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To generate the minimal neutrino Majorana mass matrix that has a free solar mixing angle and
∆m2

sol = 0 it suffices to implement an O(2) symmetry, or one of its subgroups SO(2), ZN≥3, or
DN≥3. This O(2) generalizes the hidden Zs2 of lepton mixing and leads in addition automatically to
µ–τ symmetry. Flavor-democratic perturbations, as expected e.g. from the Planck scale, then result
in tri-bimaximal mixing. We present a minimal model with three Higgs doublets implementing a
type-I seesaw mechanism with a spontaneous breakdown of the symmetry, leading to large θ13 and
small ∆m2

sol due to the particular decomposition of the perturbations under µ–τ symmetry.
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I. INTRODUCTION

Several decades worth of neutrino experiments have shown that at least two neutrinos are
massive—sub-eV—and are subject to substantial mixing. The Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) leptonic mixing matrix that connects flavor- and mass-eigenstates can be parameterized
as a product of three unitary matrices Uij and a diagonal phase matrix in the form UPMNS =
U23U13U12 diag(1, eiα, eiβ), or, explicitly in components (with cij ≡ cos θij and sij ≡ sin θij):

UPMNS =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 e−iδCPs13
0 1 0

−eiδCPs13 0 c13

 c12 s12 0
−s12 c12 0

0 0 1

diag(1, eiα, eiβ)

=

 c12c13 s12c13 s13e
−iδCP

−c23s12 − s23s13c12eiδCP c23c12 − s23s13s12eiδCP s23c13
s23s12 − c23s13c12eiδCP −s23c12 − c23s13s12eiδCP c23c13

 diag(1, eiα, eiβ) ,

(1)

in a basis where the charged lepton mass matrix is diagonal. The CP-violating Majorana phases α
and β are not observable in oscillation experiments and the Dirac phase δCP only for nonvanishing
reactor angle θ13 6= 0. The current best-fit values and confidence levels for the mass-squared
differences and mixing angles are taken from Ref. [1] and listed in Tab. I. We also quote the
95% C.L. range for θ13 from an analysis including the Double Chooz (DC) result for normal mass

parameter best-fit+1σ
−1σ 2σ 3σ

∆m2
21 [10−5eV2] 7.59+0.20

−0.18 7.24–7.99 7.09–8.19

∆m2
31 [10−3eV2]

2.50+0.09
−0.16

−(2.40+0.08
−0.09)

2.25–2.68

−(2.23–2.58)

2.14–2.76

−(2.13–2.67)

sin2 θ12 0.312+0.017
−0.015 0.28–0.35 0.27–0.36

sin2 θ23
0.52+0.06

−0.07

0.52+0.06
−0.06

0.41–0.61

0.42–0.61
0.39–0.64

sin2 θ13
0.013+0.007

−0.005

0.016+0.008
−0.006

0.004–0.028

0.005–0.031

0.001–0.035

0.001–0.039

Table I: Current neutrino oscillation parameters from global fits, taken from Ref. [1]. The upper (lower)
row corresponds to normal (inverted) neutrino mass hierarchy, with ∆m2

31 > 0 (∆m2
31 < 0). Recent Double

Chooz results [3] are not included.
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ordering (inverted mass ordering) [2]:

0.023 (0.027) < sin2 2θ13 < 0.16 (0.17) . (2)

The closeness of θ13 to zero and the atmospheric mixing angle θ23 to π/4 has spawned a lot
of interest in models that predict these values by invoking some symmetry. Since θ12 also ap-
proximately fulfills sin2 θ12 = 1/3, the most-studied approximation to UPMNS is given by so-called
tri-bimaximal mixing (TBM) [4]

UTBM =


√

2/3 1/
√

3 0

−1/
√

6 1/
√

3 −1/
√

2

−1/
√

6 1/
√

3 1/
√

2

⇒ sin2 θ13 = 0× cos2 θ13 = 0

sin2 θ12 = 1
2 × cos2 θ12 = 1

3

sin2 θ23 = 1× cos2 θ23 = 1
2

, (3)

where we choose a different (physically equivalent) sign convention for θ23 compared to Eq. (1).
While recent T2K [5] and Double Chooz [3] results indicate θ13 6= 0 [1, 6], Eq. (3) can still be
viewed as a good leading order approximation. The entries of UTBM are reminiscent of Clebsch-
Gordan coefficients, so it is not surprising that the TBM structure can be implemented by invoking
symmetry groups. This is by no means a simple endeavor but by now there exist hundreds of TBM
models based on discrete nonabelian symmetries such as A4, S4 or ∆(54) (see Refs. [7] for recent
reviews of this subject). To obtain the solar mixing angle sin2 θ12 = 1/3 one has to work a lot
harder than for θ13 = 0 = s223 − 1/2, as the latter simply follows from the exchange symmetry
µ ↔ τ (which is just a Z2 symmetry, denoted by Zµτ2 ). The Zµτ2 invariant symmetric Majorana
mass matrix for the neutrinos in flavor space has the structure

Mµτ
ν =

a b b

· c d

· · c

 . (4)

The solar mixing angle is not fixed by the Zµτ2 , but given in terms of the entries of Mµτ
ν as:

sin2 2θ12 =
8b2

(a− c− d)2 + 8b2
, (5)

where we assumed Mν to be real for simplicity, as we will do in the rest of this paper. The
phenomenologically favored TBM value sin2 2θ12 = 8/9 can be obtained for a+b = c+d, as long as
b 6= 0. This last condition is crucial, because for b = 0 = c+d−a, the solar angle is actually free, as
we will show in this paper. The mass matrix then has an O(2) symmetry, the exact representation
of which will be derived by us using two different motivations. One of them has already been
discussed in Ref. [8], where a model based on this O(2) symmetry (actually the SO(2) subgroup)
is constructed, introducing two additional Higgs doublets and one triplet, i.e. implementing a type-
II seesaw mechanism. While this model successfully transfers the SO(2) structure to the neutrino
mass matrix, the necessary symmetry breaking is hardly discussed. The additional motivation for
the O(2) symmetry that we add here is connected with a “hidden Z2” symmetry of lepton mixing
[9, 10], and the O(2) symmetry is interpreted here as a generalization of this Z2, leading in addition
automatically to µ–τ symmetry. After providing a novel motivation for the O(2) symmetry, we
discuss the breaking of said symmetry by the most general perturbations, but with a focus on
flavor-democratic effects (for example from the Planck scale) as those immediately lead to TBM.
To present an explicit realization of the symmetry, we use a type-I seesaw mechanism extended by
two scalar doublets.

The layout of the paper is the following: In Sec. II we motivate the O(2) symmetry from different
perspectives and identify the subgroups that lead to the desired Majorana mass matrix. Since the
symmetry cannot be exact, we discuss the most general perturbations to this mass matrix in
Sec. III, with a focus on the flavor-democratic structure imposed by Planck-scale perturbations.
To illustrate a realization of this symmetry we build a minimal model using type-I seesaw in Sec. IV
and show that the spontaneous breakdown can generate θ13 in the T2K range. We conclude our
work in Section V. Appendix A gives a brief overview of O(2) and its representations, while
Appendix B gives an introduction to the hidden Z2 associated with µ–τ symmetry, as it serves as
a motivation for the O(2) used in our work.
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II. O(2) SYMMETRY

In this section we will motivate and discuss an O(2) symmetry connected to the solar mixing
angle θ12 and ∆m2

sol = 0. We present two derivations to make the discussion more lucid and also
comment on relevant subgroups. We refer to App. A for a short introduction to the group O(2)
and its representations.

A. Connection to Hidden Zs2

As shown in Ref. [9, 10] and App. B, every µ–τ symmetric Majorana mass matrix (4) is auto-
matically invariant under a second (so-called hidden) Z2 = Zs2, generated by

G(θs) ≡ −

cos 2θs − sin 2θs/
√

2 − sin 2θs/
√

2

· − cos2 θs sin2 θs
· · − cos2 θs

 . (6)

G(θs) acts on the flavor eigenstates νf ≡ (νe, νµ, ντ )T and satisfies GT = G = G−1, detG = −1,
so it is the generator of a Z2 symmetry. The main point of our discussion is that G(θ) can also be
viewed as a reflection, i.e. G(θ) ∈ O(2)\SO(2). The O(2) structure becomes apparent when we go
to the basis1

νO = UT23(−π/4)νf ≡

1 0 0

0 cos(−π/4) sin(−π/4)

0 − sin(−π/4) cos(−π/4)


T νeνµ

ντ

 =

 νe
(νµ + ντ )/

√
2

(νµ − ντ )/
√

2

 , (7)

in which G takes the form

GO ≡ UT23(−π/4)GU23(−π/4) =

− cos 2θ sin 2θ 0

sin 2θ cos 2θ 0

0 0 1

 . (8)

We identify GO as the most general reflection (see Eq. (A5)) acting on νO ∼ 2⊕ 1, (νµ − ντ )/
√

2

being the singlet. For the doublet we can choose the basis (νe, (νµ + ντ )/
√

2)T ∼ 2. The set
{G(θ), θ ∈ R} from Eq. (6) forms the subset of O(2) with determinant −1, so to construct the
whole O(2) we need to find the associated rotations. As a rotation can be written using two
reflections, we immediately arrive at the representation in flavor space

R(θs) = G(θs/2)G(0) =

 cs ss/
√

2 ss/
√

2

−ss/
√

2 cos2(θs/2) − sin2(θs/2)

−ss/
√

2 − sin2(θs/2) cos2(θs/2)

 . (9)

The rotations (9) and reflections (6) span the group O(2) that generalizes the hidden Zs2, which is
why we named it “hidden” O(2). As special cases we note that the reflection G(0) = diag(−1, 1, 1)
can be interpreted as the generator of a Z2 connected to the electron number, i.e. νe is odd under
this Z2 while νµ and ντ are even, as well as

R(π) = −

1 0 0

0 0 1

0 1 0

 , (10)

which generates the µ–τ exchange symmetry Zµτ2 .

1 This basis coincidentally diagonalizes the mass matrix, i.e. constitutes a mass basis. We will come back to this
point later on.
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It is interesting to study neutrino mass matrices that are invariant under the action of the Zs2,
i.e. [Mν , G(θ12)] = 0, as they lead to testable relations among the mixing angles and the CP-phase
δCP [10]. We will go one step further and impose [Mν , G(θs)] = 0 ∀θs, not just for one special value
θ12. From R(θs) = G(θs/2)G(0) it is with Eq. (A3) obvious that this condition already implies
invariance under rotations [Mν , R(θs)] = 0 ∀θs, so [Mν , G(θs)] = 0 ∀θs gives an O(2) invariant
mass matrix:

Mdeg
ν =

m1 0 0

· (m1 +m3)/2 (m1 −m3)/2

· · (m1 +m3)/2

 . (11)

One can easily convince oneself that invariance under the reflection (6) and rotation (9) holds,
which together span the group O(2). SO(2) invariance ([Mν , R(θs)] = 0 ∀θs) by itself results in
the same Majorana matrix, so we can not distinguish between O(2) and SO(2) in the neutrino
sector. Due to the automatic µ–τ symmetry of Mdeg

ν we find θ13 = 0 and θ23 = −π/4, whereas

the solar mixing angle θ12 is undetermined because the two mass eigenstates νe and (νµ + ντ )/
√

2
have the same mass m1. Consequently we have ∆m2

sol = 0. As a special case we note that in the
limit m3 → −m1 the matrixMdeg

ν conserves not only the flavor symmetry Lµ−Lτ , but due to the
mass degeneracy even SU(2)Lµ−Lτ [11]. In the following we will discuss the mass matrixMdeg

ν , as
motivated either by O(2) or SO(2) invariance. The difference becomes important only in model
building when considering the charged-lepton sector (see Sec. IV).

It is instructive to determine the smallest finite subgroups of O(2), i.e. ZN and DN , that lead to
Mdeg

ν . The abelian groups Z2 and D2 are generated by R(π) and {R(π), G(0)}, respectively, and
do not lead to the symmetry condition (Mν)11 = (Mν)22 + (Mν)23. Z3 is generated by powers of

R(2π/3) =
1

4

 −2
√

6
√

6

−
√

6 1 −3

−
√

6 −3 1

 , (12)

and [Mν , R(2π/3)] = 0 already fixes Mν = Mdeg
ν . Consequently the smallest nonabelian O(2)

subgroup D3
∼= S3

∼= Z3 o Z2 also leads to Mdeg
ν , because it has Z3 as a subgroup. The general

DN = ∆(2N) is generated by R(2π/N) and e.g. G(0) (any reflection really), as they satisfy the
multiplication rules [7]

[R(2π/N)]
N

= [G(0)]
2

= [R(2π/N)G(0)]
2

= 1 . (13)

One can show that DN>3 and ZN>3 also fix the form (11), so we conclude that the Majorana mass
matrix Mdeg

ν can be obtained by imposing O(2) or DN≥3 as generated by R in Eq. (9) and G in
Eq. (6), or SO(2) or ZN≥3 as generated by R.

As far as nonsymmetric matrices go, e.g. Dirac mass matrices, the invariance condition under
SO(2) or ZN (N ≥ 3) fixes the form

RTmDR = mD =

a+ b c c

−c a b

−c b a

 , (14)

whereas invariance under O(2) or DN (N ≥ 3) sets c = 0 as it flips sign under reflections. For
Dirac matrices we also have the option that the left-handed fields Lα and the right-handed fields
`α transform differently under the SO(2), i.e. Lα → RαβLβ and `α → `α. This fixes the form

RTmD = mD =

 0 0 0

a b c

−a −b −c

 , (15)

resulting in only one massive particle. This is not surprising as we couple the O(2) representation
2 ⊕ 1 of Lα to the 1 ⊕ 1 ⊕ 1 representation of `α, which allows only one invariant term unless
we introduce Higgs doublets that transform under SO(2) (see Sec. IV). The coupling of 2 ⊕ 1 to
2⊕ 1 from Eq. (14) on the other hand allows for two invariants, a mass for the singlet and for the
doublet. The form of Eq. (15) does not change when extending the symmetry to O(2), as long as
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one of the right-handed particles transforms as 1 (instead of 1′ which is odd under reflections (see
App. A)). Once again the discrete symmetries ZN and DN (N ≥ 3) suffice to obtain Eq. (15).

In the concrete model of Sec. IV we will find that three nonzero charged lepton masses are much
easier to obtain in an SO(2) than in an O(2) symmetric model. This makes of course no difference
for Majorana neutrinos, at least in the exact symmetry limit.

B. Vanishing ∆m2
sol

In this section we give an entirely different motivation for our O(2) symmetry. The TBM mixing
matrix (3) can be obtained from the neutrino mass matrix (in a basis where the charged lepton
mass matrix is diagonal)

MTBM
ν = UTBM diag(m1,m2,m3)UTTBM

=
m1 +m3

2

1 0 0

· 1 0

· · 1

+
m1 −m3

2

1 0 0

· 0 1

· · 0

+
m2 −m1

3

1 1 1

· 1 1

· · 1

 (16)

as long as the masses are different. For degenerate masses we end up with an undefined mixing
angle. Since phenomenologically ∆m2

sol � ∆m2
atm we take m1 = m2 as a first approximation:

Mν 'Mdeg
ν =

m1 0 0

· (m1 +m3)/2 (m1 −m3)/2

· · (m1 +m3)/2

 . (17)

This matrix can be diagonalized by θ23 = −π/4, θ13 = 0 and arbitrary θ12

UT12U
T
23Mdeg

ν U23U12 = UT12 diag(m1,m1,m3)U12 = diag(m1,m1,m3) . (18)

Flavor democratic perturbations would then obviously fix θ12 to its TBM value. Since U12(θ12) is
an SO(2) rotation, we find that Mdeg

ν is invariant under the SO(2) in flavor space

R(θ12) ≡ U23U12(θ12)UT23 =

 c12 s12/
√

2 s12/
√

2

−s12/
√

2 cos2(θ12/2) − sin2(θ12/2)

−s12/
√

2 − sin2(θ12/2) cos2(θ12/2)

 , (19)

i.e. RTMdeg
ν R = Mdeg

ν . This can be extended to an O(2), because due to the texture zeroes we
also have invariance under the reflection diag(−1, 1, 1):

diag(−1, 1, 1)Mdeg
ν diag(−1, 1, 1) =Mdeg

ν , U23 diag(−1, 1, 1)UT23 = diag(−1, 1, 1) , (20)

which has the same form in flavor and mass basis. Mdeg
ν therefore possesses the O(2) symmetry

generated by R(θ) and diag(−1, 1, 1), as well as all their subgroups, which we discussed in the
previous section.

From this discussion it is clear that the chosen O(2) representation (νe, (νµ + ντ )/
√

2)T ∼ 2,

(νµ − ντ )/
√

2 ∼ 1, as picked out by the hidden Z2 from Eq. (6), is preferable over other O(2)
representations. This is because the doublet representation necessarily results in two degenerate
masses, so we should select the smallest ∆m2

ij for the doublet. Furthermore the subgroup Zµτ2
fixes θ13 = 0, so our representation sets all “small” neutrino mixing parameters (∆m2

sol and θ13)
to zero.2

The decomposition of the TBM mass matrix (16) and the invariance of the different terms under
discrete symmetries have been discussed in Refs. [13] (so-called tripartite model), where the Z3

symmetry (12) that leads toMdeg
ν was recognized and implemented. The overlying O(2) symmetry

2 A connection between the two small parameters is also discussed in Ref. [12] in a model based on the discrete
quaternion group Q8.
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has been discussed in Ref. [8], where a type-II seesaw model with SO(2) symmetry was constructed.
Since the symmetry is violated at least by the measured ∆m2

sol 6= 0, one should however also take
perturbations into account to build a viable model. For this reason we devote the next section
to a discussion of breaking effects. The model from Sec. IV will also feature a discussion of the
perturbations necessary to accommodate the data from Tab. I.

III. SYMMETRY BREAKING

The O(2) symmetry discussed so far can of course not be an exact symmetry due to the well-
measured ∆m2

sol 6= 0. In this section we will discuss possible breaking effects, i.e. perturbations
to Mdeg

ν . We analyze the most general perturbations, but first look at the interesting special
case of flavor-democracy as generated for instance by gravity-effects, because they add exactly a
mass term of the form we neglected from Eq. (16) to find Mdeg

ν . Though there may be other
sources of perturbation that are flavor democratic, we base for definiteness our discussion in the
following subsection on Planck-scale effects. We then turn to the general discussion of breaking
effects, and how their effect correlates with the flavor structure of the perturbation matrices. We
do not consider contributions to UPMNS from the charged-lepton sector, but these can of course
be used to generate θ13, just like in other TBM models [14]. Renormalization group effects can
also lead to sizable [15] θ13, but we have nothing new to add to the discussion. We merely note
that in our model it is not possible to generate the right ∆m2

sol and a large θ13 purely through
radiative corrections. As a final remark, in this and the following section (which deals with an
explicit model) we will keep the parameters real, which simplifies the formulae but apart from that
does not lead to reduced physical insight in what regards the effect of the perturbations. The main
purpose here is to note the presence of O(2) invariance in the lepton sector.

A. Breaking at the Planck Scale

The O(2) discussed here is just a global symmetry and will therefore be broken at the Planck
scale MPl and maybe even explicitly or spontaneously (which could lead to a dangerous Goldstone
boson). Planck scale effects generate the dimension-five Weinberg operator [16]

O5 =
Cαβ
MPl

(
LTασ2H

)
C
(
LTβ σ2H

)
= − Cαβ

2MPl

(
LTαC σ2σjLβ

) (
HTσ2σjH

)
, (21)

where σj acts on the SU(2)L indices of the doublets H and Lα, the charge-conjugation matrix C on
spinors and Cαβ describe the flavor-dependent coupling constants. The second equality in Eq. (21)
follows from a Fierz identity and can be viewed as a different isospin coupling of the doublets.
Gravity is expected to ignore the flavor structure, so one usually assumes Cαβ = C, which results
in the flavor democratic3 contribution [17, 18]

δMPl
ν = µC

1 1 1

1 1 1

1 1 1

 , (22)

with µ ' v2EW/MPl ' 5× 10−6 eV. The above flavor structure of course assumes a diagonal mass
matrix of the charged leptons. Since O5 can only be properly calculated in a theory of quantum
gravity, we have no knowledge of the additional coupling constant C. It is usually assumed to
be O(1) but we stress that it might differ significantly. For example, using the reduced Planck

mass instead of MPl gives µ →
√

8πµ, while from Eq. (21) it is clear that an additional factor
of two originates from the SU(2)L structure of O5 (as pointed out in Ref. [19]), so the scale
of δMPl

ν is by no means known. We diagonalize Mdeg
ν + δMPl

ν with the angles θ23 = −π/4,

θ13 = 0 and tan 2θ12 =
√

8, which picks out the TBM solution for the solar mixing angle (just

3 In Ref. [17] it is argued that there could be deviations from flavor democracy due to radiative corrections and
topological fluctuations (wormhole effects). We will ignore this.
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compare Mdeg
ν + δMPl

ν with Eq. (16)). We stress that TBM can be obtained from the simplest
continuous group SO(2) (or O(2)) as it is automatically broken to TBM by the flavor-democracy
of gravitational effects. Concrete realizations of this symmetry in a UV-complete model will of
course turn out to be more complicated, much like models that use discrete symmetries to obtain
TBM.

On to the masses: the eigenvalue m2 is shifted to m1 + 3Cµ, so m1 and Cµ have to have the
same sign. The induced solar mass splitting is given by

∆m2
sol = (m1 + 3Cµ)2 −m2

1 ' 6Cm1µ ' 1.5× 10−6 eV2C
m1

0.05 eV
, (23)

so we would need C of order O(100) rather than O(1). This could happen via breaking slightly
below the Planck scale, e.g. in extra-dimensional theories where the “true” Planck scale M∗ is
reduced [17],4 or via larger than O(1) coupling constants Cαβ of O5. Assuming we do not radically
boost O5, we need m1 and m2 = m1 + 3Cµ to be large, so this scheme prefers inverted hierarchy
or quasi-degenerate neutrinos.

While Planck-scale effects naturally break the O(2) symmetry down to TBM—and might even
generate the right ∆m2

sol—this is no mechanism to generate a nonzero θ13, because δMPl
ν is µ–τ

symmetric.

B. Model Independent Perturbations

Without specifying the origin of the O(2) symmetry, we might as well introduce general pertur-
bations

δMν =

A B B

· C D

· · C

+

0 E −E
· F 0

· · −F

 ≡ δMs
ν + δMas

ν , (24)

which we have separated into a µ–τ symmetric (δMs
ν) and an antisymmetric (δMas

ν ) contribu-
tion, depending on their behavior under Zµτ2 , as generated by R(π) from Eq. (10). Specifi-
cally, R(π)δMs

νR(π) = +δMs
ν and R(π)δMas

ν R(π) = −δMas
ν . This decomposition is useful

because θ13 6= 0 will only be generated by nonzero δMas
ν . Defining the diagonalizing matrix as

Uν ' U23(−π/4)U23(δ23)U13(δ13)U12(θ12) we find the mixing parameters

δ23 '
1

2
− sin2 θ23 '

F

m1 −m3
, δ13 ' sin θ13 '

√
2E

m1 −m3
, tan2 2θ12 ' 8

(
B

A− C −D

)2

,

(25)

and the mass splitting

∆m2
sol ' 2m1

√
(A− C −D)2 + 8B2 . (26)

We crosscheck that θ12 is undefined if δMν is of the O(2) symmetric form (11) and leads to TBM
if all entries in δMν are equal as in δMPl

ν (22), as it should be. For TBM we have tan2 2θ12 = 8,
so the expression in parenthesis in Eq. (25) should be of order one to yield a viable mixing angle.
The solar mixing parameters are generated by δMs

ν , while δ13 and δ23 stem from δMas
ν , as stated

before. Since we assumed all elements of δMν to be of similar magnitude in the derivation of
Eqs. (25)–(26), we can still make the qualitative statement ∆m2

sol ∼ m1(m1−m3)s13, i.e. the solar
mass-squared difference is linear in s13.

To illustrate the points discussed so far, we show some scatter plots of the mixing angles in Fig. 1,
where we introduced an arbitrary perturbation matrix to our O(2) invariant mass matrix (11) with
a scale (δMν)ij . εmν compared to the largest neutrino mass mν . While θ23 is only slightly

4 Since we only need M∗ 'MPl/100, the radius of the extra dimension would only be R ' 10−26 mm (even smaller
for more than one extra dimension), which is way outside the presently conducted gravity tests. Since M∗ is still
large compared to the electroweak scale—a fact that we actually employ to make δMν small—this scheme does
not solve the hierarchy problem.
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Figure 1: Scatter plots with arbitrary O(2) breaking perturbations of order ε = 5 × 10−2 (blue dots) and
10−1 (red crosses). The mixing parameters not shown satisfy the 3σ bounds from Ref. [1], as do the values
inside the green shaded bands. The vertical, dashed black lines give the denote the 95% C.L. range obtained
in Ref. [2] (Eq. (2)). To not clutter the plot, we only show the NH ranges for θ13, the IH confidence levels
vary slightly.

perturbed around its TBM value, θ12 is distributed approximately uniformly over [0, π/2], because
for perturbations larger than those from the Planck scale (22) the value of θ12 depends crucially
on the direction of the perturbation, i.e. which entry in δMν is dominant.

The above formulae (25)–(26) suggest ∆m2
sol = 0 and an undefined θ12 for pure µ–τ antisym-

metric perturbations, which is however only true in linear order. Taking A = B = C = D = 0 we
find the solar mixing parameters for pure µ–τ antisymmetric perturbations. In terms of deviations
from the TBM values θ23 = −π/4 and θ13 = 0 we can write

∆m2
sol ' 2m1|m1 −m3| (δ213 + δ223) , sin2 θ12 '

{
δ223/(δ

2
13 + δ223) NH ,

δ213/(δ
2
13 + δ223) IH ,

(27)

so ∆m2
sol is now quadratic in s13. Since we only have two breaking parameters there are relations

among the parameters. For NH we can express the deviation from maximal atmospheric mixing
via

δ223 '
(

1

2
− s223

)2

' ∆m2
21 s

2
12

2m1

(√
∆m2

31 +m2
1 −m1

) , (28)

which can be solved for the smallest neutrino mass m1 as long as δ223∆m2
31 > s212∆m2

21 is fulfilled,
which puts θ23 at the edge of its 2σ range, making m1 typically large. By varying all parameters
in Eq. (28) over their 3σ ranges we find a lower bound on m1 & 0.012 eV. A similar calculation for
IH yields the necessary condition δ213∆m2

31 < s212∆m2
21 but virtually no lower bound on m3 due to

possible finetuned cancellations.
Having discussed the implications of M0 : δMas : δMs = 1 : ε : ε and M0 : δMas : δMs =

1 : ε : 0, we note that the type-I seesaw model of the next section IV generates the structure
M0 : δMas : δMs = 1 : ε : ε2, which modifies the results from Eq. (27) because both δMs and
δMas contribute to the solar parameters with equal importance, the mixing angle for example can
be approximated via

tan2 2θ12 ' 4

( √
2B + (m1 −m3)δ13δ23

A− C −D + (2m1 −m3)(δ213 − δ223)

)2

. (29)

While this softens the behavior discussed below Eq. (27), we can still find the basic structure of
δMas in the scatter plots of Fig. 2, especially the necessary large deviations from TBM for NH.

IV. MINIMAL MODEL FOR TYPE-I SEESAW

To generate three different masses for the charged leptons and not influence the PMNS matrix
too much with mixing from the charged leptons, we have to introduce two more Higgs doublets
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that form an O(2) vector (φ1, φ2) ∼ 2 in addition to the usual Higgs φ3 ∼ 1 [8].5 We will first take
a look at the neutrino sector.

A. Neutrino Masses

Putting the right-handed neutrinos into O(2) singlets (NR ∼ 1⊕ 1⊕ 1), we can write down the

invariant terms (SU(2)L contractions implicit, φ̃j ≡ iσ2φ∗j )

L ⊃ 1√
2

(Lµ − Lτ ) φ̃3 (Y1N1 + Y2N2 + Y3N3)

+

(
Leφ̃1 +

1√
2

(Lµ + Lτ )φ̃2

)
(Y4N1 + Y5N2 + Y6N3)

+

(
Leφ̃2 −

1√
2

(Lµ + Lτ )φ̃1

)
(Y7N1 + Y8N2 + Y9N3) + h.c.

(30)

In the first line we just coupled the singlets together, while the second uses 2 ⊗ 2 ⊃ 1 to build a
singlet. The third line uses 2 ⊗ 2 ⊃ 1′, so the Y7–Y9 terms are not O(2) invariant. This can be
seen by applying the reflection G(0), under which Le and φ1 flip signs. We keep these terms for
now to see the differences in imposing O(2) and SO(2). Putting everything together, the singlets
in Eq. (30) follow from the decomposition (2⊕ 1)2 ⊗ (3× 1) ⊃ (6× 1)⊕ (3× 1′),6 which leads to
the Dirac mass matrix

mD =
1

2


√

2 v1Y4 +
√

2 v2Y7
√

2 v1Y5 +
√

2 v2Y8
√

2 v1Y6 +
√

2 v2Y9
v2Y4 − v1Y7 + v3Y1 v2Y5 − v1Y8 + v3Y2 v2Y6 − v1Y9 + v3Y3
v2Y4 − v1Y7 − v3Y1 v2Y5 − v1Y8 − v3Y2 v2Y6 − v1Y9 − v3Y3

 (31)

with 〈φi〉 = vi/
√

2. Since the Ni are total singlets of the symmetry group, their Majorana mass
matrix MR is arbitrary and can be taken to be diagonal. Invoking the seesaw mechanism in
the symmetry limit v1,2 = 0 we find only one massive neutrino, corresponding to νµ − ντ . This is
obvious because only this SO(2) singlet couples to a right-handed partner and can become massive.
While this could be interesting for a normal hierarchy scheme, we would rather build a model that
leads to the most general SO(2) symmetric Majorana mass matrix. We will show in the following
how this can be accomplished. We introduce three right-handed neutrinos N in the same SO(2)
representation as L`. The Majorana mass matrixMR is therefore of the form (11), and since it is
in general nonsingular, the inverseM−1R is also of the form (11). The Dirac mass matrix connecting
N and ν stems from the decomposition (2⊕ 1)3 ⊃ (4× 1)⊕ (3× 1′), i.e. the Lagrangian reads:

L ⊃ p1
2

(Lµ − Lτ ) φ̃3 (N2 −N3)

+ p2

(
LeN1 +

1

2
(Lµ + Lτ )(N2 +N3)

)
φ̃3

+
p3√

2

(
Leφ̃1 +

1√
2

(Lµ + Lτ )φ̃2

)
(N2 −N3)

+
p4√

2
(Lµ − Lτ )

(
φ̃1N1 + φ̃2

1√
2

(N2 +N3)

)
+ p5

(
1√
2
Le(N2 +N3)− 1√

2
(Lµ + Lτ )N1

)
φ̃3

+
p6√

2

(
Leφ̃2 −

1√
2

(Lµ + Lτ )φ̃1

)
(N2 −N3)

+
p7√

2
(Lµ − Lτ )

(
φ̃2N1 − φ̃1

1√
2

(N2 +N3)

)
+ h.c.

(32)

5 Note the different basis for the scalar fields compared to Ref. [8] to emphasize which field combination (here just
φ3) couples to the quarks. Under the reflection G(0): φ1 → −φ1 and φ2 → φ2.

6 This is shorthand for the lengthy decomposition (2⊕1)⊗(2⊕1)⊗(1⊕1⊕1) ⊃ 1⊕1⊕1⊕1⊕1⊕1⊕1′⊕1′⊕1′.
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Figure 2: Scatter plots for the neutrino mixing angles for the type-I seesaw model using perturbations
v1,2/v3 ∼ 10−2. The blue dots are NH, the red crosses IH solutions. The mixing parameters not shown
satisfy the 3σ bounds from Ref. [1], as do the values inside the green shaded bands. The vertical, dashed
black lines give the denote the 95% C.L. range obtained in Ref. [2] (Eq. (2)). To not clutter the plot, we
only show the NH ranges for θ13, the IH confidence levels vary slightly.

Here p5–p7 denote the 1′ terms, which are not O(2) invariant. We once again keep these terms to
make the discussion more general. This results in the Dirac matrix

mD ≡ m0
D(v3) + δmD(v1,2) =

v3

2
√

2

 2p2
√

2p5
√

2p5
−
√

2p5 (p1 + p2) −(p1 − p2)

−
√

2p5 −(p1 − p2) (p1 + p2)


+

1

2
√

2

 0
√

2(p3v1 + p6v2) −
√

2(p3v1 + p6v2)√
2(p4v1 + p7v2) −(p6 + p7)v1 + (p3 + p4)v2 (p6 − p7)v1 − (p3 − p4)v2

−
√

2(p4v1 + p7v2) −(p6 − p7)v1 + (p3 − p4)v2 (p6 + p7)v1 − (p3 + p4)v2

 .

(33)

It is obvious that we obtain an SO(2) symmetric mD (14) for v1 = v2 = 0, which after seesaw
leads to an SO(2) symmetric Mν (11) for the light active neutrinos, broken by δmD(v1,2). This
generates a nonzero ∆m2

sol and deviations from θ23 = −π/4 and θ13 = 0, as we will show now. We
use the perturbation theory from Sec. III B for v1,2 � v3.

We note that m0
D(v3) (δmD(v1,2)) is symmetric (antisymmetric) under the µ–τ exchange Z2

(νµ, N2) ↔ (ντ , N3), which becomes important when deriving the effects of δmD. MR and M−1R
are of course also symmetric under this Z2, due to the SO(2) invariant form. Using the seesaw
formula mDM−1R mT

D with mD = m0
D(v3)+δmD(v1,2) from Eq. (33), we find in zeroth order of v1,2

the general SO(2) invariant Majorana mass matrix (11). The first order correction m0
DM

−1
R δmT

D+

δmDM−1R (m0
D)T ∝ v3v1,2 is a µ–τ antisymmetric matrix δMas (even–even–odd), which generates

θ13 6= 0

s213 ' δ213 '
(
m3(p22 + p25)(p3v1 + p6v2) +m1p1(p2p4v1 − p5p7v1 + p4p5v2 + p2p7v2)

(m1 −m3)p1(p22 + p25)v3

)2

, (34)

and δ223 = δ213(v1 ↔ −v2). At order δmDM−1R δmT
D ∝ v21,2 we find a µ–τ symmetric matrix δMs

(odd–even–odd) that—together with the quadratic contributions from δMas—gives ∆m2
sol 6= 0

and fixes the solar mixing angle (29). We note that the solar mixing angle takes a simple form
if we impose O(2) symmetry (p5,6,7 = 0), depending on the hierarchy and signs of the Yukawa
couplings either tan θ12 ' v1/v2 or v2/v1.

To illustrate the discussion made so far we show scatter plots for the mixing angles of Uν in
Fig. 2. Here we used values v1,2 = O(1) GeV and real Yukawa couplings |pj | ∈ [0.01, 3], while
the largest neutrino mass is chosen to lie in the range 0.05–1 eV. As already discussed at the end
of Sec. III B, the normal hierarchy solutions demand large deviations from TBM, while inverted
hierarchy is valid even for small θ13.
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B. Charged Leptons

Taking the right-handed charged leptons in singlets of O(2)—`R ∼ 1 ⊕ 1 ⊕ 1—results in the
mass matrix from Eq. (31):

M` =
1

2


√

2 v1Y4 +
√

2 v2Y7
√

2 v1Y5 +
√

2 v2Y8
√

2 v1Y6 +
√

2 v2Y9
v2Y4 − v1Y7 + v3Y1 v2Y5 − v1Y8 + v3Y2 v2Y6 − v1Y9 + v3Y3
v2Y4 − v1Y7 − v3Y1 v2Y5 − v1Y8 − v3Y2 v2Y6 − v1Y9 − v3Y3

 . (35)

Defining the three vectors of Yukawa couplings a ≡ (Y1, Y2, Y3), b ≡ (Y4, Y5, Y6) and c ≡ (Y7, Y8, Y9)
(the latter corresponding to the nontrivial O(2) singlets 1′), we can write down (assuming real
Yukawa couplings and vevs)

M`M†` =

 1
2 (v1b+ v2c)

2 1
2
√
2
(v1b+ v2c)(v3a+ v2b− v1c) −1

2
√
2
(v1b+ v2c)(v3a− v2b+ v1c)

· 1
4 (v3a+ v2b− v1c)2 1

4

(
(v2b− v1c)2 − v23a2

)
· · 1

4 (v3a− v2b+ v1c)
2


(36)

or, defining A ≡ (v1b+ v2c)/
√

2, B ≡ (v3a+ v2b− v1c)/2 and C ≡ −(v3a− v2b+ v1c)/2:

M`M†` =

A2 AB AC

· B2 BC

· · C2

 . (37)

Since we want to employ the vev hierarchy v1,2 ∼ 1 GeV � v3 ∼ 100 GeV, it is clear that all
Yukawa couplings to φ3, i.e. a, have to be reduced to at least 10−2 to arrive at the upper lepton
mass scale mτ ∼ 1 GeV. With the other Yukawa couplings of order one, the vectorsA,B andC are
of similar magnitude, baring cancellations. The charged lepton mass matrix is diagonalized using

bidiagonalization, i.e. U†LM`UR = diag(me,mµ,mτ ), so UL is the unitary matrix that diagonalizes

M`M†`. Since UL will also contribute to the PMNS matrix UPMNS = U†LUν , we need UL ' 1 since

Uν obtained in the previous section is already a good approximation to TBM. Consequently,M`M†`
should be almost diagonal, which means the vectorsA, B and C should be almost orthogonal, with
magnitudes roughly me, mµ and mτ , respectively. Actually, the magnitudes are already sufficient
because of the strong hierarchy, so the angles αAB , αAC and αBC between the vectors are not that
important. Specifically we find roughly

UL '

 1 cABme/mµ cAC me/mτ

−cABme/mµ 1 cBC mµ/mτ

−cAC me/mτ −cBC mµ/mτ 1

 , (38)

with cIJ ≡ cosαIJ , which only leads to minor contributions to UPMNS even for large angles
αIJ . The dominant effect s23 → s23 − c23 cBCmµ/mτ can be used to soften the strong deviation
from maximal mixing predicted by our model for large θ13 (see Fig. 2), while θ13 gets shifted to

s13 → s13 − cABme/
√

2mµ, at most a 10−3 effect.
To make |A| ∼ me, we need roughly |b+ c| ∼ 10−3 for v1 ∼ v2 ∼ 1 GeV, which is the harshest

finetuning in our model. In the limit v1 ∼ v2, c ∼ −b, the other Yukawa couplings need to satisfy
|v3a− 2v1c| ' 2mµ and |v3a+ 2v1c| ' 2mτ , so as expected we need |a| ∼ 10−2 and |c| ∼ 1.

As a special case of this model, we can consider the stricter O(2) symmetry instead of SO(2).
The neutrino sector barely changes, but we can explicitly determine tan θ12 as v1/v2 or v2/v1,
depending on the neutrino hierarchy and other Yukawa couplings. In the charged lepton sector
the O(2) symmetry sets c ≡ 0, which leads to a massless charged lepton ∼ (v2, −v1/

√
2, −v1/

√
2)

and typically large mixing between the two massive ones. The diagonalizing matrix UL is therefore

similar to Uν from the neutrino sector, making UPMNS = U†LUν hard to reconcile with data.
We can also try different representations for `R for O(2) symmetry. With `R ∼ 1 ⊕ 1 ⊕ 1′ or

`R ∼ 1⊕ 1′ ⊕ 1′ we find the restriction a, b ⊥ c, which does not lead to a valid lepton sector. The
case `R ∼ 1′⊕ 1′⊕ 1′ only allows for one massive lepton, namely ∼ (v2, −v1/

√
2, −v1/

√
2), which

is a bad choice as we can not make this the tauon and therefore have large mixing in UL. Using
higher O(2) representations—`R ∼ 2(2) ⊕ 1 or `R ∼ 2(2) ⊕ 1′—is also possible, but typically leads
to large mixing in UL as well.
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V. CONCLUSIONS

We discussed the unique O(2) symmetry—and its subgroups SO(2), ZN and DN—connected to
the solar mixing angle and ∆m2

sol = 0, motivated by the phenomenological observation ∆m2
sol �

∆m2
atm. Moreover, it generalizes the hidden Z2 symmetry and leads in addition to µ–τ symmetry.

The global O(2) is at most an approximate symmetry, as it is broken at least at the Planck scale.

These flavor-democratic gravitational perturbations pick out the TBM value θ12 = arcsin(1/
√

3)
and generate ∆m2

sol 6= 0, however in general too small unless we modify the Planck scale or
coupling a bit. We stress that the particle-physics Lagrangian can have an O(2) symmetric Mν

that is automatically broken to TBM by flavor-democratic corrections. We constructed a type-I
seesaw model with three Higgs doublets that leads to SO(2) symmetric mass matrices for the
leptons. Breaking the symmetry in the GeV-range can generate an almost diagonal charged-lepton
mass matrix and an approximately SO(2) symmetric Majorana mass matrix with dominantly µ–τ
antisymmetric perturbations, so θ13 naturally receives the largest perturbations. The solar mixing
angle θ12 on the other hand depends on the vevs and several Yukawa couplings and is almost
randomly distributed, so a large θ12 is expected. There are approximate correlations between the
mixing angles that can be tested experimentally.
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Appendix A: The Group O(2)

In this appendix we briefly discuss the representation theory of the group O(2) of rotations
R(θ) (θ ∈ R) and reflections P of the plane (see also Ref. [20]). In the defining two-dimensional
representation we find the group action by geometrical considerations7(

x1
x2

)
→ R(θ)

(
x1
x2

)
≡

(
cos θ − sin θ

sin θ cos θ

)(
x1
x2

)
, (A1)(

x1
x2

)
→ P

(
x1
x2

)
≡

(
1 0

0 −1

)(
x1
x2

)
. (A2)

The generators satisfy the group-defining relations

R(θ + 2π) = R(θ) , R(θ1)R(θ2) = R(θ1 + θ2) , P 2 = 1 , PR(θ) = R(−θ)P , (A3)

where the last relation shows that O(2) is nonabelian. The equivalent definition of

O(2) = {M ∈ R2×2 |MTM = MMT = 1} (A4)

shows that the elements of O(2) have a determinant ±1. The elements of O(2) with determinant
+1, i.e. R(θ), θ ∈ R, form the abelian subgroup SO(2). The most general reflection, i.e. element
of O(2) with determinant −1, can be written as

P (θ) ≡ R(θ)P =

(
cos θ sin θ

sin θ − cos θ

)
(A5)

and we calculate P (θ1)P (θ2) = R(θ1 − θ2). Correspondingly, every rotation—and therefore every
element of O(2)—can be written as a product of reflections (more generally known as the Cartan–
Dieudonné theorem).

7 Another commonly used representation for P is given by P =

(
0 1

1 0

)
, which describes a reflection about (1, 1)T ,

compared to P = diag(1,−1), which is a reflection about the x2 axis.
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Besides the trivial representation 1, there is another one-dimensional representation 1′ generated
by R = 1 and P = −1, so X ∼ 1′ flips its sign under reflections. There are infinitely many two-
dimensional representations 2(n) (n ∈ N), transforming with multiples of the angle θ, i.e.(

x1
x2

)
2(n)

∼ 2(n) → R(nθ)

(
x1
x2

)
2(n)

(A6)

under rotations. Since we do not make use of different 2(n) in the main part of this paper, we
set 2 ≡ 2(1) for convenience. The tensor product of two two-dimensional representations can be
decomposed as follows (m > n):(

x1
x2

)
2(n)

⊗

(
y1
y2

)
2(n)

= (x1y1 + x2y2)1 ⊕ (x1y2 − x2y1)1′ ⊕

(
x1y1 − x2y2
x1y2 + x2y1

)
2(2n)

, (A7)(
x1
x2

)
2(n)

⊗

(
y1
y2

)
2(m)

=

(
x1y1 − x2y2
x1y2 + x2y1

)
2(m+n)

⊕

(
x1y1 + x2y2
x1y2 − x2y1

)
2(m−n)

. (A8)

Nontrivial tensor products with singlets are given by 1′ ⊗ 1′ = 1 and(
x1
x2

)
2(n)

⊗ (z)1′ =

(
−x2z
x1z

)
2(n)

. (A9)

The representation theory for the subgroup SO(2) follows from the above discussion with the
remark that 1 = 1′, i.e. there are two singlets. The finite O(2) subgroups ZN (with elements
[R(2π/N)]m, m = 0, . . . , N−1) and DN = ∆(2N) (with elements [R(2π/N)]mPn, m = 0, . . . , N−
1, n = 0, 1) are not of crucial importance for this work, so we omit a detailed discussion. The
representation theory for the nonabelian DN≥3 can be found in Ref. [7] and Ref. [21].

Appendix B: Hidden Z2

This appendix is devoted to a short discussion of the so-called hidden Z2, named after its
unavoidable appearance in any µ–τ symmetric Majorana mass matrix (for simplicity assumed to
be real). Defining the generator of the µ–τ interchange symmetry in flavor basis

Rµτ ≡

1 0 0

0 0 1

0 1 0

 (B1)

we find the symmetric matrix satisfying [Mν , Rµτ ] = 0 in the form

Mν =

a b b

· d e

· · d

 . (B2)

This fixes θ23 = π/4, θ13 = 0 and tan 2θ12 = 2
√

2 b/(d+ e−a), so we can express one of the entries
in Mν via θ12. In terms of physical quantities, Mν then takes the form

Mν =

m1 0 0

· (m1 +m3)/2 (m1 −m3)/2

· · (m1 +m3)/2

+
m2 −m1√

8


√

8 sin2 θ12 sin 2θ12 sin 2θ12
·

√
2 cos2 θ12

√
2 cos2 θ12

· ·
√

2 cos2 θ12

 ,

(B3)

which reduces to MTBM
ν from Eq. (16) for the value θTBM

12 = arcsin(1/
√

3). To find the second
Z2 symmetry, we first determine the most general symmetric matrix Z with Z2 = 1, i.e. the most
general Z2 generator. A little algebra leads to

Z(x1, x2, x3) = 1− 2

x21 + x22 + x23

x21 x1x2 x1x3
· x22 x2x3
· · x23

 . (B4)
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The invariance condition [Mν , Z(x1, x2, x3)] = 0 with Mν from Eq. (B3) then fixes the xi to the
generator of the hidden Z2 in flavor space

S(θ12) ≡

cos 2θ12 − sin 2θ12/
√

2 − sin 2θ12/
√

2

· sin2 θ12 − cos2 θ12
· · sin2 θ12

 , (B5)

the other solutions being Z = Rµτ , Z = RµτS(θ12) = S(θ12)Rµτ and of course their negatives
Z → −Z. We recognize our G(x) from Eq. (6) as G(x) = −S(x)Rµτ . As special cases we
show S(θ12) for the values π/4 (bimaximal), π/6 (hexagonal), arctan(1/ϕ) (golden ratio) and

arcsin(1/
√

3) (tri-bimaximal):

1

2

0 −
√

2 −
√

2

· 1 −1

· · 1

 ,
1

4

2 −
√

6 −
√

6

· 1 −3

· · 1

 ,
1√
5

1 −
√

2 −
√

2

· 1/ϕ −ϕ
· · 1/ϕ

 ,
1

3

1 −2 −2

· 1 −2

· · 1

 , (B6)

with the golden ratio ϕ = (1 +
√

5)/2. See Refs. [22] for a collection of references concerning these
symmetries and realizations of these solar mixing angles via discrete symmetries.

Note that the invariance of the Majorana mass matrix under Z2 symmetries is by no means
special to the µ–τ symmetric form. The invariance of any symmetric 3×3 matrix under Z2×Z2×Z2

follows simply from its diagonalizability, as shown in Ref. [23]. For the µ–τ symmetric case we
identified the three Z2 symmetries as generated by Rµτ , S(θ12) and S(θ12)Rµτ .
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