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Abstract. According to the characterization of local thermal equilibrium states in Local
Quantum Physics proposed by Buchholz et al. microscopic and corresponding macroscopic
observables are computed for the model of massless, free fermions on Minkowski space.
An example for a local equilibrium state describing a hot bang is given, the main step
being the proof of its positivity.

Mathematics Subject Classification (2000). 81T05, 82C10, 46L30.

Keywords. local thermal equilibrium, states, quantum field theory.

1. Introduction

In the framework of Local Quantum Physics, states that describe global thermody-
namic equilibrium are characterized by the KMS condition [7]. For many models,
the KMS states are relatively simple to compute, but it is a nontrivial problem to
obtain states that describe systems which are only locally in thermodynamic equi-
librium, such as hydrodynamic flows. This is due to the fact that such systems
behave significantly different at small and large scales.

In [5] Buchholz et al. proposed a method to characterize such states. This char-
acterization uses the KMS states as a tool to compare any given state with the
global equilibrium states. If the given state coincides at some spacetime point with
a thermal equilibrium state, one can assign to it thermodynamic properties. As this
comparison is point-dependent, it delivers a way to describe notions of tempera-
ture or entropy density that may vary from point to point.

This method has been applied to the model of massless, free bosons on R
4 in

[4,5] and has led to interesting results. Firstly, the microscopic dynamics induces
macroscopic transport equations e.g. for the phase-space density akin to the colli-
sionless Boltzmann equation. Secondly, one finds that states that have a nontriv-
ial thermodynamic interpretation in a sufficiently large region break time-reversal
symmetry, thus implementing a thermodynamic arrow of time. Thirdly, an exam-
ple for a local equilibrium state was given describing a hot bang, i.e. the evolution
of a temperature singularity at some spacetime point.

Most of these results carry over to the fermionic case quite easily. They will
therefore only be mentioned shortly in this paper. What poses a problem is to
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establish the existence of a fermionic analogue of the Hot-Bang state. Proving the
positivity of this state requires significantly more effort in the fermionic case than
in the bosonic one. This proof will cover the main part of this work.

The existence of such a Hot-Bang state is desirable, since it provides a nontriv-
ial example of a local equilibrium state. Furthermore, since the region in which it
is thermal is the interior of a lightcone, it explicitly shows the implementation of
the thermodynamical arrow of time. Apart from that it is the only local thermal
equilibrium state that has locally sharply defined temperature.

2. Massless Free Fermions

The setting for the analysis will be the CAR Algebra of massless free fermions
[2, 3]. In the massless case, the Dirac equation decomposes into two independent
equations, called Weyl equations. They describe the left-handed and the right-
handed parts of the fermions separately. We will consider one of these parts
described by the smeared out fields ψr ( f r ) and ψ̄ṙ (gṙ ), where f and g are smooth
functions with compact support and takes values in C

2. As common in the liter-
ature, r, ṙ range from 1 to 2 and denote the components of f and g. The dots
over the indices shall indicate the different transformation behavior under Lorentz
transformations.

These ψr ( f r ) and ψ̄ṙ (gṙ ) create a C∗-algebra F subject to the relations:
{
ψr ( f r ), ψ̄ṡ(g

ṡ)
}

= 2π
∫

dp δ(p2)ε(p0) f̃ r (p) prṡ g̃ṡ(−p) ·1 (2.1)

{
ψr ( f r ),ψs(g

s)
}

=
{
ψ̄ṙ ( f ṙ ), ψ̄ṡ(g

ṡ)
}

= 0, (2.2)

where ε is the sign-function, ˜ denotes the Fourier transform, and

ψr

(
−i∂ṡr gṡ

)
= ψ̄ṙ

(
i∂ṙ s fs

)
=0. (2.3)

Here, for a vector a ∈R
4 the 2×2 matrices arṡ and aṙs are defined by

arṡ
.=
(

a0 +a3 a1 − ia2

a1 + ia2 a0 −a3

)

r ṡ

and aṙs .=
(

a0 −a3 −a1 + ia2

−a1 − ia2 a0 +a3

)ṙ s

.

Furthermore, the ∗-relation is given by

ψr ( f r )∗ = ψ̄ṡ( f̄ ṡ), ψ̄ṙ (g
ṙ )∗ =ψs(ḡ

s), (2.4)

where f̄ is the componentwise complex conjugate function of f . The double cov-
ering of the Poincaré group, the elements of which consist of pairs (A,a) with
A ∈ SL(2,C), a ∈R

4, acts on F via
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α(A,a)ψr ( f r )=ψr
(

Ar
s f s
(�,a)

)
(2.5)

α(A,a)ψ̄ṙ (g
ṙ )= ψ̄ṙ

(
Aṙ

ṡ gṡ
(�,a)

)
(2.6)

with f(�,a)(x)= f (�−1(x − a)), the Lorentz transform � being the corresponding
one to A∈ SL(2,C). As in the standard literature, Ar

s denotes the r th line and sth
column of (AT)−1, similarly Aṙ

ṡ the ṙ th line and ṡth column of (A†)−1.

The global gauge group U (1) acts on F by

αϕψr ( f r )
.= eiϕψr ( f r ), αϕψ̄ṙ (g

ṙ )
.= e−iϕψ̄ṙ (g

ṙ ). (2.7)

In the case of F , the KMS states and their properties are known [3]. Since the
theory is massless and free, the global equilibrium situations need to be character-
ized by inverse temperature |β|> 0, but not by chemical potential. Furthermore,
every KMS state determines the rest system with respect to which it is in equi-
librium, due to the fact that Lorentz symmetry is spontaneously broken in KMS
states [10]. A rest system is uniquely defined by a future directed, timelike unit vec-
tor e. We combine these two parameters to a vector in the forward lightcone β=
|β|e ∈ V +. We will consider gauge-invariant KMS states only, and for each tem-
perature vector β ∈ V + there is a unique gauge-invariant KMS-state ωβ . All these
states are quasifree and thus completely determined by their two-point function,
which is given by

ωβ

(
ψ̄ṙ ( f ṙ )ψs(g

s)
)

= 2π
∫

R4

dp δ(p2) ε(p0)
g̃s(p) psṙ f̃ ṙ (−p)

1+ e−(β,p) (2.8)

ωβ

(
ψr ( f r )ψs(g

s)
)

= ωβ

(
ψ̄ṙ ( f ṙ ) ψ̄ṡ(g

ṡ)
)

= 0. (2.9)

A special case of this is the vacuum state ω∞. It is given by (2.8) and (2.9),
where β tends to timelike infinity, i.e. one has:

ω∞
(
ψ̄ṙ ( f ṙ )ψs(g

s)
)

= 2π
∫

R4

dp δ(p2) θ(p0) g̃s(p) psṙ f̃ ṙ (−p). (2.10)

3. Local Equilibrium States

We briefly review the method to characterize local themal equilibrium states by
Buchholz et al. [4,5].

Let B be a compact subset of the forward lightcone V + and dρ be a normalized
measure on B. Due to (2.8) the function β �→ωβ(A) is continuous for any polyno-
mial A in the smeared fields. Thus one can build the statistical mixtures of KMS
states:



42 BENJAMIN BAHR

ωB =
∫

B

dρ(β)ωβ. (3.11)

The mixtures for all B and all dρ form the set C of thermal reference states.
Within this setting we are able to compare a given state ω with the reference states
ωB and thus can analyze the thermal properties of ω at any point in spacetime.
We do this by using a set of observables that correspond to measurements of ther-
mal properties at a single point. It is obvious that the observables in F are not
suitable for this because of their extended localization. To proceed, we need to go
over to idealized observables at a point, that exist only in the sense of forms.

Let µ= (µ1 . . . µm) be a multi-index. We define the gauge invariant point fields
(forms):

λµν(x)
.= ð

µ : ψ̄ṙ (x)σ
ν,ṙ sψs(x) :

.= lim
ζ→0

ζ 2<0

∂
µ
ζ : ψ̄ṙ (x + ζ )σ ν,ṙ sψs(x − ζ ) : (3.12)

where the normal ordering is performed with respect to the vacuum state ω∞. The
λµν(x) are called thermal observables at x ∈R

4 and correspond to idealized mea-
surements at x . We will only consider states in which the limit (3.12) exists.

For x ∈ R
4, the linear span of the λµν(x) (for all µ, ν) will be denoted by Sx .

The thermal observables transform under Poincaré transformations according to

α(A,a)λ
µν(x) = �µ′

1

µ1 . . .�µ′
m
µm�ν′νλµ′ν′

(�x +a).

In particular, the spaces Sx are transformed into each other by the action of the
translations, αy−xSx =Sy . These thermal observables and the reference states are
used to characterize local equilibrium states:

DEFINITION 3.1. Let ω be a state over F and O ⊂ R
4 be open. The state ω is

called SO-thermal, if the following conditions hold:

(i) For every x ∈ O there is a reference state ωBx ∈ C such that ω
(
λµν(x)

) =
ωBx

(
λµν(x)

)
for all λµν(x)∈Sx .

(ii) For every compact subset U ⊂ O there is a compact subset B ⊂ V + such that
Bx ⊂ B for x ∈U .

Thus an SO-thermal state coincides with some global equilibrium situation at
every point x ∈ O with regard to the chosen observables λµν(x). In this sense it
is locally close to equilibrium.
For an element λµν(x) the corresponding function

V + � β �−→ ωβ
(
λµν(x)

) .= Lµν(β) (3.13)
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is called thermal function. By straightforward calculation one shows that

Lµν(β)=ωβ(λµν(x))= cm

(
∂

µν
β

1
(β,β)

)
, (3.14)

with m =degµ and

cm =




i πm+1 (22m+2−2m+1)
(m+3)! (−1)(m+3)/2 B(m+3)/2 for odd m

0 for even m



, (3.15)

where the Bn are the Bernoulli numbers. Since the KMS states ωβ are translation-
invariant, the expectation values Lµν(β) do not depend on x . This allows for a
thermal interpretation of the local observables λµν(x).

The choice (3.12) of observables provides significant information about thermal
properties. By macroscopic thermodynamic considerations [5,6] one knows what
value intensive thermal properties such as energy density, entropy current den-
sity and particle phase space density should have in global equilibrium states. The
thermal energy-momentum tensor in a system of massless, free fermions being in
a state of constant temperature β ∈ V +, for example, has the form:

Eµν(β) = π2

60

(
4βµβν

(β,β)3
− ηµν

(β,β)2

)
(3.16)

at every point x ∈R
4. From the microscopic point of view, the thermal observable

: θµν(x) : .= 1
2i
(λµν(x)+λνµ(x)) (3.17)

is the normal-ordered, symmetrized energy-momentum tensor of the free, mass-
less Dirac field, and one finds ωβ(: θµν(x) :)= Eµν(β) by (3.14). So in Sx there is
an observable for the thermal energy at x ∈ R

4. In fact, the Sx contain enough
elements to determine most important thermal properties of a system, as will be
shown in the following.

4. Macroobservables and Thermodynamic Interpretation

The thermal observables λµν(x) correspond to measurements of thermodynamic
properties of a system at a point x ∈R

4. Let now f ∈D(R4) be a test function that
integrates to one and {xn}n∈N a sequence in R

4 going to spacelike infinity suffi-
ciently fast. Then one can show [5] that the limit

Lµν .= lim
n→∞ n−4

∫

R4

d4x λµν(x) f (n−1x − xn) (4.18)

exists and determines an observable that commutes with every element in F . It
serves as an observable measuring the average of λµν(x) over spacetime, thus
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implementing a notion of macroscopic properties of the system. The Lµν are
called macroobservables.

Since the reference states are translation invariant, we have

ωB
(
λµν(x)

) = ωB
(
Lµν

) =
∫

B

dρ(β) Lµν(β), (4.19)

where Lµν(β) is the thermal function of λµν(x) (3.14). Equation (4.19) shows
that the reference states cannot distinguish between microscopic and macroscopic
scales.

The mean particle phase space density of a system of massless fermions being
in equilibrium at temperature β ∈ V + is given by

Np(β) = (2π)−3 1
1+ e(p,β)

(4.20)

with p= (| 	p|, 	p). One can see that �βNp(β)=0, i.e. Np satisfies the wave equation
w.r.t. β. From (3.14) one sees that all thermal functions do so, too. Choosing a set
of suitable seminorms one can show [1,4] that the linear span of thermal functions
is dense in the space of all smooth solutions of the wave equation on V +. Every
such solution � determines a macroobservable in the following way. Condition (ii)
in Definition 3.1 guarantees the SO-thermal states to be continuous with respect to
these seminorms. Hence one can extend a SO-thermal state ω to � pointwise via

ω
(
�

)
(x)

.= ωBx

(
�

) =
∫

Bx

dρx (β)�(β),

where ωBx is a reference state ω coincides with on all elements in Sx , x ∈O.
By the above considerations we see that the function (4.20) determines a mac-

roobservable Np that corresponds to the mean phase space density. Furthermore,
it is measurable in every SO-thermal state and for any such state ω it determines
a function

(x, p) �−→ ω
(
Np

)
(x) (4.21)

that serves as the particle phase space density of the system being in the state ω.
Corresponding functions can be defined for thermal properties like entropy current
density or Gibbs potential [1,5]. So the thermal observables λµν(x) can be used to
approximate important thermodynamic properties, which allows for a local ther-
modynamic interpretation of SO-thermal states.

5. The Hot-Bang State

In the last section we demonstrated, how each local thermal equilibrium state ω
gives rise to a well-defined mean phase space density N (x, p)=ω(

Np
)
(x). On the
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other hand, one can show that each function N (x, p) satisfying certain properties,
determines a quasifree linear functional on a subalgebra of F [1] by

ωhb

(
ψ̄ṙ (x)ψs(y)

)
=

∫

R4

dp δ(p2) ε(p0) psṙ ei(p,x−y) N (x + y, p) (5.22)

ωhb

(
ψr (x)ψs(y)

)
= ωhb

(
ψ̄ṙ (x)ψ̄ṡ(y)

)
= 0. (5.23)

It is a priori not clear whether this functional is positive, i.e. can be extended to a
state on F . Also, one cannot be sure whether the potential state has any thermal
properties at all. In the following, though, we will provide an example, for which
not only positivity can be proven, but one is also able to show that the resulting
state is SV + -thermal, i.e. is locally in thermal equilibrium in the lightcone. Fur-
thermore, the resulting phase-space density is exactly the function one has started
with. This indicates that the procedure mentioned above may provide a way to
generate large families of SO-thermal states [1,4].

To an SO-thermal state ω, there is, by definition, a thermal reference state ωBx

at each point x ∈O, such that ω and ωBx agree on the elements of Sx . It is easy to
show that the only SO-thermal states over F that have a KMS-state ωβ(x) as ref-
erence state at every point, must have β(x) being linear in x . [1] Thus, the result-
ing phase space density has to be (up to reflections and translations) of the form:

N (x, p) = (2π)−3 1
1+ eλ(x,p)

(5.24)

for λ>0. So the condition of locally sharp temperature severely restricts the pos-
sibilities of SO-thermal states.

In the following, we will show that there in fact is a SV + -thermal state ωhb with
phase-space density ωhb

(
Np

)
(x) equal to (5.24). In particular, we will show that

the quasifree linear functional (5.22), (5.23) with (5.24)

ωhb

(
ψ̄ṙ (x)ψs(y)

)
= (2π)−3

∫

R4

dp δ(p2) ε(p0) psṙ
ei(p,x−y)

1+ eλ(x+y,p)
(5.25)

ωhb

(
ψr (x)ψs(y)

)
= ωhb

(
ψ̄ṙ (x)ψ̄ṡ(y)

)
= 0, (5.26)

with λ > 0 is positive on a subalgebra of F . To show that ωhb is in fact
SV + -thermal is then just a straightforward use of (5.25) and the definition of the
local thermal observables (3.12). The expectation values of thermal macroobserv-
ables then imply that ωhb describes the fate of a temperature singularity at the tip
of the lightcone V +, which justifies the name “Hot Bang state”. [1]

We will now show that (5.25), (5.26) defines a positive linear functional on
F(V +), that is, the algebra generated by ψr ( f r ) and ψ̄ṡ(gṡ) with f, g ∈D(V +,C2).
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Quasifreedom implies [3] that proving the positivity for the two-point function is
sufficient for proving the positivity of (5.25):

ωhb

(
ψ̄ṙ ( f̄ ṙ )ψs( f s)

)
�0 (5.27)

ωhb

(
ψr ( f r )ψ̄ṙ ( f̄ ṙ )

)
�0. (5.28)

To show (5.27) and (5.28), we proceed as follows: first, we rewrite both
two-point functions by expanding the exponential in the denominator in (5.25)
into an alternating series. Afterwards, we will identify the terms of the series as
values of a certain logarithmically convex function L. The convexity of L will then
allow to compare certain terms in the series to each other, proving the positivity
of (5.27) and (5.28).

We start by observing with the help of (5.25) that for f ∈D(V +,C2):

ωhb

(
ψ̄ṡ( f̄ ṡ)ψr ( f r )

)

= 2π
∞∑

n=0

(−1)n
∫

R3

d3 p

2| 	p| f̃ r
(
(1+ iλn)p′)p′

r ṡ f̃ ṡ
(
(1+ iλn)p′

)
+

+2π
∞∑

n=1

(−1)n−1
∫

R3

d3 p

2| 	p| f̃ r
(
(−1+ iλn)p′)p′

r ṡ f̃ ṡ
(
(−1+ iλn)p′

)
(5.29)

with p′ = (| 	p|, 	p). Each of the integrals in the sum is nonnegative, since p′
r ṡ is

a positive semidefinite matrix. So the sum is alternating, and it is this fact that
makes the proof of positivity of (5.29) difficult. In the proof of positivity for the
corresponding bosonic state, the alternating sign is missing, which simplifies mat-
ters tremendously. In our case, we need to investigate the integrals in (5.29) fur-
ther:

Let z =ρeiφ ∈C+\{0}. Then by scaling we have

∫

R3

d3 p

2| 	p| f̃ r (zp′)p′
r ṡ f̃ ṡ(zp′) = 1

ρ3 L(φ). (5.30)

with

[0, π ] � φ �−→ L(φ)=
∫

R3

d3 p

2| 	p| f̃ r (eiφ p′) p′
r ṡ f̃ ṡ(eiφ p′) ∈ R

+. (5.31)
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With this, we obtain

ωhb

(
ψ̄ṡ( f̄ ṡ)ψr ( f r )

)
=2π

∞∑
n=0

(−1)n | cos3(φn)| L(φn)+

+2π
∞∑

n=1

(−1)n−1 | cos3(π −φn)| L(π −φn) (5.32)

with φn =arctanλn.
By making use of the anticommutation relations, we also get

ωhb

(
ψr ( f r )ψ̄ṡ( f̄ ṡ)

)
= 2π

∞∑
n=1

(−1)n−1 | cos3(φn)| L(φn)+

+2π
∞∑

n=0

(−1)n | cos3(π −φn)| L(π −φn). (5.33)

The next crucial step will be the proof of convexity of L for any f ∈D(V +,C2).
This will allow for a comparison of certain terms in the alternating sums in (5.32)
and (5.33), respectively. By this we will be able to show that both sums are non-
negative. To tackle the properties of L, we need to investigate some functional
analytic properties of the integral in (5.31).

LEMMA 5.1. Let f ∈D(V +,C2). Let C+
.={z ∈C | Im z >0}, then

F(z)
.=

∫

R3

d3 p

2| 	p| f̃ r (zp′) p′
r ṡ f̃ ṡ(z−1 p′), (5.34)

where p′ = (| 	p|, 	p), exists for z ∈ C+\{0} and is continuous in z. Furthermore, F is
holomorphic on C+.

Proof. First consider the complex Fourier transform of f , with ζ ∈C
4, which is

an entire analytic function on C
4:

f̃ r (ζ )= 1
(2π)2

∫

R4

dx ei(ζ,x) f r (x).

Because of supp f ⊂ V +, the theorem of Paley–Wiener and the fact that f is a
test function imply

∣∣ f̃ r (zp′)
∣∣�CN

e−δ | 	p| Im z

(1+|z| | 	p|)N
for all z ∈C+. (5.35)
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For fixed p′ = (| 	p|, 	p) the integrand

z �−→ 1
2| 	p| f̃ r (zp′) p′

r ṡ f̃ ṡ(z−1 p′)

= 1
2| 	p|

∫

R8

dx dy f r (x) p′
r ṡ f ṡ(y) ei(p′,zx−z−1 y).

is holomorphic on C\{0}, since f has compact support. As (p′
r ṡ/2| 	p|) is uniformly

bounded, it thus follows from (5.35) that
∣∣∣∣

1
2| 	p| f̃ r (zp′) p′

r ṡ f̃ ṡ(z−1 p′)
∣∣∣∣ �

2C2
N

(1+| 	p|2)N
(5.36)

for z ∈C+\{0}. Thus, for z varying in C+, the integrand is uniformly bounded by
an integrable function of 	p. Hence the integral exists and is holomorphic in C+.
Furthermore, if {zn}n∈N is a sequence in C+ converging to ρ∈R\{0}, we may inter-
change integration and limit and get

lim
n→∞

∫

R3

d3 p

2| 	p| f̃ r (zn p′) p′
r ṡ f̃ ṡ(zn

−1 p′) =
∫

R3

d3 p

2| 	p| f̃ r (ρp′) p′
r ṡ f̃ ṡ(ρ−1 p′),

which completes the proof of the statement.

PROPOSITION 5.1. Let f ∈D(V +,C2). Then the function (5.31)

[0, π ] � φ �−→ L(φ)=
∫

R3

d3 p

2| 	p| f̃ r (eiφ p′) p′
r ṡ f̃ ṡ(eiφ p′) ∈ R

is either identically zero or logarithmically convex and positive. Furthermore it is con-
tinuous on [0, π ] and smooth on (0, π).

Proof. The claim about the continuity and smoothness is evident from Lemma
5.1 and L(φ)= F(eiφ). By the Cauchy–Schwartz inequality and scaling we get for
z =ρeiφ ∈C+\{0}:

|F(z)|2 �
∫

R3

d3 p

2| 	p| f̃ r (ρeiφ p′)p′
r ṡ f̃ ṡ(ρeiφ p′)

∫

R3

d3 p

2| 	p| f̃ r (ρ−1eiφ p′)p′
r ṡ f̃ ṡ(ρ−1eiφ p′)

=



∫

R3

d3 p

2| 	p| f̃ r (eiφ p′)p′
r ṡ f̃ ṡ(eiφ p′)




2

= L(φ)2.
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Thus, if L is zero for some φ∈[0, π ], then F is zero on a ray emerging from the
origin through eiφ . If φ is in (0, π), then F is a holomorphic function that is zero
on a set with accumulation points in its domain of analyticity and hence must be
zero. If φ= 0 or φ= π , then F has zero boundary values on a set that is open
in the boundary and hence must be zero by the Schwartz reflection principle. As
L is nonnegative by definition, either it is zero everywhere or strictly positive.

It remains to show that in the latter case L is logarithmically convex. Let
α∈ (0,1) and C+,α

.={z ∈C+ |0<arg z<π/(1+α)}. Consider the function

C+,α � z �−→ Fα(z)
.=
∫

R3

d3 p

2| 	p| f̃ r (z1+α p′)p′
r ṡ f̃ ṡ(z̄α−1 p′) ∈ C. (5.37)

The integrand is holomorphic, as z �→ z1+α is on C+,α . Furthermore, if
z ∈C+,α\{0}, then zα−1, zα+1 ∈C+\{0}. So by (5.35) we have:

∣∣∣∣
1

2| 	p| f̃ r (z1+α p′)p′
r ṡ f̃ ṡ(z̄α−1 p′)

∣∣∣∣ �
2C2

N

(1+|z|2α| 	p|2)N

for all z ∈ C+,α\{0} and 	p ∈ R
3. Therefore, the integral exists for all z ∈ C+,α\{0}.

The integrand is uniformly bounded by an integrable function if z varies in some
compact subset of C+,α . So, Fα is holomorphic on C+,α and has continuous
boundary values for ρ ∈R

+ given by

lim
z→ρ

∫

R3

d3 p

2| 	p| f̃ r (z1+α p′)p′
r ṡ f̃ ṡ(z̄α−1 p′) =

∫

R3

d3 p

2| 	p| f̃ r (ρ1+α p′)p′
r ṡ f̃ ṡ(ρα−1 p′)

=ρ−3α
∫

R3

d3 p

2| 	p| f̃ r (ρp′)p′
r ṡ f̃ ṡ(ρ−1 p′) = ρ−3αF(ρ).

Hence, the two functions z �→ Fα(z) and z �→ z3αF(z) are both holomorphic on
C+,α and have the same continuous boundary values on R

+. So, by an applica-
tion of the Schwartz reflection principle, they have to be equal:

F(z)= z−3αFα(z) (5.38)

on C+,α\{0}. So, for every 0<φ<π/(1+α) we have
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L(φ)2 = |e−3iαFα(eiφ)|2 =
∣∣∣∣
∫

R3

d3 p

2| 	p| f̃ r (ei(1+α)φ p′)p′
r ṡ f̃ ṡ(ei(1−α)φ p′)

∣∣∣∣
2

�
∫

R3

d3 p

2| 	p| f̃ r (ei(1+α)φ p′)p′
r ṡ f̃ ṡ(ei(1+α)φ p′)×

×
∫

R3

d3 p

2| 	p| f̃ r (ei(1−α)φ p′)p′
r ṡ f̃ ṡ(ei(1−α)φ p′)= L(φ(1+α))L((1−α)φ).

This means that for every φ ∈ (0, π) there is a δ>0 such that

L(φ)2 � L(φ+ ε)L(φ− ε)
for all ε < δ. So L is logarithmically convex, and thus the proposition is proven.

The convexity of L now allows to compare the terms in the series (5.32) and
(5.32), respectively. The following proposition will assure the positivity of both
series. For this, the convexity of L plays a crucial part, since it severely restricts
the intervals on which L has a certain monotony type.

PROPOSITION 5.2. Let L : [0, π ] → R
+ be a continuous, convex function that is

smooth on (0, π). Define ρ : [0, π ]→R by ρ(φ)=| cos3 φ| and g(φ)=ρ(φ)L(φ). Let,
furthermore, {φn}n∈N be a monotonically increasing sequence in [0, π/2) converging
to π/2, such that

∞∑
n=0

g(φn) < ∞. (5.39)

Then the two series

AL
.=

∞∑
n=0

(−1)n
[
g(φn)+ g(π −φn+1)

]
(5.40)

BL
.=

∞∑
n=0

(−1)n
[
g(π −φn)+ g(φn+1)

]
(5.41)

converge absolutely and are both nonnegative.

Proof. Because L is continuous at φ=π/2, it follows from (5.39) that
∑

n g(π−
φn) converges, too. Since L > 0 we have g�0, and therefore the series (5.40) and
(5.41) converge absolutely.
To establish positivity of the two series, we first show that the function g is either
monotone on [0, π/2] or on [π/2, π ]: Assume g not to be monotone on [0, π/2].
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Then there is a φNull ∈ (0, π/2) with g′(φNull)=0. Since L>0 and ρ′(φNull)<0, we
then have that

L ′(φNull)= −ρ′(φNull)L(φNull)

ρ(φNull)
> 0,

and thus, since L is convex, L ′>0 on [φNull, π). Therefore, for all φ∈[π/2, π), we
have that

g′(φ)=ρ(φ)L ′(φ)+ρ′(φ)L(φ) > 0,

since ρ and ρ′ are nonnegative on [π/2, π). So g is monotone on [π/2, π ].
Now assume g not to be monotone on [π/2, π ]. Replace L by L given by

L(φ)
.= L(π −φ). (5.42)

The function L is convex, too, and g =ρ · L is not monotone on [0, π/2]. Thus, the
above argument can be applied to g instead of g and shows that g is monotone
on [0, π/2].

Since g(0), g(π) > 0 and g(π/2)= 0, we know that either g is monotonically
decreasing on [0, π/2] or monotonically increasing on [π/2, π ]. Without loss of
generality, we can assume the latter to be the case. Otherwise, we could replace
L by L as in (5.42), since by (5.40) and (5.41) we see that AL = BL and BL = AL .
So by this replacement both series are just interchanged.

Thus, from now on, g will be assumed to be monotonically increasing on
[π/2, π ]. There are two possibilities: L may or may not be monotone on [0, π/2].

Case 1: L is monotone on [0, π/2]:

Let L be monotonically decreasing on [0, π/2], then g is, too. This means that
g is monotone on [0, π/2] and [π/2, π ]. By reordering of (5.40) and (5.41), we get:

AL =
∞∑

n=0

[
g(φ2n)− g(φ2n+1)

]
+

∞∑
n=1

[
g(π −φ2n−1)− g(π −φ2n)

]

BL =
∞∑

n=0

[
g(π −φ2n)− g(π −φ2n+1)

]
+

∞∑
n=1

[
g(φ2n−1)− g(φ2n)

]
.

Since φm�φm+1 for all m, we see that every expression in square brackets is
non-negative, and so are AL and BL .

Let L be monotonically increasing on [0, π/2]. Thus, since L ′′>0, we have, for
all φ ∈ (0, π/2) that 0< L(φ)< L(π −φ) and 0< L ′(φ)< L ′(π −φ). So we have
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|g′(φ)|� |ρ′(φ)| · |L(φ)|+ |ρ(φ)| · |L ′(φ)|
�ρ′(π −φ)L(π −φ)+ρ(π −φ)L ′(π −φ)
= g′(π −φ).

Thus, for 0�a �b �π/2 we have

|g(a)− g(b)|�
b∫

a

|g′(φ)|dφ�
b∫

a

g′(π −φ)dφ= g(π −a)− g(π −b). (5.43)

We rewrite (5.40) and (5.41) as follows:

AL = g(φ0) +
∞∑

n=1

[
g(π −φ2n−1)− g(π −φ2n)+ g(φ2n)− g(φ2n−1)

]

BL = g(φ0) +
∞∑

n=0

[
g(π −φ2n)− g(π −φ2n+1)+ g(φ2n+1)− g(φ2n)

]
.

By φn �φn+1 for all n ∈ N and (5.43), the expressions in square brackets are
nonnegative for all n ∈ N, and since g is nonnegative, both expressions are non-
negative as well.

Case 2: L is not monotone on [0, π/2]
Since L is convex, there is a φNull ∈ (0, π/2) such that L is monotoni-

cally decreasing on [0, φNull] and monotonically increasing on [φNull, π/2]. So
|g′(φ)|� g′(π −φ) for all φ ∈ [φNull, π/2], by the same argument as above. Thus,
relation (5.43) is valid for all φNull �a �b �π/2. This means that for φ0 such that
φNull �φ0 we are done. If φ0 < φNull, there is p ∈ N such that φp �φNull�φp+1.
Now consider the sequence {φ̃}n∈N, which is given by

φ̃n =φn, for n � p

φ̃p+1 = φ̃p+2 =φNull

φ̃n+3 =φn+1 for n�p.

One easily sees by (5.40) and (5.41) that AL and BL evaluated with the sequence
{φ̃n}n∈N have the same values as evaluated with the sequence {φn}n∈N. So, without
loss of generality, we may assume φNull to be a member of {φn}n∈N, i.e. φNull =
φ2m+1 = φ2m for some m ∈ N. Again, we reorder the series (5.40) and (5.41) and
get:
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AL =
m−1∑
n=0

[
g(φ2n)− g(φ2n+1)

]
+ g(φ2m) +

∞∑
n=m+1

[
g(φ2n)− g(φ2n−1)

]
+

+
m∑

n=1

[
g(π −φ2n−1)− g(π −φ2n)

]
+

∞∑
n=m+1

[
g(π −φ2n−1)− g(π −φ2n)

]
.

Since L is monotonically decreasing on [0, φ2m], so is g. Thus, the first sum is non-
negative. L is increasing on [φ2m, π/2] and therefore relation (5.43) is valid for
all φ2m �a �b �π/2. So, the second sum could be negative, but the fourth sum
dominates it, so the sum of both is nonnegative. That the third sum is nonnega-
tive is a consequence of the fact that g is monotonically increasing on [π−φ2m, π ].
So, AL is nonnegative. Similarly, we have:

BL =
m∑

n=1

[
g(φ2n−1)− g(φ2n)

]
+ g(φ2m+1) +

∞∑
n=m+1

[
g(φ2n+1)− g(φ2n)

]
+

+
m∑

n=0

[
g(π −φ2n)− g(π −φ2n+1)

]
+

∞∑
n=m+1

[
g(π −φ2n)− g(π −φ2n+1)

]
.

Again, L is monotonically decreasing on [0, φ2m+1] and monotonically increasing
on [φ2m+1, π/2]. So, by analogous arguments as above, BL is nonnegative, too,
which completes the proof of the proposition.

Collecting these results, we now arrive at the desired statement. Propositions 5.1
and 5.2, together with Equations (5.32) and (5.33) prove the following:

THEOREM 5.1. Let ωhb be the gauge-invariant, quasifree functional given by
(5.25) and (5.26). Then

ωhb

(
ψ̄ṙ ( f̄ ṙ )ψs( f s)

)
�0

ωhb

(
ψr ( f r )ψ̄ṙ ( f̄ ṙ )

)
�0

for all f ∈D(V +,C2). Thus ωhb is a state on F(V +).

So, we have shown that ωhb defines a state on F(V +). This is a closed
sub-C∗-algebra of F , and hence we can extend ωhb to all of F . Since due to the
anticommutation relations (2.1) positivity is equivalent to boundedness by one, the
theorem of Hahn–Banach guarantees that such a (nonunique) extension can be
chosen to be positive and hence to be a state, too.

Showing that ωhb is in fact SV +-thermal is straightforward by its definition
(5.25) and (3.12). At each point x ∈ V +, it coincides with the KMS-state ω2λx on
Sx [1]. Its thermodynamic interpretation as the future of a temperature singularity
is thus justified, as is its name “Hot-Bang state”.
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6. Conclusion and Outlook

In this paper, we reviewed the definition of a local thermal equilibrium state over
the algebra of the free, massless Dirac field. A specific example for such a state
was given, and its positivity was proven. In comparison with the bosonic case,
where an analogous Hot Bang state exists, this proof required significantly more
effort.

The general properties of local thermal equilibrium sates of massless fermions
were investigated in [1]. All the important results of the free bosons [4], such as
transport equations and thermodynamic arrow of time, could be established for
the fermionic case as well. In future work, it would be of interest to look at the
influence of the size of the space of thermal reference states Sx on these proper-
ties. Also, one should apply the characterization scheme for local thermal equilib-
rium states to other models, as has happened for massive bosons [8] or conformal
fields [9].
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