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1 Introduction

Integrable systems constitute a special class of models in mathematics and physics. Their
properties allow them to be solved exactly and thus they appear to be a very useful play-
ground for studying various systems. One common feature shared by these models is that
they are closely related to some underlying algebraic structures. Thus for most of the quan-
tum integrable systems there is some sort of large and powerful symmetry hidden in the
origins of it, for example a Yangian or a quantum affine algebra. A particularly interesting
example is the Hubbard model.



The Hubbard model, which was named after John Hubbard, is the simplest model of
interacting particles on a lattice, with only two terms in the Hamiltonian, the hopping
term (kinetic energy) and the Coulomb potential [1]. The model describes an ensemble of
particles in a periodic potential at sufficiently low temperatures such that all the particles
may be considered to be in the lowest Bloch band and also any long-range interactions
between the particles are considered to be weak enough and thus are ignored. It is based
on the tight-binding approximation of the superconducting systems and the motion of
electrons between the atoms of a crystalline solid. Despite its apparent simplicity, it is
very rich applications and generalizations describing including phase shifts and a plethora
of interesting phenomena. In the case when interactions between particles on different sites
of the lattice can not be neglected and are included, the model is often referred to as the
Extended Hubbard model. The particles can either be fermions, as in Hubbard’s original
work, or bosons, and the model is then referred as either the BoseHubbard model or the
boson Hubbard model that can be used to study systems such as bosonic atoms on an
optical lattice (for a decent overview of various generalizations see reprint volumes [2-4]
and also a more recent book [5]).

A very specific class of models are those that share features of the one-dimensional
Hubbard model and the supersymmetric t-J model [6]. The very interesting case being the
Alcaraz and Bariev model [7] having an extra spin-spin interaction term in the Hamilto-
nian and showing some characteristics of superconductivity. This model can be viewed as a
quantum deformation of the Hubbard model in much the same way as the Heisenberg XXZ
model is a quantum deformation of the XXX model. This model has a specific R-matrix
which can not be written as a function of the difference of two associated spectral param-
eters. This paradigm is related to the very interesting but at the same time complicated
algebraic properties of the model.

In recent years there has been renewed interest in integrable models arising from the
discovery of integrable structures in the context of the AdS/CFT correspondence. For a
recent review see [8] and references therein. The worldsheet S-matrix encountered there is
one of the central objects of research and it turns out to have a lot in common with the
specific cases of the Hubbard model considered in [9, 10]. Interestingly, the S-matrix of
such Hubbard model is obtained as a special limit of this worldsheet S-matrix [11].

The exact integrability of the one-dimensional Hubbard model was established by
B. Shastry [12] where it was shown that the model exhibits Y(su(2)) @& Y(su(2)) Yangian
symmetry [13]. However this symmetry is insufficient to constrain the R-matrix completely.
Similarly, the worldsheet S-matrix for the AdSs x S° superstring also turns out to have
Yangian symmetry [14]. However the Yangian in this model is based on a larger Lie
algebra, the centrally extended su(2|2) Lie superalgebra. The underlying Lie superalgebra
turns out to be powerful enough to constrain the S-matrix [15-17] (up to an overall phase,
the so-called ‘dressing factor’ [18-20]) in the case where at least one of the representations
is fundamental. However, Yangian symmetry (or equivalently the Yang-Baxter equation)
is required in order to find the S-matrix describing the scattering of states that live in
higher representations [21, 22]. This specifically concerns bound states in the system which
transform in the supersymmetric short representations [23-26]. The bound state scattering



matrix can be explicitly constructed with the help of the underlying Yangian symmetry
[27].

Nevertheless, despite this success, there are still some problems concerning this infinite
dimensional algebra due to some unusual features. The centrally extended su(2|2) Lie
superalgebra has a degenerate Cartan matrix which prohibits the direct application of the
most of techniques related to the theory of Yangians. For the case at hand this has been
partially circumvented in several ways: by enlarging the algebra by an s[(2) automorphisms
[14], by considering the v — 0 limits of the exceptional Lie algebra (2, 1; ) [28] or building
the Drinfeld’s second realization [29]. However this still proves to be an obstacle when,
for example, one tries to construct the universal R-matrix [30, 31]. This object encodes
all the scattering data in the theory of a purely algebraic form. Another issue that is not
completely understood is the appearance of the so-called Secret symmetry [32]. This is an
additional symmetry of the S-matrix that does not have a Lie algebra analogue. Resolving
these issues could shed some light in understanding the complete underlying algebraic
structures and put the model and the methods used to solve it on a more firm footing.

A possible route on attacking these issues was put forward in [10]. Here the quantum
deformation Q of the extended su(2]2) algebra was studied. This ¢g-deformed algebra has a
number of interesting features such as a rather symmetric realization of the different central
elements. The algebra Q also seems to be better behaved when attacking the problems
due to its rather simple and symmetric form. Just as in the non-deformed case, there is
a link to Hubbard models, more specifically to the class of the deformed supersymmetric
one-dimensional Hubbard models [10, 33]. The non-deformed model is revealed by taking
a specific limit of the R-matrices that belong to this deformed model [34]. Moreover, by
sending the quantum deformation parameter ¢ — 1, the R-matrix under the consideration
reduces to AdSs x S° string worldsheet S-matrix. As such, this matrix encompasses both
different varieties of Hubbard models and the worldsheet S-matrices and seems to provide
a clear algebraic framework for describing this class of models.

The g-deformed S-matrix in the fundamental representation is constrained up to an
overall phase by requiring invariance under Q itself. However, in the light that both the
AdSs x S° and the Hubbard model S-matrices are actually invariant under an infinite di-
mensional symmetry algebra, it should not be surprising that such structure is also present
here. Indeed, the larger algebraic structure underlying this S-matrix is the quantum affine
algebra Q [35]. This infinite dimensional algebra is obtained by adding an additional
fermionic node to the Dynkin diagram. In the ¢ — 1 limit one can actually retrieve the
Yangian generators of centrally extended su(2]2) by considering the appropriate combi-
nations of O generators. This fuels the idea that Q plays a similar role as the Yangian
in the undeformed case. More specifically, it is expected for the S-matrix in the higher
representations to be uniquely defined (up to an overall phase) by the underlying quantum
affine algebra Q. This indeed turns out to be the case as we will show in this paper.

The class of representations we are considering in this work are the supersymmetric
short representations. These representations are called short because the central elements
are not independent; they satisfy the so-called shortening condition [23]. In order to
construct these representations, we employ the formalism of quantum oscillators. It is



the quantum version of the well-known harmonic oscillator algebra and is defined as
[N,a] = —a, [N,al] = af, aal —gafa=¢ V.

The use of quantum oscillators in the context of quantum groups was investigated some
time ago in [36-38]. By employing the Fock space type modules, g-oscillators naturally
give rise to the representations of quantum groups. This was first done for U,(s[(2)) but
later extended to the simple Lie (super)algebras of more general type, see e.g. [39]. Since
then the quantum oscillators become an important part of the theory of quantum deformed
algebras.

Apart from being an interesting mathematical playground for studying Q and its S-
matrix, there is also a more elaborate motivation for considering these representations
and the corresponding S-matrix. Firstly, there might be some possible applications in the
context of the deformed Hubbard model. Secondly, it turns out that bound state states
transform exactly in these representations of g-oscillator algebra. It is important to study
bound states due to many reasons. For example, bound states usually play a crucial role
in the thermodynamics of the model. In the case of the non-deformed model in AdS/CFT,
the thermodynamic Bethe ansatz (TBA) formalism is a key in describing the complete
spectrum of the theory [40-43]. The bound state S-matrix then governs the large volume
solutions of both the TBA equations and the Y-system. Thus this is one of the first steps
towards the TBA and Y-system formalism for the ¢-deformed model. And, consequently,
it might give some useful insights in these structures in the context of the AdSs x S°
superstring. For example, there might be an interesting link to the recently constructed
g-deformed Pohlmeyer reduced version of the AdSs x S® superstring [44, 45] which seems
to be closely related to the g-deformed model constructed in [10].

In this work we derive the general bound state S-matrix by employing the methods
used in the context of the AdS5 x S° superstring [27], but rather than using the Yangian
symmetry we make use of the underlying quantum affine algebra. Our approach is based
on the identification of invariant subspaces in the scattering theory that are specified by
their invariance properties under the Cartan elements of the algebra. Then we use the
rest of the algebra generators to related the subspaces to each other in such way finding
the explicit form of the corresponding S-matrix. Just as in [27] we find the S-matrix in a
factorized form reminiscent of the Drinfeld twist [46].

The paper is organized as follows. In section 2 we discuss the quantum deformation
Q of the extended U(su(2|2)) algebra and its affine extension Q. Then in section 3 we
introduce the quantum oscillator formalism and construct the supersymmetric short rep-
resentations of Q. In section 4 we present the explicit derivation of the S-matrix for these
representations. Subsequently, in section 5, we specify some explicit cases, we reproduce
the fundamental R-matrix and also we give the precise form of the scattering matrix when
one of the spaces forms a fundamental representation. We end with a brief discussion on
the results and interesting directions for future research. The majority of the S-matrix
coefficients and results of the intermediate steps of the performed calculations are spelled
out in the appendices.
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Figure 1. Dynkin diagram for the su(2|2) algebra.

2 Quantum affine algebra of extended U, (su(2|2))

In this section we review the quantum deformation of the extended su(2|2) algebra [10]

and its affine extension [35].

2.1 Quantum deformation of extended su(2|2)

The quantum deformed extended su(2]2) algebra Q was introduced in [10]. This algebra is
generated by the three sets of Chevalley-Serre generators {F;, K;, F;} (j = 1,2,3) where
E; and Fj are raising and lowering generators respectively and K; = q"i are the Cartan
generators. We will consider the case when Fy and F5 are fermionic generators and the
rest are bosonic. This corresponds to the su(2|2) Dynkin diagram in Figure 1. In addition,
this algebra has two central charges U and V = ¢© and two parameters: the deformation
parameter ¢ and the coupling constant g. There is also a third parameter «, which describes
the relative scaling of Fo and F5. Even though it is possible absorb this parameter into
the generators by a suitable redefinition, we will keep it unspecified.

Algebra. The commutation relations which include the mixed Chevalley-Serre generators
are (7,k =1,2,3)

K; — K;
KjEk: :q+DAjkEkKj7 Kij: :qiDAijkKj, [E],Fk} :Djjéjk%a (21)
qa—4q
where the associated Cartan matrix A and normalization matrix D are given by
+2 -1 0
A= -1 0+1 ], D = diag(+1,—-1,-1) . (2.2)
0+1 -2

There are also the unmixed commutation relations, called the Serre relations (j = 1, 3),

[El, Eg] = {E27E2} = [Ej, [Ej7E2]] — (q -2+ qil)EngEj = 07
[P, B3] = {Fy, b} = [F}, [F}, B)] — (¢ — 2+ ¢ ") F;FaFj = 0. (2.3)

In addition, this algebra satisfies the extended Serre relations that give rise to two central
elements U and V as follows,

ga(l —U?V?) = {[Bs, B\, [Ba, B3]} — (¢ — 2+ ¢ ') Ex B E3 By,
go NV —U?) = {[F, A\, [F2, Bs]} — (g — 2+ ¢ ) PR FL 3 . (2.4)

The central element V' is also related to the Cartan generators through
V?2=K KiKs. (2.5)

The conventional U, (su(2|2)) algebra is obtained in the limit g — 0.



Figure 2. Dynkin diagram for the affine s1(2|2) algebra.

Coalgebra. The defining relations of Q are compatible with the following coalgebra
structure. The coproduct of the group like elements X € {U,V, K} is A(X) = X ® X and
the coproducts of the Chevalley-Serre generators E; and F; (j = 1,3) take the standard
forms. However the coproducts of the fermionic generators Fo and F5 involve an additional
braiding factor U, which is one of the central charges of the algebra alluded to in the

previous paragraph
AE)=E; @1+ K;'UY?@E;, A(F)=F®K+U % ®F,. (2.6)

The coalgebra can actually be extended to a Hopf algebra. We will give the relevant
definitions of the antipode and counit later on.

2.2 Affine Extension

The infinite dimensional quantum affine algebra @ is the affine extension of Q introduced in
[35]. The affine extension is obtained by adding an additional node into the Dynkin diagram
as depicted in Figure 2. The remarkable property of this diagram is that the additional
fermionic node is a copy of the second node. Therefore, we introduce the affine Chevalley-
Serre generators {Fy4, Fy, K4} as a copy of {FEs, Fy, Ko} and assume that they satisfy the
same commutation relations as are given in (2.1), (2.3) and (2.4) and also have the same
coalgebra structure (2.6). Thus, we also introduce an additional set of the parameters g, «
and central charges U, V. We distinguish these two sets by adhering subscripts to them
arising from the generators to which they are associated,

g — Gk, o — o, U — U, V =V, with k=24 (2.7)

Next, we need to determine the commutation relations {Ey, Fy} and {Ey4, F»} in such way
that they would be compatible with the coalgebra structure

A({Es, Fu}) = {A(Es), A(Fy)}  and  A({Ey, F2}) = {A(Es), A(F2)} . (2.8)

Algebra. As a result, we obtain the quantum affine algebra Q [35]. The mixed commu-

tation relations of it are given by (i,j = 1,3)

KiE; = ¢"PYEK;, KiF; = q P4 F K,
{B2, Fy} = —ga~ (K4 = Uy K3 ), { By, Fa} = ga(Ky — UsUy 'K,
K- K PR
[Ej, Fj} = Djj———— [Ei, Fj} =0, for i#j, i+j#6. (2.9)

q—4q



with the two new constants § and & and the associated supersymmetric Cartan matrix A
and normalization matrix D given by

+2 -1 0-1
~1 1
A= O+ 00 b diag(1, 1,1, -1). (2.10)
041 -2 +1
-1 0+1 0

These are supplemented by the following Serre relations (j = 1,3 and k = 2,4)
[Eh, B3] = E9Ey = EgEy = {F2,E4} =0,
[F1, B3] = FolFy = FyFy = {F5,F4} =0,
(). By, Bil] = (a = 2+ ¢ ) FjFpFy = 0,
[, [Fj, i)l = (g =2+ ¢ ) FFFy = 0. (2.11)
The central charges are related to the quartic Serre relations as (k = 2,4)
g (1 — UEVE) = {[Ex, Er), [Ex, B3]} — (@ — 2+ ¢ "B E1 B3 Ey, |
groy (Vi = U = {[Fe, 1L [Fe B3} — (¢ = 2+ ¢ DERIFF . (212)
and the central charges V}, are related with Cartan charges through (k = 2,4)
V., 2 =K KiK; . (2.13)

Coalgebra. The group-like elements X € {1, K;,Uy, Vi} (j =1,2,3,4 and k = 2,4) have
the coproduct A, the antipode S and the counit £ defined in the usual way,

AX)=X®X, SX)=X1' eX)=1, (2.14)

while the coproducts of the Chevalley-Serre generators are deformed by the central elements
Uy, as follows (7 =1,2,3,4),

A(E;) = Ej @ 1+ KU U @ By, S(Ej) = ~U, U, KB, e(Ej) =0,

AFy) =F o K+ U, U o F;,  S(F) = -U"?U K, «(F) =o.
(2.15)

It is important to note that the above coproducts are compatible with all the defining rela-
tions, including the commutators {Ea, Fy} and {Ey4, F>} in (2.9). The opposite coproduct
is defined as A°? = P AP with P being the graded permutation operator.

Parameter constraints. In general, the quantum affine algebra O has seven parameters
Ik, Ok, @, G,q (k= 2,4). A suitable choice of them which lead to an interesting fundamental
representation was performed in [35]:

2

~—2 ~2 9
92 =94=9, gy =oa "=, g = — - (2.16)
1—g2(q—q 1)

This choice of parameters is also compatible with the bound state representations. Thus

in this paper we only consider the quantum affine algebra @, parametrized by four inde-
pendent parameters g, a, &, ¢ given in the relations above.



3 Quantum oscillators and representations

In this section we will provide all the necessary background for constructing the bound
state S-matrix for the g-deformed Hubbard model. We will build the bound state repre-
sentation by introducing g-oscillator formalism linking it to the aforementioned quantum
affine algebra.

3.1 g-Oscillators

We first introduce the notion of g-oscillators and discuss how to obtain the representations
of the quantum deformed algebras using g-oscillators. A concise overview of the g-oscillators
and their relation to such representations may be found in [47, 48].

Definitions. The g-oscillator (¢g-Heisenberg-Weyl algebra) U, (hs) is the associative unital
algebra consisting of the generators {af,a,w,w™'} that satisfy the following relations

wal =qgalw, qwa=auw, (3.1)
ww = ww = 1, aal — ana =w L.
From the defining relations one can see that the element w™!(afa — “(;:;”__1 ) is central. As

such, we will set it to zero in the remainder. Then one easily obtains

-1 -1,,—1
w—w qu —q W
_— aaT =

: 3.2
q—q! qg—q! (32

ala=
We will also need to consider the fermionic version of the g-oscillator. The above notion is
extended to include fermionic operators by adjusting the defining relations in the following
way (we keep the same notation for bosonic and fermionic a, a' for now)

wal = galw, qwa=aw, (3.3)

ww ! =wlw = 1, aal + ana = w.

1;:;”,1 ). Again we set this element to zero,

In this case, the central element is w(afa —

resulting in the following identities
1 qu~t — ¢ w
q—q!

w—w"

ala = —, aal = (3.4)
q—q

Of course in the fermionic case the operators a,al square to zero.

Fock space. The g-oscillator algebra can be used to define representations of U, (s[(2))
in a very simple way. Let us first build the Fock representation of U, (h4). For this purpose
consider a vacuum state |0) such that

al0y = 0, (3.5)



then the Fock vector space F generated by the states of the form
n) = (a")"|0) (3.6)

is an irreducible module of U,(h4). Let us first consider the bosonic g-oscillators. With
the help of the defining relations (3.1) and (3.2) one finds that the action of the oscillator
algebra generators on this module is

afln) = n+ 1), aln) = [n]ln — 1), win) = @), (3.7)

This makes it natural to identify w = ¢, where N is understood as a number operator.
Analogously, fermionic generators are found to act as

ajr|n> =|n+1), aln) = [2 —njyln — 1), wln) = ¢"|n). (3.8)

However, due to the fermionic nature, n can only take the values 0 and 1 and thus the
identity [2 — n], = [n], holds.

Next consider two copies of bosonic g-oscillators a;, aZT, w; = ¢ which mutually com-
mute. Then the Fock space is naturally spanned by vectors of the form

[m,n) = (a})™ (a})"(0). (3.9)
It is easy to see that under the identification
E = agal, F = a}ag, H = Ny — Ny, (3.10)

the Fock space forms an infinite dimensional U, (s((2))-representation. Moreover, the sub-
space Fy = span{ |m,M —m) | m =0,...,M } is an irreducible U, (s((2))-representation
of dimension M + 1. This can be straightforwardly generalized to s[(n) and more generally,
by including fermionic oscillators, this space is extended to the representations of sl(n|m)
[39].

Representations of centrally extended U, (su(2|2)). We will now construct the bound
state representation for centrally extended U, (su(2|2)) in the g-oscillator language. We need
to consider two copies of 5[(2), a bosonic and a fermionic one. Thus we need four sets of g-
oscillators a;, az, w; = ¢V, where the index i = 1,2 denotes bosonic oscillators and i = 3, 4
— fermionic ones. Using these we write

E1 :a;al, F1 :aJ{ag, H1 :NQ—Nl, (3.11)
Ny + N3 — Ny — N,

Ey=a 3132 +b aiag Fr=c a;r)al +d a;a4, Hy=-C+ 1+ Vs 5 2 4, (3.12)

E3 = a§a4, F3 = a;[ag, Hg = N4 — Ng, (3.13)

where C' is central. It is then straightforward to check that this set of generators forms a
representation of U,(su(2]2)) on the Fock space when restricting to the subspace of total
particle number M upon setting

c+4, -4,

“'=hn, M, ], ],

(3.14)



In the above &, correspond to the right hand side of the Serre relations (2.12) following
[10]. As a consequence, the central charges satisfy the shortening condition

2
[Cl; — PR =[H],. (3.15)
Here the g-numbers are defined as
k —k
9 —4q
[klq = FEp= (3.16)

This way of constructing representations of the centrally extended algebra reminds us of
the procedure used in, e.g. [30], where long representations were be obtained by twisting
sl(n|m) in a similar way.

In the ¢ — 1 limit the g-oscillators get reduced to the regular oscillators and the
representations of them coincide with the superspace formalism introduced in [21]. The
identification is as follows

0 0
s ab — w1,2, az4 e 69—, 334 < (9374. (3.17)
3,4

Parameterization and central elements. Introducing V = ¢“ and U as in [35], we
rewrite (3.14) as

M M _M M
ad—qQV_q V! bc—q 2V g2V
M — g M M — g M
-1
go 27,2 go -2 -2
b= 1-— d = "—r - . 1
a [M]q( U=v=), c i % U—) (3.18)
which altogether lead to a constraint for U and V/,
2 My/—1 My —1
g -2 -2 27,2 (V-¢"V O)(V-—qg¥ V)

This constraint agrees with the one in [35] by identifying ¢ — ¢™, g — ¢g/[M],. The
explicit parametrization of the labels a, b, ¢, d shall be given a bit further.

3.2 Affine extension

Next we want to consider the affine extension introduced in [35]. Here we will show that
our representation allows an affine extension. Analogously to [35] we make the ansatz that
the affine charges act as copies of Fs, Fo, Ho. In other words, we set

.I.

N N3 — Ny — N,
Ei=ay a4ag+b4 aJ{ag, Fi=cy agal+d4 a£a4, Hy=-Cs+ 1+ Vs 2 4.

2

(3.20)

Checking all of the commutation relations is straightforward. Also, due to the defining
relations (3.18), the equivalent expressions for the affine representation parameters are

,10,



obtained

M Mo _M Mo q
a4d4:qQ‘/4_q 2V4 b4C4:q 2V4—q2V4
qM _ qu ’ qM — q,M )
-1
gaouy 21,2 gacey -2 -2
asby = ——(1 = UL V), cydy = (V> = U 7). (3.21)
[M]q e (Ml !

However the commutators between the generators Fo and F, and also between Fy and Fy
induce relations between as, a4, etc. These are found to be

ga~l m N M gal _wm N M
asdy = L([JM] (q2 UaU Vo —q 2V Y), bocy = L([JM] (20U Vo —q2 VY,
q q
goe |, M _ M go , M Mo
02[)4 = W(q?‘é L q 2 U2 1U4V2)7 d2a4 = []g\z_](q 2 V2 T q 2 U2 1U4V2), (3.22)
q q

and agree with [35] upon sending ¢ — M G- ﬁ, as in the non-affine case. The tilded
g, & are not independent but constrained parameters; thus there are 12 constraints for 12

parameters {ag, b, ¢k, di, Uk, Vi }.

Hopf algebra and variables. The Hopf algebra structure is as discussed in Section 2.
Here we will introduce Zhukowksy variables that will parameterize the representation labels
{ag, by, ck,di} and central elements Uy, Vj for the bound-state representation. Following
[35] we choose

2

~_9 ~9 g
92 =91 =9, ay =o0a "=, g = —. (3.23)
1—g%(qg—q1)?

Note that the powers of ¢ in the expressions above are 1 and not M because g?(q — ¢~ !)?

is invariant under the bound state map (g, ¢) — (g/[M],, ¢™), thus these equations are
identical to the ones for the fundamental representation.
Also, there is a relation between the central elements of the algebra,

Uy =+U,b,  Vi=+V 1 (3.24)

that are called the two-parameter family of the representation [35]. We shall be using the
plus relation in our calculations.

The mass-shell constraint (multiplet shortening condition) obtained from the expres-
sions (3.18) and (3.21) reads as

(akdk — quka)(akdk — q_Mbka) = 1, (3.25)
and holds independently for & = 2,4. In terms of the conventional ¥ parametrization it
becomes . . . . .

+ M - (M
g () e () = () (e g) o)
where ¢ = —ig(qg — ¢~ !). One can further introduce a function ¢(z)
r4+1/z+6+1/¢
((x) = — ) 3.27

— 11 —



in terms of which (3.26) becomes ¢~ ((z%) = ¢™((2~). This parametrization leads to
the following expressions of the labels ag, by, ¢k, dj. of a ‘canonical form’:

= J b, = g_ %k Ty = %
[M] q [M]q vk xy
M . M _
:F zq2g d = g ngq2$;_3€k (3.28)
lo Vi ok gy +€) (Mg igw xf+17
where the central charges are
U2—sz+£— xkgxk +1 V2_L5$z+1_qM£$iz+5 (3.29)
F qM:c,;—l—g xkka—i—l k qM&clz—l—l :U,?ﬂ:,j—i—ﬁ’ .
and the relations between xQ , vo and x4 , 74 are constrained by (3.22) to be
1 iary
+_  + +_ L _ =7
Ty =T, x4_1_:|:7 Y2 =7, 74_1_4_' (330)

The relation between normalization coefficients ap and a4 was given in (3.23). Finally, the
convenient multiplicative evaluation parameter z for the bound state representation is

2 =g M¢(a") = ¢" ((a7). (3.31)
3.3 Summary

For the convenience of the reader we want to summarize all expressions that will be used
in the consequent calculations of the bound state S-matrix. We will slightly change the
notation for parameters related to the fermionic nodes. We rename the representation
parameters and the central elements of the algebra as

((12, b2a C2, d25 U2a VYQ) — ((l, ba C, da Ua V),
(a4,b4,04,d4,U4,V21) — (d, B, E, CZ,(?,‘?), (3.32)

in order to reserve the subscript position for discriminating states living in different tensor
spaces. We will also give some relations that we found to be very useful and handy to use.

Explicit representation. The bound state representation is defined as
[, . k,1) = (a)™ (a})" (a])" (a})' 0)- (3:33)

The total number of excitations is k +{ +m + n = M. The triple corresponding to the
bosonic sl(2) is given by

Hym,n, k1) = (L — k)|lm,n, k1),
Eilm,n, k,l) = [k]g|m,n, k= 1,1+ 1), Film,n, k1) =[l]g|m,n,k+1,1—1). (3.34)

The fermionic part is

Hs|m,n,k,l) = (n —m)|lm,n, k1),
Eslm,n, k1) = |m+1,n—1,k,), Fsm,n, k1) = |m —1,n+1,k,1). (3.35)

- 12 —



The action of the supercharges is given by

k—l+m—
Holm,n, k1) = — {C— #} im,n, k, 1),

Exm,n, k1) = a (=1)"[l]g|m,n+1,k,l —=1)+b|m—1,n,k +1,1),
Fym,n,k,l) =c [klgm+1,nk—1,01)+d (—=1)" |m,n — 1,k,1 +1). (3.36)
The parameters a,b, ¢, d are related to the central charges via (3.14). The affine charges

are defined exactly in the same way,

k—1 —
#} |’I’I’L,’I’L, k,l>’

Egm,n, k1) = a (=1)™[l]Jm,n + 1,k 1 = 1) +b |m — 1,n,k + 1,1),
Eym,n, k, 1) = ¢ [kl |m + Ln k=11 +d (=)™ |m,n — 1,k,1 +1). (3.37)

Hylm,n, k1) = — {CN' —

The representation labels a, b, ¢, d are given by

a= Lfy b=,/ J gxi_ﬁ
[M]q Mgy 2=

) g g %Vﬁ'—x_
oo [E_ 3 _taid o, [9da , (3.39)
[M]gaV g(zt +¢€) [M]g igy &t +1

and the affine parameters @,b,¢,d are acquired by replacing V — V= V=l oy = ?—g,

a— ad®and 2t — x%; the corresponding central elements are given by V = ¢©, V= q“.

Useful relations. The evaluation parameter z may be expressed explicitly in terms of

x+ parametrization as

2g—q - =~ []\;]q (:ﬁ -z + x% - %) (3.39)

Then using the identity

-1 _ g
(meT = ilg—q1)g* (3.40)

one can further show that it is related to the representation labels (3.38) and their affine

partners in a very nice way,

s (ah—ba), E=9%%i—qp), (3.41)

gao z g
while the consistency conditions (3.22) give

1-UV2  1-U%V?
=TT T e (3.42)

z
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Rational limit. The rational limit is usually obtained by substituting ¢ = 1 4+ h and

then finding the A — 0 limit. Thus by defining the evaluation parameter (3.31) as z = ¢~ 2%
we can expand it in series of h as [35]
2z =1—2hu + O(h?), where u = %(:ﬂ+ +a7)(1+1/zta). (3.43)

It is noted that the z* parameters in (3.43) satisfies the leading order of the following
relation which is stemming from the mass-shell constraint (3.26) in the A — 0 limit,

1 1 M

x++—+—x*——7 = Z—+2hMu+(’)(h2). (3.44)

T T g
In fact, this is consistent with the rational constraint for % parameters [27]. Finally, it
would be important to see how the representation parameters reduce in the rational limit.
The representation labels (3.38) in the ¢ — 1 limit reduce to the usual (undeformed) labels
(a,b,c,d) of [27]. On the other hand, the affine parameters are related to the non-affine
ones (a,b,¢,d) through [35]

=7 (v V) with m= 70“71 ad) e b (3.45)
01 0 wz —a o 0 —c d

where z is the evaluation parameter given in (3.31), (3.42) and w is defined by

gV oqUu?—1  g¢'PU?-V?

- - . 3.46
YT AR VIUI 1T gV U2—gq (8.46)

Since the central elements specialize to (U, V') — (4/ ;’;—J_r, 1) in the limit ¢ — 1, it is easy to
see that the matrix relation (3.45) reduces the following simple form,

MT =T. (3.47)

4 The S-matrix

We shall consider the bound state S-matrix which is an intertwining matrix of the tensor
space furnished by the vectors

Imi,n1, k1, l1) @ |ma, na, ka, l2). (4.1)

Here 0 < my,n1,mo,no < 1 and kq,ly, ko,los > 0 denote the numbers of fermionic and
bosonic excitations respectively with the bound state number M; being the total number
of excitations M; = m; +n; + k; + [;. Thus the S-matrix is the automorphism of the
quantum deformed tensor space and is required to be invariant under the coproducts of
the affine algebra @,

~

SA(J) = AP(J)S, for any J e Q. (4.2)
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We normalize the S-matrix in such a way that the state |0,0,0, M;)®]0,0, 0, M) is invariant
under the scattering. Therefore we will denote the state

10) = ]0,0,0, M) ©0,0,0, My), (4.3)

as the vacuum state.
The invariance under bosonic symmetries AH; and AH 3 requires the total number of

fermions and the total number of fermions of one type!

Ny =mq +ma+ni+ng + 2l + 2,
Nf3 =mq+mg+ 11 + 5. (44)

to be conserved. This conservation divides the space (4.1) into five types of invariant
subspaces of the S-matrix:

I ‘0717k17l1>®’0717k2712>7
Ib |1,0,k31,l1>®|1,0,k‘2,l2>,

11 {‘0707 k17l1> ® ’07 17k2712>7 ’17 17k17ll> ® ’07 17k2712>7
‘07 17k17ll> ® ’0707k2712>7 ’07 17k17ll> ® ’17 17k27l2>}7

ITb {|0?05k1?l1> ® |1,05k2,l2>a |1,15k1,l1> ® |150, k2al2>a
|150) kl,l1> ® |0705k2,l2>a |1,05k1,l1> ® |1,15k25l2>}7

111 {‘0707 k17l1> ® ’0707k2712>7 ’0707k17ll> ® ’17 17k2712>7 ’17 17k17ll> ® ’0707k27l2>7
‘17 17k17ll> ® ’17 17k2712>7 ’07 17k17ll> ® ’1707k27l2>7 ‘1707 k17ll> & ‘07 17k27l2>}-

Subspaces I, Ib and II, IIb are isomorphic, hence we need to find the S-matrix for one
of the isomorphic subspaces only. In the following we will consider the scattering in the
subspaces I, IT and III only.

The invariant subspaces differ by the numbers Ny ;.. By considering the action of the
algebra charges it is easy to see that the different subspaces are related to each other in
the way shown in figure 3.

Finally we want to give a remark on our choice of the basis. The g-oscillator basis we

are considering is orthogonal, but not orthonormal,

1
<m/7 n/7 k,7 l/‘m7 n, ka l> - W 5m,m’ 5n,n’5k,k’5l,l/7 (45)
where [n]! = [n]4[n—1], - - [1]; is the quantum factorial. We shall choose the normalization
for the bra vectors to be
1
(myn, k1| = T |m,n, k, )T (4.6)

!Note that a bosonic excitation may be interpreted as a combined excitation of two fermionic ones of a
different type.

,15,



Space lll
AFQ AFZ
AFy AE, ABENNAFY
AE4 A-E4
AF;3
Spacell — > Space llb
AEs
A-F2 A-E2 AE2 AF2
AF4 AE4 AE4 AF4
(AF3)?
Space | — Space Ib
(AE3)?

Figure 3. The invariant subspaces of the S-matrix and the algebraic relations between them.

which helps us to normalize the scalar product to unity and avoid the appearance of
unpleasant numerical factors of the form ([k]![l]!)_l/ ? in the derivations. The price we
have to pay for this choice of the basis is that the S-matrix elements are not hermitian.

However it is easy to obtain the hermitian ones,

' AN BINY? ow
SﬁBBHermitian = (W SﬁBB ) (47)
where A = (m,n, k,l) and [A]! = [k]! [[]! represents the set of quantum numbers describing

the ket vector, while primed A’ describe bra vector, and similarly for B, B’.

For further convenience we introduce these shorthands

M = My 4+ Ms, oM = My — Mo, K = ki + ko, 0K = k1 — ko,

ki=M; —ki—1, Skj=ki—ki=M; —2k;—1, 219=121/20, Ou=u;—uz. (4.8)
4.1 Scattering in subspace I

The conserved fermionic numbers (4.4) for the subspace I are Ny = 2K +2 and Ny, = K+2.
Thus for the fixed K (0 < K < M; + My — 2) the dimension of the space is K + 1 and the
states in this space are defined as

ki, ko)l = 10,1, k1, My — k1 — 1) ® (0,1, ko, My — ky — 1). (4.9)

We start by considering the highest weight state (the state with k1 = ko = 0). The
invariance under AH and AH3 requires it to be an eigenstate of the S-matrix,

S10,0)' = 20,0)". (4.10)

Let us compute Z. First, we construct the highest weight state by acting with the combi-
nation AEsAE, on the vacuum state (4.3) (we use the notation a; = a(p;) etc.)

M ~ o~
AEyAE,[0) = ¢ 2 [M]y[Ms), (ardo Uy Vi — agay Uy V1) [0, 0). (4.11)
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This construction let us to rewrite (4.10) as

S10,0)" = —= SAE2A~E§ 0
q 2 [My)g[Ms)y (1o Uy Vi — agdq ViUY)
APE,ANPE,S
S 2 10)
q2 [M][Ma], (a2 Ur Vi — aziiy ViTD)
_ e agay UpVy — a1ap VaUs 10,0)" (4.12)

arap U1 Vi — agar ViU

where we have used the invariance condition (4.2) when going from the first to the second
line. Comparing (4.12) with (4.10) we find Z to be

MQ;M1 asaq UQVQ — a10a9 VQUQ —6M /2 UQVQ .%'ii_ — .%'2_

9 = —q — L )
araz U1 Vi — agar ViU, UiViay — x5

(4.13)

In the ¢ — 1 limit this is an inverse of the result found in [27] due to the interchange of A
and A with respect to the ones in [27].

Next we define the action of the S-matrix on the subspace I to be

K
Slki, ko) =Y 2%, K — n)l. (4.14)
n=0

The strategy for finding coefficients 2R Wil be based on building the generic state
|k1, ko) by starting from the highest weight state [0,0)!. This will let us relate Ik
with any ki, k2 and n to the already known coefficient 2. Thus we need to construct
k1- and ko-raising operators. We start from inspecting the action of the coproduct of the
bosonic charge Fi giving

AF1|]€1, kj2>I = [El]q q6k2|]€1 + 1, k‘2>I + [Eg]q |k31, k‘Q + 1>I, (415)
and
APF [k, ko) = [kalg [k + 1, ko) + [kalg ¢ [k, o + 1)1 (4.16)

These coproducts do not have the desired properties we want, but are very close. However,
with the help of Fy, F3 and F4 we can construct a new charge with a similar action:

By = gaia (B, [E4, B3]} (4.17)

We call this new charge ‘the affine partner’ of the raising charge F;. The action of Fy on
the state of the form (0,1, k,1) is

F100,1,k,0) = 2[1], 10,1,k 4+ 1,1 — 1), (4.18)
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where we have used (3.39) implicitly?. Then it is straightforward to see that the new affine

raising charge acts on generic states in subspace I as

AFY |1, ko) = 21 [k1]g k1 + 1, ko) + 20 ¢°F1 [Ro], B, ko 4+ DL (4.20)
And the action of A"pﬁ’l is

APEY |ky, ko)l = 21 %2 [k [y + 1, k2)' + 20 [Ralg K1, o 4+ DL (4.21)

By combining AF, with AF; we obtain composite operators having the action of the

desired form — raising k1 and ko separately:

1 AFl — 29 qéklAFl

I _ I
’kl + 17 k2> - [kl]q Zl _ Z2 q6k1+6k2 ’k17 k2> ) (422)
1 2 AF; — o2 AR
hr by + 1) = —— 2= LTS L gy )T, (4.23)

[kolg 21— 224
Then by induction we find that the generic state |ky, k2)' may be constructed as

15225 (21 AFy — 2 AF) TS0 (AF) — 20 " AFY)

k . k . ki1+k _94
[Tt [My — il TT52, [Ms — g TIE ™ (21 — 22gM %)

k1, ko)t = 10,01 (4.24)

Finding 2Pk s then straightforward. We only need to act with the S-matrix on the

expression above and sandwich with bra-vector as
kb = Y KK —n| S |k, ko)L (4.25)
Performing similar steps as we did in (4.12) and employing the relations
(APFy — 20 "M APFy) |ng, mo)!
= [2]g 22 (1 = ¢"F°") [ng,mo + 1) + [ (21 ¢ = 22.¢™) [y + 1,ma)!, (4.26)

(21 APFy — ¢®2 AP Fy) Ing, mg)!
= [n1]g 21 (1 — @°"OR2) |y 1, o) + [2]q (216°™ — 20¢°%)|ny,mo + 1), (4.27)

2For the consistency of the algebra we also give a definition of the ‘affine lowering charge’ Ey:

By = % (Fy,[Fa, Fs]},  En|0,1,k,01) = % 0,1,k — 1,1+ 1). (4.19)
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we find the coefficients of the S-matrix in the subspace I to be

[Ty (M =g ij(:zn[M2 —Jlq 1

‘%nk17k2 = 9 kl - kg - K M 2l
[T:2, [My — g Hj:l[M2 —jlg Thiz1 (212 — ¢M %)

k1
« Z <z?2mqk2(n—m)—klm—kg {/ﬁ ko }
) m| [n—m
q q
m—1 k1
X H (212 ¢M2 120 — g™M) H (1 — g*h=r))
p=0 p=1+m
n—m ko—n—1
X (1 — M2 K+n—p)) H (212 M2 — gM2) | | (4.28)
p=1 p=—m
where z19 = j—; and the g-binomials are defined as
a la]g!
= — 4.29
b} Bl,lla— Bl "
q

Apart from the prefactor Z, this expression only depends on the quotient z12 and on simple
g-factors. The expression above has exactly the form that one would expect to obtain by
an educated guess relying on the one given in [27].

Quantum 65-Symbol. The coefficients Z,Fk2 of the bound state S-matrix may be
regarded as the coefficients which arise in the fusion rule of the irreducible representations
of U,(su(2)), thus it is expected that the expression (4.28) is related to the quantum 6j-
symbol, which is the g-deformation of 6j-symbol and was first introduced in [49].

In order to see the relation with the quantum 6j-symbol, we first rewrite (4.28) in
terms of quantum factorials. This can be done by introducing the notation zjp = ¢~ 20%
and using the following identity several times,

¢ —¢P a+B [A— B
——=gq 2 .
q—q .

(4.30)

Secondary, we shift the index of summation m to M; — 2 — m. After some computation,
we obtain the following form,

J[My — ks — 1)1 [Ju+ & —1 - K]
My —n—1]'  [ou+ & — 1!
x [ka ]! [kea] [0w + BN [ou — OB — kg 4+ + 1]
X Y [mA 1N ([m = My + 2+ ki) m — My + 2+ 0! [k — n+ My — 2 — m]!

m>0
X [m46u— M 4 2 [Su+ 4 — 1 —m)l My —2—m]! [M — K —3—m])"".
(4.31)

gkike _ @q(kl—n)(kg—nﬂsw%
n

where the summation index m runs over the non-negative integers such that all arguments
of the quantum factorials, which do not include du, are non-negative. Finally, replacing the
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six variables (My, Ma, k1, ko, n,du) by the appropriate combinations of (j1, jo, i3, J4, J5, j6)
as (see also [27]),

jlz%(K—n+5TM—|—5u), j4:%(5TM—1—|—k2—5u),
jo = 3(% — 2~ ky — bu), js = 3(%5 — 1=K +n+du),
g3 = 2(My — 2 — k1 —n), jo = 3(Msy — 1), (4.32)

we have found that the expression (4.28) obtains a quite elegant form

ke — g (_1yhi—ds—iit2istis g —iatis) (i-+i2—j1—js) U1 +J2—Js]! [+ 5 — Jel!
[1+ v+ j2 + Js]! [71 + 5 + Jel!

X [J3 = Ja + 75! (3 + Ja — Js|! [d2 — ja + Je]' [=J2 + ja + Je]! Ju 2 s | (4.33)
Jja Js 36
where we have defined the rescaled quantum 6;j-symbol by
123 = > (=1 [m + 1Y([jr2a5 — m]! [13a6 — m]! [jazse — m]!
J4 75 J6 m>0
) . ) . 1
X [m — jra3]! [m — jaas]! [m — jasg)! [m — J156]!) . (4.34)

Here we have used the bookkeeping notations jupe = Jo + b + Je and Joped = Ja+ Jo + Je + Jd-
The above expression is related with the quantum 6j-symbol introduced in [49] as

{jl j2 j3 } — \/2]3 _ 1\/2.]6 -1 (_1)*j1*j2+2j3+j4+j5

Ja Js Jo
X A(jhj27j3)A(j17j57jG)A(j27j47jG)A(j37]4aj5) Jl J2 J3 (435)
ja Js Je |
where the triangle coefficient A(a, b, ¢) is defined to be
B B I 1/2
A(a,b,c):<[a+b Nb+c—alllc+a— b]> ‘ (4.36)
l+a+b+ ¢!

Rational Limit. In order to find the rational limit of the matrix 2" (4.28) we first use
the expansion (3.43) for the spectral parameter z. This leads to

%klyl@ .y H?:l[Ml - i]q Hf:ﬁn[M2 _]] 1
' [Ty — g TIZ (Mo = g T (14 0l + /218 — 1))
k
> - < n—m kgn m)— klmk%{kl { k2 }
e m| |n—mj|
m—1
M. M
y (zif gM2/2p [&L _ 72 —p} 1 gM1/2 [71} >
p=0 q q
ko—n—1 12 My /24 M1 M2 M2
X H 215 q 5u—7—p +4q 53
p=—m a 1
k1 —
< [ " - H “EAnepING — K vn—pl, |, (4.37)
p=1+m p=1
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where du = u; —uz. Now we are ready to find ¢ — 1 limit. The g-numbers [z], coalesce to
x, thus (4.37) becomes

[Ty (M1 — i) [T (M; — j) 1
T2 (M — ) TT82 (Ms — ) TT/S (6u + 2 — 1)

() T 5] T (5 )

%nkhkg -9

p=0 p=—m
k1 n—m
x [ —p) [[M—K+n-p)]. (4.38)
p=1+m p=1

This result coincides exactly with the expression obtained in [27]

Classical Limit. It is also important to find the classical limit g — oo of (4.28). This
limit corresponds to the case ‘T'(h)’ in the analysis of the classical algebra [34], where the
deformation parameter ¢ is expanded as

h -2
q=1+5.+0(""), (4.39)

and the & parameters become

ih
V1—hZ'

hM (z + h)(1 4 1/zh)

2g z — 1 +0(g7?)|, where h=—

=z |1+

(4.40)

The above expressions are compatible with the constraint (3.26) up to a given order. Since
¢ — h and 2 — z in the classical limit, it is easy to see that the evaluation parameter z
reduces to?

(x4 h)(1 4 1/zh) C+D

=— A = — 4.41

where elements C' and D are the classical limits of U = ¢” and V = ¢© respectively, and

are given by

h—h!

D=1 1)§ C=3%z2-1)G h j=-—M——.
5(z+1)4, 5(z=1)q,  where ¢ R

(4.42)

3The normalization of the evaluation parameter is slightly different in here, upere = —2u[27].
“The classical evaluation parameter given in [34] is related with ours as z[c3f4] = (2£L,.) 7" and the classical

parameter is x[gq = —ihﬁ_l(xhere + il)
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With these preliminaries, we find the classical limit of (4.28) to be

1, — ) [15"(00 — ) (1 T )
HfQ(Ml — 1) H?il(]\/b —J) - ; z12 — 1

g
k n—2m
X : <_ﬁ 1 )lir ? Ln—m kl k2
gz2—1 12 m n—m

‘%/n]ﬂ’]C2 ~ (1 + -@cl)

m=0
y 1+ﬁm71 22 (M2 +p) -t +ﬁk2i_1212 (g~ +p) -
9:= z12 — 1 9 = z12 — 1
h k1 n—m
—i—2—(k:2(n—m)—k:1m—k:§)> H (Ml—p)H(Mg—K—{—n—p) ,
9 p=1+m p=1

(4.43)

where Z,; is O(g™!) term of 2 in (4.28). Since the binomial coefficients force the index
m to be m < min{ky,n}, we will discuss the two possible cases separately. They are the
n # ki case (off-diagonal sector) and the n = k; case (diagonal sector).

Off-diagonal sector. In the case when n is different from ky, it is further classified by two
more cases — if n is bigger or smaller than k. Firstly, in the n > ky case, the leading order
of (4.43) is O(g~™*1)) with m = k;. Therefore the O(g") term, which contributes to the
classical r-matrix, is obtained by setting n = k1 4+ 1. In this situation, the classical limit of

(4.43) turns out to be of a simple form,

ki k h =z
L1 ™ g2 ko(My — ki —1) . (4.44)

Secondary, in the n < k; case, the leading order is O(g_(kl_")) with m = n. Therefore,
the O(g—!) contribution is given by n = k; — 1. In this case the amplitude becomes
k1 k h 2
‘%kllff ~T T
gz — 22

k(Mg — ke —1) . (4.45)
The other matrix elements do not contribute to the classical r-matrix.

Diagonal sector. This is the n = ki case and it needs a more elaborate treatment in
comparison with the off-diagonal sector. In this case the leading order in (4.43) is O(1)
with m = k1 = n. Thus the classical limit turns out to be

k1+k2
h h 1 M
(k%—Fk‘%)—F— [ E Z9 <7—l>

29 ga —z | =

%kklhm ~14+ Dy —

k1—1 ka—k1—1
21 Moy — z9 My 21 My — 29 Mo
S CLUEET U ERVES T e
= p=—h1
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Full Rational Limit. It is noted that the classical limit still depends on the deformation
parameter h. This allows us to take h — 0 limit further, which corresponds to the case
“R(full)” in the analysis of [34]. In this limit, the classical evaluation parameter (4.41)
reads,

1
z~1— ﬁu—l—(?(hQ), with U=+ —. (4.47)
g x

Then the off-diagonal elements of the classical r-matrix (4.44) and (4.45) turns out to be
k1+1

1 1
ik soke (M — ki — 1), 202~ s (M2 — k2 — 1. (4.48)

On the other hand, the diagonal elements (4.46) reduce to

1 k1+ko k1—1 ko—ki1—1
T 1t Da— s | X (=D + Y () Y (B ap)| . (449)
=1 p=0 p=—k1

The above expressions (4.48) and (4.49) agree with the classical limits of rational case [27].

4.2 Scattering in subspace II

The S-matrix in the subspace II is defined to be

K 4
Slki, k)i =Y > |n, K—n)j (#F7)7, (4.50)

n=0 j=1

and the standard 4N + 2-dimensional basis is

ki, ko) = 11,1,k — 1, My — k1 — 1) ® 0,1, ko, My — ko — 1). (4.51)

We shall express the coefficients (%kl]”)i in terms of already known ;"2 with the help
of the charges AFEs and AFE, that relate the states in the subspace II to the states in
subspace I:

AFs ki, ko)i = Qj(k1, k2) [k, k2)", AEy |y, ko) = Qj(k1, ko) [k, ko). (4.52)

The coefficients Q;(k1, k2), éj(kl, ko) and their partners for A’ Ey and AP E, are spelled
out in the Appendix A.1.
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The strategy of finding 2k ig the following. We start by considering the matrix
element

Un, K —n| APEyS |ky, ko) = Yn, K — n| AP By [m, K — m)l (@k1k2)]

M-
1 10

Y, K = nlm, K= m)! Q% (m, K —m) (#42)!

I
‘M’”

<
I

3

]
o

Q7 (n, K —n) (#ZF1he)!. (4.53)

I
NE

<.
Il
-

Next, using the invariance of the S-matrix A?FEy;S = S AE,, we could rewrite (4.53) as

Un, K—n|SAE, |ki, ko) =1 (n, K — n| S|k, ko) Qi (K1, ko)

N
= > Yn, K= nlm, K—m)' 287 Q;(ky, k2)

m=0
= %nkl’]” Qi(kla kﬁg) (454)

Also we get a similar set of relations by considering the charge F,. These relations can be

conveniently summarized in terms of matrix equation

21K ) QF (1. K~ ) QP (K~ m) QP K~ ) g
Pn,K—n) Q¥ (n,K—n) gp(nK n) Zp(nK n)y) "
_ gk <Q1(1€1, 2; 2(k1, k) Qs(k1, k2) Q4(k1,k2)> . (4.55)

" Q1(k1, k2) Qa(k1, ko) Q3(k1,k2) Qa(kr, ko)

giving a total number of 8 constraints. However, there is a further need of 8 more con-
straints. These can be obtained by considering a composite operator

E2 = 60(61 F1F3F2 + eo F1F3F5 + e3 F3F2F1), (456)
where
My _ B
€0 = q1+K+ (qul - q2K+222) 17 e1=1(q-¢ 1),
e =" (g = M), es =g T — ¢ M2, (457)

and its affine partner E,. These operators act on the states in the subspace II as

ABs|ky, ko) =Zi(ky, k)|, ko)t + Zi7 (ky, ko) k1 4 1, kg — 1)}
Z7 (ky, ko) |y — 1, kg + 1)1, (4.58)
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giving

4 K
<TL K ’I’L| AOpEQ S |k31,k‘2 Z Z I n K—TL| AOpE72 |m’K_m>§I (Q/W]<L:17k2)z
7=1m=0

4
= Z(z;%,f«—n) (ZER2)] + 27 (n - LK = n+1) (2,)]
Jj=1

+2Z%(n+1,K—n—1) (@/,ﬁf?)) : (4.59)

The coefficients (4.57) are chosen in a such way that the ‘non-diagonal’ part of this relation
is vanishing, Z;_’Op(n ~1L,K—n+1)=Z2Z7"n+1,K-n—1) =0. Therefore the only
surviving part of (4.59) is

Un, K—n| APEy S |k1, ko)™ Zz”p (n, K —n) (#1k2)7. (4.60)
7j=1

This results in the following matrix equation for Z;p (n, K—n):
(Zlop(n7 K—n) Z3"(n, K—n) Z"(n, K—n) Zy*(n, K — n)> gk k2
= <Z1(]€1,k‘2) Za(k1, ko) Z3(k1, ka) Z4(]€1,k‘2)> 2k
(21 (b1, 2) 0 Zg (k1 o) 0) 2t
(0 25 (ks ko) 0 Z3 (ki o) ) 2501kt (4.61)

plus a similar set of equations arising from the affine charge E,. Both sets can further be
united into a compact matrix form

A%Im,kz _ B%nkhb + B+%nk‘1+17k2*1 + B*%nk1*17k2+17 (4.62)

which multiplied from the left by A~! defines all coefficients of %**? in terms of already
known Z;Fvk2 grkiELRFL  The oxplicit expressions of matrices A, A~!, B, BT, their
g — 1 limit and the coefficients Z;(k1, k2), Z;p (n, K — n) and their affine partners are
spelled out the Appendix A.1.

To finalize we want to note that not all of the constraints in (4.61) are linearly inde-
pendent. The set of independent constraints is chosen in such way that the inverse matrix

A~! would exist.

4.3 Scattering in subspace III

We will compute the S-matrix components in the subspace III in a very similar way as
we did in the previous section for the scattering in subspace II. We start by defining the
S-matrix for the subspace I1I as

K 6
S [k, k) =35 i K — ) (2h0he) (4.63)

1
n=0 j=1
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where the standard basis for the 6 N-dimensional vector space is

k1, ko) =[0,0, k1, My — k1) © 10,0, ko, My — k),

k1, ko)S = (0,0, k1, My — k1) @ [1,1, ko — 1, Mo — kg — 1),

k1, ko) = 1,1,k — 1, My — kg — 1) ®10,0, ko, My — ka),

|k ko) = 1,1,k — 1, My —ky — 1) @ |1,1, ko — 1, My — ky — 1),

k1, ko)t = 11,0,k — 1, My — k1) @ (0,1, ko, Moy — ko — 1),

k1, ko)t = (0,1, k1, My — k1 — 1) ® |1,0, kg — 1, My — ko). (4.64)

Next we shall employ the same strategy as before. We perform the same steps as in
(4.53) and (4.54) only with AP’ Ejs, giving

(G (n, K —n)), (2Z8+),

I
M=

%I(n, K- n\ AOpEQ S ’kl, /{?2>§~H

N
Il
—

I
NE

(n, K—n|SAE; |ky, ko) (k) (Gk1, k2)), (4.65)

1

3
I

where G(°P) are the matrix representations of the charges A°P) E5. Once again these equa-
tions (together with the affine ones coming from FEj4) do not provide enough constraints to
define the matrix Q‘”,f L,k uniquely, and we need additional constraints. They are obtained
with the help of AlP)(F3Fy), namely

6

O, O ) !

W —60;, K—n+6; — L AP(F3F)S |k, k2); yII Z (H®(n,n — ))l(ffnkl’@)j,
=1

4
i'(n—0;, K—n+06; — 1|SA(F3F) [k, ko)) = > (#

m=1

D (H (ki k)", (4.66)

where 6; is defined by 6; = (1 — (=1)%)/2 and HP) is the matrix representation of

AP) (F3Fy). Here we have also introduced @kl’kQ
— ko1 ko i k1 —0 kot0;—1\i
(“ )j - (@niei e )j' (4.67)

These equations may be written in a compact way using matrix notation
G (n, K —n) ZFr = gk Gk k),
HP(n, K —n) ZFk2 = 7% f gy k). (4.68)

The explicit realization of the matrices in the expressions above are spelled out in the
Appendix A.2.

Similarly as in the previous case, not all rows and columns of G°?) and H(P) are
linearly independent, thus we have to select only the independent ones. Therefore by
taking the following linear combinations

G(Op) = ¢~ n—? (GQG( P) agé(ap)) and F(Op) = GV HOP) — czvl—lf[@p) , (4.69)
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where the tilded matrices are the affine counterparts and selecting the first three rows of
each, we are able to combine them into the non-singular quadratic matrix A (6 x 6) and
the rectangular matrix B (8 x 6) as follows (j =1,---,6),

. Gy, i=1,2,3, . (G, i=1,2,3,4,
(A=<, 3@,73 ' and (B); =4 — jl.74 , (4.70)
(HT)', 1=4,5,6, (H)Y*, 1=5,6,7,8.

This approach let us to rewrite the constraints (4.68) in terms of a single matrix relation

A prich/m — @Vnkl,l@B 7 giving Qﬁfbk? = A1 @Vnkl’k?B . (4.71)

This relation let us to obtain any matrix element (%khk? ); of the scattering in the subspace
III. Here we have also introduced the block diagonal matrix g (6 x 8) as
(zi/,f”)j., i=1,2,3, and j=1,234,
= (@), i=456, and j=506.738, (4.72)
0, the rest.

(@)

i
j )
The explicit form of matrices A, A~!, B and their ¢ — 1 limit are given in Appendix A.2.

5 Special cases of the S-matrix

In this section we consider the reduction of the S-matrix in the case when one or both
factors of the tensor space (4.1) are transforming in the fundamental representation.

5.1 Fundamental S-matrix

As a most simple case of the derivations presented in section 4, we want to compute the
fundamental S-matrix found in [10]. The fundamental representation is defined by setting
M, = Ms =1 and the corresponding S-matrix is 16 x 16 — dimensional. In order to make
the comparison with [10] more explicit, let us denote

al, =o', and al, =o' (5.1)
Then, starting with the subspaces I and Ib, we find
S P®) = Z |[*%), (5.2)
where & is given by (4.13). Further, due to our normalization
Sle“e%) = |¢%¢%). (5:3)

Here we would like to remark that our normalization differs from [10] where the S-matrix
is normalized such that S|¢Y*)%) = —[¢p*p?). In other words, the quantities given here
need to be divided by an additional factor of Z.

Next we proceed to the subspaces II and IIb. For the subspace II (and analogously
for IIb) the parameters ki, k2, n indexing the matrix % can take the values 0 and 1, but
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fortunately, we find that % is the same for both of these values. Next it is easy to observe
that the matrices A (A.4) and B (A.5) get reduced to the upper left 2 x 2 blocks

I q1/2g21~/2a1 B_ —az\/qUiV1 a1 (5.4)
—ay ¢ ?UsVhay |’ —a2,/qU1 V1 ay )’

while the matrices BT and B~ do not contribute at all. This gives the following solution
of (4.62)

Va(a2a1 URVE—a1aUSVE) a1a1 (1-U2V3)
w0 _ ¢ U1V1~(a2d1—2a1g2U22V22) a1a2U2V7 —az2aq
0 agazUz(Ul Vl 71)V2 (ag&l 7a1&2)U2V2
U1Vi(a2dar—a1a2U2V3)  /q(aza1—a1a2U2VY)

— — + —
o —wy 1 UsVo %y —T9

1/2 z 71
A el A
= + - E N (5.5)
J2 XTIy 1 Ty =y
Mozl —x] /2011 i —z]

Then the corresponding explicit form of the fundamental S-matrix acting on the inequiva-

lent states is

Jr
T
Sy = ¢/2U5 V522 — L W%ﬂ e W¢%
562 71$2
UsVo 1 £C+
S“ﬁ Y1 UaVa Ty B .a 2 a,.B 5.6
) = wvmx,ﬂﬂw¢> WUmeﬂﬁ¢w> (5.6)

Finally we turn to the subspace III which is four dimensional in this case. Analogously
to our strategy presented section 4.2, we inspect the action of AFE> and AFE, obtaining
%

AE,|1,0)1 = as|1, 005, AE,|1,0)8 = by|1,0)3]
Vi
AE5|0, )T = a;]0,0)7, AE5|0, )¢ = —~U1V11/q b2(0, 0)1, (5.7)
plus similar expressions for Fy4. For completeness, let us spell out the opposite coproduct
as well
APE, 1,00 = ag|1,0)3, AP Eo|1,0)i = b1Us Vo /|1, 0)Y),
U V
APE,|0, DT = g, 22 2\0 oy, AP 410, 1)ET = —by)0, 0)1. (5.8)

The equation (4.71) in this case becomes

U1 Vi
az b1,/qUsVa (%1’8)% (%1’8)? _ g 92 b1 (@102 (5.9)
as biy/qUaVa ) \ (2770} (277)3 U\%laz by b
the explicit solution of which is
(1—zy 2 (a —2F) 27 ale] —z) (x5 —af)(a] —=)
170 170 271 1 2/ 71 1 1 2 2 1 2
(20 (&7 _ -2y, )@, —aF) gzT VAU Vinie @y 7, —1) (@, —a7)
(2% (23 10 o)) op (e a)ef —ad) v, 2

UsVaa(l—a] x5 )(zd —27) ¢3/22  (1—zy 2y )(zy —a5) U1V1 qag
(5.10)

The remaining matrix elements are then easily deduced from similar derivations. These
results are in agreement with [10]. For a complete list of all the scattering elements we
refer to the Appendix B.1.
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5.2 The S-matrix S

In this section we will derive the S-matrix describing the scattering of an arbitrary bound
state with a fundamental one, Sg1. Once again, we will follow the derivations performed
in section 4 step by step. First, by setting My = 1, we find that the states in subspaces I

and Ib scatter almost trivially
S|k, 0t = 2 |k, 0)L. (5.11)

However the scattering in the subspace II does not get simplified that much. Nevertheless,
for fixed ki + ko, the corresponding vector space gets restricted to

{Ik1, 001", [k — 1, 1)T, (K1, 008, |k, 005 . (5.12)

This is because the states |k1, ]C2>£I have My > 2 and thus they are not present. By reducing
our general expressions to accommodate these 4 states, we are lead to 16 inequivalent
scattering elements, however we found 2 of them to be vanishing. The rest may be casted

in quite compact form as

1T
1
II
1
!

S|k, 0
S|k—1,1
S|k, 0
S|k, 0

2Ok, 0 + (201 k=1, DI+ (25°)3 1k, 08 + (%) 11k, 0)F
21k, O + (2D =1, DT + (27 D3E 08 + (71, )Y
205k, 00 + (2031 —1, DI + (2503 1k, )5,

20k, O + (20— 1, 1 + (260)4 1k, 0] (5.13)

I
2
II
4

=
=
)3 = (
)i = (

The explicit expressions of the coefficients above are given in Appendix B.2. Upon setting
M = 1 the coeflicients with indices 1 and 2 reduce to the ones of the fundamental S-matrix
(5.6) derived previously.

The scattering in the subspace III simplifies considerably. It is easy to see, that the
states |k, k2>121£ need not to be considered. Thus we are led to the reduced case of our
general expressions for subspace III that involve the states (5.12) and

{’k70>11H7 ‘k70>§H7 ’k70>15Ha ’k - 17 1>11H7 ‘k - 17 1>}5Ha ’k - 17 1>éﬂ} (514)

only. However, there is a more straightforward way to obtain the S-matrix in this particular
case.

There are 36 scattering coefficients in subspace III that need to be determined, but
not all of them are independent. Firstly we can relate the half of them to the other half
by considering the identity

AFE3lk — 1,00 = [k, 00" + ¢k — 1, 1), (5.15)
giving

Slk— 1, D = 7 (Jk, )1 + gk — 1, D) — ¢S [k, 0)11. (5.16)
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Subsequently we can express the states |k — 1, 1)} [k — 1, 1) as follows

AFlAEl — q[k‘]q[M —k + 1]
LJP
AFlAEl — q[k‘ — 1]q[M — ki]
[k —1]q

1 |k50>11H = |k - 1’1>11H’

g, O3 = [k — 1, 1)}, (5.17)

The explicit constraints that follow from these identities are listed in the Appendix B.2.

Then instead of reducing the general expression of the matrix 2, we follow its deriva-
tion path. By considering the action of the charges F5 and Fjy on the subspace II states we
are able to find simple expressions that relate subspaces III to subspace II as

d\VaAFy — diVoAF, -

51%AF2—01%AF4 |]€ 0>
didy Uy Vo — dod Uy Vo t

&1daUy Vo — e1dalUy Vs
V4 UL AFy — dyUi AP
(kg e1doUy Vo — é1do UL Vs

|k, )1 = |k, 0)3, |k, 0)5" =

|k, 0)5 = |k, 0)3. (5.18)

This approach let us to find the expressions of the matrix elements of 2 in terms of the
matrix elements of % for this particular case in quite an easy way. The explicit expressions

are once again given in the Appendix B.2.

6 Discussion and outlook

In this work we have constructed the supersymmetric short representations of the quantum
affine algebra O based on the centrally extended su(2|2) by making use of quantum oscilla-
tor algebra. These representations are of great importance as they accommodate the bound
states of the model. We found that the bound state representation of the affine extension
shows a lot of similarities with the fundamental one constructed in [35]. In particular, we
found that the affine central elements are inverse to their non-affine partners, exactly as
for the fundamental representation. Moreover, the parameterization can be derived from
the fundamental one simply by applying the map (q,g) — (¢™, g/[M],)-

The affine extension plays a key role in the construction of the bound state S-matrix.
Indeed, the affine generators F4 and Fj are crucial in constructing the elements 2™ and #'.
In other words, the bound state S-matrix is uniquely fixed by requiring invariance under
the affine algebra Q.

We have also spelled out the explicit coefficients of the S-matrix when one of the spaces
is the fundamental representation. And in particular, we have checked that our formalism
correctly reproduces the fundamental S-matrix found in [10]. Furthermore, our results are
in a very good agreement with those of [27], where a similar derivation based on the Yangian
symmetry related to the same underlying Lie super algebra was performed. More precisely,
the S-matrix we have obtained in the ¢ — 1 limit for the subspace I coalesce exactly to
the one found in [27]. However we can not make a direct comparison for subspaces II and
IIT as the intermediate expressions are different, due to the fact that the affine rather than
Yangian generators are used. Nevertheless, the expressions we have obtained in this work
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are of more symmetric form than those of [27]. This is an expected result, as the deformed
quantum affine algebra itself is of more symmetric form than its Yangian limit.

We have not checked the Yang-Baxter equation in full generality due to this being
extremely challenging from the technical point of view. However, we have performed a
series of checks for a wide variety of states using numerical computations and found that it
was perfectly satisfied. This is to be expected as this S-matrix is uniquely defined by the
algebra Q.

In order to complete the investigations concerning the S-matrix it would be interest-
ing to consider the crossing symmetry and the corresponding solutions for a g-deformed
dressing phase.

A particularly interesting direction for future research would be to study representa-
tions and their S-matrices for ¢ being a root of unity. It is well known that the represen-
tation theory for these values of ¢ differs from the one for real ¢q. Due to the bound state
map being of the form ¢ — ¢, it is not difficult to see that there appears to be some
intrinsic periodicity to these representations. One could hope, for example in the context
of the thermodynamic Bethe ansatz, that this would result in a finite number of bound
states. Thus such approach could lead to some useful insights.

A different topic related to this, would be to investigate the algebraic Bethe ansatz
and the bound state transfer matrices. This could perhaps be used to find a g-deformed
version of the T-system.

One more possible direction of investigations is to consider the boundary conditions
and boundary scattering for the deformed Hubbard Chain. A good starting point for
this approach would be to consider the boundary conditions equivalent to the ones of the
Y = 0 and Z = 0 giant gravitons in the framework of AdSs x S° correspondence [50].
We expect some sort of deformed (twisted) coideal subalgebra of Q to be governing the
boundary scattering of the aforementioned type that in the rational limit would reproduce
the twisted Yangian algebras constructed in [51-53].

Other, more open questions on the more algebraic side include algebraic R-matrix and
a detailed investigation of the classical limit along the lines of [34]. It would also be in-
teresting to extend the classical limit to the next order. For the undeformed case it was
found that this order coincides with the square of the classical r-matrix [54].
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A Elements of the S-matrix

In this Appendix we have spelled out various coefficients and matrices that have been
heavily used in the intermediate steps in deriving the final expressions of the S-matrix for
the subspaces II and III.

A.1 Subspace II

The coefficients for the charge AFs in (4.52) are

Q1 (k1, ko) = =™/ 27 4y U1V [y + 1], Qa(k1, ko) = a1 [k1 + 1,
Qs (k1 ko) = —¢"/* R 0, Uy 11, Qa(k1, ko) = by. (A1)
Similarly, the coefficients for the charge A’ E5 are
P(k1, ko) = —ag [ka + 1], Pk, ko) = ¢M2/27%2 0y Uy Vs [y 4 1],
3 (k1 ky) = —ba, Pk, k) = ¢M2/2k2 ) Uy Vs, (A.2)

By replacing a,b — a,b and U,V — U,V one obtains Q;(ki,ks) and @fp(kl,kg) related
to the affine charge Ej.

The coefficients in (4.61) are

2P K—n) = 2 i [My — K +nly, Z8(n, K—n) = e Ua [ — M, "K',
Z3%(n, K—n) = dy Vig Mz, ZP(n,K—n)=—d U, q"_K+%. (A.3)
and
o C2ﬁ1 [E‘2 + 1]q Mi/2—ki+Ms [ ,2n SM (,2(n—Fk1) 2ko+S6M
Zl(kil,k‘Q)— qum—QQ(KJrl) (q 212 — (g (q —1) —q )’
zigcetValky + 1], 2
Zy(k1,y) = 22 [ 2(K+]1§ OM/2+2 <q2"z21 — M (ARe) — 2K — q%”‘SM),
q-z12 — ¢
o d2ﬁl Mi/2—k1 [ 2n M ( 2(n—k1) 2ko+0M
Zg(kl,kg) = qulg—QQ(K"’l)q <q 212 —¢q (q —1) —q >=
Zilkn ko) = z12d1 Vo M/2+2( 2n_ M 2(ntks) 2K\ _  2ks+dM
4( 15 2) - qM212 _ q2(K+1) q 221 q (q q ) q .

The matrices in (4.62) are defined as

{l)p(n’ K- ’I’L) gp(n’ K- ’I’L) Qgp(n’ K- n) onlp(n’ K- ’I’L)
A= {l)p(n’ K- ’I’L) gp(n’ K- ’I’L) Qgp(n’ K- n) onlp(n’ K- ’I’L) (A 4)
Z(n,K—n) Z5"(n,K—n) Z3"(n,K—n) Z"(n,K—n) |’ '
ZP(n,K—n) Z&F(n, K—n) Z§(n, K—n) Z(n, K—n)
Q1(k1, k2) Qa2(k1,k2) Q3(k1, k) Qa(kr, k2)

B Q1(k1, ko) Qao(k1, ko) Qs(k1,ka) Qa(kr, k2) (A5)
Zi(k1, ko) Zo(ki, ko) Zs(ki, ko) Za(ki,ka) |’ '
Zy(k1, ko) Zo(ki, ko) Zs(k1,ka) Za(k1, k)
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and

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
Bt =| . N , BT = _ _ (A.6)
Z (k1,k2) 0 Z3 (k1,k2) 0 0 2, (ki,k2) 0 Z (K1, ko)
Z{ (K1, k2) 0 Z;(kl,k:g) 0 0 Zy (k1,k2) 0 Z; (k1,ka2)
The latter two have a quite compact explicit form
0 0 0 O
N _ q1+k1—k2—% qM1+2k2z12 _ qM2+2(n+1) 0 0 0 0
BT = [k, 7 i ST ~ ~ , (A.7)
(¢—q1) q" 212 — q —caUy[ka]q O dU1 0
—&U[kz]q 0 d2Up O
0 0 0 0
M
B — [y, L e M PRI 0 000 (A8)
Hg—a ™)™ gMag — g2+ 0 —c1Valkilg 0 diVa | ‘

0 —& Valki], 0 diVa

The inverse of A has a very complex form, however it can be decomposed intro three quite

compact matrices as A~' = CV D, where

21262 0 212Gb2 0
[Mg—K-i—n}q [Mg—K-i—n}q
My Mo -
0 T A Us s 0 Ty
C = [n—Mi]q Mi—nlU2Ve | (A.9)
—21202 0 —2z120a9 0
_ My
0 K~ F naaUyVh 0 — v
. . My My
2 2
D = diag [ 95 _ Z{’g R S (A.10)
gadzy gactzy ViVaa ViVa
T _
& [vmgr v BTl V. - U. i€, V.
-~ o~ U
T U =V At R R U (A.11)
W V.- U. Lo vy BBUL] 7 il e
% (Vz - Uz£2) Vz - Uz ZUZ& _‘/Z
here
W =V.V, — U,U.£2, U, = 219 — UPUZ, U, = 219 — UPUZ, (A.12)

plus similar expressions for V.

,33,



Rational limit. The matrices Bt (A.7) and B~ (A.8) in the ¢ — 1+ h (h — 0) limit

become
0 0 0 0
Bt —onk ou—2 —ky+n+1 0 0 0 0
S T Ay —kaeoJUL 0 doJU, O |7
kgagUl/Oé& 0 —bQUl/Oéd 0
0 0 0 0
B‘—2hl§;6u+5TM+k2_n+1 O 0 0 0
Tou-Y iK1 [0 ke 0 4

0 klal/ad 0 —bl/a&
The matrices A (A.4) and B (A.5) in the ¢ — 1 limit become
_0‘92(5’327*13) aglUQ(mffm]L)

Y2y g
_i(M2—Ktn)5ég272 i(Mi—n)agiy  iadga(z; —z3) iadgi(zy —a))

—(Ma2—K+n)gay2  (M1—n)g1Uam

A= Ty ngf Y2 Uz
o i(Ma—K+n)gaye _ i(Mi—n)gim  dga(zy —x3)  igi(ay —=))
aa:; ongac'lF 2 Uam
 (My—K+n)gaye (Mi—n)giUsmi  g2(zy—z3)  giUs(zy —=)
aa oo ay2Ty a1y

_agaUi(zy —z3)  agi(zy —a7)

—(M2—k2)g2Urv2a  (M1—k1)g1m1

Y2xy mney
_i(Ma—ko)agaye i(Mi—ki1)agiv1 _ iadga(zy —xy) iadgi(z] —z7)
Ulm; :1:'1F U172 71
B = . ) . — + . — +
i(Ma—ko)gayve _i(Mi—ki)gim  ig2(zy —m3)  _ digi(wy —a7)
ale; aa:f Uiz 71
_ (Ma—ka)goUrye  (Mi—k)gims  _ g2Ur(ezy —23)  gi(ey —=7)
ada ad ayey anzy

+
The notation used in here is g; = , /% and U; = 4/ z—i

(A.13)

(A.14)

(A.15)

(A.16)

It might seem that the matrices BT and B~ do not contribute in the ¢ — 1 limit
as they are of order O(h), however the combinations A~*B* and A~!B~ in (4.62) are of
order O(1), thus are defined correctly. We do not spell out the explicit expression of A~!

in the ¢ — 1 limit as it is quite sizy and also not much illuminative.

A.2 Subspace III

The coefficients’ matrices in the expressions (4.68)

G (n, K —n) ZFh = gk Gk k),
HP(n, K —n) ZFok: = 758 g k),
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are

My
g2 M)y ar g K, —b
_IL 0 __ 0 0 )
Us Vo UsVa .
—27K+n
op [Mo—EK+n]qa2 b2 0 0 % 0
_ 2V
«r= iy M sin, |
0 ¢ Z T Minlgar g g2 T 0 [(MoFcin]gas
Us Vo Ua Va2 "
22 K+tn
2 Mi—
0 0 [MQ*K‘H@]qO,Q b2 g ~[ et n}qal 0
—Us Vs
(A.17)
My
1
[M1—k1]qa1 0 b1 0 0 %
My, My t
q2 1~[Z\4~2*k2]q02 q_{_fle 0 0 b 0
_ U1 \h Ui\ !
G = M
M1k )
2 L[ Mo—
0 [lekl]qal 0 bl 0 g [A]'[ ‘72 k2}a2
My (Ma—ka] My, Vi
q 2 2—k2lqaz g2 ""lby
= — —[M;—k
0 0 U1V U1V [ 1 l}qal 0
(A.18)
and
o M1
[n[}]qq 0 _3_1 0 _q V2 do 0
My 2 My 2 !
q"" 2 [K—n]gca ¢" 2 do 0 0 0 dy
HOP — 1% -1 v Us
1 )
[n]qcr dy q" 2 [K—n]qc2
0 U5 0 — 05 % 0
M1 o M1
0 0 9" 2 [K-n]qco ¢"" 2 do 0 [n]qc1
Vi -1 Us
(A.19)
My Moy
kg ——= ko— 5% ~
q [k1]qc1 q 2 d _
a 0 7 0 oy 0
=~ =~ ko= %
/{?2 CQUl —d2U1 0 0 0 u
H = q Va
- _My Mo
kg— 5 ko — ~
q [k1]qc1 q¢2" 2 d,
0 Tq 0 v —[kg]qCQUl ]MO
e e k2= (] e
0 0 [kQ]qCQUl —dQUl 0 %

(A.20)

Their affine counterparts é, G and H , H° are obtained by the replacing non-affine (or

. —oki,ke . .
affine) parameter to affine (or non-affine) ones. The matrix %, is a slightly modified

. k1,k
version of %"

k1—1,k2\1 k1,k2—1\1 k1—1,k2\1 k1,k2—1\1
(%kfl L )i (5’/”]; ) 1)2 (%E L )3 (5’/”]; ) 1)4

@kth = (%k1_17k2)% (%/ﬁl’l:_l)% (%k1_17k2)§ (g]‘/nkl’l:_l)é21 (A21)
" (Z2 ) (2077008 (2,20 7703 (2,27 ))
(1 (@ @ (g
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The coefficient matrices in (4.71), A ZF*2 = ZH B are

[M1—n] A3

Ay

— UaVa 0 UaVs 0 0 QQ§2
0 ~ @27 0 0 #&= 0
0 _ [Mi1—n]A;3 0 A 0
_ Uz Vo Us Vo
A=  [n]gAs 0 Ay 0 2a 0 , (A.22)
UaV1 ) UzxV1 g%z
g Ay
0 Q]EQA 0 0 0 AT
_[MgA2 _ A
0 UaTh 0 AT 0 0
U U2V Vs 0 Uy U2V1Vazy 0
Ag ALt 92 AoZ2 A AT Ao
04y 011
[nlgUaVa G2 [M1—n]qiU3ViVe §2q1g2USVAVE  [My—n]UsVi  [n]qq2U3ViVaZe §2q1g2USV2Ve
Al = Ag Azt g2 Ao A1 AS 20 —g% Ao Ay —AgA; ! —Ag A5t Ay —g2 Ao Ay
0 0 Aaihy 0 0 — Ronlfhs
2 03
0 Us Vs _ qU2VEz, 0 0 qU2ViVaz,
Ay Ao A1 AT Ao
0 0 §2q1U22V1V2 0 Us Vi gQQIUQQVIQ
g2 Aoz2 Ay gQAoA;1A422
(A.23)
here we have defined z; = %zi and Ay = [n]q A1 Az + [M; — n], Az Ag where
~ 71272 P ~ ~
./41 = b1a2U2 V2 — a2b1, ./42 = 0261U22 — 011/1262,
./43 = agdl - a1d2U22V22, ./44 = dlégvf — CgcilUg. (A.24)
B
7[M17k1]qq283 0 q282 0 0 _qlq[?}—l‘l/l
_ [Ma—Fk2]qq3B7 3B 0 0 B 0
U1 UiV 4252 .
Mo— B
0 —[M1—Fk1]qq2B3 0 7282 0 —atolousbr qu[;l]{l/(fa L
_ [Ma—kolqasBr _q351
B = " ? 5 0 qull\g/1 ainv; [Mi—kilea2B3 0 (A25)
_ 1F1]q9354 _ 4355 _ _Bs ’
[k:V]] V[%’ (23 ViVa 0 Uiy %
_ 1F2]qP8 _ b6 q
UVh U1V 0 0 0 ViVZ
0 _ [k1]qq3Ba 0 4385 [k2]qBs 0
ViVa Viva U\
0 0 _ [k2]Bs _ _Bs 0 _ [k1]qq3Ba
U1\1 U1V ViVa
h : : n—21 K-—n—22 fog— 22
ere we are using the shorthand notation ¢ = ¢"~ 72, g2 = ¢ 2,03 =¢"?" 2 and
~ 2772 7 ~ T
By = b2a2U1 ‘/1 — agbs, By = bjas — a2b1,
B3 = azay — ayas, By = eV — 16V,
L 12 712 ~ 5
85 == d1c2V1 - Cle‘/Q 5 BG == d202‘/12 - 62d2U12,
~ 2 2 ~
B7 = a2a2(1 — Ul Vl ), Bg = CQCQ(Ul2 — V12) (A.26)
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The matrix %khk? is defined as

5 %khkz 0
g;/nlﬂ,/m — < 0 @h,b) , (AQ?)

—k1,k
where only first three rows of both %" and #,""* arc taken.

Rational limit. In the rational limit ¢ — 1 the coefficients (A.24) and (A.26) acquire

quite compact expressions

ﬁ_ ~ 7—3:1 1—x1x2)72
ad M1 M2 5'3133271 ’
_—x
S R 1/ 1/ 1 ’Ym, (A.28)
352951

giving
’ “25) (27 — 2 (25 — 2F) A2
9> (L—ayay) (2 —a) (73 — () m
- A.29
Ao aMs ay (x5 )22 ) ( )
and also
B nan = s (o3 —o3) (o} — 723 5)
ad 951 o %

é _351 1—x19€2+)72
ad \/ M1 \/ M2 561 ﬂ:2 Y ’
B / Tt
3—aal’>’4 2 7172’
951352

- Ty _xl
2T =GBy =S\ T A.30
a T My ayag (4.30)

B Elements of the special cases of the S-matrix

B.1 Elements of the fundamental S-matrix

The fundamental S-matrix for the space III acquires the following form,

S|¢'6?) = (27"))116'0%) + (Z5O)116%0") + (2100 1wy + (257 °) S [w?yt),
Sle?e") = (27 D118'0%) + (25"Dileeh) + (273w + (255 [yt
Slty?) = (2o ¢?) + (25 N)816%0") + (2030 e?) + (25°)E !,
Slwyl) = (27)8l0"6%) + (25" )ble ") + (27 Rlv'v?) + (29 e eh).  (B.1)
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In order to find these coefficients 2 it is sufficient to consider the first relation of (4.68)
and its affine counterpart only. In fact, the constraints read as follows,

et (i T R
(et () k) = @ () G,
(6t o ((5of () = oo (G @ Jo o
(6o oo (30} (Gof) =rson (8] @ o oo

It is easy to solve these relations for 2 and we find that they agree with [10]. For the
completeness, we have listed the relations of our elements 2 to those of [10]°

1,0 1,0 0,1 0,1 A1o—B F
(ZIO1 (A5 _ (20 () _ L (A g
(A (A1) (@8 (@) An \ 5 -Rhe )
-1
(ZPDE () _ L (e
0,1 0,1 - -
(20 R (27)) A\ -0z e Dehgbe )7
0,11 0,1\1 qA12+q~ ' Bia g ' Fio
(%01)(15 (3%01)2 :_1 q+_q1*01 Dq+qf1E . (B.3)
(%" (Z8) A\ -y —eDui R

B.2 Elements of the S-matrix S

Here we list the explicit forms of the coefficients of the matrix Sg;.

Space II. First we give the coefficients of the matrix 2 in the case of a bound state
scattering with a fundamental particle. There are four different combinations of the pa-
rameters ki, ko,n that contribute. Thus we have to consider the case where ky = 0 and
k1 =n = k leading to

- - _Q—2k—1 1 +_ L+
k,0 Lk x Ty Z12 —( k,0 T x
AT T A T —
1~ 42 q2U1Vvy+1 — %2
(@k‘,O)l :q% [Q_k]q 'I2_ —33;_ U2V2£ (@k‘,O)Q _ 1 331_ _'ITE
ko172 [Ql, o7 —a3 UiV’ ko1 [Ql, z7 — 23 M
1-Q
2 alUsValzy —af oy — affay — af] k.0 k.0
gkt _ 4 1 1 1% 2 12 L (k04 — (ak0y2 — B.4
_ _ _ _Q _ _
( k,0 )4 _ q Q[k]q xii» B 332 55_1’7172 (@k‘,o )4 _ q 2 xf - 'Il 1- 'Il x; )
UL QL (o — ) (1 —apay)wf o VR T Uiay —ef 1 -y

>We remind that our & parameterization is based on the one of [35] which are related to those of [10] by
:v[jg5] = ggfl(:vﬁo] + &). This point must be taken into account when performing the concrete comparison.
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Next we have three elements corresponding to ko = 1 and k1 + 1 =n = k giving

q2(k+1) _ q2Q)

- - 4+h—Q . — .+
(G0N = QT 2 : ¢__mon
xr{ — g z12 — 9~ Qlg 17 —xT3 M
Q—k—1], xQ_—x+

Ty 7172
(Ot = = et ALY (B.5)
Rl q@F1/[Qlq (vy — 5'3;)(1 —x1 %) 5'31L @

Then we have another three scattering entries for ko = 0 and k; = n + 1 = k contributing

Z12 k,0
9 (%—1)% =

1 T 1= q*% 50 14Q—2k [k‘] Ty — ot UsVo 71
gy kOt _ 34+Qr 1, P~ T2 (RO e e Ty 2 n
Gl = Y e 0 gy 12 7 Qo — a3 UiV
BEDE = @O (56)

Finally, there is one element with ko = 1 and k1 = n = k — 1 providing the last element

(B.7)
Space III. There are 36 elements of the matrix 2 that need be determined. As men-
tioned in Section 5, it follows that (5.16) becomes

Sk — 1, )41 = 2 (|k, 0)1 + g [k — 1, 1)) — ¢S |k, O)IIL. (B:)

Acting with the S-matrix on both sides of the equations (5.17) and using its invariance
property allows us to express the elements of the S-matrix of the left hand side to the ones
on the right hand side. Explicitly we find

(2 (2@ ka2 =)+ (2

(i =2ty Bl B 0 2 02 Bt gy

(3 (ol QKO 2O K g i@y

P T L TR e MRt (WA R R S Ry
i,

(ZF11 (20 ([k — 1gq* ¢ [;]j[k]q)[Q —kt 1y

R

(2 =2} BT g, 4 ottt

_ _ Q—k+1
(2 =2 [ ey, - B2 ey B
q

[k —1]g

(25 ~(2EQ - K0 - ) + (23
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k klo[k — —¢*2k—Q—
(2t =gl 2d ot L= Ot o RO ]y poy,
(25 =(ZF03Q — k+ 11,6797 —q[Q — K]),
(ZE 018 =(250)8(1Q — b+ 1],¢™ 9% — q[Q — k). (B.9)

Finally, the remaining elements are

_ — =T +1)[Q—k z; )—xd —
) N (2 _xii-)(xz _x;-) [(5 1 HD[Q—FK]q(q(E+ag )—25 —8) [k:]q(x+ +)

(RO _ (£2-1)¢@ 17 % ,
S 172K VIQI(L — 21 a3 ) (a1 — 27 )q*
(@hoy — 0 (@1 — o))y —o)lal€ + )€l +1) = €+ af)(Eof + 1]
A Y1792(62 = DVIQI(L — ayzy ) (a7 — a3)g" %
(ko) 019 =My (wF —w)la(€ + 7)€ +a5) — (€ay + D(Eaf +1)
B Led VA (€2 = 1)1 — a5 ) U1 Vi(ay —a3) ’
) 3:£[k g (3 —2P)[q(€ +27)(E +25) — (§oy +1)(Exg +1)]
(%71)5 _ _ k9 ’
12 /[Qlq (-1 —ayay)UiVi(ay —x3)g" 2

(2h0)3 (o —ag)[(€ry +1)(€r3 +1) —q(E+ x;)(é‘;f;)}
(€2 = D(a7ay —1)(zy —a3)U1ViU2Vag 2
(r5 —a3)(af (fry + D(Exy +1) = Viay (€ +23) (€ +23)) UaVy
(€2 = 1)VEa3 (725 — D)oy —af)g = Ui
(ZH0)1 _ %5 (g —2)[Q — klol(€xy +1)(g2] +1) — VR +a1) (€ +27)]
(€2 = V)a 212[Qlq (a7 23 — 1)(a7 — 25)q?
zy (g 5'3f - 1)(5'31r — Ly ) k20

)

k,0 212
(%ﬁ 1)2 =

_l’_

)

xf(ﬂfl x5y —1)(zy — 3 >)
ay [Klgg "y — 2 P)[(Gey + 1)(Exf +1) = VR(E +a7) (€ +27))]
(1 = €2)at 212[Qlg(1 — 2y 25 ) (a7 —a3) ’
(20y3 7ty [kleg @ Gy + 1)[Q — Klglawy (€ +ay) — x5 (€ + 23]
a(€? = Daf 23 [Qly(1 — ayay ) (2y —a3)
(D@pk,o )3 :’7%5'31_[]5 1]q[k3] ke 1(£$2 + 1)[‘”;(5 + $2_) - 5'32_(5 + 5'3;—)]
e (€2 = a3 [Qly(1 — ayay)(ay — 23) ’
(ffk 0% = 72V — 1)951 5 [klgq~ Q_g(x;r —xy)(E+a3)(xg +1)
a(é? = zizy [Q]q(l vy )2y —af)(xy — a3 U2V
( kk_,ol)(la _ ey [klgg™9” (5'3 —$2) :
ar!\/[Qly(x7 x5 — V) (z] — a3 )UsVa
:OZQ(l — Vi) (e — o)+ a3)(€ag +1)
(€2 = D@l (a7 7y — 1)(ay —x3)
a1 = Vet — o€+ ay)(Eay + )
7%(52—1)[Q]q(1—901 wy )(ay —ay)

(21 =

)

)
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(a5 — D@y —73)

Cay[Kg(ey —aD) VS (G + D€l +1) = (E+2)(€ +27)]
(&2 — Dt 212[Qlg (w7 25 — 1) (2] —23) ’
_ay [k — g F(ay —a)[VE(Eay + (& +1) — (€4 27) (€ + )]
e (€2 = Daf 212[Qly (w7 w5 — 1) (2 —27) ’
g (V& =)y =) —ayay)(E +a3)(Exy +1)
Qg (2 -D(ayzy —)(ay —a3)(xy —a3)
(2808 Y2q~ 93 (@ —af) @i - 1)

VIl ey — 1)(ay —a3)Ua Ve

(B.10)
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