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ABSTRACT: In the hydrodynamic regime of field theories the entropy is upgraded to a
local entropy current. The entropy current is constructed phenomenologically order by
order in the derivative expansion by requiring that its divergence is non-negative. In the
framework of the fluid/gravity correspondence, the entropy current of the fluid is mapped
to a vector density associated with the event horizon of the dual geometry. In this work
we consider the local horizon entropy current for higher-curvature gravitational theories
proposed in arXiv:1202.2469, whose flux for stationary solutions is the Wald entropy. In
non-stationary cases this definition contains ambiguities, associated with absence of a pre-
ferred timelike Killing vector. We argue that these ambiguities can be eliminated in general
by choosing the vector that generates the subset of diffeomorphisms preserving a natural
gauge condition on the bulk metric. We study a dynamical, perturbed Rindler horizon in
Einstein-Gauss-Bonnet gravity setting and compute the bulk dual solution to second order
in fluid gradients. We show that the corresponding unambiguous entropy current at second
order has a manifestly non-negative divergence.
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1 Introduction

According to the holographic principle [1, 2], quantum gravitational theories are equiv-
alent to certain non-gravitational field theories living in one lower spatial dimension and
defined on a boundary surface in the higher dimensional bulk spacetime. The only concrete
realization of holography that we currently possess is based on the AdS/CFT correspon-
dence between conformal field theories and their various deformations and quantum gravity
(string theory) on gravitational backgrounds with negative cosmological constant (for a re-
view see [3]). The mysterious nature of holography in general is a crucial aspect of the
puzzle of quantum gravity. On a less fundamental level, holography and the AdS/CFT
correspondence also offer new ways of investigating unresolved issues both in field theory
and in gravitation.

One important example of this is the hydrodynamic regime of field theory [4], and the
fluid-gravity correspondence [5], which originally followed as a special case of AdS/CFT.
The hydrodynamics associated with a thermal state in the gauge theory is equivalent to
the long wavelength, long time dynamics of black hole (brane) solutions in the bulk gravity
theory. One can explicitly construct perturbed black hole solutions order by order as an
expansion in derivatives of the fluid velocity and temperature and find that the subset
of Einstein equations constraining data on the boundary surface are the Navier-Stokes
equations. The essential ingredients needed to relate fluids to gravity are the existence of
a horizon in the gravitational background that is related to a thermal equilibrium state
in the field theory, and a derivative expansion around it [6-9]. Thus, one can define the
relation between fluids and gravity on more general backgrounds, for instance the Rindler
geometry [10-13].

On the gravitational side of the duality, the correspondence has motivated new studies
of black hole entropy in a dynamical setting, where the horizon surface evolves in time.
In hydrodynamics the relevant quantity is a local entropy current. In a regime sufficiently
close to equilibrium, the fluid-gravity mapping implies that the entropy current of the



fluid flow can be constructed in terms of the event horizon geometry as the Bekenstein-
Hawking [14, 15] area current [16, 17]. The thermodynamical Second Law enforcing the pos-
itivity of the entropy current’s divergence is equivalent to Hawking’s area theorem in classi-
cal General Relativity. Further away from equilibrium it has been suggested that the correct
hypersurfaces in the bulk on which to build the entropy current should be the quasi-locally
defined apparent horizons (see for example, [18-20]), which also obey the Hawking theorem.

The main goal of this paper is to explore within the fluid setting a related issue in
semi-classical gravity, which is the nature of dynamical horizon entropy in a higher cur-
vature theory of gravity. In General Relativity, black hole thermodynamics allows one to
clearly identify the entropy associated with equilibrium processes as proportional to the
cross-sectional area of the event horizon. Outside the equilibrium setting, the key require-
ment for defining an entropy current phenomenologically is that it is consistent with the
(generalized) Second Law. Thus, the link between entropy and area still seems to be robust
due to Hawking’s area theorem the ambiguity is which horizon surface in the bulk is the
appropriate holographic surface in general.

In higher curvature theories of gravity the situation becomes more complicated.
Wald [21] studied quasi-stationary processes in a general diffeomorphism invariant theory
of gravity and was able to derive a general formula for the entropy. The relevant quantity is
the antisymmetric Noether potential Q45 associated with diffeomorphisms along a vector
¢4, We will focus on the case where the gravitational Lagrangian depends only algebraically
on the Riemann tensor L£(gap, Rapcp). Here the potential has the form [22, 23]

Q8 = /=g (—2L2BCPY ot + A pV o LABCD) (1.1)

with £ABCD — J/ORsBcp-* When the black hole solution is stationary, 04 is the timelike
Killing vector. The total entropy of the horizon is unambiguous and is proportional to an
integral of Q4% over any horizon cross-section

1
Swald = T/QABdZAB : (1.2)

The bifurcation surface where ¢4 vanishes and Vialp) = €ap is a convenient choice for

actual computations 2

. In Einstein gravity the Wald formula reduces to the Bekenstein-
Hawking area entropy, but in general the entropy will depend on the both the intrinsic and
the extrinsic geometries of the horizon surface.

When the horizon is dynamical, the Wald formula is subject to ambiguities because
there is no longer a preferred choice of the Killing vector and because one is free to add
total divergence to the Lagrangian, symplectic potential, and (1.1) itself [22, 24]. In the
paper we address the ambiguity in the definition of the vector ¢4, and assume that the

Noether potential has the standard form (1.1) used by Wald.

'In the case where the Lagrangian depends only on the Riemann tensor algebraically, the current only
involves first derivatives of . For a general dependence on Riemann the current will involve higher order
derivatives, which can be reduced to first derivatives using identity VaVplc = RP s5clp which holds only
if ¢ is a Killing vector.

“Note that for this reason the second term in (1.1) does not contribute the Wald entropy of a stationary
horizon



Furthermore, there is no known analog of the area theorem in a general higher curvature
theory, so the Second Law provides no guidance on how to appropriately define an entropy.
In the context of the fluid-gravity correspondence, a definition for a local entropy current
has been recently proposed [25], which in a coordinate free form reads

s = Q%QABKB . (1.3)

This is to be evaluated on the horizon, so £z is the normal to the horizon and k is the surface
gravity associated with this normal vector, defined in general as a measurement of its non-
affinity, /BV g4 = k¢4, Thus the current is effectively a flux of the Noether potential
through the horizon surface. This expression contains an ambiguity in the definition of the
vector ¢4 off the horizon surface in the bulk. In particular the current s* depends on the
derivative of ¢4 with respect to the bulk radial coordinate. In [25] it was shown that this
ambiguity could be eliminated in Einstein’s gravity by requiring the vector field to satisfy
a “weak Killing condition” at the horizon

1AV alp +Vpla)=0. (1.4)

When this condition is imposed, the current in (1.3) reduces to the Bekenstein-Hawking
area current. In higher curvature theories, there was apparently no general way to resolve
the ambiguity. However, working to first order in fluid gradients, it was shown that the
weak Killing condition (imposed at this order) again leads to a non-ambiguous current [25].
This current was constructed explicitly in the case of a charged black brane background
in Einstein-Maxwell theory with a mixed gauge-gravitational Chern-Simons term and its
divergence was shown to be non-negative [25].

An important question is, whether the ambiguities in (1.3) can continue to be elimi-
nated at higher orders in fluid gradients, where the theory is further away from the equi-
librium state. We propose that this can be naturally done by imposing a more general
condition on ¢4 (of which the weak Killing condition (1.4) is just one). This is

Lrgra=0, (1.5)

where the coordinates are X4 = (r, 2#) and L, is the Lie derivative in the direction of /.
x# are the gauge theory coordinates and r is the holographic radial coordinate. This choice
follows from the standard gauge imposed on the bulk metric in the fluid-gravity correspon-
dence g,r =0, gpu ~ uy, where u, corresponds to the fluid velocity. The construction of
the bulk metric in a derivative expansion is carried out such that this gauge condition is
preserved. With this gauge choice, one has a map between the boundary and the horizon
coordinates, and the hydrodynamics is realized in the z# space. The conditions (1.5) that
we propose determines ¢4, such that it is preserves the gauge condition. This is, in fact,
a necessary condition if we want the entropy current constructed from the horizon data to
be compatible with the hydrodynamics determined by the boundary stress-energy tensor.
However, while this choice removes the ambiguity in the definition of ¢4, we do not know
whether it guarantees that the entropy current has a non-negative divergence.



In this work we will investigate the nature of the entropy current in a particular setup.
We will first construct the full second order solution to Einstein-Gauss-Bonnet gravity
(in spacetime dimension greater than four) using the recently discovered fluid/Rindler
correspondence [10-13]. This correspondence is based on the fact that the Rindler wedge
of flat Minkowski space acts as finite temperature thermal state analogous to the black
brane in AdS. Furthermore, like the black brane, the Rindler acceleration horizon has a
planar topology which allows as discussed above, to make the same controlled expansion
in fluid gradients as in the fluid-gravity correspondence. Using this machinery, relativistic
solutions to the vacuum Einstein equations have been constructed to second order [12, 13].
These bulk solutions are dual to a fluid system living on an arbitrary timelike surface S,
of fixed radial coordinate r = r..

So far this is a holographic mapping between two classical theories, but it hints towards
a full duality between some quantum field theory on S, and the interior region of the Rindler
geometry. While the nature of holography in asymptotically flat spacetimes is a mystery,
it is possible that some information can be gleaned from the non-standard properties of the
dual fluid. In particular, the dual fluid thermodynamics is characterized by zero equilibrium
energy density even though there is non-zero temperature. The corresponding viscous
hydrodynamics of the system is perfectly well-defined, but has the intriguing property
that only transport coefficients at second (and higher) order in the derivative expansion
are affected by higher curvature terms in the gravitational theory. This implies the shear
viscosity to entropy density ratio of the fluid is universal [26]. Exploring the hydrodynamics
of this fluid in more detail is of interest.

Following the procedure developed in [12, 13|, we compute the vacuum solution to
second order. Since the Rindler background is flat, some simplifications occur and we are
able to obtain the Gauss-Bonnet corrections to the metric and the fluid stress tensor. This
extends the earlier results of [26] in the non-relativistic limit to the fully relativistic fluid
case. In particular, we will find to first order in fluid gradients the extension of the horizon
normal into the bulk,

8‘48)8(14 = p_lu“aiu , (1.6)
and show that the entropy divergence at second order is non-negative.

The plan of this paper is as follows. In section II we will review the correspondence
between hydrodynamics and gravity and motivate the entropy current formula (1.3) in
more detail. We discuss the nature of its possible ambiguities and why (1.5) is a natural
condition to fix £4. In section III we construct the solution to vacuum Einstein-Gauss-
Bonnet gravity up to second order in fluid gradients by perturbing around the Rindler
background and find the holographic fluid stress tensor at second order. In section IV
we compute the entropy current using (1.3) and show that its divergence is non-negative.
In the discussion, we examine the implications of our results and possible extensions to a
wider class of examples in the fluid-gravity paradigm and beyond. Finally, the appendices
contain a more detailed discussion of ambiguities and specific calculations of the entropy
current.



2 The Entropy current

We begin with a brief review of how the hydrodynamics of a fluid system can be encoded
in a gravitational solution in one higher dimension. The key underlying concept in hydro-
dynamics is the notion of local thermodynamic equilibrium. The fluid is described by a
finite set of macroscopic parameters, which are functions of space and time that vary slowly
throughout the system, so that in the neighborhood of each point there is an approximate
notion of thermodynamic equilibrium. Thus, a relativistic fluid is characterized by a four-
velocity u* and the thermodynamic variables, energy density p, pressure p, temperature
T, and entropy density s. If the fluid also possesses additional conserved charges, one
includes the corresponding charge densities and chemical potentials in its description. The
various thermodynamic variables are related by the equation of state and by the standard
equilibrium thermodynamical identities.

Hydrodynamics is an effective description valid at scales L > {,,r,, where £y, is
the mean free path of the system, determined by the temperature and the nature of the
microscopic (field) theory. This means the gradients of all the fluid parameters must
be small compared to the scale set by the mean free path and thus hydrodynamics is
characterized by an expansion in derivatives of the fluid variables. At zeroth order, the fluid
is in equilibrium and the entropy current su* is conserved. Higher orders in derivatives
correspond to viscous corrections, which are in general associated with dissipation and
increase the entropy of the system.

On the gravity side, we consider a (d + 2) dimensional spacetime and denote the bulk
coordinates by X4, where the index A runs from (0..d 4+ 1). Typically, one decomposes
XA = (r,2"), where 7 is the holographic radial coordinate and 2* are the coordinates
in the field theory/fluid. The index g runs from (0...d) and therefore d is the number
spatial dimensions of the fluid system. The metric ansatz corresponding to a fluid in global
equilibrium is

ds® = gapdXdXP = k(r)u,u,datdz” — 2u,datdr + f(r) P, datdz” (2.1)

Here, u#u, = —1 and u, can be thought of as the velocity of a boost. P,, = hy, + u,u,
is the projector orthogonal to u# and hy, the metric (possibly curved) on which the fluid
system lives. The functions f(r) and k(r) are determined by the field equations. There
is an event horizon located at radius rj, such that k(r = ry) = 0. At this location, the
Eddington-Finkelstein like coordinates chosen for (2.1) are regular. To see that this metric
corresponds to a holographic fluid, one can compute the Brown-York stress tensor for a
surface of constant r and show it has the form of a perfect fluid [27]

T,u,y = pUyUy +pP/uz ) (22)
with Hawking temperature
ork
T = _ﬁ‘r:rh . (23)

Note, that in order to describe charged fluids, extra gauge fields are needed in the ansatz.



The extension to an arbitrary fluid state is straightforward: one promotes u*(z*),
k(r,z*) and f(r,z"). The metic ansatz is no longer an exact solution to the field equations,
but one can work order by order in an expansion in derivatives of these variables as done
in [5]. The details of this construction for the Rindler metric will be described in the
next section. Here we note that the perturbed metric solution implies the event horizon
is dynamical and its location varies in time and space, ry(z#). The horizon location is
determined by solving the equation for a null hypersurface

gABﬁA(r —rp(z!)0p(r — rp(zt)) =0, (2.4)

order by order in the derivative expansion. The horizon normal vector ¢4 then follows from
A = g2 Bog(r — rp(zt)).

When working with the the entropy current (1.3) it will be useful consider a coordinate
gauge adapted to the horizon X4 = (7, z#), where the horizon is always located at zero

radius 7 = 0, i.e.
r=r—ry(z). (2.5)

In these coordinates

s4 = (0, "), (2.7)
where
st = 2%@‘” = 2%(—2,&“’7”’*(%6,: — Vi) + 4V, LHT) (2.8)
In the case of Einstein’s gravity, where £ = \/—gR (we use units where 167G = 1),

[ABCD _ ; (gCgBP — gAP By | (2.9)

g g 9

and the second covariant derivative term in (2.8) vanishes identically. In equilibrium one
can use the Killing equation Valp = —Vply to set Vil, = =V, lz. As a result, (2.8)
reduces to the Bekenstein-Hawking area current

Sep = 4m/—gl", (2.10)

which for the metric ansatz above (2.1) reduces to s* = 4 f(0)3/2u.

In the dynamical case, there is no longer a Killing vector, but it is possible to use the
freedom in the radial derivative of £4 (now thought of as a generalization of the Killing
vector in the bulk which becomes the null normal when evaluated on the horizon) to impose
the “weak Killing condition” [25]

(A (Valp +Vpla)=0. (2.11)



Since the p component of the equation turns out to be an identity, this amounts to one
condition

1
(B (Vilp +Vply) = 5%(@63) + kbl =0, (2.12)

When evaluated on the horizon this condition relates the surface gravity at higher orders to
the radial derivative of the norm of 4. With this condition imposed, A e LAV R
we get that definition (2.8) again reduces to the Bekenstein-Hawking current. Note, that at
this stage the derivative expansion has not played a role. As long as weak Killing condition
can be enforced in a general dynamical situation, (1.3) always reduces to the area current.

In a higher curvature theory, one must restrict to the fluid-gravity setting and analyze
the nature of the ambiguities order by order in the derivative expansion. This was done
in [25] for a generic higher curvature theory to first order in fluid derivatives. The result is
that the weak Killing condition (at first order) is again sufficient to eliminate the ambiguity
in the definition of the entropy current. In appendix A, we continue this type of analysis to
second order in gradients. Here one needs a new set of constraints on the components of the
radial derivative of £ in addition to the weak Killing condition at second order. It turns out
that these conditions ultimately follow from the positivity of the entropy current divergence.

Instead, here we propose a natural, geometrical way to eliminate all the ambiguities
a priori and in general is to simply impose the stronger condition in (1.5). This set of
(d + 2) equations fixes the (d + 2) components in ¢4, from this one can determine the
radial derivatives that appear in the formula (1.3). With (1.5) imposed, ¢4 is the vector
generating coordinate transformations that preserve the bulk gauge condition typically
employed in the fluid-gravity correspondence [28],

Grr =05 Grp = —uy . (2.13)

Geometrically, in this gauge lines of constant x# are null geodesics and r is the affine
parameter along these geodesics. This choice of gauge is associated with a trivial mapping
of points on the arbitrary boundary hypersurface to the event horizon along the ingoing null
geodesics, i.e. the gauge theory coordinates z* are also coordinates on the event horizon
hypersurface and 7, (z#). Note that the form of this gauge is the same in both the r and 7
coordinate systems, so that ultimately either choice will suffice. In the following sections,
we will compute the perturbed Rindler solution to second order and demonstrate that the
now unambiguous entropy current (1.3) has a non-negative divergence, consistent with the
generalized Second Law.

3 Perturbed Rindler solution in vacuum Einstein-Gauss-Bonnet gravity

Following (2.1) the metric for the flat Rindler wedge can be expressed in the following
form [12, 13]

ds* = gapdetda® = —(1 + p*(r — ro))uyu,datdz” — 2puydardr + Pdeide” . (3.1)



The holographic fluid system lives on the surface r = r. and has a pressure

1

= 3.2
P Te —Th (3.2)

Here P,, = 1, + uyu,, so the fluid is on the ordinary flat Minkowski metric. 7, > 0
is the location of the horizon. Note that in this section we will use the standard radial
coordinate r (that is in some sense adapted to the boundary) instead of the horizon adapted
7. Evaluating the holographic (Brown-York) stress tensor at r = r. yields

T,u,u = me/ ) (33)

which indicates the Rindler metric is dual to a fluid with zero equilibrium energy density
p=0.

A flat metric is not only a vacuum solution to Einstein equation, but also to any
standard higher curvature theory, where the action is constructed from higher powers of
the Riemann tensor and its derivatives. Here we will consider the Einstein-Gauss-Bonnet
theory, which is given by the action

Lep = /dd”x\/—g [R+a (R* - 4RcpRP + RepprRYPEY)] (3.4)

where « is the Gauss-Bonnet coupling constant. We consider d > 3 since for d < 3
the Gauss-Bonnet term is topological and does not affect the field equations. There are
two reasons to consider the Gauss-Bonnet term. First, Einstein-Gauss-Bonnet gravity is
notable because even though the action is higher order in the curvature, for the unique
combination of curvature invariants in the second term of (3.4), the field equations remain
second order in derivatives of the metric. Second, such a term often arises in the low energy
limit of string theories.
The field equations are given by

Gap +2aH g =0, (3.5)
where the tensor H4p is defined as
Hpp =RRap — 2RacRf — 2R“PRacpp + Ra“PP Rpopr

1
— 1948 (R* = 4RcpRYP + RopprROPPF) . (3.6)

To put field equations in a more compact form, we take the trace of (3.5), which leads to
the following on-shell condition:

4
R= ?O‘Hg . (3.7)
Substituting back into the field equations, we find
Yip = Rap +2aX 45 =0, (3.8)
where 1
Xap = Hap — ggABHg : (3.9)



To model the Rindler fluid in local equilibrium, one allows u*(z#) and p(x*), but leaves
r = r. and the induced flat metric on it fixed. The metric is no longer a solution to the
field equations, but one can expand and work order by order in derivatives of the fields u#
and p. The metric (3.1) is a solution at zeroth order, i.e. Yap = 0+ O(X), where \ is a
parameter that counts the derivatives of u* and p. The strategy for solving the equations
is as follows. One introduces a metric correction at first order

g=90 450 . (3.10)

1)

The corrected metric at first order induces a (SYf1 5 at the same order, which means it

involves only radial derivatives. We want to solve for the metric 5¢(*) so that
SYS)+ Vi) =0, (3.11)

where Rfjj)g comes from the zeroth order metric. This method can be generalized to solve
for the metrics at higher order in . If we have a solution to (n — 1) order ¢"~1 . then one
introduces a correction dg(™ so that

sy v =0, (3.12)
Expanding out, we find
(n) | pn) (n) | )y _
SR s+ Ryp+20(6X 5+ X,4p5) =0. (3.13)

There is no change to the Hap tensor (3.6) at the same order n since the curvature of
the Rindler background is zero and any term in the variation would contain some factor of
curvature at zero order. Thus, 6X1(472 = 0. At first viscous order (n = 1) the results found
previously for GR hold, because H,(4 ])3 = 0. This follows just from the fact that the lowest
order part of the Riemann tensor is first order for the Rindler solution and H 4p tensor is
quadratic the Riemann tensor and its contraction. In [26] it was shown that for any higher
curvature theory the first order corrections vanish and the viscous hydrodynamics is the

same as in GR. The result for the dual metric to first order is [12, 13]

ds® = —(1+ p2('r — 1)) upuydetda” — 2puy,datdr + Py, datdx”

+ 2p(r — 7o) D(Inp)uyu, det dx” — Ap(r — rc)u(#Py)‘)aA In pdztdz” . (3.14)
One can show the general solution consistent with the boundary conditions takes the
form
PYPI5g\Y = —2p? / —dr’ / PAP"Y ") gy (3.15)
AP”&gAJ (1/2)(1 = r/re) VM (z) — 2p/ dr’ / dr”Pj () (3.16)
Au”&gg\a) (1—r/rc)A +p/ dr’/ dr” (pP)‘UY)f:) —p oy — Qﬁ(f)u)) ,

(3.17)

-9 —



where f’é%) = R%;%—Za)zﬁlngg. From here on we consider the second order viscous calculation,
which is where the higher curvature corrections first appear. We only need to find H4p at
2nd order, which amounts to just

(2 - (1 - (1 1 ) 50 -
Hiu)a = RELX)CDER(B%‘DE - ZgiJ)BR(CI))EFR(l) CPEE (3.18)
We find
a? =0 (3.19)
a2 =0 (3.20)

3 3
H) = =5 p%a’ (ug,0yus — u0jg ) + 5p° 0 )

3 3 3 3
— ZpQPB)‘GﬂuH@)\uV — 1p28uu58l,u,3 + ZpQU#uya)‘a)\lnp + §P#,,QagQO‘5 . (3.21)

Since only the (ur) components of Hﬁ% are non-zero, for the solution (3.17),

X3 =0 (3.22)
X5 = guuﬁ(z)g (3.23)

. A 1 .

XP=H2 - (= Puyu, + P, )HYE . (3.24)

Hence we only need the trace H (2)8 = pPw Hﬁ) and Plj‘P;’ H )(37) Using the variables
Ky = PYPJOzugy, Qu, = P} PIOu,), and D,y = P/9, we find

H®EG = —|—;p (d —2)Q,59% (3.25)
and
PYPIHY = +3p%Q,0 0, + 3]0 P Q0507 (3.26)
Putting all this together we find using (3.17)
P)‘P‘Tég(g) (G Rsolution) + 6ap*(r — r.) <Q“)‘QAV + CllPWQa[gQ“/B> (3.27)
WA PI8g\Y) = (1/2)(1 — r/r )V P (z) + (GRsolution) (3.28)

-2
w69 = (1—r/re) AP (z) + (GRsolution)—|—3ap4(7“—7"c)2(d y )Qaﬁgaﬁ . (3:29)

To keep the equations compact we will not write the explicit form of the GR solution
computed in [12, 13]. The free functions A(z) and V,(x) are still arbitrary and may still
depend on the Gauss-Bonnet coupling constant. The functions are fixed by imposing gauge
conditions on the stress tensor. In the Gauss-Bonnet theory, the form of the holographic
stress tensor is modified to [29]

Ty = 2Ky — Kuw) +4a(Jyw — 3Jw) (3.30)

,10,



where3 1
T = §(2KKWKI‘/’ + KKK, — 2K,, K"K, — K’K,,). (3.31)
The first step to calculate the new stress tensor is consider the extrinsic curvature at
second order induced by the second order metric. The result is

1
0K = %Brgff)\r:rc : (3.32)

As a result the pure Brown-York part of the holographic stress tensor in linear in extrinsic
curvature has the form

1 1 2 . 1 o
oT() BY = ];A(Q)PW + ];%VV()) + (GRsolution) — 12pa (QM*QM + < P Qapf 5) :

(3.33)
Next, we must consider the variation 5Jﬁ). From (3.31) this involves the second order
extrinsic curvature in (3.32) times two zeroth order K ,S(L). Due to the simple form
0 p
K = — S, (3.34)
one can show that 0.J,, vanishes identically and there is no contribution from the explicit
« part of the holographic stress tensor.

In the explicit « contribution to the stress-tensor, we have to calculate j,(ﬁ,), which
involves two first order parts of the extrinsic curvature times one zeroth order part. Using

K$) =K, (3.35)
we find
. 1
727 = 4a (2pPM,/Ca5Kaﬂ - pICM,\ICZ> . (3.36)
Putting this all together, we arrive at
@~ L 42p, ¢ Ly v® (R 12pa ( Q0 + L Py Qa0
= g @“(u ) + (GRterms) — 12po { €, + gl tlas +
1 af o
+4a §pPWICaﬁIC —pKun k| (3.37)

The first gauge condition we require is that 7, lg,%)u“P)\” = 0, which fixes V,,(Q) 4 In this

case there are no a corrections and as result (see eq. (3.28)) u)‘P[f 5g/(\?7) is the same as in

3Here an additional term is zero because the induced metric on r = r. is flat.

“Note that in [25] the authors also used the freedom in the function Vu(n) so that there are no higher
order viscous corrections to the null normal, that is ¢4 = (O,pflu“) to all orders. The disadvantage of this
frame choice in our case is that stress tensor will no longer satisfy Tﬂf)u“Pa" = 0. Hence we will remain in
the standard Landau-like frame in the following.

— 11 —



GR. The second condition is to cancel all terms proportional to P,, so that the pressure

is unchanged at higher viscous orders. This fixes the A in u)‘u"éggi) to be

12r.p?

A®) = (GRresult) + L 00,50 — 4y pPaK gk . (3.38)

The remaining contributions to the stress tensor are
Tﬁ) = (G'Rterms) — 12apQu”\Q>\V — 40‘pl€u/\’Cz))- (3.39)

Comparing to the general form of the fluid stress tensor [11]

Ty = puyuy, + pPyy, — 20K,
+ cllC;‘IC)\,, + C2IC€\HQ|>\\V) + CgQMAQ)\V + C4P2P5D)\Dg Inp
+c5K,, Dinp + CGD,f Inp DVL Inp, (3.40)

we see that the Gauss-Bonnet corrections only modify the ¢; and ¢ transport coefficients

at second order to
2
c1 = —=(1+ 2ap?)
p
4 2
c3 = ——(143ap?), (3.41)
p

with the rest of the coefficients 7, ca,cq4,c5,c6 the same as in GR. These results for the
transport coefficients are consistent with [26], where the transport coefficients c¢; 4 were
read off from the non-relativistic solution.

4 Rindler fluid entropy in Einstein-Gauss-Bonnet

We now want to calculate the entropy current in the Einstein-Gauss-Bonnet case using the
entropy current prescription in section II. We can express (2.8) as

27 FUT
Seap = ?\/—g (—2L4"A,) . (4.1)

Here we have defined
AH = VMEF - V;Eu . (42)

Note that in the case of a Einstein-Gauss-Bonnet (and its Lovelock generalizations [30]),
the covariant derivative of £APCD on any index must vanish identically. In the (7,z*)
coordinates

o 1 o
Liot = —50"" + LG (4.3)
and

o o . . - 1
LA = 20 (R‘”’”’ — RTg" + RV + RV — 2RM”) : (4.4)
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Here the expressions are to be always evaluated at the horizon 7 = 0.

Using the first order solution (3.14), we find that £, g, 4 = 0 implies that ¢4 takes the
form in (1.6), just an extension of the null normal to first order off the horizon surface into
the bulk. In terms of the variables in (4.1) we now have that

u“Al(}) = 2prM)
kD) = p 'Dlnp
P2 AY = 2D p, (4.5)

where the superscript in parenthesis denotes the number of gradients in the expression.
At zeroth and first order, the Gauss-Bonnet current should also match the GR result
since the first order solutions are the same, as we discussed above. Let’s check this us-
ing (4.1). At zeroth order, we immediately get the the GR entropy current S’éB = 4drut
as expected. In the first order solution (3.14) it was found previously that Zé‘l) = 0 and

—g1) = 0. Using

L0 L
2
A}(?) = _puu7 (4 6)
and (4.5), at first order the expression is
s%(é)B = 87Tp2£é7_§7(1)uy . (4.7)
Then since
AB
on-shell, many terms in £A™7" in do not contribute at this order. The remaining term has
the form
E;éfgf(l) — QQRMFVF(D — %Kyz/7 (49)
where we used the fact that
R/J,FVF(I) _ R/,u‘ur(l) (410)

with respect to components in the standard r coordinate. Thus 5%%‘)3 = 0 as expected
since KCH"u,, = 0.

Now we want to calculate the second order part of the current. It turns out that the
first order data in (4.5) is sufficient to elminate most the ambiguities. We just need the
additional second order condition , which follows from (1.5),

ut A = 2pr® (4.11)
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Then using (4.1), (4.3) and (4.6), the full current at second order takes the form

3%(2’)3 = 47p~? mu“ + 47rp€‘(‘2) - 47TPU“(€(A2)U/\)

+ 87Tp2£g]l3ﬁ(2)u,, + 167role“’\Di Inp . (4.12)

The first line has no explicit « corrections, but there could in principle be Gauss-Bonnet
corrections to the normal and metric determinant.
First consider the metric determinant. In our standard r gauge for the metric, we have

grr =0 (4.13)

Grp = —DUy (4.14)

9w = Py + corrections . (4.15)
Thus, one can show

det g = pdet(P)PJ5gxs) - (4.16)

To second order, the transverse part of g, is the identity matrix plus corrections because
P[}Pfg&? =0 (see (3.14)). Using the formula det(I + A) ~ 1+ Tr(A) gives
detg = p(1 + P”“”églﬁ)) . (4.17)

To find the correction proportional to a, consider (3.27). In this term however the correc-
tion

1
Q7 0, + gP#VQQBQO‘B (4.18)

is traceless, so the metric determinant to second order is the same as in GR.
The null normal to horizon surface is defined as

4= g"Pop(r —r(x)), (4.19)
where in general the horizon location is a function of z#. At second order, the result is

2 2
o (D) = grr ()] L+ EPW&, InpDlnp — EP’“’&,(D Inp) . (4.20)

r=r.—-—5
)

Here we have used the first order inverse metric and

12
=T+ 2 DInpt . 4.21
=t (4.21)

Thus, any a corrections will be in ¢g*"(2). However, this is given by
g’“"(Q) = p_lP”’\nggir) , (4.22)

which we saw above has no corrections. Thus, we conclude that ¢/ 5 in Einstein-Gauss-
Bonnet is the same as in GR. Since K’é)uu = 0, the first line of (4.12) is just the area
entropy current of GR. Thus,

2 2 2
s — 2 ) (4.23)
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where [12, 13]
w(2) 1 aBy, 1 1 aBy, i
Sgr =4m ?(KaﬁK Jut + 272(901/39 Ju
p p

4
+ % (2Di InpD1Inp —2D" DInp — P™O,KC) + (K4 + Q“)) Dy lnp) . (4.24)

p

and

s‘é(é) = 87rp2ﬁggf(2)uy + 167K Dy Inp . (4.25)

Thus, we just need to compute the Gauss-Bonnet parts in (4.25). For the details of the
computation, see appendix B. Ultimately we find that in terms of the fluid variables this
has the form

s’é%) = SWQ(ICQBICO‘B)U" — 247Ta(QaBQa6)u“ — 1677an\‘8le”>‘ . (4.26)

Now let’s consider the divergence of the total entropy current. At lowest order the
divergence of the entropy current is just

Ous" = Am(Out) () = S;TIC“'BICQB, (4.27)

where in the last equality we have used the fluid equations. We can demonstrate the
divergence is non-negative if we can show it still forms a perfect square at higher orders, i.e.

8

8w
?(’Cw +8Q))? =

= ?IC’“’(ICW +253)) + O(eh), (4.28)

b

WuSpap =

where S5, is some second order tensor constructed from the fluid variables.
At third order, the divergence takes the form

v

sl = Ousias) + AT (Duu) 3y + Oyustg) ~ 2KMSE) (4.29)

In the case of the divergence of the second order GR current, nothing changes from the
previous calculations in ([12, 13]) and the divergence is of the perfect square form. However,
the contribution from the divergence 0,u#, which is determined by the third order fluid
equation, ut9"T),, = 0, does have « corrections. In the Gauss-Bonnet case, only the c; 3
coefficients of the fluid stress receive « corrections (3.41) and the result is

4
Ar(u) 3) = —pi;/caﬂ ((2 — 40p?)KAK gy + 2K apDInp — 12ap2Qa>‘Qg>\> . (4.30)

However, these « corrections are also of the required form and therefore will ultimately
have no effect on whether the total current divergence is positive definite or not.

Finally, let’s consider the divergence of the last purely Gauss-Bonnet term above.
Taking the divergence and imposing the ideal fluid equations yields just

8Msé(]§) = —16mak*? (3904)\95)\ + /CaA/Cﬁ)) , (4.31)
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which again has the necessary form for positive definiteness. Putting everything together,
we find that

1 1
SI;EGB =4 (1 + (])2 + Qa) (KagKa’g) + <2p2 — 6@) (QagQaﬁ)) ut

+ Z]J;Z <2D5L_ InpDInp — 2D DInp — (1 + dap?) PP O\K) + (K5 + Q#y) D} lnp) ’
(4.32)
and
Ouspep = ijrlcaﬁlcaﬁ
+ j; (—8/6"‘51)51); Inp + 8K’ Dy InpDg Inp — 4D In pK*’ Ko
—8KBKACy 5 — 8/ca59amw) . (4.33)

Note that the « pieces coming from the field equations exactly cancel out with pieces
arising from the explicit « parts of the current and we are left with just the GR result.

5 Discussion

In this work we considered the local horizon entropy current for higher-curvature grav-
itational theories, which in the non-stationary cases contains ambiguities related to the
absence of a preferred timelike Killing vector. We argued that these ambiguities can be
eliminated in general by choosing the vector that generates the subset of diffeomorphisms
preserving a natural gauge condition on the bulk metric. While this requirement deter-
mines the entropy current uniquely, it is not yet clear that it guarantees in general that it
has a non-negative divergence. As an example, we studied a dynamical, perturbed Rindler
horizon in Einstein-Gauss-Bonnet gravity setting and computed the bulk dual solution to
second order in fluid gradients. We showed that entropy current at second order has a
manifestly non-negative divergence.

Notably, our condition (1.5) on £ has also appeared recently in [31] outside the context
of the fluid-gravity correspondence. Here the authors examine the approach to equilibrium
horizon entropy using the Virasoro algebra, central charge, and the Cardy formula. One
considers a subset of diffeomorphisms that in some sense respect the existence of a horizon
in the bulk solution. Roughly, some of the full diffeomorphism symmetry is broken and
some of the pure gauge degrees of freedom become physical. The authors argue that
the subset consistent with (1.5) is preferred and apply it to a stationary Rindler metric.
They show the vector ¢ obeys a Virasoro algebra with central extension and one can
use the Cardy formula to count the asymptotic number of states. The result agrees with
the Bekenstein-Hawking formula. It would be interesting to understand better the nature
of (1.5) and why it appears in different contexts.

In the fluid /gravity correspondence, condition (1.5) is necessary and sufficient to define
an entropy current from the horizon data, which is compatible with the hydrodynamics
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dictated by the boundary stress-energy tensor. As noted above, it is an open problem to
prove that this entropy current has in general a non-negative divergence. If true, it will
prove in particular a Wald entropy increase theorem at least in the derivative expansion.
A first step might be to consider the entropy current in Einstein-Gauss-Bonnet (or its
Lovelock generalization), perhaps making use of the recent work in [32, 33|, which proved
the Wald entropy increases in quasi-stationary processes.
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Appendix A

Here we present an alternative analysis of the ambiguities in the entropy current at first
and second order in fluid gradients following [25]. In particular, here one does not a priori
impose (1.5). At first order in gradients of the fluid variables, (2.8) contains the following
set of unambiguous terms

ROTE (_%mﬂl) A 4 4[vygufvf]<1>> , (5.1)

un—amb K(O)

and ambiguous terms

S&)f; _ _% (L»;WVF(O)AI(}) + H(l)uu> . (5.2)

The “ambiguous” terms are associated with how one defines the surface gravity and radial
derivatives of the null normal away from equilibrium. Note, that [V, £**7](©) = 0 for any
LABCD  Using the fact that generically

L£rvr0) — %u”u” (5.3)
AELO) = —QK(O)UM, (5.4)

we find that this ambiguity is eliminated if
u"AE}) =2x(1) (5.5)

One can show that this is equivalent to (2.12) at first order evaluated on the horizon. If we
impose this condition, then to first order there is no ambiguity in the entropy current for
any higher curvature theory of gravity. The unambiguous part of the current was computed
in [25] in the case of a charged black brane background in Einstein-Maxwell theory with a
mixed gauge-gravitational Chern-Simons term. The resulting entropy current agrees with
the field theory calculation and has a non-negative divergence, indicating that this current
may be the correct one.
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At second order in gradients,

I/ — o 1
i) = SV <_2cw<1>A9> + U (W AD) - n@)u“) : (5.6)

amb — K
We can express £477(1) in terms of the fluid variables as follows
£ = oWyky? 4 gM prv 4 2u(“Y(11)) + yoh”, (5.7)

where a(!) and () are first order scalars constructed out of the fluid variables, YLEI) is a
first order vector, and 0, = Pli‘P;’ I\ugy — éP“,,a,\u/\. In general, these ambiguous terms
have a somewhat complicated form relating the components of A, to x and it appears that
we can say little without actually computing the perturbed solution in a particular theory
to second order in gradients.

In the Rindler case above, the ambiguities reduce to just

s = drp(u APVt — 8rr@Put — drp LT A (5.8)

amb —

via (4.9). Essentially in (5.7) only the yo*” term is non-zero. The first two terms pro-
portional to u* above vanish if we impose the weak Killing condition at second order
u”A,(f) = 2pk@. To compute the remaining term, we can use the previous results in (4.9)
and (4.6) to show that

sM3) = —8mrak AL, (5.9)

amb —

Thus, the remaining ambiguity is in the other set of d degrees of freedom contained in
PVA(l)
pry
If we repeat the calculation of the entropy current with (5.9), we find
2 a Ll A A 1,0
9,542 = —16mak*? (Da Dj Inp + 32 Qsx + Ko Ksn — 5 Da A >>
— 16ma(9,K") Dy Inp — 87704(8MIC“)‘)A§\1). (5.10)

Therefore we see that the divergence will not be of the perfect square form in general
unless we require exactly the last condition in (4.5), that Plf‘Ag\l) = —2Dj Inp. Using this
information, we can work backwards and compute the form of ¢4. The result is

(4dX A = 2pkFu,da + 2F(Di Inp)dzt + di + 7 fVdr, (5.11)

We have parameterized the extra degree of freedom in Ef:l) = 7f(M). The conditions for
positivity of the divergence of the entropy current seem to be just (d+ 1) conditions on the
(d + 3) degrees of freedom in £ and Efj). However, we can actually calculate (1) using
the formula

'Vl = Kl — — [T 1] WV)mg = £, (5.12)
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Raising (5.11) to a vector yields

0

= (5.13)

o 1 B 2
a0 1 WY o O () ) 2
0XA_p(1+f T)“ a:w”(rf 2w lenp>

Using this result and the first order metric, (5.12) yields k1) = p~'DInp and thus

0 1 0 0
A L (D)= 72 £(1)
14 oA —p(l—i—f 7“) u“amu—i—r f o (5.14)

Thus, up to the freedom in f() this result agrees with (1.6). Setting M) =0 is exactly
what we need for (1.5) to hold.

Appendix B

In this appendix we show the detailed calculation of the Gauss-Bonnet part of the entropy
current in (4.25). Using (4.4), we find

E'gEF(Q)UV — 2a(Rqu‘“(2)uV _ p—lRu'F(Q) +p_1(RVF(2)UV)'U/M + %p—2R(2)uy) (515)

Computing the Ricci tensor components and Ricci scalar is easier because we are working
on-shell, which implies they are zero up to second order. Thus the transformation between
the (r,z*) and (7, z") coordinates
or
|
or
or
@ = — 3u7“h (516)
is trivial at second order and we can work in the original set of coordinates. The equations
of motion (3.8) imply

R® = %ﬁg)c (5.17)
RH® = fguuﬁgw - ?pwuvﬁg (5.18)
The result is
RM() = 3ap (Cl;Q) (0 QP Yut (5.19)
R® = 6ap? (df) Qa2 (5.20)

Note that these corrections already depend on «, which means they will be, in principle,
of O(a?) in the entropy current formula. Inserting these results into (4.25) we find

- -2
sé%) = 16mp* R Py, — 4802 p? <dd> (Qap QP Yut — 871'()[’(:#)\14&1). (5.21)
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Next, one can relate R¥™7(?) to the unbarred r components using the coordinate
transformation (5.16)

RMTVT 8(2(7:4 8?:3 RuAVB (5.22)
which yields
Ry, = Ry, — 2p720y In p(RY Dy, 4 R Wy, ). (5.23)
Using
RV = w0 %UVQ“)‘ —~ %mw, (5.24)
we find
RHTVT(2)y, = RHrvr(2)y, 3p_2Q“’\D§ Inp (5.25)

As a result, (5.21) becomes

d—2
sg(é) = 167rozp2R“Tw(2)u,,—48a2p2 <d ) (QaﬁQo‘ﬁ)u"—ZlSWaQ“)‘Di lnp—SwalC“)‘Ag\l).
(5.26)
Finally, by direct computation using our metric solution, we find
y 1
R = (—P“Aap/cg — KM Dt Inp + 30Dy Inp
1 3 d—2

Aty gt (122) o). o
Putting all these components together yields (4.26) and the O(a?) pieces ultimately can-
cel out.
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