from a new sin2 θ12 bound. As discussed above, a
more precise measurement of sin2 θ12 is needed in order to decide whether models
based on the A4 symmetry, like the A4 − ν2HDM considered here, are promising
candidates to explain the observed flavour structures and neutrino masses. We
also expect that the restrictions on the phenomenology of an additional Higgs dou-
blet, even in the absence of an A4 symmetry, will be strengthened in the coming
years due to the current LHC searches and other planned experiments mentioned
above. For example, further investigations of the charged lepton flavour violating
process µ → eγ will give rise to more stringent bounds on mH±v1. Note that if
the charged Higgs is detected e.g. at the LHC, the observation of the processes
H± → `±ν may enable us to distinguish between normal and inverted hierarchy.
From a more theoretical point of view, a more detailed understanding of the
fundamental origin of the A4 symmetry would certainly be desirable. In particular,
it would be interesting to see whether an underlying theory could be found that
naturally gives rise to the A4 symmetry in the lepton sector while also explaining
the observed mixing patterns in the quark sector.



Appendix A

The Higgs sector in the Standard
Model

The kinetic and potential terms of the Higgs field in the the Standard Model
Lagrangian are given by

Lscalar = (DµΦ)†DµΦ− λ(Φ†Φ)2 + µ2Φ†Φ (A.1)

with
DµΦ =

(
∂µ −

ig1

2 Bµ −
ig2

2 Wµ

)
Φ. (A.2)

Here g1 and g2 are the coupling constants of U(1)Y and SU(2)L. Note that the
Higgs field carries no colour charge and so no coupling to the gluon fields Gµ

appears in the covariant derivative.
After the Higgs field acquires a vev v we can expand the field Φ around this value.
In unitary gauge this expansion takes the form

Φ = 1√
2

(
0

v + ϕ

)
, (A.3)

where ϕ is a real scalar field. The vev is related to the parameters of the Higgs
potential by v2 = µ2/λ. Substituting (A.3) into (A.1) and expanding Wµ into the
Pauli matrices generating SU(2)L as Wµ = ∑

iW
i
µσi one immediately obtains

Lscalar = 1
2∂µϕ∂

µϕ+ g2
2v

2

4 W−
µ W

+µ + g2
2v

2 ϕW−
µ W

+µ + g2
2
4 ϕ

2W−
µ W

+µ(A.4)

+(g2
1 + g2

2)v2

8 ZµZ
µ + (g2

1 + g2
2)v

4 ϕZµZ
µ + g2

1 + g2
2

8 ϕ2ZµZ
µ (A.5)

−λv2ϕ2 − λvϕ3 − 1
4λϕ

4. (A.6)

We have given the equation in terms of the physical vector boson mass eigenstates
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W± and Z, which are defined by the linear combinations

W+
µ = 1√

2
(W 1

µ − iW 2
µ) , W−

µ = 1√
2

(W 1
µ + iW 2

µ) ,

Zµ =
g2W

3
µ − g1Bµ√
g2

1 + g2
2

, Aµ =
g1W

3
µ + g2Bµ√
g2

1 + g2
2

.
(A.7)

The last two terms can be rewritten in terms of the Weinberg angle θW , which is
defined by

sin θW = g1√
g2

1 + g2
2

. (A.8)

This leads to

Zµ = cos θWW 3
µ − sin θWBµ and Aµ = sin θWW 3

µ + cos θWBµ. (A.9)

One directly reads off the gauge boson masses

mW = g2

2 v and mZ =
√
g2

1 + g2
2

8 v . (A.10)

Further details can be found for example in [23,114].



Appendix B

Diagonalisation of a general
fermion mass matrix

In this appendix we list a number of useful identities that can be used to derive
mixing matrices from a fermion mass matrix. In the following, A will denote a
general complex 3× 3 matrix, so that the identities derived for A can be applied
to any mass matrix.
It is clear that the matrix AA† is always Hermitian, which implies that we can
find a unitary matrix U such that

U †AA†U =: D2 (B.1)

is diagonal. In particular the entries of D2 defined in this manner are real and non-
negative, justifying the suggestive notation as there exists a well-defined square
root D = +

√
D2. Defining now the Hermitian matrix H := UDU †, one can easily

check that H2 = AA† and that the matrix U ′ := A†H−1 is unitary[1]. Defining
finally the unitary matrix V := U ′U then yields

U †AV = D. (B.2)

In other words, A is brought into a diagonal form with all diagonal entries real
and non-negative through a bi-unitary transformation. Note that a simple diag-
onalisation of A via a unitary transformation, if at all possible, would in general
not lead to real and non-negative diagonal entries if A itself is not Hermitian.
Let us now consider the special case where the matrix A is symmetric, i.e. AT = A.
From (B.2) we find

AA∗ = UDV †V DU † = UD2U †, (B.3)
A∗A = V DU †UDV † = V D2V †.

[1]Of course, in order to be able to invert H we must assume that none of the eigenvalues of
AA† vanishes, but this will always be true in the cases of interest to us.
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Complex conjugation of the lower equation shows that V ∗D2V T = AA∗ = UD2U †,
i.e. AA∗ is diagonalised by both U and V ∗. This implies that U = V ∗ (up to an
irrelevant diagonal complex phase matrix). Equation (B.2) therefore simplifies to

U †AU∗ = D. (B.4)

If we take A to be the lepton or neutrino mass matrix, i.e. A = Mν, `, the above
statements can be used to simplify the derivation of the leptonic mixing matrix,
which occurs in the weak interaction Lagrangian after rewriting it in terms of the
mass eigenstates. Since we want to interpret the entries of the mass matrices after
diagonalisation as physical masses, these entries should be real and non-negative.
As we have seen this can be guaranteed by performing a biunitary transformation

Mν,`
diag. = (V ν,`

L )†Mν,`V ν,`
R (B.5)

of the mass matrices. Since the leptonic mixing matrix is given by

UPMNS = V ` †
L V ν

L , (B.6)

we have to find only the matrices V ν,`
L (and not necessarily V ν,`

R ) in order to
determine UPMNS. As we have seen in (B.1), V ν,`

L can be easily obtained by diag-
onalising the Hermitian matrix Mν,`(Mν,`)† instead of working with Mν,` itself.
Finally let us note that the special case Mν = Mν T applies if the neutrinos are
Majorana particles, as can be shown using the anti-commuting property of the
fermion fields. From (B.4) we therefore see that in this case we can make use of
the easier relation

Mν
diag. = V ν †

L MνV ν ∗
L . (B.7)



Appendix C

Dirac, Weyl and Majorana
fermions

For the convenience of the reader we recall here a number of basic facts regarding
the different possible spinor descriptions of fermionic particles. Consider first a
fermion Ψ that is described by the Dirac Lagrangian [29]

L = Ψ̄
(
i/∂ −m

)
Ψ, (C.1)

where /∂ = γµ∂
µ and Ψ is a four-component Dirac spinor. Using the projection

operators defined by

PL := 1− γ5

2 PR := 1 + γ5

2 (C.2)

one can decompose the spinor as

Ψ = ΨR + ΨL , with ΨL,R := PL,RΨ . (C.3)

In the chiral representation the gamma matrix appearing above is given by

γ5 =
(
−1 0
0 1

)
, (C.4)

so that ΨL,R are the left- and right-handed components of Ψ. The Dirac La-
grangian can be expanded in terms of these components yielding

L = ΨRi/∂ΨR + ΨLi/∂ΨL −m
(
ΨRΨL −ΨLΨR

)
(C.5)

in the chiral representation. From this one immediately obtains the Euler-Lagrange
equations

i/∂ΨR = mΨL, (C.6)
i/∂ΨL = mΨR.
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Let us consider the special case of a massless fermion, i.e. m = 0. Equation (C.6)
shows that in this case the left- and right-handed components of Ψ decouple.
Therefore it is sufficient to take a two-component Weyl spinor in order to describe
a massless fermion with definite chirality. This is indeed how the massless left-
handed neutrinos are described in the SM, whereas the massive SM fermions have
to be described by a pair of Weyl spinors, which can be combined into a four-
component Dirac spinor. Note that the SM is a chiral theory, which distinguishes
left- and right-handed components through the gauge kinetic couplings. This
means that the chiral projections ΨL,R must be used when writing down the SM
Lagrangian in terms of Dirac spinors.

In [115] Majorana considered defining the right-handed field[1] ΨR = CΨL
T =:

(ΨL)c with the charge conjugation operator C defined by[2] C = iγ2γ0. Majorana
showed that with this definition the Majorana spinor field Ψ = ΨL + ΨR solves
the Dirac equation provided ΨL obeys the Majorana equation

i/∂ΨL = mCΨL
T
, (C.7)

which follows from (C.6). The mass term of a Majorana particle is given by

Lmass = 1
2m(ΨL)cΨL + h.c. (C.8)

Note that a particle described by a Majorana spinor Ψ = ΨL + ΨR is its own
antiparticle, since we have

Ψc = (ΨL + ΨR)c = (ΨL)c + ((ΨL)c)c = Ψ. (C.9)

This fact is often referred to as the Majorana condition.
Since particle and antiparticle are distinct for fermions carrying a charge-like
quantum number, the only known particle that could possibly be described by
a Majorana spinor is the neutrino. Note, however, that left-handed neutrinos
transform under SU(2) and a mass term as in (C.8) would not be gauge invariant.
See section 2.3 for further discussions.

[1]An additional possible phase factor is suppressed here as it can anyway be absorbed into a
redefinition of ΨL.

[2]In the chiral representation the matrices are given by γ2 =
(

0 σ2

−σ2 0

)
, σ2 =

(
0 −i
i 0

)
and γ0 =

(
0 1

1 0

)
.



Appendix D

The Higgs interaction terms in
the 2HDM

In this appendix we list the interaction terms of the physical Higgs particles which
are obtained after inserting (3.15) into the Higgs potential (3.2) and the kinetic
terms (3.34). We work in unitary gauge, in which the unphysical Goldstone bosons
are set to zero. The scalar potential can be separated into terms that are respec-
tively quadratic, cubic and quartic in the fields.

V = Vmass + V c
quartic + V n

quartic + V c
cubic + V n

cubic. (D.1)

The quadratic term Vmass and the expressions for the masses of the physical Higgs
fields are given in section 3.2. We have further separated the interaction terms
into terms with and without involvement of the charged Higgs, labelling them by
the upper index c respectively n. The quartic interactions are

V c
quartic = 1

2 |H
+|4

[
λ1 sin4 β + λ2 cos4 β + 2λ34 sin2 β cos2 β

]
+1

2 |H
+|2

(
H0
)2 [

λ1 sin2 β cos2 α + λ2 sin2 α cos2 β

+λ3(sin2 α sin2 β + cos2 α cos2 β)
−2λ4 sinα cosα sin β cos β

]
+|H+|2H0h0

[
− λ1 sinα cosα sin2 β + λ2 sinα cosα cos2 β

+λ3 sinα cosα(sin2 β − cos2 β) (D.2)
+λ4 sin β cos β(sin2 α− cos2 α)

]
+1

2 |H
+|2

(
h0
)2 [

λ1 sin2 α sin2 β + λ2 cos2 α cos2 β

+λ3(cos2 α sin2 β + sin2 α cos2 β)
+2λ4 sinα cosα sin β cos β

]
+1

2 |H
+|2

(
A0
)2 [

λ1 sin4 β + λ2 cos4 β + 2λ34 sin2 β cos2 β

]
,

125



126 Appendix D: The Higgs interaction terms in the 2HDM

V n
quartic = 1

8
(
H0
)4 [

λ1 cos4 α + λ2 sin4 α + 2λ34 sin2 α cos2 α
]

+1
8
(
h0
)4 [

λ1 sin4 α + λ2 cos4 α + 2λ34 sin2 α cos2 α
]

+1
2
(
H0
)3
h0
[
− λ1 sinα cos3 α + λ2 cosα sin3 α

+λ34(sinα cos3 α− cosα sin3 α)
]

+1
2H

0
(
h0
)3 [
− λ1 cosα sin3 α + λ2 sinα cos3 α

+λ34(cosα sin3 α− sinα cos3 α)
]

+1
4
(
H0
)2 (

h0
)2 [

3λ1 sin2 α cos2 α + 3λ2 sin2 α cos2 α (D.3)

+λ34(sin4 α− 4 sin2 α cos2 α + cos4 α)
]

+1
4
(
H0
)2 (

A0
)2 [

λ1 cos2 α sin2 β + λ2 sin2 α cos2 β

+λ34(sin2 α sin2 β + cos2 α cos2 β)
]

+1
2H

0h0
(
A0
)2 [
− λ1 sinα cosα sin2 β

+λ2 sinα cosα cos2 β

+λ34 sinα cosα(sin2 β − cos2 β)
]

+1
4
(
h0
)2 (

A0
)2 [

sin2 α sin2 β + λ2 cos2 α cos2 β

+λ34(sin2 α cos2 β + cos2 α sin2 β)
]

+1
8
(
A0
)4 [

λ1 sin4 β + λ2 cos4 β + 2λ34 sin2 β cos2 β
]
.

Let us point out that CP parity is conserved in the Higgs interactions, as every
interaction term involves an even number of CP-odd scalars A0. This of course
also holds true for the cubic interactions below.

V c
cubic = |H+|2h0

[
λ2v2 cos2 β cosα + λ3v2 sin2 β cosα
−λ3v1 cos2 β sinα− λ1v1 sin2 β sinα
−λ4v1 sin2 β cosα + λ4v2 cos2 β sinα

]
(D.4)

+|H+|2H0
[
λ1v1 sin2 β cosα + λ2v2 cos2 β sinα

+λ3v2 sin2 β sinα + λ3v1 cos2 β cosα
−λ4v1 sin2 β sinα− λ4v2 cos2 β cosα

]
,



127

V n
cubic = +1

2
(
H0
)3 [

λ1v1 cos3 α + λ2v2 sin3 α

+λ34(v1 cosα sin2 α + v2 sinα cos2 α)
]

+1
2
(
H0
)2
h0
[
− 3λ1v1 sinα cos2 α + 3λ2v2 cosα sin2 α

+λ34v1(2 sinα cos2 α− sin3 α)
+λ34v2(−2 cosα sin2 α + cos3 α)

]
+1

2H
0
(
h0
)2 [

3λ1v1 cosα sin2 α + 3λ2v2 sinα cos2 α

+λ34v1(cos3 α− 2 cosα sin2 α) (D.5)
+λ34v2(sin3 α− 2 sinα cos2 α)

]
+1

2
(
h0
)3 [
− λ1v1 sin3 α + λ2v2 cos3 α

+(λ34v2 cosα sin2 α− v1 sinα cos2 α)
]

+1
2H

0
(
A0
)2 [

λ1v1 cosα sin2 β + λ2v2 sinα cos2 β

+λ34(v1 cosα cos2 β + v2 sinα sin2 β)
]

+1
2h

0
(
A0
)2 [

λ1v1 sinα sin2 β + λ2v2 cosα cos2 β

+λ34(v2 cosα sin2 β − v1 sinα cos2 β)
]
.

The expressions above contain couplings that are relatively complicated functions
of the vev ratio tan β = v2/v1 and the mixing angle α that arises in the sector
containing h0 and H0. However, using the vev hierarchy v1 � v2 we note that the
couplings can be split into a dominant contribution plus sub-leading terms that
are suppressed by further relative factors of v1/v2. Keeping only the leading order
in v1/v2 we obtain a significantly simplified expression. We find

V = m2
H±

∣∣∣H+
∣∣∣2 + 1

2m
2
A0

(
A0
)2

+1
2m

2
H0

(
H0
)2

+ 1
2mh0

(
h0
)2

(D.6)

+V cubic + V quartic ,
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where

V cubic ' +
∣∣∣H+

∣∣∣2H0
[
λ1v1 cosα sin2 β + λ3v2 sin2 β sinα

]
+
∣∣∣H+

∣∣∣2 h0λ3v2 sin2 β cosα

+1
2
(
H0
)3 [

λ1v1 cos3 α + λ34v2 sinα cos2 α
]

+1
2
(
h0
)3
λ2v2 cos3 α

+1
2
(
H0
)2
h0λ34v2 cos3 α (D.7)

+1
2
(
A0
)2
h0λ34v2 cosα sin2 β

+1
2H

0
(
h0
)2 [

3λ2v2 cos2 α sinα + λ34v1 cos3 α

−2λ34v2 cos2 α sinα
]

+1
2H

0
(
A0
)2 [

λ1v1 cosα sin2 β + λ34v2 sinα sin2 β
]

and

V quartic ' 1
2
∣∣∣H+

∣∣∣4 λ1 sin4 β + 1
8
(
H0
)4
λ1 cos4 α

+1
8
(
h0
)4
λ2 cos4 α + 1

8
(
A0
)4
λ1 sin4 β

+1
2
∣∣∣H+

∣∣∣2 (A0
)2
λ1 sin4 β

+1
2
∣∣∣H+

∣∣∣2 (H0
)2
λ1 sin2 β cos2 α

+1
4
(
H0
)2 (

A0
)2
λ1 cos2 α sin2 β

+1
4
(
h0
)2 (

A0
)2
λ34 cos2 α sin2 β

+
∣∣∣H+

∣∣∣2 (h0
)2 1

2λ3 cos2 α sin2 β (D.8)

+1
4
(
H0
)2 (

h0
)2
λ34 cos4 α

+1
2
(
H0
)3
h0
[
− λ1 sinα cos3 α + λ34 sinα cos3 α

]
+1

2H
0
(
h0
)3 [

λ2 sinα cos3 α− λ34 sinα cos3 α
]

+1
2
(
A0
)2
H0h0 sinα cosα sin2 β

[
− λ1 + λ34

]
+
∣∣∣H+

∣∣∣2H0h0
[
− λ1 sin2 β sinα cosα

+λ3 sinα cosα sin2 β

−λ4 sin β cos β cos2 α
]
.
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Finally let us also give the expansion of the kinetic term (3.34) in terms of the
physical Higgs fields. This yields the interaction terms between the Higgs scalars
and the gauge bosons. In unitary gauge the resulting couplings read

LΦ,kin. = {kinetic terms of the scalar fields}

+ {mass terms of the gauge bosons}

+ig2

2 W−
µ

[(
sin(α− β)H0 + cos(α− β)h0

)
∂µH+

−iA0∂µH+
]

+ h.c.

−ig2

2 W−
µ

[
sin(α− β)H+∂µH0 + cos(α− β)H+∂µh0

−iH+∂µA0
]

+ h.c.

+
g2

√
g2

1 + g2
2

4 W−
µ A

µ
[
sin(α− β)H0H+ + cos(α− β)h0H+

−iA0H+
]

+ h.c.

−
g2

√
g2

1 + g2
2

4 W−
µ Z

µ
[
sin(α− β)H0H+ + cos(α− β)h0H+

−iA0H+
]

+ h.c. (D.9)

+g
2
2
4 W

−
µ W

+µ
[
H0H0 + h0h0 + A0A0 + 2H−H+

]
+g

2
2
2

√
v2

1 + v2
2W

−
µ W

+µ
[
cos(α− β)H0 + sin(α− β)h0

]
+g

2
1 + g2

2
8 ZµZ

µ
[
H0H0 + h0h0 + A0A0

]
+g

2
1 + g2

2
8

√
v2

1 + v2
2ZµZ

µ
[
cos(α− β)H0 + sin(α− β)h0

]
+g

2
1 + g2

2
4 AµA

µH+H−

−
i
√
g2

1 + g2
2

2 Aµ(∂µH−)H+ + h.c.

+

√
g2

1 + g2
2

2 Zµ
[
sin(α− β)H0∂µA

0 + cos(α− β)h0∂µA
0

−A0 sin(α− β)∂µH0 − A0 cos(α− β)∂µh0
]
.

The expressions for the kinetic terms of the scalars and the mass terms of the
gauge bosons are given in (3.38).





Appendix E

Tree-level decay modes of the SM
Higgs

In this appendix we summarise a number of spinor identities and phase space
integrals that are needed when calculating decay widths. We also present the
results for the tree-level decay widths of the Higgs boson in the Standard Model,
which are referred to in section 3.5.
The partial decay width for an initial particle with four momentum pµi which
decays into n particles which four momentum pµj is given by Fermi’s golden rule

Γ =
∫ n∏

j=1

d3pj
(2π)32Ej

N

2Ei
δ4

pi − n∑
j=1

pj

 |A|2(2π)4. (E.1)

Here N is a symmetry factor given by

1/N =
∏
s

(number of identical final-state particles of species s), (E.2)

while A is the transition amplitude which can be calculated using the Feynman
rules. For a decay into fermions it is useful to take into account the spin sum rules
for the fermion spinors

2∑
r=1

2∑
s=1

ūs(p1)vr(p2)v̄r(p2)us(p1) =
2∑
r=1

2∑
s=1

Tr [vr(p2)v̄r(p2)us(p1)ūs(p1)] (E.3)

/p+m =
∑
s

us(p)ūs(p) /p−m =
∑
s

vs(p)v̄s(p). (E.4)

In the above vr(p2) is the spinor describing an outgoing antifermion with momen-
tum p2 in the spin state r; ūs(p1) describes an outgoing fermion with momentum
p1 in the spin state s. Finally we mention that

Tr[odd number of γ matrices] = 0. (E.5)
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For the decay into gauge bosons one has to take into account the polarisation
state ελµ(k) of the external bosons. The polarisation sum for a vector boson of
mass m and momentum kµ is given by

∑
λ

ελµ(k)
(
ελν(k)

)∗
= −gµν + kµkν

m2 , (E.6)

while for a massless gauge boson, like the photon, the second term is absent.
Taking all this into account it is straightforward to calculate the following decay
widths, where f labels any quark or charged lepton [114]

Γ(h→ f̄f) =
αemπmhm

2
f

8m2
W

g2
1 + g2

2
g2

1

(
1−

4m2
f

m2
h

) 3
2

, (E.7)

Γ(h→ W+W−) = m3
h

16πv2

(
1− 4m

2
W

m2
H

)(
12m

4
W

m4
h

+ 1− 4m
2
W

m2
h

)
, (E.8)

Γ(h→ ZZ) = m3
H

32πv2

(
1− 4m

2
Z

m2
h

)(
12m

4
Z

m4
h

+ 1− 4m
2
Z

m2
h

)
. (E.9)

The decay channel h → γγ, which is a loop-induced process, is discussed in
section 3.5 for both the SM and the 2HDM cases. For further details on loop-
induced decays see for example [114].



Appendix F

Deviations from TBM form in
the real case - analytic derivation

In this appendix we consider allowing either for a difference between the couplings
of the two singlets of the 2S2T model, or for a non-vanishing antisymmetric con-
tribution to the neutrino mass matrix, while restricting all parameters appearing
in the mass matrices to real values. In these cases the diagonalisation can be
performed analytically, and we can extract the exact functional dependence of
the mixing angles and neutrino masses on the deviation parameters. As we had
already mentioned in the main text, in the case of complex parameters the diag-
onalisation can no longer be performed analytically as soon as any of the three
considered deviations from the TBM form is turned on. Let us also emphasise
that even in the real case, the analytic diagonalisation fails as soon as one al-
lows for deviations from the triplet vev alignment. Therefore we will impose the
aligned form (4.16) of the triplet vevs throughout this appendix. We work in the
Altarelli-Feruglio basis, in which the neutrino mass matrix of the 2S2T model is
given by

Mν =

 2a −a+ a′ + d −a− a′ + c
−a− a′ + d 2a+ c −a+ a′

−a+ a′ + c −a− a′ 2a+ d

 . (F.1)

Recall that in the absence of vev misalignment, the charged lepton mass matrix is
diagonal, so the mixing matrix is obtained by simply diagonalising the (squared)
neutrino mass matrix (F.1).
Let us first allow for a deviation of the singlet couplings. After setting a′ = 0
and d = c(1 + ε) diagonalisation of the neutrino mass matrix leads to the mixing
angles

sin2 θ13 = −2− ε+ 2
√

1 + ε+ ε2

6
√

1 + ε+ ε2
= ε2

8 +O(ε3), (F.2)

sin2 θ23 = 2 + ε(3 + 3ε− 2
√

1 + ε+ ε2)
4 + ε(4 + 5ε) = 1

2 −
ε

4 +O(ε2), (F.3)
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sin2 θ12 = 2
√

1 + ε+ ε2

2 + ε+ 4
√

1 + ε+ ε2
= 1

3 + ε2

24 +O(ε3). (F.4)

For the convenience of the reader we have given the leading terms in an expansion
for ε� 1, however we would like to emphasise once more that in general there is
no reason for ε to be small. While the above expressions show that in general there
is no simple relationship between the different mixing angles, one can simplify the
relationship in the case ε� 1 to

sin2 θ12 = 1
3 + 1

3 sin2 θ13 +O(ε4). (F.5)

In particular, the term cubic in ε matches exactly. In the case considered here,
the relatively precise new measurement of sin2 θ13 could of course be used to
predict the values of the other angles, as all mixing angles are functions of the
same parameter ε. This is also suggested by the scatter plots shown in figure 5.1.
However, we will not pursue this direction further, because the same scatter plots
show that no direct relationship between the different angles exists when complex
parameters are allowed, which we expect to be the more natural case.
The neutrino masses in the case a′ = 0 and d = c(1 + ε) and with real parameters
are found to be

|m1| =
∣∣∣3a− c√1 + ε+ ε2

∣∣∣ =
∣∣∣∣3a− c− cε

2

∣∣∣∣+O(ε2), (F.6)

|m2| = |c(2 + ε)|, (F.7)

|m3| =
∣∣∣3a+ c

√
1 + ε+ ε2

∣∣∣ =
∣∣∣∣3a+ c+ cε

2

∣∣∣∣+O(ε2). (F.8)

This immediately leads to the squared mass differences

∆m2
21 = −9a2 + 3c2(1 + ε) + 6|ac|

√
1 + ε+ ε2 (F.9)

= −9a2 + 3c2 + 6|ac|+ 3(c2 + |ac|)ε+O(ε2),

∆m2
31 = 12|ac|

√
1 + ε+ ε2 = 12|ac|+ 6|ac|ε+O(ε2). (F.10)

We would like to point out that the mass sum rule m1 + m2 = m3 that we had
found in the case of exact TBM mixing with ε = 0 continues to hold at linear
order in ε, so that the perturbations to the validity of this sum rule start only at
quadratic order in ε. Nevertheless, this violation can of course become sizeable if
ε is not small.
Let us now turn to the effects of the antisymmetric coupling, setting c = d and
allowing for a′ = ηa in (F.1). Performing the diagonalisation, we find the mixing
angles

sin2 θ13 = 1
3 −

1√
9 + 3η2 = η2

18 +O(η4), (F.11)

sin2 θ23 = 9 + η(3 + 4η − 2
√

9 + 3η2)
18 + 8η2 = 1

2 −
η

6 +O(η3), (F.12)
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sin2 θ12 =
√

9 + 3η2

2
√

9 + 3η2 + 3
= 1

3 + η2

54 +O(η4). (F.13)

As in the case of the singlet deviations considered above, no simple general rela-
tionship between the different mixing angles is evident. However, in the limit of
small η, we find a relationship between θ13 and θ12 of precisely the same form as
above, namely

sin2 θ12 = 1
3 + 1

3 sin2 θ13 +O(η4). (F.14)

This observation is in agreement with the scatter plots of figure 5.1, which shows
a striking similarity in the relationships between the mixing angles in the cases
with a′ = 0, c 6= d and a′ 6= 0, c = d for real parameters. Nevertheless, the
relationships are exactly the same only in the limit of small deviations and not
in general. However, in the case of complex parameters again no relationship
between the mixing angles is evident from figure 5.1.
The neutrino masses in the presence of the antisymmetric coupling are found to
be

|m1| =
∣∣∣∣c− a√9 + 3η2

∣∣∣∣ ' ∣∣∣∣c− 3a− 1
2aη

2
∣∣∣∣+O(η4), (F.15)

|m2| = 2|c|, (F.16)

|m3| =
∣∣∣∣c+ a

√
9 + 3η2

∣∣∣∣ ' ∣∣∣∣c+ 3a+ 1
2aη

2
∣∣∣∣+O(η4), (F.17)

while the associated squared mass differences read

∆m2
21 = 3c2 − a2(9 + 3η2) + 2|ac|

√
9 + 3η2 (F.18)

= −9a2 + 3c2 + 6|ac|+ (|ac| − 3a2)η2 +O(η4),

∆m2
31 = 4|ac|

√
9 + 3η2 = 12|ac|+ 2|ac|η2 +O(η4). (F.19)

Note that in the real case the sum rule m1 +m2 = m3 therefore continues to hold
exactly to all orders in the presence of the antisymmetric perturbation η. This of
course implies that also the absolute scale of the neutrino masses in this case will
be quite small, of order of the measured mass differences. However, we will not go
into further detail here as our main focus lies on the more general case, in which
all three deviations as well as complex parameters are allowed and in which case
no analytic expression for the mixing matrix as a function of the deviations can
be found.





Appendix G

Details of the numerical analysis
of the 2S2T model

In this appendix we present the detailed results of the numerical analysis of the
2S2T models for the cases where deviations from the tribimaximal form of the
mass matrices are switched on, see chapter 5. Throughout this appendix 〈Φ0

S〉 and
〈Φ0

T 〉 denote the flavon triplet vevs in the aligned form leading to TBM mixing. In
section G.1 we give the regions over which the various parameters were allowed to
vary in our numerical analysis, before proceeding to the predicted neutrino mass
observables and the Jarlskog variable in sections G.2 and G.3.

G.1 Parameter regions
In tables G.1−G.4 we list the input parameter regions for our the numerical
analysis. The parameters were allowed to vary uniformly over the given regions.
Figure G.1 and G.2 show scatter plots of the points in parameter space that
were found to lead to a mixing and mass matrix compatible with the 3σ neutrino
oscillation parameters, for the various cases in which only one source of deviations
from TBM was taken into account. We use the abbreviation εS,i if the same
parameters were chosen for both εS,1 and εS,2, and similarly for εT,i. The various
parameters are defined in equations (4.21), (4.23), (5.1) and (5.2).

Parameter Normal hierarchy Inverted hierarchy
a [eV] ±[0.01, 0.03] ±[0.005, 0.04]
<(c) [eV] ±[0.005, 0.025] ∓[0.004, 0.034]
=(c) [eV] [−0.6, 0.6] [−0.1, 0.1]
<(η) [−2, 2] [−1.5, 1.5]
=(η) [−0.5, 0.5] [−1.5, 1.5]

Table G.1: Parameter regions for a′ = aη.
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Parameter Normal hierarchy Inverted hierarchy
a [eV] ±[0.005, 0.065] ±[0.005, 0.06]
<(c) [eV] ±[0.002, 0.03] ∓[0.002, 0.05]
=(c) [eV] [−0.15, 0.15] [−0.1, 0.1]
<(ε) [−1.2, 1.7] [−1.2, 2.5]
=(ε) [−1, 1] [−1, 1]

Table G.2: Parameter regions for d = c(1 + ε).

Parameter Normal hierarchy Inverted hierarchy
a [eV] ±[0.004, 0.026] ±[0, 0.025]
<(c) [eV] ±[0, 0.025] ∓[0, 0.03]
=(c) [eV] [−0.04, 0.04] [−0.045, 0.045]
<(εS,1) [−0.9, 0.5] [−1, 1]
<(εS,2) [−1, 0.8] [−1, 1]
=(εS,i) [−1, 1] [−1, 1]
<(εT,i), =(εT,i) [−0.005, 0.005] [−0.005, 0.005]

Table G.3: Parameter regions for 〈ϕS〉 = vS(1 + εS,1, 1 + εS,2, 1) and
〈ϕT 〉 = vT (1, εT,1, εT,2).

Parameter Normal hierarchy Inverted hierarchy
a [eV] ±[0, 0.018] ±[0.004, 0.016]
<(c) [eV] ±[0.002, 0.023] ∓[0.0065, 0.0375]
=(c) [eV] [−0.03, 0.03] [−0.03, 0.03]
<(η) [−2, 2] [−1.5, 1.5]
=(η) [−0.5, 0.5] [−0.5, 0.5]
<(ε) [−1.8, 1.8] [−0.75, 0.75]
=(ε) [−2, 2] [−0.75, 0.75]
<(εS,1) [−0.5, 0.5] [−1, 1]
<(εS,2) [−0.7, 1] [−1, 1]
=(εS,i) [−1, 1] [−1, 1]
<(εT,i), =(εT,i) [−0.005, 0.005] [−0.005, 0.005]

Table G.4: Parameter regions, all deviations combined.



G.1 Parameter regions 139

(a) a′ = aη. Normal hierarchy. (b) a′ = aη. Inverted hierarchy.

(c) d = c(1 + ε). Normal hierarchy. (d) d = c(1 + ε). Inverted hierarchy.

Figure G.1: Points in parameter space compatible with 3σ oscillation data for
a′ = aη and d = c(1 + ε). Points that are obtained when restricting to real
parameters are highlighted in dark blue for η, e > 0 and in purple for η, e < 0.
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(a) Normal hierarchy. (b) Inverted hierarchy.

(c) Normal hierarchy. (d) Inverted hierarchy.

Figure G.2: Points in parameter space compatible with 3σ oscillation data for
〈ϕS〉 = vS(1 + εS,1, 1 + εS,2, 1) and 〈ϕT 〉 = vT (1, εT,1, εT,2). Points that are
obtained when restricting to real parameters are highlighted in dark blue.
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(a) (b)

(c) (d)

Figure G.3: Scatter plot of parameter combinations allowed by oscillation mea-
surements for normal mass ordering. Real parameter values are highlighted in
dark blue. Points which are compatible with the recently announced new bound
sin2 θ13 = 0.022+0.0033

−0.0030 [44] are highlighted in purple.
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(a) (b)

(c) (d)

Figure G.4: Parameter combinations allowed by oscillation measurements for in-
verse mass ordering. Real parameter values are highlighted in dark blue. Points
which are compatible with the bound sin2 θ13 = 0.022+0.0033

−0.0030 [44] are highlighted
in purple.

G.2 Predicted neutrino mass observables
In table G.5−G.7 we list the results for the lightest neutrino mass, for the param-
eter mβ relevant in β decay experiments and for the sum of the absolute neutrino
masses ∑mν , which is probed in cosmology. Compatibility with the known ex-
perimental bounds has been obtained in all cases, compare section 2.
The results presented were obtained when allowing for complex parameters in
the numerical analysis. As the tables suggests, our numerical analysis returned
smaller values of the listed observables for the case of combined deviations than
when allowing for only one deviation. Of course this is only an artifact of the
compromise between allowed parameter regions and computability as well as the
finite statistics, because the combined analysis includes of course all the single
deviations as special cases.
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Our results show, that the largest values of the lightest neutrino mass, can be
obtained for the case where only ε 6= 0. This of course also translates to ∑mν

and mβ. On the other hand the triplet vev misalignment leads to the smallest
values of the lightest neutrino mass. The fact that the masses in the analysis
where all deviations where included are predicted to be small, suggests that the
effect of the vev misalignment on the masses is stronger than the effect of the
other deviations.

Deviation Lightest neutrino mass [eV]
Normal hierarchy Inverted hierarchy

a′ 6= 0 [0.022, 0.114] [7× 10−4, 0.14]
c 6= d [0.024, 0.205] [7× 10−4, 0.205]

〈ϕS,T 〉 6=
〈
ϕ0
S,T

〉
[0.025, 0.070] [10−4, 0.077]

Combined [0.011, 0.051] [5× 10−6, 0.045]

Table G.5: Range of the predicted lightest neutrino masses m1 and
m3 respectively.

Deviation ∑
mν [eV]

Normal hierarchy Inverted hierarchy
a′ 6= 0 [0.10, 0.36] [0.09, 0.44]
c 6= d [0.10, 0.62] [0.09, 0.62]

〈ϕS,T 〉 6=
〈
ϕ0
S,T

〉
[0.11, 0.23] [0.09, 0.27]

Combined [0.074, 0.174] [0.092, 0.176]

Table G.6: Range of the predicted neutrino mass sum ∑
mν .

Deviation mβ [eV]
Normal hierarchy Inverted hierarchy

a′ 6= 0 [0.025, 0.130] [0.052, 0.168]
c 6= d [0.025, 0.235] [0.05, 0.24]

〈ϕS,T 〉 6=
〈
ϕ0
S,T

〉
[0.029, 0.081] [0.052, 0.150]

Combined [0.012, 0.059] [0.050, 0.075]

Table G.7: Range of the predicted beta decay parameter mβ.

G.3 Predicted magnitude of CP violation
Figure G.5 shows the behaviour of the Jarlskog variable JCP as a function of
sin2 θ13, obtained from the numerical analysis for the various cases in which only
one of the abovementioned deviations was switched on. The observed behaviour
is discussed in section 5.1.
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(a) a′ = aη. Normal hierarchy. (b) a′ = aη. Inverted hierarchy.

(c) d = c(1 + ε). Normal hierarchy. (d) d = c(1 + ε). Inverted hierarchy.

(e) 〈ϕS〉 = vS(1 + εS,1, 1 + εS,2, 1) and
〈ϕT 〉 = vT (1, εT,1, εT,2). Normal hier-
archy.

(f) 〈ϕS〉 = vS(1 + εS,1, 1 + εS,2, 1) and
〈ϕT 〉 = vT (1, εT,1, εT,2). Inverted hi-
erarchy.

Figure G.5: Magnitude of CP violation: scatter plots showing predicted values of
JCP as a function of sin2 θ13. The 3σ and 1σ regions of sin2 θ13 are marked by
dashed resp. dash-dotted lines. The light grey region shows possible values of
JCP that are allowed by the 3σ oscillation parameters.
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