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Abstract

In the hydrodynamic regime of field theories the entropy is upgraded to a local entropy current.
The entropy current is constructed phenomenologically order by order in the derivative expansion
by requiring that its divergence is non-negative. In the framework of the fluid/gravity correspon-
dence, the entropy current of the fluid is mapped to a vector density associated with the event
horizon of the dual geometry. In this work we consider the local horizon entropy current for higher-
curvature gravitational theories proposed in larXiv:1202.2469 whose flux for stationary solutions
is the Wald entropy. In non-stationary cases this definition contains ambiguities, associated with
absence of a preferred timelike Killing vector. We argue that these ambiguities can be eliminated
in general by choosing the vector that generates the subset of diffeomorphisms preserving a nat-
ural gauge condition on the bulk metric. We study a dynamical, perturbed Rindler horizon in
Finstein-Gauss-Bonnet gravity setting and compute the bulk dual solution to second order in fluid
gradients. We show that the corresponding unambiguous entropy current at second order has a

manifestly non-negative divergence.
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I. INTRODUCTION

According to the holographic principle H, H], quantum gravitational theories are equiv-
alent to certain non-gravitational field theories living in one lower spatial dimension and
defined on a boundary surface in the higher dimensional bulk spacetime. The only concrete
realization of holography that we currently possess is based on the AdS/CFT correspondence
between conformal field theories and their various deformations and quantum gravity (string
theory) on gravitational backgrounds with negative cosmological constant (for a review see

|). The mysterious nature of holography in general is a crucial aspect of the puzzle of quan-
tum gravity. On a less fundamental level, holography and the AdS/CFT correspondence
also offer new ways of investigating unresolved issues both in field theory and in gravitation.

One important example of this is the hydrodynamic regime of field theory E], and the
fluid-gravity correspondence [5], which originally followed as a special case of AdS/CFT. The
hydrodynamics associated with a thermal state in the gauge theory is equivalent to the long
wavelength, long time dynamics of black hole (brane) solutions in the bulk gravity theory.
One can explicitly construct perturbed black hole solutions order by order as an expansion
in derivatives of the fluid velocity and temperature and find that the subset of Einstein
equations constraining data on the boundary surface are the Navier-Stokes equations. The
essential ingredients needed to relate fluids to gravity are the existence of a horizon in the
gravitational background that is related to a thermal equilibrium state in the field theory,
and a derivative expansion around it Q] Thus, one can define the relation between fluids
and gravity on more general backgrounds, for instance the Rindler geometry ]

On the gravitational side of the duality, the correspondence has motivated new studies
of black hole entropy in a dynamical setting, where the horizon surface evolves in time.
In hydrodynamics the relevant quantity is a local entropy current. In a regime sufficiently
close to equilibrium, the fluid-gravity mapping implies that the entropy current of the fluid
flow can be constructed in terms of the event horizon geometry as the Bekenstein-Hawking
, ] area current , ] The thermodynamical Second Law enforcing the positivity
of the entropy current’s divergence is equivalent to Hawking’s area theorem in classical
General Relativity. Further away from equilibrium it has been suggested that the correct
hypersurfaces in the bulk on which to build the entropy current should be the quasi-locally
defined apparent horizons (see for example, ]), which also obey the Hawking theorem.



The main goal of this paper is to explore within the fluid setting a related issue in semi-
classical gravity, which is the nature of dynamical horizon entropy in a higher curvature
theory of gravity. In General Relativity, black hole thermodynamics allows one to clearly
identify the entropy associated with equilibrium processes as proportional to the cross-
sectional area of the event horizon. Outside the equilibrium setting, the key requirement for
defining an entropy current phenomenologically is that it is consistent with the (generalized)
Second Law. Thus, the link between entropy and area still seems to be robust due to
Hawking’s area theorem the ambiguity is which horizon surface in the bulk is the appropriate
holographic surface in general.

In higher curvature theories of gravity the situation becomes more complicated. Wald @]
studied quasi-stationary processes in a general diffeomorphism invariant theory of gravity
and was able to derive a general formula for the entropy. The relevant quantity is the
antisymmetric Noether potential Q4? associated with diffeomorphisms along a vector ¢4.
We will focus on the case where the gravitational Lagrangian depends only algebraically on

the Riemann tensor L£(gap, Rapcp). Here the potential has the form , 22]
QAB — /_g (_2£ABCDVC€D + 4€DVC£ABCD) ’ (1)

with £ABCP = 9L/ORApcp @] When the black hole solution is stationary, ¢“ is the
timelike Killing vector. The total entropy of the horizon is unambiguous and is proportional

to an integral of Q4Z over any horizon cross-section

1
Swald - T /QABdEAB . (2)
The bifurcation surface where ¢4 vanishes and Vialp = €ap is a convenient choice for

actual computations B] In Einstein gravity the Wald formula reduces to the Bekenstein-
Hawking area entropy, but in general the entropy will depend on the both the intrinsic and
the extrinsic geometries of the horizon surface.

When the horizon is dynamical, the Wald formula is subject to ambiguities because there
is no longer a preferred choice of the Killing vector and because one is free to add total
divergence to the Lagrangian, symplectic potential, and (] itself , ] Furthermore
there is no known analog of the area theorem in a general higher curvature theory, so the
Second Law provides no guidance on how to appropriately define an entropy. In the context

of the fluid-gravity correspondence, a definition for a local entropy current has been recently
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proposed M], which in a coordinate free form reads
27
SA = ?QABeB . (3)

This is to be evaluated on the horizon, so ¢ is the normal to the horizon and k is the
surface gravity associated with this normal vector, defined in general as a measurement of
its non-affinity, /2V g4 = k4. Thus the current is effectively a flux of the Noether potential
through the horizon surface. This expression contains an ambiguity in the definition of the
vector /4 off the horizon surface in the bulk. In particular the current s* depends on the
derivative of /4 with respect to the bulk radial coordinate.

In [24] it was shown that this ambiguity could be eliminated in Einstein’s gravity by

requiring the vector field to satisfy a “weak Killing condition” at the horizon
KA(VAéBJrVBﬁA) =0. (4)

When this condition is imposed, the current in (B)) reduces to the Bekenstein-Hawking
area current. In higher curvature theories, there was apparently no general way to resolve
the ambiguity. However, working to first order in fluid gradients, it was shown that the
weak Killing condition (imposed at this order) again leads to a non-ambiguous current [24].
This current was constructed explicitly in the case of a charged black brane background
in Einstein-Maxwell theory with a mixed Qauge—gravitational Chern-Simons term and its
.

An important question is, whether the ambiguities in ([B]) can continue to be eliminated

divergence was shown to be non-negative

at higher orders in fluid gradients, where the theory is further away from the equilibrium
state. We propose that this can be naturally done by imposing a more general condition on

¢4 (of which the weak Killing condition (@) is just one). This is

Lygra =0, (5)

where the coordinates are X4 = (r,2#) and £, is the Lie derivative in the direction of .
x# are the gauge theory coordinates and r is the holographic radial coordinate. This choice
follows from the standard gauge imposed on the bulk metric in the fluid-gravity correspon-
dence g, = 0, gy, ~ uy,, where u, corresponds to the fluid velocity. The construction of
the bulk metric in a derivative expansion is carried out such that this gauge condition is

preserved. With this gauge choice, one has a map between the boundary and the horizon



coordinates, and the hydrodynamics is realized in the x# space. The conditions (B) that
we propose determines ¢4, such that it is preserves the gauge condition. This is, in fact,
a necessary condition if we want the entropy current constructed from the horizon data to
be compatible with the hydrodynamics determined by the boundary stress-energy tensor.
However, while this choice removes the ambiguity in the definition of ¢4, we do not know
whether it guarantees that the entropy current has a non-negative divergence.

In this work we will investigate the nature of the entropy current in a particular setup.
We will first construct the full second order solution to Einstein-Gauss-Bonnet gravity (in
spacetime dimension greater than four) using the recently discovered fluid/Rindler corre-
spondence H] This correspondence is based on the fact that the Rindler wedge of flat
Minkowski space acts as finite temperature thermal state analogous to the black brane
in AdS. Furthermore, like the black brane, the Rindler acceleration horizon has a planar
topology which allows as discussed above, to make the same controlled expansion in fluid
gradients as in the fluid-gravity correspondence. Using this machinery, relativistic solutions
to the vacuum Einstein equations have been constructed to second order , ] These
bulk solutions are dual to a fluid system living on an arbitrary timelike surface S, of fixed
radial coordinate r = r..

So far this is a holographic mapping between two classical theories, but it hints towards a
full duality between some quantum field theory on S, and the interior region of the Rindler
geometry. While the nature of holography in asymptotically flat spacetimes is a mystery, it
is possible that some information can be gleaned from the non-standard properties of the
dual fluid. In particular, the dual fluid thermodynamics is characterized by zero equilib-
rium energy density even though there is non-zero temperature. The corresponding viscous
hydrodynamics of the system is perfectly well-defined, but has the intriguing property that
only transport coefficients at second (and higher) order in the derivative expansion are af-
fected by higher curvature terms in the gravitational theory. This implies the shear viscosity
to entropy density ratio of the fluid is universal ] Exploring the hydrodynamics of this
fluid in more detail is of interest.

Following the procedure developed in H, B], we compute the vacuum solution to second
order. Since the Rindler background is flat, some simplifications occur and we are able to
obtain the Gauss-Bonnet corrections to the metric and the fluid stress tensor. This extends

the earlier results of ] in the non-relativistic limit to the fully relativistic fluid case. In



particular, we will find to first order in fluid gradients the extension of the horizon normal

into the bulk,

o .0

and show that the entropy divergence at second order is non-negative.

The plan of this paper is as follows. In Section II we will review the correspondence
between hydrodynamics and gravity and motivate the entropy current formula (3) in more
detail. We discuss the nature of its possible ambiguities and why () is a natural condition to
fix £4. In Section III we construct the solution to vacuum Einstein-Gauss-Bonnet gravity up
to second order in fluid gradients by perturbing around the Rindler background and find the
holographic fluid stress tensor at second order. In Section IV we compute the entropy current
using (B) and show that its divergence is non-negative. In the discussion, we examine the
implications of our results and possible extensions to a wider class of examples in the fluid-
gravity paradigm and beyond. Finally, the appendices contain a more detailed discussion of

ambiguities and specific calculations of the entropy current.

II. THE ENTROPY CURRENT

We begin with a brief review of how the hydrodynamics of a fluid system can be en-
coded in a gravitational solution in one higher dimension. The key underlying concept in
hydrodynamics is the notion of local thermodynamic equilibrium. The fluid is described
by a finite set of macroscopic parameters, which are functions of space and time that vary
slowly throughout the system, so that in the neighborhood of each point there is an approx-
imate notion of thermodynamic equilibrium. Thus, a relativistic fluid is characterized by a
four-velocity u* and the thermodynamic variables, energy density p, pressure p, tempera-
ture T, and entropy density s. If the fluid also possesses additional conserved charges, one
includes the corresponding charge densities and chemical potentials in its description. The
various thermodynamic variables are related by the equation of state and by the standard
equilibrium thermodynamical identities.

Hydrodynamics is an effective description valid at scales L > {,,,, where £, s, is the mean
free path of the system, determined by the temperature and the nature of the microscopic

(field) theory. This means the gradients of all the fluid parameters must be small compared



to the scale set by the mean free path and thus hydrodynamics is characterized by an
expansion in derivatives of the fluid variables. At zeroth order, the fluid is in equilibrium
and the entropy current su* is conserved. Higher orders in derivatives correspond to viscous
corrections, which are in general associated with dissipation and increase the entropy of the
system.

On the gravity side, we consider a (d + 2) dimensional spacetime and denote the bulk
coordinates by X4, where the index A runs from (0..d + 1). Typically, one decomposes
XA = (r,z*), where r is the holographic radial coordinate and z* are the coordinates
in the field theory/fluid. The index g runs from (0...d) and therefore d is the number
spatial dimensions of the fluid system. The metric ansatz corresponding to a fluid in global

equilibrium is
ds? = gapdX*dX" = k(r)u,u,dztdx” — 2u,da"dr + f(r) P, dz"dz" . (7)

Here, u*u, = —1 and u, can be thought of as the velocity of a boost. P,, = h,, + u,u,
is the projector orthogonal to u* and h,, the metric (possibly curved) on which the fluid
system lives. The functions f(r) and k(r) are determined by the field equations. There
is an event horizon located at radius rj, such that k(r = r,) = 0. At this location, the
Eddington-Finkelstein like coordinates chosen for () are regular. To see that this metric
corresponds to a holographic fluid, one can compute the Brown-York stress tensor for a

surface of constant r and show it has the form of a perfect fluid [26]

T;w = puUy Uy +pP;w ) (8)
with Hawking temperature
ok
T=——|—=, . 9
e, 0

Note, that in order to describe charged fluids, extra gauge fields are needed in the ansatz.
The extension to an arbitrary fluid state is straightforward: one promotes u#(x*), k(r, ")
and f(r, z#). The metic ansatz is no longer an exact solution to the field equations, but one
can work order by order in an expansion in derivatives of these variables as done in [3]. The
details of this construction for the Rindler metric will be described in the next section. Here
we note that the perturbed metric solution implies the event horizon is dynamical and its

location varies in time and space, r,(2*). The horizon location is determined by solving the
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equation for a null hypersurface
9" 0a(r — r(2")0p(r — r(2")) =0, (10)

order by order in the derivative expansion. The horizon normal vector ¢4 then follows from
04 = g Bog(r — rp(zh)).

When working with the the entropy current (3] it will be useful consider a coordinate
gauge adapted to the horizon X# = (¥, 2#), where the horizon is always located at zero

radius 7 = 0, i.e.
r=r—ry(x). (11)
In these coordinates

gf — gFF|F:O — 0

0 = g | (12)
and the entropy current (B]) reduces to
s =(0,5") (13)
where
2 - 27 - .
st = ?QW‘ = ?(—2£“T”"(V,,€F —Vil,) + 4V, L) . (14)

In the case of Einstein’s gravity, where £ = \/—gR (we use units where 167G = 1),

EABCD — AC BD  _AD BC) ’ (15>

(97 9Py

NN

and the second covariant derivative term in (I4]) vanishes identically. In equilibrium one can
use the Killing equation Valp = =Vl to set Vi{, = =V (5. As a result, (I4) reduces to

the Bekenstein-Hawking area current

St = 4m/—glt (16)

which for the metric ansatz above () reduces to s* = 4 f(0)3/?u*.
In the dynamical case, there is no longer a Killing vector, but it is possible to use the

freedom in the radial derivative of {4 (now thought of as a generalization of the Killing



vector in the bulk which becomes the null normal when evaluated on the horizon) to impose

the “weak Killing condition” [24]
KA(VAéBJrVBﬁA) =0. (17)

Since the p component of the equation turns out to be an identity, this amounts to one

condition
B 1 B
14 (erB + VBgf) = §VF(£B£ ) -+ Hgf =0 y (18)

When evaluated on the horizon this condition relates the surface gravity at higher orders to
the radial derivative of the norm of ¢4. With this condition imposed, ¢*V(, = —('V ,{;,
we get that definition (I4]) again reduces to the Bekenstein-Hawking current. Note, that at
this stage the derivative expansion has not played a role. As long as weak Killing condition
can be enforced in a general dynamical situation, (B]) always reduces to the area current.

In a higher curvature theory, one must restrict to the fluid-gravity setting and analyze
the nature of the ambiguities order by order in the derivative expansion. This was done in

| for a generic higher curvature theory to first order in fluid derivatives. The result is
that the weak Killing condition (at first order) is again sufficient to eliminate the ambiguity
in the definition of the entropy current. In Appendix A, we continue this type of analysis
to second order in gradients. Here one needs a new set of constraints on the components
of the radial derivative of ¢4 in addition to the weak Killing condition at second order. It
turns out that these conditions ultimately follow from the positivity of the entropy current
divergence.

Instead, here we propose a natural, geometrical way to eliminate all the ambiguities
a priori and in general is to simply impose the stronger condition in (B). This set of
(d + 2) equations fixes the (d + 2) components in ¢4, from this one can determine the radial
derivatives that appear in the formula (). With (&) imposed, ¢4 is the vector generating
coordinate transformations that preserve the bulk gauge condition typically employed in the

fluid-gravity correspondence |27,

Grr = 0; Grp = —Uy - (19)

Geometrically, in this gauge lines of constant x* are null geodesics and r is the affine pa-

rameter along these geodesics. This choice of gauge is associated with a trivial mapping of
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points on the arbitrary boundary hypersurface to the event horizon along the ingoing null
geodesics, i.e. the gauge theory coordinates z# are also coordinates on the event horizon
hypersurface and 7, (2#). Note that the form of this gauge is the same in both the r and 7
coordinate systems, so that ultimately either choice will suffice. In the following sections,
we will compute the perturbed Rindler solution to second order and demonstrate that the
now unambiguous entropy current (B)) has a non-negative divergence, consistent with the

generalized Second Law.

III. PERTURBED RINDLER SOLUTION IN VACUUM EINSTEIN-GAUSS-
BONNET GRAVITY

Following ([7) the metric for the flat Rindler wedge can be expressed in the following form

11, 12]
ds? = gapdrdz® = —(1 + p*(r — r.))uu,datde” — 2pu,dztdr + P, da"dz” . (20)

The holographic fluid system lives on the surface r = r. and has a pressure

1
P Ve

Here P,, = 1, + uyu,, so the fluid is on the ordinary flat Minkowski metric. 75, > 0 is the

(21)

location of the horizon. Note that in this section we will use the standard radial coordinate r
(that is in some sense adapted to the boundary) instead of the horizon adapted 7. Evaluating

the holographic (Brown-York) stress tensor at r = r. yields
T/J,l/ = pP;w ) (22)

which indicates the Rindler metric is dual to a fluid with zero equilibrium energy density
p=0.

A flat metric is not only a vacuum solution to Einstein equation, but also to any standard
higher curvature theory, where the action is constructed from higher powers of the Riemann
tensor and its derivatives. Here we will consider the Einstein-Gauss-Bonnet theory, which

is given by the action

Lop = /dd”x\/—g R+« (R2 —4RcpRYP + RCDEFRCDEF)] ) (23)

11



where « is the Gauss-Bonnet coupling constant. We consider d > 3 since for d < 3 the
Gauss-Bonnet term is topological and does not affect the field equations. There are two
reasons to consider the Gauss-Bonnet term. First, Einstein-Gauss-Bonnet gravity is notable
because even though the action is higher order in the curvature, for the unique combination
of curvature invariants in the second term of (23)), the field equations remain second order in
derivatives of the metric. Second, such a term often arises in the low energy limit of string
theories.

The field equations are given by
Gap+2aH =0, (24)
where the tensor H 45 is defined as

Hap = RRap — 2RacR% — 2R°P Racpp + Ra“PP Rpepr
1

- 4948 (R* = 4RcpR°P + RepprRYPPY) (25)

To put field equations in a more compact form, we take the trace of (24]), which leads to the

following on-shell condition:

4
R= %Hg . (26)

Substituting back into the field equations, we find

Yip = Rap +2aX,45=0, (27)
where
1
Xap=Hap — EQABHg - (28)

To model the Rindler fluid in local equilibrium, one allows u*(z*) and p(z*), but leaves
r = r. and the induced flat metric on it fixed. The metric is no longer a solution to the field
equations, but one can expand and work order by order in derivatives of the fields u* and p.
The metric (20) is a solution at zeroth order, i.e. Yap = 0+ O(X), where A is a parameter
that counts the derivatives of u* and p. The strategy for solving the equations is as follows.

One introduces a metric correction at first order

g=9"+dg" . (29)

12



The corrected metric at first order induces a 5Y;§B at the same order, which means it involves

only radial derivatives. We want to solve for the metric 5g™") so that
Y\ +Y=0, (30)

where J%S}B comes from the zeroth order metric. This method can be generalized to solve
for the metrics at higher order in . If we have a solution to (n — 1) order g"~Y, then one

introduces a correction d¢™ so that
sy 4+vin—o. (31)
Expanding out, we find
SRY + BT + 200X 0 + X0y =0 (32)

There is no change to the Hap tensor (25]) at the same order n since the curvature of the
Rindler background is zero and any term in the variation would contain some factor of
curvature at zero order. Thus, 5XX;; = 0. At first viscous order (n = 1) the results found
previously for GR hold, because ﬁf(;% = 0. This follows just from the fact that the lowest
order part of the Riemann tensor is first order for the Rindler solution and H4p tensor is
quadratic the Riemann tensor and its contraction. In [25] it was shown that for any higher

curvature theory the first order corrections vanish and the viscous hydrodynamics is the

same as in GR. The result for the dual metric to first order is M l

ds* = —(1+ p*(r — r.))u,u,datde” — 2pu,datdr + P,,dxtdx”
+ 2p(r — r.)D(In p)u,u, dx*dz” — 4p(r — T’C)U(Mpy)\)ﬁ)\ In pdatdx” . (33)

One can show the general solution consistent with the boundary conditions takes the

form
P)PI5g\) = —2p? / / PP dr” (34)
u)‘P;’(Sg)\U (1/2)(1 —=7r/r.) V(" x) 2p/ dr’ ; dr"Pl;\Y;/\ (35)
Mgl = (1 —r/r.)A —l—p/ dr'/ dr" (pP’\”}A/A(:) —p oy, ™ — 2}A/T(§)u)‘) :

(36)

13



where }A/Xg = Rﬁ(}’? +2a)A(Xg. From here on we consider the second order viscous calculation,

which is where the higher curvature corrections first appear. We only need to find Hap at

2nd order, which amounts to just

(2 (1 (1 1 o sa ~
Hf(ng? = R(A)CDERJ(B)CDE - Zgz(éng(C)DEFR(l) CPEL

We find
i o
7(2)
H/ =0
@ _ 3280, 5 0 P00
pw = —5P 0" (uwdyus — uEdis) + 5P 0uu O )

3
4

Since only the (ur) components of Hf% are non-zero, for the solution (36,

X =0

(2 P Hec
X2 = EuuH( )¢

~ A 1 .
X2 =0 - S(=Quu, + P, HYS .

3 3 3
- —szﬁ’\ﬁﬁuua,\u,, - Epzauuﬁﬁ,ﬂw + 1p2uuuya)‘8,\lnp + §PWQQBQW

(41)
(42)

(43)

Hence we only need the trace H ¢ = prv ,(i) and P:P,j’ H f\i) Using the variables I, =

P:P,fa()\ug), ij = P:P,fa[kug}, and Di‘ = P:&j we find

A 3 o

H®E = +57°(d = 2)20s0 7, (44)
and
o T 3 feY
PXPIHY = +3p°Q, 0, + 57 P (45)
Putting all this together we find using (30l)
1
P)PZ5g\Y) = (GRsolution) + 6ap?(r —r.) (QMAQM + gPwszaﬁmﬁ) (46)
WPIog) = (1/2)(1 — 1/r) VP (x) + (G Rsolution) (47)
d—2

u)‘u05g§i_) = (1 —71/r))A® (z) + (GRsolution) + 3ap*(r — 7‘0)2( y )QagQaﬁ . (48)
To keep the equations compact we will not write the explicit form of the GR solution
computed in Eﬂ, ]. The free functions A(z) and V() are still arbitrary and may still

14



depend on the Gauss-Bonnet coupling constant. The functions are fixed by imposing gauge
conditions on the stress tensor. In the Gauss-Bonnet theory, the form of the holographic

stress tensor is modified to 28]

THV = 2(K”ywj - Kuy) + 40((J’}/H,, - 3J,uu) ’ (49>

where @]

The first step to calculate the new stress tensor is consider the extrinsic curvature at

1
T = g(2KKWK3 + KKK, — 2K, KKy, — K2K,,,). (50)

second order induced by the second order metric. The result is

1
2) 2
SK2) = %&,g/gﬂr:rc . (51)

As a result the pure Brown-York part of the holographic stress tensor in linear in extrinsic

curvature has the form

1 1 1
ST B = EA(Q)PW + ];wquf) + (GRsolution) — 12pa (Q,fmu + QPWQQBQO‘B) .

(52)

Next, we must consider the variation o Jff,). From (B0) this involves the second order extrinsic

curvature in (BI]) times two zeroth order K, ;(L(,),). Due to the simple form

p
Ki) = Sty (53)

one can show that 0.J,, vanishes identically and there is no contribution from the explicit o
part of the holographic stress tensor.
In the explicit a contribution to the stress-tensor, we have to calculate j,szy), which involves

two first order parts of the extrinsic curvature times one zeroth order part. Using

KY =K, (54)
we find
727 = da (%ppw,/caﬁ/caff — p/C,M/CZ) . (55)
Putting this all together, we arrive at
T = TipA(Z)PW + %u(uvjf) + (GRterms) — 12pa (Q,ﬁm,, + éPWQaBQQB) +
+ 4o (%ppw,/caﬁ/caﬁ — pch/c;) . (56)
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The first gauge condition we require is that Tﬁ)u”P)’j = 0, which fixes V'’ @] In this
case there are no a corrections and as result (see Eqn. @T)) u*PJ 595\20) is the same as in
GR. The second condition is to cancel all terms proportional to P,, so that the pressure is

unchanged at higher viscous orders. This fixes the A®) in u’\u"égf\? to be

12r.p?

A® = (GRresult) + Q00 — drp®akagk . (57)

The remaining contributions to the stress tensor are
T2 = (GRterms) — 120p9, Uy, — 4apkK,n k). (58)
Comparing to the general form of the fluid stress tensor M]

T, = puyu, +pP,, — 20K,
+ kK + K, + 32, Q0 + ¢4 P)PIDyD, Inp
+ c5ICWDlnp+06Dj InpDilnp , (59)

we see that the Gauss-Bonnet corrections only modify the ¢; and c3 transport coefficients

at second order to
2 2
¢ = —— (14 2ap?)
p
4 2
cy = —];(1 + 3ap”) (60)

with the rest of the coefficients 7, c¢y,c4,c5,c6 the same as in GR. These results for the
transport coefficients are consistent with ], where the transport coefficients ¢; 4 were read

off from the non-relativistic solution.

IV. RINDLER FLUID ENTROPY IN EINSTEIN-GAUSS-BONNET

We now want to calculate the entropy current in the Einstein-Gauss-Bonnet case using

the entropy current prescription in Section II. We can express ([I[4]) as

27 FUF
Shon = 0/=g (~2LTA) . (61)

Here we have defined

A“ = Vugf - V;«g“ . (62)
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Note that in the case of a Einstein-Gauss-Bonnet (and its Lovelock generalizations @]),
the covariant derivative of £APYP on any index must vanish identically. In the (7,z*)

coordinates
UPUT 1 wpv HTVT
Lio = _§€ "+ Lep (63)
and
o o - ~ _ 1
£é7§r _ 20( <Rurm‘ _ Rrrg,uz/ + R,urgz/ + Rl”‘g,u _ §R€#€V) . (64)

Here the expressions are to be always evaluated at the horizon 7 = 0.
Using the first order solution (33)), we find that £, g,4 = 0 implies that (4 takes the form
in (@), just an extension of the null normal to first order off the horizon surface into the

bulk. In terms of the variables in (GI) we now have that

u”AS) = 2prM
kW =p~'DInp
P = —2D np (65)

where the superscript in parenthesis denotes the number of gradients in the expression.

At zeroth and first order, the Gauss-Bonnet current should also match the GR result since
the first order solutions are the same, as we discussed above. Let’s check this using (G1I]). At
zeroth order, we immediately get the the GR entropy current sf., = 4ru* as expected. In

the first order solution (B3] it was found previously that E’é) =0 and /—¢g® = 0. Using

L) _ %
ALO) = —puy , (66)
and (63)), at first order the expression is
st = sapP L™y, (67)
Then since
RO =03 Ry =0, (68)
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on-shell, many terms in £#™" in do not contribute at this order. The remaining term has

the form

EﬂTV?‘(l o 2aRpFuF(1) _ glc,ul/’ (69)
p

where we used the fact that

R;ﬁm‘*(l) _ Rurl/r(l) (70)

with respect to components in the standard r coordinate. Thus s‘é(G 5 = 0 as expected since

K*u,, = 0.
Now we want to calculate the second order part of the current. It turns out that the first
order data in (65 is sufficient to elminate most the ambiguities. We just need the additional

second order condition , which follows from ([l),
u“Aff) = 2pk® (71)
Then using (€1]), ([63]) and ([G4]), the full current at second order takes the form

s‘]i%)B = 4drp I/ —g@ut + 47rp€’é) — 47rpu“(ﬁz\2)u,\)
+8mp? L P, + 1670k D lnp . (72)

The first line has no explicit « corrections, but there could in principle be Gauss-Bonnet
corrections to the normal and metric determinant.

First consider the metric determinant. In our standard r gauge for the metric, we have

grr =0 (73)

Grp = —PUy (74)

9w = P, + corrections . (75)
Thus, one can show

det g = pdet(PijégM) : (76)

To second order, the transverse part of g,, is the identity matrix plus corrections because

P)‘P"gM 0 (see ([B3)). Using the formula det( + A) = 1+ Tr(A) gives

det g = p(1+ P"5g%2)) . (77)
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To find the correction proportional to a, consider (@g]). In this term however the correction

1
Q. 0, + EPWQQBQM (78)

is traceless, so the metric determinant to second order is the same as in GR.

The null normal to horizon surface is defined as
= QABaB(T —ra(2)) (79)
where in general the horizon location is a function of z#. At second order, the result is

2 2
@ = grr )] L+ = P9, InpDInp — = P"0,(Dlnp) . (80)
p p

T=rc— g
)

Here we have used the first order inverse metric and

1 2
Th =T — —&

St Dp (81)

Thus, any a corrections will be in ¢#"®). However, this is given by
gur(2) _ p—lpu)\uagg\m ’ (82)

which we saw above has no corrections. Thus, we conclude that E’é) in Einstein-Gauss-
Bonnet is the same as in GR. Since 6?2)% = 0, the first line of (72)) is just the area entropy
current of GR. Thus,

Shcs = Stn + sip (83)

where , ]

4m
+ 7 (2D" InpDInp — 2D DInp — P*O\K, + (Ki + Q")) Dy lnp) . (84)

and
M2 _ g2 phrvr(2) pA L
ap =8 Lop u, + 16K D, Inp . (85)

Thus, we just need to compute the Gauss-Bonnet parts in (8H). For the details of the
computation, see Appendix B. Ultimately we find that in terms of the fluid variables this

has the form

s = 8o (KogK P Yu — 2470 Qs b — 167 PLO, K | (86)
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Now let’s consider the divergence of the total entropy current. At lowest order the

divergence of the entropy current is just
8
D8 = Am(Duu") o) = —KPKap | (87)
P

where in the last equality we have used the fluid equations. We can demonstrate the di-
vergence is non-negative if we can show it still forms a perfect square at higher orders,

l.e.
Byt = %m L 5@) = %KW(KW 1252) + 0(eY | (88)

where S5, is some second order tensor constructed from the fluid variables.

At third order, the divergence takes the form
0,82y = 0,587+ Am(D,u) 3 + Dystin) ~ 2k S (89)

In the case of the divergence of the second order GR current, nothing changes from the
previous calculations in jﬂ |) and the divergence is of the perfect square form. However,
the contribution from the divergence 0,u”, which is determined by the third order fluid
equation, u*9"T,, = 0, does have a corrections. In the Gauss-Bonnet case, only the ¢ 3
coefficients of the fluid stress receive a corrections (60) and the result is

A (D, ut) 3y = /caﬁ ((2 = 4ap*)K)Ksr + 2K oD Inp — 12ap*Q2, gy ) . (90)

p

However, these « corrections are also of the required form and therefore will ultimately have
no effect on whether the total current divergence is positive definite or not.

Finally, let’s consider the divergence of the last purely Gauss-Bonnet term above. Taking

the divergence and imposing the ideal fluid equations yields just
Busis) = —16mak™® (30, Qpx + Ko sa) (91)

which again has the necessary form for positive definiteness. Putting everything together,

we find that

1 1
shop = 4 <1 - (F - 2a) (Ko K*P)ut + <2_p2 — 6a) (Qagmﬁ)) ut
— (2D mpDInp — 2D DInp — (1 + dap®) PO, + (KL + ) D) Inp)

(92)
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and

+ — (=8K*Dy Dy Inp+8K*’ Dy InpDy Inp — 4D In pK*’ Ko
p

—8K KA Ns — 8K Qy5) - (93)

Note that the « pieces coming from the field equations exactly cancel out with pieces arising

from the explicit « parts of the current and we are left with just the GR result.

V. DISCUSSION

In this work we considered the local horizon entropy current for higher-curvature gravita-
tional theories, which in the non-stationary cases contains ambiguities related to the absence
of a preferred timelike Killing vector. We argued that these ambiguities can be eliminated
in general by choosing the vector that generates the subset of diffeomorphisms preserving a
natural gauge condition on the bulk metric. While this requirement determines the entropy
current uniquely, it is not yet clear that it guarantees in general that it has a non-negative
divergence. As an example, we studied a dynamical, perturbed Rindler horizon in Einstein-
Gauss-Bonnet gravity setting and computed the bulk dual solution to second order in fluid
gradients. We showed that entropy current at second order has a manifestly non-negative
divergence.

Notably, our condition (&) on 4 has also appeared recently in M] outside the context
of the fluid-gravity correspondence. Here the authors examine the approach to equilibrium
horizon entropy using the Virasoro algebra, central charge, and the Cardy formula. One
considers a subset of diffeomorphisms that in some sense respect the existence of a horizon
in the bulk solution. Roughly, some of the full diffeomorphism symmetry is broken and some
of the pure gauge degrees of freedom become physical. The authors argue that the subset
consistent with () is preferred and apply it to a stationary Rindler metric. They show the
vector ¢4 obeys a Virasoro algebra with central extension and one can use the Cardy formula
to count the asymptotic number of states. The result agrees with the Bekenstein-Hawking
formula. It would be interesting to understand better the nature of ([Bl) and why it appears

in different contexts.
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In the fluid/gravity correspondence, condition (Hl) is necessary and sufficient to define
an entropy current from the horizon data, which is compatible with the hydrodynamics
dictated by the boundary stress-energy tensor. As noted above, it is an open problem to
prove that this entropy current has in general a non-negative divergence. If true, it will

prove in particular a Wald entropy increase theorem at least in the derivative expansion.
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Appendix A

Here we present an alternative analysis of the ambiguities in the entropy current at first
and second order in fluid gradients following [24]. In particular, here one does not a priori
impose (B). At first order in gradients of the fluid variables, (I4)) contains the following set

of unambiguous terms

2 o o
S(I)H L _7T (_QLMTVT(I)ALO) + 4[VV£HTW‘](1)) , (94)

un—amb ~ H((])
and ambiguous terms

1 2m FUF
s — - (L1 O AD 4 M) (95)

The “ambiguous” terms are associated with how one defines the surface gravity and radial

derivatives of the null normal away from equilibrium. Note, that [V, £/™7]©) = 0 for any

LABCD Using the fact that generically
L£Hrvr0) — %u“u” (96)
ALO) = 2k, , (97)
we find that this ambiguity is eliminated if
ut ALY =251 (98)
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One can show that this is equivalent to (I8]) at first order evaluated on the horizon. If we
impose this condition, then to first order there is no ambiguity in the entropy current for
any higher curvature theory of gravity. The unambiguous part of the current was computed
in ] in the case of a charged black brane background in Einstein-Maxwell theory with a
mixed gauge-gravitational Chern-Simons term. The resulting entropy current agrees with
the field theory calculation and has a non-negative divergence, indicating that this current
may be the correct one.

At second order in gradients,

2m\/— - 1
s12) — 7;;(0) J <—2£“T”T(1)A,(,1) + iu“(u”A,(jz)) — /ﬁ(z)u“) : (99)

We can express £477() in terms of the fluid variables as follows

ﬁuf!}?(l) — a(l)uuul/ + 5(1)PW/ + QU(U}/(IS —+ 70'/“/ , (100)

where o) and S are first order scalars constructed out of the fluid variables, Y,fl) is a
first order vector, and o, = P:P,j’ O\Ue) — éPH,ﬁ)\u’\. In general, these ambiguous terms
have a somewhat complicated form relating the components of A, to x and it appears that
we can say little without actually computing the perturbed solution in a particular theory
to second order in gradients.

In the Rindler case above, the ambiguities reduce to just

42 = dmp(u AP Yt — SmrPut — dmpLrm T AW (101)

amb —

via (69). Essentially in (T00) only the yo** term is non-zero. The first two terms proportional
to u* above vanish if we impose the weak Killing condition at second order u“A,(f) = 2pr®,
To compute the remaining term, we can use the previous results in ([69) and (66]) to show

that

s — _grakr AL, (102)

amb —

Thus, the remaining ambiguity is in the other set of d degrees of freedom contained in
v A1)

PyAY .
If we repeat the calculation of the entropy current with (I02), we find

1
Dusisy = —16mak™” (DiDé Inp + 30y + Ko Ky — §D§Ag>)

— 167 (8,K") Dy In p — 88,k ALY, (103)
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Therefore we see that the divergence will not be of the perfect square form in general
unless we require exactly the last condition in (GH), that P:‘Ag\l) = —2Dj Inp. Using this

information, we can work backwards and compute the form of ¢4. The result is
CadX™ = 2prrugdat + 27(D; Inp)da' + dF + 7 fVdF, (104)

We have parameterized the extra degree of freedom in 65,71) = 7f(M. The conditions for
positivity of the divergence of the entropy current seem to be just (d 4 1) conditions on the
(d+3) degrees of freedom in £ and E(Al). However, we can actually calculate <) using the

formula
UV by = by — —[0'T7 ] D]y = k. (105)

Raising (I04) to a vector yields

0 1 0 2 0

A i Mz b2 x| (1) 1n_ =z il
( 8XA—p(1+f ) u &Ww(rf + 2k lenp) 5 (106)

Using this result and the first order metric, (I05) yields ") = p~'D1Inp and thus
0 1 0 0
A _ D)=\ w0 =2 £(1)
-~ (1 2 g, 1

X p(+f )t T (107)

Thus, up to the freedom in fV) this result agrees with (B)). Setting f() = 0 is exactly what
we need for (@) to hold.

Appendix B

In this appendix we show the detailed calculation of the Gauss-Bonnet part of the entropy

current in (85). Using (64)), we find
FUT FUT — v - T L
e @y, = 20(RFV™ @y, — pT I RHA 4 p YRV Dy Jut + P 2R@ym) (108)

Computing the Ricci tensor components and Ricci scalar is easier because we are working
on-shell, which implies they are zero up to second order. Thus the transformation between
the (r,z#*) and (7, z") coordinates

or

Z = (109)



is trivial at second order and we can work in the original set of coordinates. The equations

of motion (27)) imply

RO = 22 (110)
2 - 2 -
REr(2) — d_o‘uqu)C _ _O‘pu/\uUH/(\i) (111)
D p
The result is
7(2) d—2 ap
d—2

R? = Gap? <_d ) Qap?. (113)

Note that these corrections already depend on «, which means they will be, in principle, of

O(a?) in the entropy current formula. Inserting these results into (85) we find

o —2
i) = 16mp?a R Dy, — 480°%p* (dT) (R — 8k A, (114)

Next, one can relate R*™™) to the unbarred r components using the coordinate trans-

formation (I09)

R = 0XA0XB ' (115)
which yields
RV @, = Ry, — 2p720) In p(RMY" My, + R yy). (116)
Using
R = uh @ + %u”Q“’\ — %u’\QW, (117)
we find
RV @y, = RFV 2y, — 3pT2Q0M D Inp (118)

As a result, (IT4) becomes

d—2
sé(é) = 16map’ R Py, — 48a%p? <T) (QQBQO‘B)u“ — 4871a¥ Dy Inp — 87ralC”’\A(A1).

(119)
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Finally, by direct computation using our metric solution, we find

1
R, = = (=P"9,K5 — K* Dy Inp + 30Dy Inp

1 d—2
+§(Ka5K°‘B)u” + g[Qap2(T) - 1](Qaﬁmﬁ)uﬂ) : (120)

Putting all these components together yields (86) and the O(a?) pieces ultimately cancel

out.

[1]

[11]

[12]

G. 't Hooft, “Dimensional reduction in quantum gravity”, in Abdus Salam Festschrift: A
Collection of Talks, eds. A. Aly, J. Ellis and S. Randjbar-Daemi, (World Scientific, Singapore,
1993) [arXiv:gr-qc/9310026].

L. Susskind, J. Math. Phys. 36, 6377 (1995) [arXiv:hep-th/9409089)].

O. Aharony, S. S. Gubser, J. M. Maldacena, H. Ooguri and Y. Oz, “Large N field theories,
string theory and gravity”, Phys. Rept. 323 (2000) 183, [arXiv:9905111].

G. Policastro, D. T. Son, A. O. Starinets, Phys. Rev. Lett. 87, 081601 (2001).
[hep-th /0104066];

S. Bhattacharyya, V. E. Hubeny, S. Minwalla and M. Rangamani, “Nonlinear Fluid Dynamics
from Gravity”, JHEP 0802, 045 (2008), [arXiv:0712.2456].

T. Damour, these de doctorat d’etat, University of Paris VI, 1979 (unpublished); T. Damour,
“Surface Effects in Black-Hole Physics”, Proceedings of the Second Marcel Grossmann Meeting
on General Relativity, edited by R. Ruffini (North-Holland, Amsterdam, 1982), p. 587.

C. Eling, I. Fouxon and Y. Oz, “The Incompressible Navier-Stokes Equations From Membrane
Dynamics”, Phys. Lett. B 680, 496 (2009), [arXiv:0905.3638].

C. Eling and Y. Oz, “Relativistic CFT Hydrodynamics from the Membrane Paradigm”, JHEP
1002, 069 (2010), [arXiv:0906.4999].

I. Bredberg, C. Keeler, V. Lysov, A. Strominger, [arXiv:1101.2451! [hep-th]].

G. Compere, P. McFadden, K. Skenderis and M. Taylor, JHEP 1107, 050 (2011)
[arXiv:1103.3022 [hep-th]].

G. Compere, P. McFadden, K. Skenderis and M. Taylor, JHEP 1203, 076 (2012)
[arXiv:1201.2678] [hep-th]].

C. Eling, A. Meyer and Y. Oz, larXiv:1201.2705/ [hep-th].

26


http://arxiv.org/abs/gr-qc/9310026
http://arxiv.org/abs/hep-th/9409089
http://arxiv.org/abs/hep-th/9905111
http://arxiv.org/abs/hep-th/0104066
http://arxiv.org/abs/0712.2456
http://arxiv.org/abs/0905.3638
http://arxiv.org/abs/0906.4999
http://arxiv.org/abs/1101.2451
http://arxiv.org/abs/1103.3022
http://arxiv.org/abs/1201.2678
http://arxiv.org/abs/1201.2705

[13]
[14]

[15]

[16]

[17]

33]

J. D. Bekenstein, “Black holes and entropy”, Phys. Rev. D 7, 2333 (1973).

S. W. Hawking, “Particle Creation By Black Holes”, Commun. Math. Phys. 43, 199 (1975),
[Erratum-ibid. 46, 206 (1976)].

S. Bhattacharyya, V. E. Hubeny, R. Loganayagam, G. Mandal, S. Minwalla, T. Morita,
M. Rangamani and H. S. Reall, JHEP 0806 (2008) 055 [arXiv:0803.2526! [hep-th]].

I. Booth, M. P. Heller and M. Spalinski, Phys. Rev. D 83 (2011) 061901 [arXiv:1010.6301
[hep-th]].

P. Figueras, V. E. Hubeny, M. Rangamani and S. F. Ross, JHEP 0904, 137 (2009)
[arXiv:0902.4696/ [hep-th]].

I. Booth, M. P. Heller, G. Plewa and M. Spalinski, Phys. Rev. D 83, 106005 (2011)
[arXiv:1102.2885] [hep-th]].

A. Meyer, larXiv:1107.0853! [hep-th].

R. M. Wald, Phys. Rev. D48, 3427-3431 (1993). [gr-qc/9307038].

T. Jacobson, G. Kang and R. C. Myers, Phys. Rev. D 49, 6587 (1994) [gr-qc/9312023].

G. Lopes Cardoso, B. de Wit and T. Mohaupt, Fortsch. Phys. 48, 49 (2000) [hep-th/9904005].
V. Iyer and R. M. Wald, Phys. Rev. D 50, 846 (1994) [gr-qc/9403028].

S. Chapman, Y. Neiman and Y. Oz, larXiv:1202.2469' [hep-th].

G. Chirco, C. Eling and S. Liberati, JHEP 1108, 009 (2011) [arXiv:1105.4482 [hep-th]].

I. Bredberg, C. Keeler, V. Lysov and A. Strominger, JHEP 1103, 141 (2011) [arXiv:1006.1902
[hep-th]].

S. Bhattacharyya, R. Loganayagam, S. Minwalla, S. Nampuri, S. P. Trivedi and S. R. Wadia,
JHEP 0902, 018 (2009) [arXiv:0806.0006! [hep-th]].

S. C. Davis, Phys. Rev. D 67, 024030 (2003) [hep-th/0208205).

D. Lovelock, J. Math. Phys. 12, 498 (1971).

B. R. Majhi and T. Padmanabhan, arXiv:1204.1422! [gr-qc].

José M. Martin-Garcia, “xAct: Efficient Tensor Computer Algebra,” http://www.xact.es/
In the case where the Lagrangian depends only on the Riemann tensor algebraically, the
current only involves first derivatives of £4. For a general dependence on Riemann the current
will involve higher order derivatives, which can be reduced to first derivatives using identity
VaVelc = RP Apclp which holds only if 4 is a Killing vector.

Note that for this reason the second term in () does not contribute the Wald entropy of a

27


http://arxiv.org/abs/0803.2526
http://arxiv.org/abs/1010.6301
http://arxiv.org/abs/0902.4696
http://arxiv.org/abs/1102.2885
http://arxiv.org/abs/1107.0853
http://arxiv.org/abs/gr-qc/9307038
http://arxiv.org/abs/gr-qc/9312023
http://arxiv.org/abs/hep-th/9904005
http://arxiv.org/abs/gr-qc/9403028
http://arxiv.org/abs/1202.2469
http://arxiv.org/abs/1105.4482
http://arxiv.org/abs/1006.1902
http://arxiv.org/abs/0806.0006
http://arxiv.org/abs/hep-th/0208205
http://arxiv.org/abs/1204.1422
http://www.xact.es/

stationary horizon

[34] Here an additional term is zero because the induced metric on r = r. is flat

[35] Note that in ] the authors also used the freedom in the function Vu(n) so that there are
no higher order viscous corrections to the null normal, that is ¢4 = (0,p~tu*) to all orders.
The disadvantage of this frame choice in our case is that stress tensor will no longer satisfy

Tﬁﬁ)u“P(’; = 0. Hence we will remain in the standard Landau-like frame in the following.

28



	 Contents
	I Introduction
	II The Entropy current
	III Perturbed Rindler solution in vacuum Einstein-Gauss-Bonnet gravity
	IV Rindler fluid entropy in Einstein-Gauss-Bonnet
	V Discussion
	 Acknowledgements
	 Appendix A
	 Appendix B
	 References

